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Identifying the origin of nonequilibrium characteristics in a generic interacting system having multiple
degrees of freedom is a challenging task. In this context, information-theoretic measures such as mutual
information and related polymorphs offer valuable insights. Here we explore these measures in a minimal
experimental model consisting of two hydrodynamically coupled colloidal particles, where a nonequilib-
rium drive is introduced via an exponentially correlated noise acting on one of the particles. We show that
the information-theoretic tools considered enable a systematic, data-driven dissection of information flow
within the system. These measures allow us to identify the driving node and reconstruct the directional
dependencies between particles. Notably, they help explain a recently observed, counterintuitive trend in
the dependence of irreversibility on interaction strength under coarse-graining [Das et al., Phys. Rev. E
112, L023401 (2025)]. Finally, our results demonstrate how directional information measures can uncover
the hidden structure of nonequilibrium dynamics and provide a framework for studying similar effects in
more complex systems.
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I. INTRODUCTION

Understanding how interactions shape dynamics and
thermodynamics in complex mesoscopic systems remains
a central challenge in nonequilibrium physics [1–4]. When
such systems operate far from equilibrium, especially in
high-dimensional settings, interactions—both internal and
environmentally mediated—can lead to emergent behav-
iors not directly predictable from individual components
[5,6]. These emergent features include collective motion
[6,7], pattern formation [8,9], and selective amplification
of certain pathways or states [10,11]. In realistic settings,
the environment introduces additional couplings between
subsystems, often with memory or spatial correlations,
complicating the interpretation of dynamical dependencies
[7,12–14]. This makes it particularly difficult to isolate the
origin of nonequilibrium driving or to identify which vari-
ables act as effective degrees of freedom in generating or
transmitting nonequilibrium features. A fundamental open
question, therefore, is: How can one systematically disen-
tangle internal dynamics from environmental influences to
identify the true source of irreversibility and driving within
complex systems?
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Recent developments in information theory have
provided promising tools to address this. A prominent
measure is mutual information, which quantifies the sta-
tistical dependencies between variables [15,16]. This has
been successfully used to quantify interactions in meso-
scopic systems, both at and away from equilibrium [17].
Extensions of this idea have been applied to systems
having separable environmental and internal couplings
[18,19], and to investigate interference effects arising
from overlapping interactions [20]. However, mutual
information is a symmetric and time-independent mea-
sure for a stationary process and does not capture the
directional or dynamical properties, limiting its ability
to reveal causal driving or flow of information—both
of which are central in understanding nonequilibrium
functionality.

Directionality becomes especially important in bio-
logical systems, where the ability to channel and route
information is often essential for function. For exam-
ple, signal processing in gene regulatory networks relies
not just on correlations but also on well-defined causal
structures [21,22]. To address this, time-delayed informa-
tion measures, such as time-delayed mutual information
[23–25] and transfer entropy [26–28], have emerged as
powerful tools for uncovering directed dependencies from
time-series data. These measures enable us to identify
driving variables, causal directionality, and the locus of
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nonequilibrium activity—even in the presence of complex
interactions [29–37].

To explore these ideas in a controlled setting, we con-
sider a well-characterized mesoscopic system: two col-
loidal particles hydrodynamically coupled and confined in
separate harmonic traps. While the hydrodynamic interac-
tion couples their dynamics, the particles remain statisti-
cally independent in equilibrium [38]. However, when one
of the traps is driven by exponentially correlated noise
(modeled via an Ornstein-Uhlenbeck process), the sys-
tem is driven out of equilibrium, and directional effects
emerge. This kind of active noise can be seen as a stand-in
for biochemical or environmental fluctuations with mem-
ory—akin to stimuli from an active bath [39–41].

In a recent study, we demonstrated a rather counterin-
tuitive interplay between irreversibility (measured by the
total entropy production rate [42–47]) and interactions in
this system [48]. Specifically, we showed that increasing
the interaction strength by reducing the distance between
particles lowers the total irreversibility of the entire sys-
tem. However, when we focus on coarse-grained sub-
spaces that include only the particles (excluding the active
drive), the trend reverses: the measured irreversibility
increases with interaction strength. This presents an appar-
ent conundrum—would the degree of coarse-graining per-
formed dictate the nature of irreversibility? Here we use
information-theoretic measures as tools to pinpoint the
driving node, reconstruct the causal structure between
subsystems, and quantify how hydrodynamic interactions
shape both the directionality of information flow and,
crucially, the emergence of this counterintuitive behavior.

The article is structured as follows: In Sec. II, we
present a short overview of the theoretical framework of
information-theoretic measures that we are interested in
computing. Then we describe our experimental system in
brief in Sec. III. In Sec. IV, we estimate information-
theoretic measures from experimental and numerical tra-
jectories and discuss our observations. Finally, we present
our conclusions in Sec. V.

II. THEORETICAL FORMALISM:
INFORMATION-THEORETIC MEASURES

Our focus of attention in this work lies in understand-
ing the effect of interaction shaping the mutual dependence
and, more importantly, the causal directionality of interac-
tions between different degrees of freedom of a stochastic
system. To comprehend the basic theoretical formalism we
have adopted, consider—for simplicity—a generic system
in a steady state with three interacting subsystems or vari-
ables x, y, and z with nearly identical spatiotemporal tra-
jectories [Fig. 1(a)]—the extension to higher-dimensional
systems is straightforward. Recent studies have shown
that information-theoretic measures can be used to inspect

both plausible mutual dependencies and causal relation-
ships between these variables, in a data-driven manner
[Fig. 1(b)]. We begin by introducing the measures that we
consider in this study.

The mutual information (in the unit of bits) between any
two continuous stochastic variables x(t) and y(t) is defined
as [15,16]

MI xy =
∫

dxdy Pxy(x, y) log2
Pxy(x, y)

Px(x)Py(y)
, (1)

which is the Kullback-Leibler divergence between the
joint distribution Pxy(x, y) and the product of correspond-
ing marginals Px(x) and Py(y). By definition, MI xy ≥ 0
and MI xy = 0 only when the variables are independent.
Recently, mutual information has been widely used in
stochastic processes to understand the effects of com-
plex environments [18,19] and the role of activity [20,50],
even in several biological phenomena such as cell sig-
naling [51–53] and neuronal signal processing [54,55]. It
has also been used as a measure to quantify the distance
between two distributions in nonequilibrium transforma-
tions [56–59]. In this most basic form, by construction,
MI xy is a symmetric and time-independent quantity, and
thereby is incapable of detecting any causal characteris-
tics or dynamics of information transfer from one state to
another. In this context, two other information-theoretic
measures—time-delayed mutual information and transfer
entropy—have been proposed. We now turn our attention
to these entities.

The time-delayed mutual information from the variable
x to the variable y is defined as [23–25]

MI x→y(τ )

=
∫

dxtdyt+τ Pxy(xt, yt+τ ) log2
Pxy(xt, yt+τ )

Px(xt)Py(yt+τ )

≡
∫

dxtdyt+τ Pxy(xt, yt+τ ) log2
Pxy(yt+τ |xt)

Py(yt+τ )
, (2)

where τ denotes the finite time lag between the two
variables. This quantity essentially measures mutual infor-
mation between two segments of trajectories that are
time-delayed with respect to each other, such as xt ≡
(x1, x2, . . . , xn−m) and yt+τ ≡ (y1+m, y2+m, . . . , yn). Here,
n denotes the block of trajectory length up to a fixed
time t, and m = τ/�t denotes the number of points cor-
responding to a time delay τ . Note that we compute the
mutual information between these finite segments, not
between entire stochastic trajectories in the pathwise sense
[60]. Unlike steady-state mutual information, its time-
delayed version is asymmetric in general, i.e., MI x→y(τ ) �=
MI y→x(τ ). Furthermore, since its structure is explicitly lag
time dependent, it can be leveraged to detect the effec-
tive directional information transfer in (x, y) phase space.
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FIG. 1. (a) Spatiotemporal trajectories corresponding to the three interacting variables x, y, and z of a generic system. (b) The
mutual dependence of these variables is also a function of the lag time τ . The extent of overlap at intermediate τ is informative of the
causal directionality indicated by the arrows. We can establish such causal structure between the variables by estimating information-
theoretic measures [23,26]. (c) Experimental system consisting of two hydrodynamically coupled microparticles trapped in two optical
traps separated by distance d. The mean position of the trap with stiffness constant k1 is modulated by the Ornstein-Uhlenbeck noise
λ(t), while the other trap (with stiffness constant k2) remains fixed. The fluctuating positions of the particles with respect to the
center of each optical trap are denoted by x1(t) and x2(t). (d)–(f) Probability currents (jss) [48,49] (shown as maroon arrows) com-
puted from experimentally recorded spatiotemporal trajectories in every bivariate subspace of our system in the presence of external
active drive. The dynamical variables (x1, x2, λ) are normalized to make them dimensionless. Here σ1 = √

kBT/k1, σ2 = √
kBT/k2, and

σλ = √
De/τe.

A nonzero value of the time-delayed mutual information
as a function of τ indicates causal interactions between
two variables. For a generic stationary process, it can
be shown that MI x→y(−τ) = MI y→x(τ ), suggesting that
while MI x→y(τ ) quantifies how the present xt predicts the
future yt+τ , for a negative lag, this simply swaps to how
the present yt predicts the future xt+τ . The sign of the
time lag τmax at which this quantity reaches its peak mag-
nitude (global maximum) can then be used to infer the
direction of information flow [25]. Hence, a positive τmax
in Eq. (2) indicates that y shares maximum information
with the past of x, which implies that x drives y. Also, if
MI x→y(τ ) > MI y→x(τ ), it can be statistically considered
that the information is predominantly shared from the vari-
able (or process) x to the variable y and not the other way
around [24].

However, it is important to point out that time-delayed
mutual information measures only the difference between
Pxy(yt+τ |xt) and Py(yt+τ )—which quantifies the reduction
in uncertainty regarding the future of y, thereby incorpo-
rating the history of x. By definition, it does not exclude
the effects induced by its own (y) history [24]. To remove
this effect, another time-dependent measure—the transfer
entropy—was introduced by Schreiber [26].

The transfer entropy is defined as [26–28]

TEx→y(τ )

=
∫

dxtdytdyt+τ Pxy(yt+τ , yt, xt) log2
Pxy(yt+τ |yt, xt)

Py(yt+τ |yt)
.

(3)

This quantity basically measures the reduction of uncer-
tainty regarding the present value of y by knowing the
history of x, given that the history of y is known as
well. Unlike time-delayed mutual information, transfer
entropy is argued to exclude the variable’s own history, and
thereby captures purely exchanged information between
the subsystems. This measure is also asymmetric by con-
struction as TEx→y(τ ) �= TEy→x(τ ), which is suggestive
of a prominent direction of information flow. Further-
more, if TEx→y(τ ) � TEy→x(τ ), the evidence of (causal)
directional influence from the process x to the process
y can be statistically ensured [28]. Note that for nega-
tive time lags, TEx→y(−τ) sets conditions on the future
of the target, so it does not follow the simple sign-flip
symmetry of time-delayed mutual information. As a result,
TEx→y(−τ) does not generally equal TEy→x(τ ). It is also
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expected that the standard positive-lag transfer entropy
remains more directly meaningful for causal interpretation.

Both these quantities are used in various domains to
understand the causal connection and structure of connec-
tivity between different variables [24,30,33,34]. For exam-
ple, time-delayed mutual information was used to explore
spatiotemporal information transport in physical systems
[23] and to infer causal interactions in neural network sys-
tems [61] and chaotic systems [62]. On the other hand,
transfer entropy is typically used to understand the infor-
mation flows within gene regulatory networks [21,22], in
biochemical signaling [33], and in various other systems
characterized by long memory [63,64]. More recently, such
measures have also been used to reconstruct a directed
graph for a system with many interacting dynamical vari-
ables that are spatially separated [28]. In an alternative
context, the rates of such quantities are also used to derive
a generalized second law of information thermodynamics
for systems without bipartite structure [36]. Moreover, the
connection between such information-theoretic measures
(particularly transfer entropy) and the response in a spa-
tially asymmetric extended system has also been explored
[65,66].

Given the unique advantages of information-theoretic
measures, we seek to apply these tools to our experimental
nonequilibrium system, where hydrodynamic interactions
are prevalent. The system consists of two colloidal parti-
cles in two separate harmonic traps, placed in very close
separation so that hydrodynamic interactions naturally
arise [Fig. 1(c)]. In addition, one of the particles is driven
by an external stochastic protocol, which makes the over-
all process nonequilibrium, characterized by probability
fluxes [48,49] in different phase spaces [Figs. 1(d)–1(f)].
Unlike conventional interactions of conservative origin,
hydrodynamic interactions are dissipative and can, in cer-
tain cases, intrinsically link both deterministic and stochas-
tic forces acting on the interacting degrees of freedom [38].
This leads to an emergent non-multipartite structure [67] in
the dynamics. It turns out that such a dissipative and mul-
tipartite structure significantly influences the irreversibility
and entropy production of this system.

In previous work, we showed that, rather counterintu-
itively, increasing the interaction strength (by bringing the
two colloidal particles closer to each other) reduces overall
irreversibility and entropy production in this process, but
at the level of coarse-grained subspaces—comprising only
the particles—this trend reverses [48]. We were able to ver-
ify this trend over all possible ranges of parameter values
for this system, both experimentally and with exact analyt-
ical solutions of the corresponding Langevin model. This
raises a fundamental question: What underlying dynamical
dependencies drive these opposing trends in entropy pro-
duction at different levels of description, and how do they
shape the spatiotemporal structure of irreversibility in the
system?

Here we address this question by using the afore-
mentioned information-theoretic tools on both the exper-
imental data and the numerical data of this system. We
demonstrate that these tools systematically dissect the role
of hydrodynamic interactions in establishing dependen-
cies between dynamical variables across all relevant phase
planes, and then go on to show how these dependen-
cies evolve over time such that causal connections emerge
between them. Crucially, they capture the apparent con-
tradiction in irreversibility trends across different levels of
description, providing a coherent framework for under-
standing nonequilibrium behavior in hydrodynamically
coupled systems. We also discuss the interplay between
hydrodynamic interactions and the strength of external
driving in shaping the information flow in the full phase
space.

III. EXPERIMENTAL MODEL

Our system consists of two identical Brownian par-
ticles confined in two separate harmonic traps at close
separation in a viscous fluid. Experimentally, the sys-
tem is realized with the optical tweezers created by the
tight focusing of two perpendicularly polarized Gaussian
beams emanating from two solid-state lasers of wave-
length 1064 nm. To manifest a nonequilibrium scenario,
the mean position of one of the traps is modulated by a cor-
related noise λ(t) with correlation timescale τe—following
an Ornstein-Uhlenbeck process such that 〈λ(t)λ(t′)〉 =
(De/τe) exp(−(t − t′)/τe) [68]. One of the beams is passed
through an acousto-optic modulator so as to add an exter-
nal Ornstein-Uhlenbeck noise. Then the position fluctua-
tions of both particles are separately recorded at a rate of 10
kHz for 50 s with the use of a “balanced-detector-system”
consisting of high-gain photodiodes. Further details about
the experiment can be found in Ref. [48].

The dynamics of the microparticles, which are at close
separation, is coupled via hydrodynamic interaction of
strength ε = (3a/2d) − (a/d)3, where d is the separation
between the mean positions of the traps and a denotes
the radius of the particle (a = 1.5 µm). In some ways,
this system can be mirrored as a biochemical channel with
two nodes, where one of the nodes has access to addi-
tional active fluctuations acting as an external signal [69].
A schematic of the system is illustrated in Fig. 1(c). The-
oretically, the system with the particles trapped in optical
potentials with different stiffness constants k1 and k2 can be
expressed with coupled, linear Langevin equations [48]:

ẋ1(t) = H11[−k1(x1(t) − λ(t)) + ξ1(t)]

+ H12[−k2x2(t) + ξ2(t)],

ẋ2(t) = H21[−k1(x1(t) − λ(t)) + ξ1(t)]

+ H22[−k2x2(t) + ξ2(t)],

λ̇(t) = −λ(t)/τe +
√

2De/τeη3(t),

(4)
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where Hij (i, j = 1, 2) are the constant elements of
a hydrodynamic coupling tensor of the form H =(

1/γ ε/γ
ε/γ 1/γ

)
—considering that the displacements of the

particles (measured with respect to the center of the
corresponding trap)—denoted as x1(t) and x2(t)—are
small compared with the mean separation d between
the traps, and γ ≡ 6πηa is the viscous drag coefficient
of the medium [70]. The terms ξ1(t) and ξ2(t) are δ-
correlated random Brownian forces such that 〈ξi(t)〉 = 0
and 〈ξi(t)ξj (t)〉 = 2kBT(H)−1

ij δ(t − t′), where kB is Boltz-
mann’s constant. Additionally, 〈η3(t)〉 = 0, 〈η3(t)η3(t′)〉 =
δ(t − t′), and 〈ξ1(t)η3(t′)〉 = 〈ξ2(t)η3(t′)〉= 0. Equation (4)
can be rewritten as ẋ(t) = −F · x(t) + ξ(t), with x(t) =
[x1(t), x2(t), λ(t)]T and ξ(t)= [(ξ1(t)+ εξ2(t))/γ , (εξ1(t)+
ξ2(t))/γ , η3(t)]T ≡ [η1(t), η2(t), η3(t)]T such that 〈ξ(t) :
ξ(t′)〉 = 2Dδ(t − t′). The interaction matrix F and the
diffusion matrix D are of the forms

F =
⎛
⎝1/τ1 ε/τ2 −1/τ1

ε/τ1 1/τ2 −ε/τ1
0 0 1/ατ1

⎞
⎠ , D =

⎛
⎝ D0 εD0 0

εD0 D0 0
0 0 θD0

⎞
⎠,

(5)

where τ1 = γ /k1, τ2 = γ /k2, α = τe/τ1, D0 = kBT/γ , and
θ = (De/τ

2
e )/D0. In the experiment, D0 ∼ 0.16 µm2/s,

τ1 ∼ 1.5 ms, τ2 ∼ 2.1 ms, and τe = 4 ms are fixed such
that α ∼ 2.7. We vary the nonequilibrium strength by De
such that θ varies from 0.14 to 0.56 at two different sep-
arations of the particles, corresponding to hydrodynamic
interaction strengths ε of 0.49 and 0.29. Note that the
diffusion matrix at any separation is nondiagonal, which
is a characteristic feature in the case of hydrodynamic
interactions as it encodes the fact that the noise acting
on one particle is correlated with the motion of the other
particle due to fluid-mediated couplings. The steady-state
distribution of the system over the phase space defined
by (x1, x2, λ) will be a multivariate Gaussian such that
P(x1, x2, λ) ∼ N (0, C) ∼ exp(− 1

2 xTCx), and the covari-
ance matrix C can be computed by solving the Lya-
punov equation: FC + CFT = 2D. The steady-state distri-
bution of the system at marginal bivariate subspaces [i.e.,
(x1, x2), (x1, λ), (x2, λ)] will also be Gaussian. For exam-
ple, P(x1, x2) ∼ N (0, Cx1x2), where Cx1x2 is a submatrix
of C whose rows and columns correspond to x1 and x2.
The elements of the steady-state covariance matrix C are
explicitly shown in Appendix A.

IV. RESULTS AND DISCUSSION

A. Estimation of mutual information

We begin by estimating MIλx1 , MIλx2 , and MI x1x2 as we
aim to investigate how hydrodynamic interactions affect
the interaction of the individual particles with the exter-
nal drive as well as the coupling between the trapped
particles under an external nonequilibrium drive. Because

of the Gaussian features of Px1x2 and its marginals, the
mutual information between x1 and x2 can be analytically
computed as [20,50]

MI x1x2 = 1
2

log2
cx1x1cx2x2

det Cx1x2

, (6)

where cx1x1 and cx2x2 are the diagonal entries of the cor-
responding submatrix Cx1x2 of the covariance matrix C.
Similarly, the mutual information between the external
drive λ and the driven particle can be estimated as

MIλx1 = 1
2

log2
cλλcx1x1

det Cλx1

, (7)

with use of the submatrix Cλx1 and its diagonal entries.
On the other hand, MIλx2 can be similarly calculated with
use of the submatrix Cλx2 . The analytical expressions for
these quantities are explicitly shown in Appendix B. More-
over, the signature of nonzero mutual information will be
encoded in the characteristic differences between the joint
probability distribution of two variables and the product
of the corresponding marginals. As we compare differ-
ent joint probability distributions and the products of the
marginals in Figs. 2(a)–2(c), it is clear that the mutual
information between λ and x1 will be significantly greater
than the mutual information between x1 and x2 or λ and
x2. This is consistent with the fact that the active drive λ

is directly applied to the mean position of the first trap
so that the position fluctuations of the first particle x1
get strongly affected by the drive, which leads to signif-
icantly stronger dependence between them. On the other
hand, both the interparticle interaction and the connection
between the second particle x2 and the drive λ are mediated
by hydrodynamic interaction, which leads to relatively
weaker dependence.

We then use a k-nearest-neighbor (kNN) estimator [71]
to compute mutual information between different vari-
ables from the experimental and numerical trajectories.
The k-nearest-neighbor estimator relies on nonparametric
methods to compute mutual information in a data-driven
manner so that it naturally adapts to the local struc-
ture of the data distribution irrespective of the underlying
probability distributions [72].

We find that the steady-state mutual information
between the driven particle x1 and the external drive λ

is less at higher hydrodynamic interaction strength ε at
any strengths θ of the nonequilibrium drive [Fig. 2(d)].
On the other hand, the mutual information between other
dynamical variables (MI x1x2 and MIλx2) is indeed enhanced
in the case of strong hydrodynamic interaction for any
strength of the external drive, as shown in Figs. 2(e)
and 2(f). These observations are nontrivial and suggest that
the interactions with the other particle reduce the effect
of the nonequilibrium drive that the first particle experi-
ences as compared with the noninteracting limit. We can
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(a) (b) (c)

(d) (e) (f)

FIG. 2. System with hydrodynamic interaction. (a)–(c) Joint probability distribution functions of any two dynamical variables of the
system [such as P(λ, x1), P(x1, x2), and P(λ, x2)] and the product of the corresponding marginals [such as P(λ)P(x1), P(x1)P(x2), and
P(λ)P(x2)] for a particular nonequilibrium strength θ = 0.56 and hydrodynamic interaction strength ε = 0.49. The dynamical vari-
ables are normalized to make them dimensionless. Here σ1 = √

kBT/k1, σ2 = √
kBT/k2, and σλ = √

De/τe. (d)–(f) Mutual information
between different dynamical variables at the steady-state estimated for different nonequilibrium noise strengths θ at two different inter-
action strengths ε. Here the open symbols denote the mutual information estimated from the numerical trajectories, and the filled
symbols denote the same estimated from the experimental trajectories. MI x1x2 and MIλx2 are estimated only from the numerical trajec-
tories as the expected values (for the regimes of experimental parameters) are too low and may be overwhelmed by the noise level of
the experiment. The solid lines represent corresponding analytical estimations. Details of the numerical simulations of the model are
provided in Appendix C.

indeed trace back the decrease in the total entropy produc-
tion rate to this observation. Additionally, the enhancement
of mutual information between the particles (MI x1x2) at
higher interaction strengths also corroborates our previ-
ous observation related to the trend of irreversibility in the
coarse-grained phase space [48].

B. Time-delayed information measures

We show that the mutual information successfully cap-
tures the effect of the hydrodynamic interactions in build-
ing the mutual dependencies between the dynamical vari-
ables of each phase plane. Still, it is not enough to pin-
point the dominant variable that drives the dynamics of
the other variable in a phase plane, which means that
the dynamics or direction of information flow remains
unknown. Since directional information flow indicates the
direction of interactions between local subsystems—which
may have impacts on the overall dynamical and thermo-
dynamical properties of the system—we next compute
time-delayed mutual information [as defined in Eq. (2)]
between different dynamical variables to understand the
possible directional dependencies in our system.

Similarly to what we did for the time-independent
mutual information, we compute mutual information
between two variables using the k-nearest-neighbor esti-
mator [71], but now with a pair of variables where one

among them lags behind the other with lag time τ . In other
words, we compute different combinations of mutual infor-
mation from the time-delayed experimental and numeri-
cal trajectories. Specifically, we estimate the time-delayed
mutual information parameters MIλ→x1(τ ), MI x1→x2(τ ),
and MIλ→x2(τ ) along with their reverse counterparts to
determine the directionality of information flow.

The time-delayed mutual information turns out to
be asymmetric under the change of arguments. As
we show in Fig. 3, for nonequilibrium strength θ =
0.56 and hydrodynamic interaction strength ε = 0.49,
MIλ→x1(τ ) > MI x1→λ(τ ), MI x1→x2(τ ) > MI x2→x1(τ ), and
MIλ→x2(τ ) > MI x2→λ(τ ), which strongly indicates the
preferred direction of information flow. Additionally,
MIλ→x1(τ ), MI x1→x2(τ ), and MIλ→x2(τ ) have global max-
ima at different time lags. While two of the reverse coun-
terparts, MI x1→λ(τ ) and MI x2→λ(τ ), do not possess any
such maxima, MI x2→x1(τ ) shows a maximum at a par-
ticular time lag, similarly to MI x1→x2(τ ). The presence
of a maximum in MI x2→x1(τ ) indicates that there is a
possibility of information backflow from the fixed parti-
cle x2 to the driven particle x1. On the other hand, the
exponential-type decay that appears in MI x1→λ(τ ) and
MI x2→λ(τ ) is due to the inherent nature of time-delayed
mutual information, where it fails to exclude the effects
induced due to the history of λ (which is exponentially cor-
related), as can be understood from the second definition
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Numerical data

Experimental data

(a) (b) (c)

(d) (e) (f)

FIG. 3. Estimated time-delayed mutual information between different dynamic variables of the system with θ = 0.56 and ε = 0.49
in (a),(d) (λ, x1) space, (b),(e) (x1, x2) space, and (c),(f) (λ, x2) space. The shaded regions in all plots represent the standard deviations
of the estimations performed over multiple trajectories and the solid lines represent the mean of the corresponding estimations. The
green line in each plot represents the threshold value of mutual information between pairs of dynamical variables above which the
value of mutual information can be considered as “significant.” It is obtained by calculating mutual information from the randomly
shuffled trajectories.

described in Eq. (2). Moreover, in our system, it is phys-
ically impossible for information to flow from any of the
particles to the external drive since the drive is indepen-
dent of them. As a result, the information pathways in the
presence of hydrodynamic interaction can be diagrammat-

ically represented as λ x1 x2 for moderate
nonequilibrium strengths (such as θ = 0.56). However, if
the nonequilibrium strength is increased such that θ � 1
(which is beyond our experimental regime), the informa-
tion pathways for our system will be fully unidirectional as

λ x1 x2 . We further demonstrate this with
numerical evidence in Fig. 6 in Appendix D. Note that
we present estimates of time-delayed mutual information
using a kNN estimator in a fully data-driven manner. For
this system, however, the same quantity can also be cal-
culated analytically in terms of the two-point correlation
function, since the dynamics are Gaussian. Consequently,
the time lag at which the global maximum occurs for the
time-delayed mutual information between any two vari-
ables corresponds to the time of maximum correlation or
anticorrelation, e.g., 〈x(t)y(t + τ)〉. The time-dependent
cross-correlation functions between different dynamical
variables are displayed in Fig. 8 in Appendix E. As fur-
ther shown in Appendix F, the analytical estimates of
time-delayed mutual information reasonably match the

numerical estimates. All in all, this informational path-
way is indeed a signature of hierarchical interaction as
the presence of the external active drive λ is partially
available to the fixed particle x2 through the hydrodynamic
interaction.

To establish this causal directionality further, we next
estimate transfer entropy [as defined in Eq. (3)], which
is capable of capturing only the exchanged information
between two subsystems by excluding the history of the
target. To compute the transfer entropy from the exper-
imental and numerical trajectories, we used the recently
proposed Markov state model–based estimation technique
because of its simplicity and calculation efficiency [28,73].

Similarly to time-delayed mutual information, TEλ→x1
(τ ), TEx1→x2(τ ), and TEλ→x2(τ ) also possess global
maxima at different time lags (shown in Fig. 4), and
TEλ→x1(τ ) � TEx1→λ(τ ) and TEλ→x2(τ ) � TEx2→λ(τ ).
Additionally, a global maximum is indeed present in
TEx2→x1(τ ). The particular time lag at which the global
maximum occurs for the transfer entropy between any
two dynamical variables corresponds to the time of max-
imum correlation or anticorrelation between those two
variables as well. Moreover, the appearance of two peaks
in TEλ→x2(τ ) is also related to the nonintuitive behav-
ior of 〈λ(t)x2(t + τ)〉—which possesses two local extrema
at two different time lags. It is worth noting that while
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Numerical data

Experimental data

(a) (b) (c)

(d) (e) (f)

FIG. 4. Estimated transfer entropies between different dynamic variables of the system with θ = 0.56 and ε = 0.49 in (a),(d) (λ, x1)

space, (b),(e) (x1, x2) space, and (c),(f) (λ, x2) space. The shaded regions in all plots represent the standard deviations of the estimations
performed over multiple trajectories and the solid lines represent the mean of the corresponding estimations. The green line in each
plot represents the threshold value of transfer entropy between pairs of dynamical variables above which the value of transfer entropy
can be considered as “significant.” It is obtained by calculating transfer entropy from the randomly shuffled trajectories.

the time-dependent cross-correlation function quantifies
linear correlations between the dynamic variables, the
time-delayed mutual information and the transfer entropy
are capable of capturing both linear and nonlinear depen-
dencies between different variables of a generic system,
thereby revealing richer dynamical structure [25].

The overall features of transfer entropies between dif-
ferent dynamical variables indicate a unique direction of
information flow that matches with the direction sug-
gested by the characteristics of the time-delayed mutual
information. Moreover, it can be further ascertained that
in a moderate nonequilibrium scenario, the information
pathways between hydrodynamically coupled particles are
bidirectional, and can be made completely unidirectional
by increasing the strength of the nonequilibrium drive.
Moreover, the asymmetry of the time-delayed quantities
also depends on ε for a given θ—as shown in Fig. 7 in
Appendix D—with the time-delayed information measures
estimated for θ = 0.56 and ε = 0.29.

To further explore such dependencies on the system
parameters, we introduce a measure of asymmetry in
causal directionality for any generic (x, y) phase space,
defined as the difference in magnitudes of the trans-
fer entropies estimated at the lag time corresponding
to the maximum information transfer of TEx→y , i.e.,

Ax→y(τ
max
x→y) = TEx→y(τ

max
x→y) − TEy→x(τ

max
x→y). We then

compute this parameter for all bivariate subspaces of our
system using numerical trajectories generated by varying
θ (fixed τe) and ε. The results are shown in Fig. 5. We find
that the asymmetry parameter strongly depends on these
two parameters and the choice of the subspace. The asym-
metry is slightly lowered for (λ, x1) space as ε is increased
for a fixed θ [Fig. 5(a)]. In contrast, this dependency is
reversed in both (x1, x2) space [Fig. 5(b)] and (λ, x2) space
[Fig. 5(c)], where the asymmetry is higher with higher ε

for any fixed θ . Such features of asymmetry suggest that
while higher ε induces nonequilibrium character in (x1, x2)

space and (λ, x2) space, it reduces the same in (λ, x1)

space. This is consistent with our observation regarding
the dependence of pairwise mutual information between
different variables, and further substantiates the counter-
intuitive role of hydrodynamic interaction in shaping the
irreversibility of the process in different subspaces. More-
over, the theoretically estimated partial entropy production
rates in these (coarse-grained) subspaces also exhibit simi-
lar signatures as a function of θ and ε, as shown in Fig. 10
in Appendix G.

Note that, in contrast, at the equilibrium limit (in the
absence of external driving), both time-delayed infor-
mation measures possess a symmetric feature (shown
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(a) (b) (c)

FIG. 5. Asymmetry of transfer entropies as a function of θ and ε, estimated at the lag time corresponding to the maximum informa-
tion transfer in (a) (λ, x1) space, (b) (x1, x2) space, and (λ, x2) space. The values represent the mean of ten independent estimations,
each based on distinct numerical trajectories, for every pair of θ and ε.

in Fig. 11 in Appendix H) such that MI x1→x2(τ ) ∼
MI x2→x1(τ ) and TEx1→x2(τ ) ∼ TEx2→x1(τ ), which indi-

cates a strong bidirectional ( x1 x2 ) nature of
information flow between the particles. Indeed, this is
consistent with the fact that dynamic correlations in
equilibrium configurations are usually symmetric, i.e.,
〈x(t)y(t + τ)〉 = 〈y(t)x(t + τ)〉 [38].

V. CONCLUSIONS

In conclusion, we use information-theoretic techniques
to explore the role of hydrodynamic interactions in estab-
lishing mutual dependencies between various degrees of
freedom in the presence of an active drive. Our anal-
ysis reveals that while such interactions promote infor-
mational exchange between the coupled particles, the
mutual information between the external drive and the
driven particle, gets slightly reduced. This explains a
previously observed counterintuitive dependence of the
irreversibility of this system on the strength of interac-
tions [48], especially under coarse-graining. Moreover,
the emergent causal structure in every phase plane of the
system—estimated through the time-delayed information-
theoretic measures—quantifies the crucial role of the
nonequilibrium drive in manifesting directional influence
between the particles. These findings further underscore
the effectiveness of information-theoretic measures in
uncovering the nonequilibrium origin in a complex sys-
tem or their ability to distinguish nonequilibrium pro-
cesses from their equilibrium counterparts. While our
study focuses on a particular type of pairwise interactions,
the analysis we presented here can be further generalized to
nonequilibrium systems with multiple interacting degrees
of freedom, under different kinds [3,74–76] and higher
orders [4,58,77] of interaction.

Such detailed knowledge of the role of interaction could
be especially informative for manipulating the kinetics of

mesoscopic systems subjected to nonequilibrium environ-
ments with unprecedented control and precision [78,79].
Reciprocally, analyses of the flow of information at various
levels can also be used to elicit detailed information about
the kinetics of molecular machines that function in highly
nonequilibrium environments [80]. Another relevant prob-
lem of interest could be the control of microsystems
comprising multiple particles with targeted features in a
fluidic environment—where hydrodynamic interaction is
prevalent [68,81–83]. Additionally, the prospect of achiev-
ing dynamical information synergy [69] in these systems
through hydrodynamic interactions by harnessing such
information flow structures can also be explored. We will
investigate some of these aspects in future work.
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APPENDIX A: COVARIANCE MATRIX

The elements of the covariance matrix C of the steady-
state distribution of the whole system can be estimated as
follows:
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cx1x1 = D0τ1
(−τ 2

2

(
α2θ + α + 1

)+ ατ 2
1

(
α
(
ε2 − 1

)
(αθ + 1) − 1

)+ τ2τ1
(
α
(
α
(
ε2 − 1

)
(αθ + θ + 1) − 2

)− 1
))

(τ1 + τ2)
(
ατ1

(
α
(
ε2 − 1

)− 1
)− (α + 1)τ2

) ,

cx1x2 = cx2x1 = − α2D0θτ1τ
2
2 ε
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(
ατ1

(
α
(
ε2 − 1

)− 1
)− (α + 1)τ2

) ,

cx1λ = cλx1 = α2D0θτ1
(
ατ1

(
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)− τ2
)

ατ1
(
α
(
ε2 − 1

)− 1
)− (α + 1)τ2

,

cx2x2 = −D0τ2
(
(α + 1)τ 2

2 + τ2τ1
(
α
(
α(θ − 1)ε2 + α + 2

)+ 1
)+ ατ 2

1

(−αε2 + α + 1
))

(τ1 + τ2)
(
ατ1

(
α
(
ε2 − 1

)− 1
)− (α + 1)τ2

) ,

cx2λ = cλx2 = − α2D0θτ1τ2ε

ατ1
(
α
(
ε2 − 1

)− 1
)− (α + 1)τ2

,

cλλ = αD0θτ1. (A1)

APPENDIX B: MUTUAL INFORMATION

The pairwise mutual information between the external drive and the driven particle can be estimated with use of the
corresponding submatrices of the steady-state covariance matrix [according to Eq. (7)] as

MIλx1 = 1
2

log2

(P
Q

)
, (B1)

where

P = (
ατ1

(
α
(
ε2 − 1

)− 1
)− (α + 1)τ2

) (−τ 2
2

(
α2θ + α + 1

)+ ατ 2
1

(
α
(
ε2 − 1

)
(αθ + 1) − 1

)

+ τ2τ1
(
α
(
α
(
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)− 1
) )

,

Q = α2τ 3
1

(
α
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) (
α
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)− 2
)+ 1

)
+ τ 3
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2
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) (
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(
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)
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(
α
(
α
(−2α(θ + 1)

(
ε2 − 1

)+ θ − (
(θ + 2)ε2)+ 5

)+ 4
)+ 1

)
.

(B2)

MIλx1 in the absence of the second particle reduces to

MIλx1 |ε→0 = 1
2

log2

(
(α + 1)

(
α2θ + α + 1

)
α(αθ + α + 2) + 1

)
, (B3)

which is evidently larger than MIλx1 .
Similarly, the mutual information between the particles can be computed [according to Eq. (6)] as

MI x1x2 = 1
2

log2

(R
S

)
, (B4)

where

R = (−(α + 1)τ 2
2 − τ2τ1

(
α
(
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)+ 1
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1
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α
(
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1 τ2

(
α
(
α
(− (α2θ

(
ε2 − 1

) (
(θ − 2)ε2 + 2

))
+ 2α

(
ε2 − 1

) (−2θ + ε2 − 1
)+ 2(θ + 3) − (θ + 6)ε2)− 2ε2 + 6

)+ 2
)

+ (
α
(
α
(
α
(− (α2θ

(
ε2 − 1

) (
(θ − 1)ε2 + 1

))
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Note that if the particles are well separated such that ε → 0, MI x1x2 also vanishes. Furthermore, the dependence between
the fixed particle x2 and the external drive λ can also be estimated through their mutual information as

MIλx2 = 1
2

log2
cλλcx2x2

det Cλx2

= 1
2

log2

(T
U

)
, (B6)

where
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.
(B7)

Importantly, MIλx2 �= 0 as long as ε �= 0, and MIλx2 < MIλx1 , which indicates that the external driving is partially available
to the fixed particle via hydrodynamic interaction.

APPENDIX C: DETAILS OF NUMERICAL SIMULATION OF THE EXPERIMENTAL SYSTEM

The coupled Langevin equations that describe the dynamics of our system are provided in Eq. (4). Noticeably, the
diffusion matrix D for this system is not diagonal due to its connection with the hydrodynamic coupling tensor, so the
matrix incorporating the strength of the appropriate noise terms (G) is calculated after Cholesky decomposition has been
performed such that D = 1

2 GGT [48]. The noise matrix G of our system takes the form

G =
⎛
⎝

√
2D0 0 0

ε
√

2D0
√

2(D0 − ε2D0) 0
0 0

√
2θD0

⎞
⎠ . (C1)

Then the linear, stochastic differential equations with the drift [Eq. (5)] and noise matrices are numerically discretized
with fixed time step �t = 1 × 10−4 s (which is less than all timescales present in the systems), and the first-order Eurler-
Maruyama method is used to perform the integration. The discretized forms of the dynamical equations are

xt+�t
1 = xt

1 − (1/τ1) xt
1�t − (ε/τ2)xt

2�t + (1/τ1) λt�t +
√

2D0�t ηt
1,

xt+�t
2 = xt

2 − (ε/τ1) xt
1�t − (1/τ2)xt

2�t + (ε/τ1) λt�t + ε
√

2D0�tηt
1 +

√
2(D0 − ε2D0)�t ηt

2,

λt+�t = λt − (1/(ατ1))λ
t�t +

√
2θD0�tηt

3,

(C2)

where ηt
i ∼ N (0, 1) is sampled from a Gaussian distribu-

tion with zero mean and unit variance, and the initial states
(x0

1, x0
2, λ0) of the individual degrees of freedom are sam-

pled from normal distributions with zero mean and appro-
priate variances such that x0

1 ∼ N (0, σ 2
1 ), x0

2 ∼ N (0, σ 2
2 ),

and λ0 ∼ N (0, σ 2
λ ), with σ1 = √

kBT/k1, σ2 = √
kBT/k2,

and σλ = √
De/τe. The system parameters (τ1, τ2, τe, D0,

and α) remain the same as mentioned in Sec. III for every
numerical simulation.

APPENDIX D: TIME-DELAYED INFORMATION
MEASURES FOR OTHER VALUES OF θ and ε

We estimate the time-delayed mutual information and
the transfer entropy for the system with higher nonequi-
librium strength θ = 5.6 from numerical trajectories. As
we show in Fig. 6, the unidirectionality of informa-
tion flow in the hierarchical dynamics for higher activity
strength can be observed from the pronounced asymmetry
of transfer entropy estimated between different variables
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Numerical data
(a) (b) (c)

(d)
(e) (f)

FIG. 6. Estimation of time-delayed information measures for the system with θ = 5.6 and ε = 0.49: (a)–(c) time-delayed mutual
information; (d)–(f) transfer entropies between different variables estimated in (a),(d) (λ, x1) space, (b),(e) (x1, x2) space, and (c),(f)
(λ, x2) space.

of the system as TEλ→x1 � TEx1→λ, TEx1→x2 � TEx2→x1 ,
and TEλ→x2 � TEx2→λ. Additionally, the magnitude of
time-delayed measures also depends on the interaction
strength ε, while the strength of the external drive θ

is fixed. As displayed in Fig. 7, the peak magnitude of
TEλ→x1 is slightly higher than the same for ε = 0.49
(Fig. 4), while the peak magnitudes of TEx1→x2 and TEλ→x2
are reduced compared with the values for ε = 0.49 (Fig. 4).

(a) (b) (c)

(d) (e) (f)

Numerical data

FIG. 7. Estimation of time-delayed information measures for the system with θ = 0.56 and ε = 0.29: (a)–(c) time-delayed mutual
information; (d)–(f) transfer entropy between different variables estimated in (a),(d) (λ, x1) space, (b),(e) (x1, x2) space, and (c),(f)
(λ, x2) space.
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The same can be further understood from the inhomoge-
neous features of asymmetry parameters as a function of θ

and ε in every bivariate subspace of our system, as shown
in Fig. 5.

APPENDIX E: TIME-DEPENDENT
CROSS-CORRELATION FUNCTIONS

The two-time correlation matrix 〈x(t)x(t + τ)〉 corre-
sponding to the system as a function of time lag τ(> 0)

can be calculated as [68,84]

Cxx(τ ) ≡ 〈x(t)x(t + τ)〉 = [exp[−Fτ ]C]T. (E1)

Furthermore, each two-time cross-correlation function
can be normalized, e.g., NCx1x2(τ ) = 〈x1(t)x2(t + τ)〉/√

var(x1)
√

var(x2)≡ 〈x1(t)x2(t + τ)〉/√cx1x1
√cx2x2 , NCλx1

(τ ) = 〈λ(t)x1(t + τ)〉/√var(λ)
√

var(x1) ≡ 〈λ(t)x1(t+τ)〉√
cλλ

√cx1x1
,

NCλx2(τ ) = 〈λ(t)x2(t + τ)〉/√var(λ)
√

var(x2) ≡ 〈λ(t)x2
(t + τ)〉/√cλλ

√cx2x2 , and so on.
We do not provide detailed analytical expressions for

each correlation function for brevity. However, we plot
the normalized cross-correlation functions corresponding
to the dynamical variables in Fig. 8 for a particular set
of fixed parameters: D0 ∼ 0.16 µm2/s, τ1 ∼ 1.5 ms, τ2 ∼
2.1 ms, and α ∼ 2.7. It is quite evident that the two-time
correlation functions corresponding to any two dynamical
variables are asymmetric in the presence of nonequilibrium
drive as NCλx1(τ ) �= NCx1λ(τ ), NCx1x2(τ ) �= NCx2x1(τ ),
and NCλx2(τ ) �= NCx2λ(τ ). These asymmetric features are

enhanced with the increase in nonequilibrium strength
[85]. In this context, the dynamics of the driven particle
x1(t) are positively correlated with the external nonequi-
librium drive λ(t), and NCλx1(τ ) possesses a global max-
ima at a particular delay time [Figs. 8(a) and 8(d)]. On
the other hand, the trapped particles are anticorrelated
and the corresponding (anti)correlations [NCx1x2(τ ) and
NCx2x1(τ )] also peak at a particular time lag [Figs. 8(b)
and 8(e)]. A discussed in the main text, the correspond-
ing time-delayed information-theoretic quantities (time-
delayed mutual information and transfer entropy) also
display global maxima at these particular time lags. More-
over, the correlation function between the external drive
and the fixed particle, NCτ

λx2
, shows both maximum posi-

tive correlation and maximum negative correlation at two
different time lags [Figs. 8(c) and 8(f)]. As a result, both
time-delayed mutual information MIλ→x2(τ ) and transfer
entropy TEλ→x2(τ ) between these two variables also show
two peaks at two different time lags.

APPENDIX F: ANALYTICAL ESTIMATION OF
TIME-DELAYED MUTUAL INFORMATION

For a stochastic system with a multivariate Gaussian
distribution, the time-delayed mutual information between
different degrees of freedom can be estimated analyti-
cally as well. For any two such variables x and y—whose
joint distribution is bivariate Gaussian—the time-delayed
mutual information MI x→y(τ ) defined in Eq. (2) can be

(a) (b) (c)

(d) (e) (f)

FIG. 8. Analytically estimated normalized cross-correlation function (NCCF) corresponding to the dynamical variables for two
different noise strengths θ : (a)–(c) θ = 0.14; (d)–(f) θ = 0.56.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 9. Analytically estimated time-delayed mutual information in different bivariate planes, along with the corresponding kNN
estimates, for different values of θ and ε.

(a) (b) (c)

FIG. 10. Theoretically estimated partial entropy production rates (in the unit of kB/s) as a function of θ and ε for (a) (λ, x1) space,
(b) (x1, x2) space, and (λ, x2) space.
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(a) (b) (c)

FIG. 11. (a) Joint probability distribution of the displacements of the particles at the equilibrium steady state can be exactly factorized
as the product of the marginals. (b) Time-delayed mutual information and (c) transfer entropy between the particles [(x1, x2) space]
with hydrodynamic interaction ε = 0.49 estimated from the numerical trajectories of the system without a nonequilibrium drive. The
green line in each plot denotes the estimates from the randomly shuffled trajectories.

analytically rewritten as

MI x→y(τ ) ≡ I(xt; yt+τ ) = 1
2

log2
cxxcyy

det Cxy(τ )
, (F1)

following its time-independent counterpart. Here Cxy(τ ) is
the time-delayed covariance matrix defined as

Cxy(τ ) =
( 〈xtxt〉 〈xtyt+τ 〉

〈yt+τ xt〉 〈yt+τ yt+τ 〉
)

=
(

cxx cxy(τ )

cxy(τ ) cyy

)
.

(F2)

Hence, MI x→y(τ ) can be analytically represented through
the elements of Cxy(τ ) as

MI x→y(τ ) = 1
2

log2
cxxcyy

cxxcyy − cxy(τ )2 . (F3)

It is now clear that if cxy(τ ) �= cyx(τ ), MI x→y(τ ) �=
MI y→x(τ )—suggesting a preferred directionality of infor-
mation flow. Following this, we can analytically estimate
MIλ→x1(τ ), MI x1→x2(τ ), and MIλ→x2(τ ) along with their
reverse counterparts using the elements of the covariance
matrix [as given in Eqs. (A1)] and the elements of the two-
time correlation matrix [Eq. (E1)]. As shown in Fig. 9,
the numerically computed time-delayed mutual informa-
tion reasonably matches with the corresponding analytical
estimations. This further suggests that the particular time
lags at which maxima occur for the time-delayed mutual
information are indeed related to the time lag of extremum
two-point (anti)correlation.

APPENDIX G: PARTIAL ENTROPY
PRODUCTION RATE AT BIVARIATE PLANES

The partial entropy production rate for each bivariate
phase plane of this system can be estimated analytically
with use of the method described in Ref. [50]. While we
demonstrated this explicitly for the (x1, x2) phase plane in
Ref. [48], the same analysis can be extended to other phase

planes as well. The partial entropy production rates corre-
sponding to all bivariate planes (coarse-grained subspaces)
of our system are illustrated in Fig. 10. The features of such
partial or reduced entropy production rates in each plane
show a similar dependence on ε and θ as that observed in
the asymmetry of transfer entropies in the corresponding
phase planes (Fig. 5). This further highlights the intricate
connection between irreversibility and the asymmetry of
transfer entropies.

APPENDIX H: COMPARISON WITH THE
EQUILIBRIUM SCENARIO

In the absence of any external drive, the hydrodynami-
cally coupled system will reach an equilibrium steady state
in which the particles are statistically independent. Since
the steady-state joint distribution of the displacement of the
particles is exactly factorized as the product of marginals,
i.e., P(x1, x2) = P(x1)P(x2) [as shown in Fig. 11(a)],
mutual information at the equilibrium steady state will
be zero. The time-delayed information measures possess
a symmetric feature such that MI x1→x2(τ ) ∼ MI x2→x1(τ )

[Fig. 11(b)] and TEx1→x2(τ ) ∼ TEx2→x1(τ ) [Fig. 11(c)],

which indicates a strong bidirectional ( x1 x2 )

nature of information flow for the equilibrium configu-
ration. The characteristics of the information flow in an
equilibrium scenario are quite different from the same in
a nonequilibrium configuration and are consistent with
the fact that dynamic correlations in equilibrium con-
figurations are usually symmetric, i.e., 〈x(t)y(t + τ)〉 =
〈y(t)x(t + τ)〉.
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