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The deformation and interaction of a droplet pair in an electric field determine the success of droplet
coalescence. Electric intensity and initial droplet separation are crucial parameters in this process. In this
work, a combined theoretical and numerical analysis is performed to study the electrohydrodynamics of
confined droplet pairs in a rectangular microchannel under ac electric fields. We develop a theoretical model
to predict the relationship between critical electric intensity and droplet separation. A geometrical model
relating the initial droplet separation to the cone angle is also established to determine the critical separation
for partial coalescence. Thesemodels are validated by comparisons with existing experimental observations.
According to the initial separation and electric intensity, five regimes of droplet interactions are classified by
direct numerical simulations, namely noncoalescence, coalescence, partial coalescence, ejection after
coalescence, and ejection with partial coalescence. According to their controlling mechanisms, the five
regimes are distinguished by threewell-defined boundaries. The detailed dynamics of the partial coalescence
phenomenon is resolved when the droplet separation exceeds the critical value. A dynamic liquid bridge
between the droplets is sustained by the competition between surface tension and electric stress. The
dynamics of ejectedmicrojets at the exterior ends are also addressed to show their responses to the oscillating
electric field. The full understanding of the droplet dynamics under electric fields can be used to predict the
droplet fusion behaviors and thus to facilitate the design of droplet-based microfluidic devices.
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I. INTRODUCTION

Droplet fusion is one of the fundamental functions in
droplet-based microfluidic devices, for example, to pre-
cisely control the mixing of regents in space and time for
microreaction applications [1]. Passive fusion relies on
channel properties to bring droplets into close contact [2,3],
while active fusion relies on external forces to coalesce
the droplets [1]. Electric fields are widely used as active
techniques to trigger the coalescence in microchannels
[4–6]. Droplets can be polarized in electric fields, resulting
in dielectrophoretic forces at the oil-water interfaces.
Two close droplet interfaces can then attract each other
to bring the adjacent points to contact and eventually merge
themselves into one. This process induced by electrostatic
attraction forces is called electrocoalescence [7,8]. There
are many applied studies [4,9,10] on the electrocoalescence
of two neighboring droplets separated by a thin film
in microchannels. This paper explores situations with
considerable separations between the droplets.
Taylor [11] theoretically and experimentally studied the

deformation and disintegration of a spherical water droplet

situated in a direct-current (dc) electric field. The droplet
becomes unstable when the electric intensity reaches a
well-defined critical value. The ends of the droplets develop
obtuse-angled conical points from which axial jets are
emitted. The liquid cone is commonly known as a Taylor
cone [12]. The disruption point was predicted to be reached
when EðR0=σÞ1=2 ¼ 1.62, where E is the electric intensity,
R0 is the undistorted droplet radius, and σ is the surface
tension (all in electrostatic units). This critical value is in
good agreement with the experimental observations of
Nolan [13] and Macky [14]. When two droplets are close
in an electric field, the interaction of the opposite polari-
zation charges enhances the electric field between the
adjacent surfaces of the droplets. Latham and Roxburgh
[15] extended Taylor’s analysis to droplet pairs by intro-
ducing a field-enhancement parameter calculated by Davis
[16]. The predicted critical electric intensities for different
droplet separations, the measured curvatures, and elonga-
tions of droplets were in good agreement with experiments.
Chabert et al. [5] experimentally studied the electro-

coalescence of microfluidic droplets with diameters com-
parable to that of a round channel. They found that dc
electric fields could not induce coalescence, but alternating-
current (ac) electric fields could. This is because, under a dc
field, all ions and charge carriers quickly move to the
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insulating material between the electrodes and the emulsion.
The voltage drop is mainly distributed across the insulating
material, and no electric field is in the emulsion. In contrast,
under an ac field, the ions and charge carriers do not have
time to move to the insulating material in the duration of one
half period of the voltage. The electric field is then mainly
distributed in the emulsion [17]. By applying an ac electric
field, Chabert et al. [5] obtained the regime diagram of
electrocoalescence as a function of the amplitude and
frequency of the voltage. The lower boundary between the
noncoalescence and coalescence regimes was found to be
independent of the frequency. An upper boundary showed a
regime where the droplets contact to form an unstable liquid
bridge between them. The liquid bridge broke to cause the
droplets to repel one another. Recently, Thiam et al. [18]
investigated the regime diagram of water droplet pairs in
hexadecane as a function of droplet separation and ac field
intensity. Three regimes were discovered, namely stable
(noncoalescence), coalescence, and partial coalescence. The
latter regimewas similar to the formation of the liquid bridge
observed by Chabert et al. [5]. Other than droplet recoil,
Thiam et al. [18] observed that the liquid bridge could be
almost stable for droplets with ultralow conductivity.
The recoil phenomenon of droplet interaction also

occurred in different configurations [19,20]. Bird et al.
[21] showed that the transition between coalescence and
recoil is determined by the relationship of two principle
curvatures of the liquid neck region where the cones of two
droplets contact. If the negative curvature across the neck is
much larger than the positive curvature around the neck, the
neck expands radially under the capillary force to merge the
droplets. Reversely, the neck shrinks and breaks eventually
to cause droplet recoil [21]. Geometrically, the coalescence
behavior of two droplets depends on the angle of the cones
when the droplets just contact. Bird et al. [21] developed a
surface energy model to predict the critical angle. The result
agreed well with experimental measurements.
In an early numerical study, Brazier-Smith et al. [22]

considered conductive droplets in a nonconducting medium
under a strong electrical field. They showed two types of
interaction of the droplets, depending on the ratios of
droplet separation and radius. For a ratio less than about
1.2, the droplets deform and their near interfaces make
contact. For a ratio greater than about 1.2, the droplets
deform into conical profiles with concavities at the adjacent
poles. Subsequent issuance of a liquid jet from the adjacent
poles was not able to be resolved in their simulations.
Sozou [23] used the leaky dielectric model [24] to analyze
the flow field generated by a uniform electrostatic field in
and about a pair of nondeformable liquid droplets. The flow
field over the droplet surfaces due to the tangential electric
stresses was expressed in terms of bispherical harmonics.
Baygents et al. [25] simulated the motion of two axisym-
metric droplets in a uniform electric field using an integral
equation method and the leaky dielectric model. Different

from perfect dielectrics, in which the electrical stress acts
only normal to the interfaces, the leaky dielectric model
shows that the conduction process leads to tangential
electrical stresses on the droplet interface. The tangential
stresses cause steady circulation in and about the droplet.
Three classes of behaviors were observed, depending on
the ratios of dielectric constants and electrical conductiv-
ities of the droplet and the ambient fluid [25]—the droplets
first deform oblately and then translate together; the
droplets deform prolately and translate together; or the
droplets deform prolately and move apart. More recently,
Mohammadi et al. [26] numerically simulated the
approaching of two droplets under an electric field using
a volume-of-fluid approach. The electric dipole-dipole
force between droplets was considered as a body force
acting on droplets through a mathematical model [27], but
no electric-induced interfacial deformation was resolved.
Much useful information has been obtained about the

electrohydrodynamics of a droplet pair, however, the
combined effects of droplet separation and electric intensity
under an oscillating electric field need to be explored
further. Our work focuses on the effects of these key
parameters on the deformation and interaction of a droplet
pair, especially the boundaries among different regimes.
A theoretical model is established to predict the critical
electric intensity for droplet coalescence. Good agreements
are obtained with the existing experimental study. Three-
dimensional direct numerical simulations are performed to
study the detailed evolution of droplet interaction. Five
regimes, divided by three well-defined boundaries, are
identified in terms of initial droplet separation and electric
intensity. The dynamics of the liquid bridge between
droplets and tip streaming at the droplet ends are also
addressed to reveal the underlying mechanics.

II. THEORETICAL ANALYSIS

A. Problem statement

Following the experiments of Thiam et al. [18], we
examine two equal-sized and uncharged droplets under an
ac electric field. Figure 1(a) shows that the droplets move
with the surrounding fluid along the centerline of a
microchannel. The dispersed phase is Milli-Q water and
the continuous phase is hexadecane [18], which is a
commonly used combination in droplet-based microfluidic
devices. The droplets are confined by the top and bottom
walls to adapt cheese-wheel-like shapes. Due to the
lubrication effect, thin films exist between the droplet
interfaces and the walls to avoid contacts. The undisturbed
ac electric field is uniformly distributed along the flow
direction with a frequency of 10 kHz. The electric potential
across the considered domain is Vt. The electric intensity
Et along the length of the microchannel is thus−Vt=L. The
root-mean-square value of Vt, V ¼ ffiffiffi

2
p

Vmax=2, is used for
evaluating the electric field, where Vmax is the maximum
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electric potential. Because the charges aggregated near the
two droplet surfaces always attract each other, the effective
electric intensity, Ee ¼ jEtj, should be used to describe the
interaction of the droplets. Figure 1(b) shows the evolutions
of Vt and Ee in a period of T, where E ¼ V=L. The
variation of Ee shows a pulsating pattern with a frequency
of twice the ac field.
Dimensional analysis gives eight dimensionless num-

bers: Ohnesorge number, electric Bond number, dimen-
sionless electrical conductivity, dimensionless mean
velocity, and the ratios of the densities, viscosities, relative
permittivities, and electric conductivities of water and oil.
They are defined as Oh ¼ μw=ðρwR0σÞ1=2, Be ¼ ε0V2=
ðR0σÞ, K ¼ ½ρwR3

0k
2
w=ðσε20Þ�1=2, Um ¼ Q=π½ρw=ðR3

0σÞ�1=2,
α ¼ ρw=ρo, λ ¼ μw=μo, γ ¼ εw=εo, and β ¼ kw=ko, respec-
tively, where the density, viscosity, electric permittivity, and
conductivity of water are denoted by ρw, μw, εw, and kw,
respectively, and those of oil have a subscript of o. R0 is the
droplet diameter measured from the top view, σ is the
surface tension,Q is the flow rate, and ε0 is the permittivity
in a vacuum. Table I lists the physical parameters of a
0.01M NaCl solution and hexadecane. H,W, and L denote
the height, width, and length of the microchannel, respec-
tively. As in most microfluidic devices, the Reynolds
number based on the channel height is small in this paper,
about 0.15. The presence of flow allows oil films to form
between the droplets and the walls. This provides a cushion
effect which allows droplets to avoid contact with walls, but
has negligible effect on the deformation and interaction of
the droplet pair.

B. Prediction of critical electric intensity

This problem is similar to that in Ref. [15] for a pair of
spherical droplets. However, droplets confined by the walls
of the microchannel have to adapt cheese-wheel-like
shapes. We introduce a modified geometrical assumption
to extend the theoretical frame of Ref. [15]. Figure 2(a)
illustrates that two identical uncharged droplets are flowing
in a microchannel with the ambient fluid. Since the
Reynolds number of the flow is much less than 1, the
effect of the flow on the droplet deformation is weak. It is
then reasonable to neglect the effect of flow in the
theoretical prediction. Droplet shapes in the x-y cross
section are circles with undistorted radii R0. The initial
separation of the adjacent points A andC is X0.D is the rear
point. The droplets are polarized when a uniform electric
field is applied parallel to the line of droplet centers
[Fig. 2(b)]. The attractive interactions of the polarization
charges bring A and C close and thus cause extra droplet
deformations. The droplets are assumed to retain an
elliptical cross section in the x-y plane until disintegration.
The droplet shape is then given by x2a−2 þ y2b−2 ¼ 1 with
respect to each droplet centroid, where a and b are the
lengths of the semimajor and semiminor axes, respectively.
The product of a and b is R2

0 due to the conservation of
surface area of the elliptical shape. Using the equations of
equilibrium at A (or C) and B, Latham and Roxburgh [15]
obtained the link between E and a=b for spheroidal
droplets, which deform into axisymmetric spheroids in
electric fields. The deformation of a flattened droplet is
three-dimensional and complicated to predict. To overcome

FIG. 1 (a) Schematic diagram of a droplet pair in a pressure-driven flow through a microchannel with rectangular cross section.
(b) Evolution of the electric potential and effective electric intensity in one ac period.

TABLE I. Physical parameters used in the present study.

ρw
(kg=m3)

ρo
(kg=m3)

μw
(mPa s)

μo
(mPa s) εw εo

kw
(S=m)

ko
(S=m)

R0

(μm)
σ

(mN=m)
Q

(mL=h)
H

(μm)
W

(μm)
L

(mm)

998 768 1 3 80 2 1.2 × 10−3 1.5 × 10−15 20 4 0.11 23 69 230
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this difficulty, we introduce an additional assumption that the
profiles of the adjacent interfaces are elliptical in the
x-z cross section through the droplet centroids. Owing to
the confinement, the length of the semiminor axis is fixed
to be H=2. The length of the semimajor axis is coupled with
thedeformation in thex-y cross section to bea − ðR0 −H=2Þ
[see Fig. 2(b)]. The shape of a deformed droplet in the x-z
cross section through point A (or C) is then given by

x2

½a − ðR0 −H=2Þ�2 þ
z2

ðH=2Þ2 ¼ 1. ð1Þ

Similarly, the shape of a deformed droplet in the y-z
cross section through point B is given by

y2

½b − ðR0 −H=2Þ�2 þ
z2

ðH=2Þ2 ¼ 1. ð2Þ

The normal stress at the droplet interface due to surface
tension is σðr−11 þ r−12 Þ, where σ is surface tension, r1 is the
principal radius of the curvature of the ellipse, and r2 is the
other radius of curvature. From the shape described by
Eqs. (1) and (2), the expressions of ðr−11 þ r−12 Þ can be
obtained analytically. At point A,

r−11 þ r−12 ¼ ab−2 þ ½a − ðR0 −H=2Þ�ðH=2Þ−2; ð3Þ
and at point B,

r−11 þ r−12 ¼ ba−2 þ ½b − ðR0 −H=2Þ�ðH=2Þ−2; ð4Þ
The electric intensity at the point A and C is assumed to

be equal to that of single droplets [11] multiplied by a factor
Σ, which is the enhancement of the electric field because of
the mutual interaction of the polarization charges [15]. The
normal stress at the point A or C due to the electric field is
then [15]

τa ¼
Σ2E2εoε0a2

18b2ð1 − e2ÞI2 ; ð5Þ

where the eccentricity e ¼ ð1 − b2=a2Þ1=2, and
I ¼ 1=2e−3 ln½ð1þ eÞ=ð1 − eÞ� − e−2. The value of Σ
was calculated by Davis [16] as a function of X=r, where
r is the radius of two identical rigid spheres. The approxi-
mation of r ¼ R0 was proved to be reasonable by Latham
and Roxburgh [15] and is used in the subsequent calcu-
lation. Under the assumption that distance between the
droplet centroids does not change during the interaction,
the separation X of the adjacent points A and C can be then
expressed as [15]

X ¼ X0 − 2ða − R0Þ: ð6Þ

The relationship between a=b and Σ can be derived as

Σ ¼ fðX=R0Þ ¼ f½X0=R0 − 2ða=bÞ1=2 þ 2�; ð7Þ

where the ab ¼ R0
2 is used according to the elliptical

assumption. Note that for spheroidal droplets, the power of
(a=b) in Eq. (7) is 2=3 due to the volume conservation. On
the other hand, there is no normal stress at the point B since
the electric field is perpendicular to the direction of normal
stress.
Following Ref. [11], the equation of equilibrium at A (or

C) is given by

σfab−2 þ ½a − ðR0 −H=2Þ�ðH=2Þ−2g − p ¼ τa; ð8Þ

where p is the difference between the internal and external
pressure. The equation of equilibrium at B is given by

FIG. 2. Schematics of a droplet pair situated in a microchannel. (a) Initial shapes of droplets in x-y and y-z cross sections.
(b) Deformation of droplets under an electric field. Note that the schematics are generated based on our numerical simulation in Sec. III.
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σfba−2 þ ½b − ðR0 −H=2Þ�ðH=2Þ−2g − p ¼ 0. ð9Þ
Combining Eqs. (8) and (9) gives

σ½ab−2 − ba−2 þ ða − bÞðH=2Þ−2� ¼ Σ2E2ε0εoa2

18b2ð1 − e2ÞI2 ;

ð10Þ
which can be rewritten to be

E=E0 ¼ 181=2I

��
a
b

�
1=2 −

�
a
b

�−5=2
þ
�
a
b

�−1=2� H
2R0

�−2

−
�
a
b

�−3=2� H
2R0

�−2�1=2
=Σ; ð11Þ

where E0 ¼ ½σ=ðε0εoR0Þ�1=2.
Equation (11) can be solved numerically for any initial

separation of the droplets. Figure 3(a) shows the calculated
relationship between E and a=b for both spheroidal and
flattened droplets under X0=R0 ¼ 0.5. The critical electric
intensity Ec to disintegrate the droplets is the maximum
value of E. Obviously, Ec for flattened droplets is larger
than that for spheroidal droplets. To validate the above
model, Ec=E0 is calculated for different X0=R0 to compare
with experimental data of Thiam et al. [18]. Note that E in
this paper refers to the electric intensity inside the con-
tinuous phase. The electric intensity in Ref. [18] should
then be divided by the relative permittivity of the continu-
ous phase εo. Figure 3(b) shows the experimental bounda-
ries between coalescence and noncoalescence for different
NaCl concentrations. The boundaries are closed to each
other owing to the large difference in conductivities of
water and oil phases [17]. The calculated boundary shows
a good agreement with the experimental results for

X0=R0 < 0.7, while disparities appear and increase for
X0=R0 > 0.7. Interestingly, X0=R0 ¼ 0.7 is near the boun-
dary between coalescence and partial coalescence. Since
partial coalescence happens when a sharp liquid cone
forms, the disparities in Fig. 3(b) are likely attributed to
the geometrical assumptions in the x-z cross section, which
are not valid for large deformations.

C. Critical initial separation for partial coalescence

The partial coalescence phenomenon observed in
Ref. [18] is essentially controlled by the same mechanism
of recoil phenomenon of the charged droplets [21].
Coalescence or recoil behavior of two droplets depends
on the angle of the cones when the droplets just contact [21].
Figure 4(a) illustrates two droplets connected to a neck
region. As mentioned in Sec. I, the comparison between the
negative curvature (1=rn) across the neck and the positive
curvature (1=rp) around the neck determines coalescence or
recoil of the droplets [21]. Consequently, the transition
between coalescence and recoil depends predominantly on
the angle of the formed liquid cones [21]. We establish a
geometrical model to relate the critical cone angle to the
critical separation of a flattened droplet pair. Figure 4(b)
shows the x-y cross section when the tips of liquid cones just
contact. Since the electric charges neutralize around the
contact point, the surface tension dominates the flow of the
connected portion. The cross sections of the droplets are
assumed to have the same area as the initial separated
droplets and the edges of the cones are tangential to a circle
with the critical radius Rc. The relationship between Rc and
cone angle θ can be derived to be

Rc=R0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

π

πð1 − θ=360Þ þ 1= tanðθ=2Þ
r

: ð12Þ

(a) (b)

E/E0

a/
b

0.0 0.1 0.2
1.0

1.1

1.2

1.3

1.4

1.5

1.6

1.7
spheroidal droplets

flattened droplets

X0/R0

E c/
E

0

0.0 0.5 1.0 1.5
0.0

0.1

0.2

0.3

0.4

0.5

0M
0.01M
0.10M
present model

FIG. 3. (a) Relationship between electric intensities and deformations under X0=R0 ¼ 0.5 for spheroidal and flattened droplet pairs.
(b) Comparison of the present model and experimental data [18] for the boundary between coalescence and noncoalescence.
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Since the droplet centroids do not change, the critical
separation can be expressed as

Xc=R0 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π

πð1 − θ=360Þ þ 1= tanðθ=2Þ
r =sinðθ=2Þ − 2.

ð13Þ
The theoretical prediction of the critical cone angle is not

straightforward due to the complicated shape of the droplets.
The boundary between coalescence and partial coalescence
does not depend on the electric intensity as long as the
droplets can make contact. The boundary should then be a
vertical line on the regime diagram. Figure 4(c) shows the
experimental boundaries between coalescence and partial
coalescence extracted from the experimental results in
Ref. [18]. As predicted theoretically, the boundaries are
nearly straight vertical lines. The two boundaries for NaCl
solutions are indistinguishable, while that of Milli-Q water
is different from the others. This disparity is likely due to the
large difference between the electrical conductivities of
Milli-Q water and NaCl solutions. According to the exper-
imental data in Fig. 4(c), the boundaries for NaCl solutions
are at about X0=R0 ¼ 0.74. The critical cone angle can be
calculated from Eq. (6) to be about 90°. Note that Thiam
et al. [18] showed a near-critical condition in their Fig. 2(b).
The cone angle at t ¼ 0.22 ms is very close to 90°. This
means that Eq. (6) reveals the relationship between the
critical separation and cone angle.

III. NUMERICAL SIMULATION

A. Numerical methods

We conduct direct numerical simulations to validate the
models and show more details of the droplet deformation.

An open-source code GERRIS [28] with an electrohydrody-
namic (EHD) extension [29] is adopted. The charge-
conservative EHD scheme deals with two-phase problems
using the volume-of-fluid (VOF) method and the leaky
dielectric model. TheVOFEHDmethodwas proved to have
the capability to describe EHD problems with large defor-
mations, such as electrospray in the cone-jet mode [30] and
the droplet-jet transition of electrified pendant droplets [31].
The formulation accommodates the conservation equa-

tions for an incompressible flow with surface tension and
electric force [28],

∇ · u ¼0; ð14Þ

ρð∂tuþu ·∇uÞ¼−∇pþ∇ ·ð2μDÞþσκδsnþFe; ð15Þ
where u is the velocity vector, ρ is the fluid density, μ is the
dynamic viscosity, and D is the deformation tensor defined
as Dij ¼ ð∂iuj þ ∂juiÞ=2. The Dirac delta function δs
expresses the fact that the surface tension σ is concentrated
on the interface. The radius of curvature of the interface is
denoted by κ, and n is the unit outward vector normal to the
interface [28]. Fe is the volumetric electric force which can
be derived from the electrostatic Maxwell stress tensor (by
applying a divergence operator [29]) to be

Fe ¼ ρeE − 1

2
E2∇ε; ð16Þ

where ρe is the volumetric charge density, E is the electric
field, and ε is the electric permittivity. The two terms on the
right-hand side represent the electric forces exerted on the
free charges and the electric dipoles induced in dielectric
mediums, respectively [29]. Note that the first term is

(b) (c)

X 0/R0

E
/E

0

0.5 1.0 1.5 2.0
0.3

0.4

0.4

0.5

0.5

0.00M
0.01M
0.10M

A

B

O
C

R c

A O´
A

rp

rn
xz

y

x
y

(a)

FIG. 4. (a) Two droplets connected with a neck regime with both positive and negative principal curvatures. (b) Schematic diagram of
the critical condition in the x-y cross section when the tips of liquid cones just contact. (c) Boundaries between coalescence and recoil for
different NaCl concentrations from the experimental results in Ref. [18].
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zero in the present simulations since there is no impressed
charge initially. The conservation equation for the volu-
metric charge density q should be satisfied [29],

∂q
∂t þ u · ∇sq − qn · ðn · ∇Þuþ ∥KE · n∥ ¼ 0; ð17Þ

where ∇s denotes the surface divergence and K is the
electric conductivity.
A VOF function cðx; tÞ is introduced to trace the inter-

face. cðx; tÞ is defined as the volume fraction of a given
fluid in each cell of the computational mesh. The density
and viscosity can thus be written as

ρðcÞ≡ cρw þ ð1 − cÞρo; ð18Þ

μðcÞ≡ cμw þ ð1 − cÞμo: ð19Þ

According to mass continuity, the advection equation for
the density takes the following form in terms of the volume
fraction:

∂tcþ ∇ · ðcuÞ ¼ 0: ð20Þ

Similar to the fluid properties, the spatial values of the
electrical properties can be interpolated from the volume
fraction c,

εðcÞ≡ cεw þ ð1 − cÞεo; ð21Þ

kðcÞ≡ ckw þ ð1 − cÞko: ð22Þ

A staggered temporal discretization of the volume
fraction or density and pressure leads to a scheme which
is second-order accurate in time [28]. A classical time-
splitting projection method is utilized, which requires the
solution of the Poisson equation. The time-stepping scheme
combined with the discretization of the electric-field
equation and the charge-evolution equation can be found
in Ref. [29]. Spatial discretization is achieved using graded
octree partitioning in three dimensions. All the variables are
collocated at the center of each discretized cubic volume.
Consistent with the finite-volume formulation, variables are
interpreted as volume-averaged values for each cell. A
piecewise-linear geometrical VOF scheme generalized for
octree spatial discretization is used to solve the advection
equation for the volume fraction [32]. The above numerical
method allows for spatially and temporally varying reso-
lution. In addition, local mesh refinement or coarsening in
quadtree or octree discretization is cheap and can be
performed at every time step, if necessary, with minimal
impact on overall performance. Interpolation of quantities
on refined or coarsened cells is also relatively simple on
regular Cartesian mesh and is achieved conservatively both
for momentum and volume fraction [28]. Several refine-
ment criteria can be employed simultaneously, depending

on the physical conditions encountered, to perform an
adaptive mesh refinement [28] to the regions of interests.

B. Model validation

Numerical methods have been validated by our previous
study on inertial migration of deformable droplets in a
rectangular microchannel [33]. A validation of the EHD
model is also performed (see the Supplemental Material
[34]). The deformation of a leaky dielectric droplet in a leaky
dielectric medium is considered following the extension
[35] of Taylor’s electrohydrodynamic theory [24] verified
by experimental investigations [36]. The theory shows
that the deformation parameter D can be expressed as a
function of the electric capillary number (CE ¼ εcR0E2=σ),
ratios of viscosities, conductivities, and electric permittiv-
ities between the droplet and ambient media. Eighteen
conditions are simulated to consider the all the types of
deformations and directions of flow motion. Good agree-
ments are obtainedwith theoretical predictions for smallCE.
Disparities at large CE are also observed because the theory
is only valid for small deformation [37,38].

C. Simulation setup

A constant axial velocity is set to the left boundary to
specify the flow. The right boundary has an outflow
condition. No-slip conditions are set to the sidewalls. The
aspect ratio of the cross section,W=H, is 3. In the beginning,
simulations proceed without droplets to obtain steady flow
fields only with the continuous oil phase. The velocity
profile relaxes to that of a rectangular Poiseuille flow in a no-
slip channel. Two cheese-wheel-like droplets are then placed
along the centerline of the microchannel with an initial
distance X0. Simulations proceed without the electric field
forT, which is long enough for the droplets to relax to steady
state. With the presence of flow, thin oil films form between
the droplet interfaces and the channel walls. The disjoining
pressure inside the oil films avoids contact of the droplets
and the walls. A sinusoidal electric potential V is then
applied across the computational domain from the right
boundary to the left boundary. A no-penetration boundary
condition of electric potential is enforced on the sidewalls.

D. Grid considerations

Two calculations are carried out to analyze the effect of
grid resolution on the computational accuracy. The grids
along the droplet interfaces are refined through a gradient-
based refinement for the volume fraction to two different
resolutions. Ratios of droplet radius R0 and grid size Δx are
about 56 and 112, respectively. The background grid size is
fixed to beH=16 for both cases. Nearly identical evolutions
of droplet separations and deformation are observed under
the two resolutions (see the Supplemental Material [34]).
The grid resolution with R=Δx ¼ 56 is accurate enough to
be used in the remainder of this paper.
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Thickness-based and curvature-based refinement criteria
are also used upon the abovementioned grid to further
refine regions with thin and fine shapes. Thin liquid films
exist between droplets and confinement walls. The thin
films, however, are either not well resolved or avoided in
existing numerical investigations in droplet microfluidics
[39,40]. The distance-oriented thickness-based refinement
criterion developed in our previous study [41] is used here
to refine thin regions efficiently. The distance d between the
mass center of the interfacial grid and the wall is compared
with the grid size Δx. If d=Δx < 4, the interfacial grid is
refined. In all the simulations, the disjoining pressure in
thin liquid films is then directly simulated with at least two
grids in the thickness direction. The interaction between
droplet interfaces and the channel walls is well resolved.
Figure 5(a) shows the VOF-reconstructed interface with the
edges of interfacial cells of a flattened droplet. The
interfacial cells near the wall are refined dynamically to
resolve the thin film, which provides a cushion effect to
separate the interface from the wall. Figure 5(b) displays
the x-z cross section of the computational mesh. The
refinement level varies as needed to resolve the film
thickness by at least two cells. The concave shapes of
the interfaces near the confinement walls are well resolved
with a smallest grid size of R0=224. On the other hand,
sharp tips form along with the cone shapes when the
droplets are close. A curvature-based refinement [28] is
thus applied to improve the grid resolution of the tips. If
κmaxΔx < 1=5, the interfacial grid is refined, where κmax is
the maximum curvature of the interface. Figure 5(c) shows

two droplets that are about to contact through sharp tips.
The meshes near the tips are refined dynamically according
to the curvatures. Figure 5(d) highlights the mesh in the x-y
cross section. The curvature-based refinements only occur
on the tips, to reduce the numerical cost considerably. The
smallest grid size on the tips is R0=896.

IV. NUMERICAL RESULTS AND DISCUSSIONS

A. Regime diagram and predicted boundaries

To obtain the whole regime diagram, total 32 simulation
cases are performed for different X0=R0 and E=E0. The
simulations resolve the interaction of droplets, as well as
thin films between the droplets and the walls during 1 ms
(equivalent to 10T). Five types of phenomena are observed,
namely noncoalescence, coalescence, partial coalescence,
ejection after coalescence, and ejection with partial coa-
lescence. Five movies showing different phenomena with
photorealistic rendering [42] can be found in the Appendix,
in Videos 1–5.
The droplets oscillate under the ac electric field, while

the adjacent points are approaching gradually. If the electric
intensity is smaller than the critical electric intensity for the
initial separation, droplets cannot merge [see Fig. 6(a) and
Video 1] in a desired duration. Otherwise, the deformation
is large enough to make the droplets contact [see Fig. 6(b)
and Video 2 in the Appendix]. Three-dimensional Taylor
cones can be observed clearly in Fig. 6(b), when the
interfaces of droplets are close enough (t ¼ 1.50T). The
two tips are then connected to form a cylindrical liquid neck

FIG. 5. (a) Droplet in a microchannel with a width-to-height ratio of 3 (the droplet surface is represented using VOF-reconstructed
planar fragments in each interfacial cell). (b) Mesh in the x-y cross section of (a). (c) Two droplets are in the process of contact at the tips.
(d) Mesh in the cross section of (c).
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FIG. 6. (a) Noncoalescence (E=E0 ¼ 0.32, X0=R0 ¼ 0.80). (b) Coalescence (E=E0 ¼ 0.41, X0=R0 ¼ 0.54). (c) Partial coalescence
(E=E0 ¼ 0.49, X0=R0 ¼ 1.12). (d) Ejection after coalescence (E=E0 ¼ 0.65, X0=R0 ¼ 0.54). (e) Ejection with partial coalescence
(E=E0 ¼ 0.65, X0=R0 ¼ 1.12). (f) Region diagram of interactions of droplet pairs in terms of initial separation X0=R0 and ac electric
intensity E=E0. The five regions are noncoalescence (□), coalescence (○), partial coalescence (△), ejection after coalescence (⋄), and
ejectionwith partial coalescence (▽). For animations of the evolution of droplet deformation and interaction, see theAppendix,Videos 1–5.

DEFORMATION AND INTERACTION OF DROPLET PAIRS … PHYS. REV. APPLIED 4, 024005 (2015)

024005-9



between the droplets. The neck expands radially to merge
the droplets because the negative curvature across the neck
is larger than the positive curvature around the neck. The
droplets combine to become one prolate droplet at
t ¼ 4.25T. For a larger separation, the cone angle is also
sharper, as shown in Fig. 6(c) at t ¼ 5.00T. Since the
negative curvature across the neck is smaller than the
positive curvature around it, the neck shrinks and a fine
liquid bridge forms between the droplets. The liquid bridge
exists with the expanding-shrinking transition under the ac
electric field (see Video 3 in the Appendix). This is the so-
called partial coalescence [18]. Note that the liquid bridge
can break to cause droplet recoil if the initial separation is
near the critical value.
Similar to single droplets in a strong electric field, we

find Taylor cones can form at the exterior ends (corre-
sponding to point D and F in Fig. 2) of the droplet pair.
Figure 6(d) shows cones appearing at the ends of the
merged droplet at t ¼ 1.00T. When the electric stress
overcomes the capillary force at the tips of the cones,
microjets emit from the exterior ends of the original
droplets at t ¼ 1.50T (see Video 4 in the Appendix).
The front of the jet is flattened by the surrounding flow
with droplet shedding from the edge corners. This phe-
nomenon can be called “ejection after coalescence.” The
overall dynamics are similar to electrospray in a cone-jet
model, but the droplets loss volume and the steady state
could not be reached. The emission of the microjets is also
observed during partial coalescence as shown in Fig. 6(e)
and Video 5 in the Appendix. This phenomenon is called
“ejection with partial coalescence.”
As shown in Fig. 6(f), the numerical simulations map all

the five regimes in terms of the initial droplet separation
and the electric intensity. The boundary of the noncoales-
cence regime is consistent with the curve obtained from the
experimental results in Ref. [18]. The analysis in Sec. II C
shows that the boundary between coalescence and partial
coalescence is determined solely by a critical droplet
separation. Five simulations with X0=R0 ranging from
0.80 to 1.12 are carried out for E=E0 ¼ 0.49 to find the
critical separation. The boundary is approximately located
at X0=R0 ¼ 0.88, shown as a vertical line in Fig. 6(f). As
discussed in Sec. II D, the boundary obtained from exper-
imental data [18] is at X0=R0 ¼ 0.74. This disparity may be
attributed to the no-penetration boundary condition of
electric potential on the side walls which is different from
that in the experiments [18]. The issuing of a microjet at the
rear ends of the droplet pair is comparable to that of a single
droplet. The theoretical analysis of Taylor [11] shows that a
droplet becomes disintegrated when EðR=σÞ1=2 > 1.625
(in electrostatic units), indicating that the boundary
between stable and unstable conditions of the rear ends
is a horizontal line in the regime diagram. R should be
replaced by the equivalent radius of a spherical droplet with
the same volume as a flattened droplet. The calculated

critical condition is then obtained in SI units to be
Ec=E0 ¼ 0.50, which is in good agreement with present
simulation results [as shown in Fig. 6(f)].
Overall, five regimes are separated by three boundaries—

an increasing curve between coalescence and noncoales-
cence, a vertical straight line between coalescence and
partial coalescence, and a horizontal straight line between
stable and unstable of the exterior ends. The regime
diagram shows that coalescence happens only in a trap-
ezoid region. The finding can be used to guide the selection
and optimization of operational parameters of microfluidic
devices for droplet fusion in the design stage. For example,
the initial separation of the droplets should be smaller than
the critical value of partial coalescence and the electric
strength should be smaller than the critical value that causes
tip streaming during the operation. The partial coalescence
can be used in mass transfer between the droplets,
especially when the droplets are of unequal size. The
understanding of the interacting dynamics of the droplets
can also help to realize other functions in microfluidic
devices by changing the waveform and frequency.

B. Droplet deformation and approaching

Figures 7(a) and 7(b) show the calculated distributions of
the electric field in the x-y and x-z cross sections,
respectively. The contours are for axial electric intensity
and isolines are for the electric potentials. As the electric
charge relaxation time is much shorter than one half period
of the voltage, the droplets can be regarded as equipotential
[17]. Because the electric field is enhanced by the mutual
interactions of the polarization charges, the maximum
electric intensity in the x direction locates at points A
and C. Figures 7(c) and 7(d) show the distribution of the
electric forces acting on the interface. Since the dielectric
permittivity and conductivity of water are much higher than
those of oil, water can be considered to be perfectly
conducting like metals. The electric stresses thus are almost
perpendicular to the liquid surfaces. Figure 7(c) highlights
that the forces at the two poles between the droplets are
largest, but there is no force near the equators. On the other
hand, as shown in Fig. 7(d), the forces are only located at
the circular interfaces, while no force is observed at the
flattened interfaces.
Figures 8(a) and 8(b) show the evolutions of X=R0 and

a=b for X0=R0 ¼ 0.54 under different E=E0, respectively.
Since the electric field is strong and X0=R0 is small, the
droplets interact quickly before their centroids move closer
to each other. The changes of the distance of the droplet
centroids are almost constant (varying only about 1%
during 1 ms; this was also observed in Ref. [18]). The
relative movement of the mass center of droplets is thus
negligible. As shown in Fig. 8(a), a full-period sinusoidal
evolution is observed in each T=2. For the noncoalescence
outcome at E=E0 ¼ 0.24, X=R0 decreases initially and then
oscillates around X=R0 ¼ 0.50. For coalescence outcomes
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at higher E=E0, X=R0 decreases linearly when the adjacent
interfaces are far apart. When X=R0 is less than 0.3, X=R0

decreases exponentially and reaches zero quickly. The
evolutions of a=b shown in Fig. 8(b) with solid lines are
opposite to those of X=R0.
To test the elliptical assumption used in Sec. II B, a=b is

expressed as a function of X=R0 according to Eq. (6) to be

a=b ¼
�
X0=R0 − X=R0 þ 2

2

�
2

: ð23Þ

The dashed lines is Fig. 8(b) are the calculated a=b
according to Eq. (23), using the data of X=R0 in Fig. 8(a).

The reasonable agreements between the measured and
calculated a=b indicate that the elliptical assumption in
the x-y cross section is acceptable for analytical modeling.
Figure 9(a) shows droplet deformations just before and

after the contact. The local refinement based on the
curvature can resolve the liquid cones as sharp as possible.
The cones penetrate the fluid between the droplets to make
them contact. Since the droplets transfer with the surround-
ing media from left to right, the droplet shapes are
influenced by the flow. The cone angle of the right droplet
is larger than that of the left one. The cone angles are also
different in the top and side views owing to the flattened
droplet shape. The cone angle of the left droplet on the top
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FIG. 8. Evolutions of droplet separation (a) and deformation (b) of a droplet pair under different electric intensities for X0=R0 ¼ 0.54.

FIG. 7. Distribution of electric field near the droplet pair in the x-y (a) and x-z (b) cross section under E=E0 ¼ 0.49 and X0=R0 ¼ 1.12.
Electric force vectors on the interfaces in the x-y (c) and x-z (d) cross section.
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view is selected here to represent the cone shape.
Independent of the electric intensity, the cone angles near
the contact of the droplets are found to be solely determined
by the initial separation. Figure 9(b) compares measured
cone angles with the predictions from the geometrical
model in Sec. II D, showing good agreements.

C. Dynamics of the liquid bridge

Visualizing the evolution of the liquid bridge between
the droplets is difficult in experiments due to the relatively
fast dynamics and small sizes. Current numerical simu-
lations can capture the detailed dynamics and the under-
lying physics of the liquid bridge. Figure 10 shows the
temporal evolution of the liquid bridge with photorealistic
ray-tracing rendering. Prior to contact, droplets deform into
cones at the near ends and oscillate under the ac electric
field. The droplets merge to form a liquid bridge between
them at t ¼ 5.00T. The effect of surface tension turns to
decrease the diameter of the liquid bridge and introduces
higher capillary pressure to push the mass back to each of
the droplets. Meanwhile, the electric force on the interface
of the liquid bridge can be neglected since the liquid bridge
is parallel to the ambient electric field. The diameter of the
liquid bridge keeps decreasing until t ¼ 6.00T. Surface
tension dominates the dynamics of the liquid bridge from
t ¼ 5.00T to 6.00T. The electric field then forces the
droplets to transfer mass to the liquid bridge (with a
maximum diameter at t ¼ 6.25T). As the electric field
reduces, the liquid bridge becomes fine again under the
effect of surface tension. The diameter of the liquid bridge

at t ¼ 6.50T is similar to that at t ¼ 6.00T. The periodic
evolution of the liquid bridge continues under the com-
petition between the surface tension and electric stress.
Figure 11(a) shows the evolutions of minimum diameters

of a liquid bridge under different electric intensities. The
solid point at the beginning of each curve is at the moment
when a liquid bridge forms. The diameter of the liquid
bridge increases a little after formation due to the sudden
change of the topology. The diameter then decreases to the
minimum value under the capillary force. The diameter
increases with increasing electric field. A local maximum
of the diameter is reached near the peak of the electric field.
The capillary force will again dominate the subsequent
decreasing of the diameter. Larger oscillations of the
diameter are observed for stronger electric fields. The
average diameter of the liquid bridge also increases with
the electric intensity. Figure 11(b) shows the evolution of
the cone angle of the left droplet from the top view. The
angle reduces a little after the merging of the droplets and
then increases following the decreasing of the diameter of
the liquid bridge. The local maximum value is achieved
approximately when the electric intensity is zero. The
angle then decreases when the electric intensity increases,
and increases when the electric intensity decreases.
Interestingly, the averaged half-angles of the cones are
close to the 49.3° of dc Taylor cones.
A more detailed shape evolution of the liquid bridge with

high time resolution is shown in Fig. 12. After contact of
the droplets, a liquid bridge with cylindrical shape forms
under the effect of surface tension (at t ¼ 6.7500T). The
diameter of the liquid bridge decreases under the inward
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FIG. 9. (a) Photorealistic rendering of droplet pairs just before and after contact under E=E0 ¼ 0.49 and X0=R0 ¼ 0.80.
(b) Comparison of cone angles obtained from Eq. (6) and numerical simulations.
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capillary force. The capillary pressure inside the liquid
bridge is much larger than that in the droplets. The pressure
gradient near the connect points between the droplets and
the liquid bridge thus pushes the mass in the liquid bridge
toward the droplets. This causes a fast decrease of the
diameter of the liquid bridge near the connection points (as
shown from t ¼ 6.8125T to 6.9375T), which is similar to
the well-known “end-pinching” mechanism [43]. The
slender threads connect the droplets and the spinning-
cone-like satellite droplet. If the electric field is weak, the
satellite droplet is likely to transfer into a spherical shape to
form droplet chains, as observed in electrostatic coalescers
[17]. Note that the formation of a satellite droplet was
actually captured experimentally in Ref. [18]. The tiny
droplet in the center of the thread can be seen in the fifth

snapshot in their Fig. 4. A clear ejection of droplets is
observed at the points connecting with the fine liquid thread
(at t ¼ 7.000T). The jets emitted from the droplets connect
with the satellite droplet at t ¼ 7.1250T to reform the liquid
bridge. Meanwhile, the diameter in the center decreases
because the electric field stretches the interface of the
satellite droplet in the longitudinal direction. This stabili-
zation effect of the electric field helps the liquid bridge
against end pinching. Subsequently, a long liquid bridge
with cylindrical shape reforms at t ¼ 7.1875T to complete
the periodic process. Different from the statements in
existing experimental studies [17,18], our detailed simu-
lations show that the existence of the liquid bridge is caused
by the oscillating electric field, which competes with the
capillary force to maintain the liquid bridge dynamically.
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In summary, the liquid bridge can be regarded to form
when two Taylor cones emit against each other. The
sustaining of the liquid bridge under a dc electric field is
due to the competition between the surface tension and
electric stress. Determined by the relationship of two
principle curvatures of the liquid neck region [21], surface
tension causes shrinking of the liquid bridge when the
initial droplet separation exceeds a critical value. The
electric field causes expanding of the liquid bridge by
reforming and stabilizing the liquid bridge. Note that while
a long liquid bridge under a dc electric field can be steady
in shape and uniform in diameter [44], a liquid bridge under
an ac electric field is unsteady in shape. From our numerical
observation, the liquid bridge under an ac electric field
changes from a thread with uniform diameter to a “bead-
on-a-string” structure, repeatedly.

D. Dynamics of tip streaming

The top panel in Fig. 13(a) shows a moment when tip
streaming is just about to start at the ends of the coalesced
droplets. Different from the sharp cones at the near ends of
the droplets, the tips at the exterior ends are rounded. A
fully developed jet is observed in the bottom panel of
Fig. 13(a). Figure 13(b) shows the evolution of the angle of
the right cone. The cone angle in the top view is larger than
that in the side view due to the confined shape of the
droplets. After the formation of the liquid jet, a full-period
sinusoidal evolution is observed in each T=2. At the
moment marked with a red solid point, the tip streaming
happens near the instant of the maximum electric intensity,
corresponding to the moment shown in the top of

Fig. 13(a). The cone angle keeps reducing after emitting
of the microjet. Shortly, the electric-induced deformation of
the cone shape is balanced by the surface tension. The cone
angle then increases to its maximum and a fully developed
jet forms at the black point in Fig. 13(b), corresponding to
the moment shown in the bottom of Fig. 13(a). The
maximum and minimum cone angles happen at approx-
imately 1=4 and 3=4moment of a period. The average cone
angle is about 53° from the front view and about 46° from
the side view.

V. CONCLUSION

Deformation and interaction of droplet pairs in a micro-
channel under ac electric fields are investigated by means of
a combined theoretical and numerical analysis. Theoretical
models are established to predict the critical electric
intensity for coalescence and the critical initial droplet
separation for partial coalescence. Three-dimensional
direct numerical simulations are preformed systematically
to study the electrohydrodynamics in five different regimes,
including, noncoalescence, coalescence, partial coales-
cence, ejection after coalescence, and ejection with partial
coalescence. The three boundaries among the five regimes
are defined, including an increasing curve between coa-
lescence and noncoalescence, a vertical straight line
between coalescence and partial coalescence, and a hori-
zontal straight line between stable and unstable of the
exterior ends. The detailed dynamics of the liquid bridge
between the droplets, when the droplet separation exceeds
the critical value, are resolved numerically. We show that
sustaining of the liquid bridge under an ac electric field is
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by the competition between the surface tension and electric
stress in a dynamic manner. The liquid bridge changes from
a thread with uniform diameter to a bead-on-a-string
structure, repeatedly. The end-pinching phenomenon is
also found during the capillary thinning of the liquid
bridge. In addition, the dynamics of tip streaming is
discussed to provide insight into the effect of the ac electric
field. These understandings could be applied to the design
and optimization of droplet fusion devices in microfluidics.
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APPENDIX

The dynamics of the deformation and interaction of the
droplet pair in an ac electric field are demonstrated by

Videos 1–5 for the five phenomena, respectively, by
photorealistic rendering [42]. Each video shows both
top and side views of the droplet pair confined in the
rectangular microchannel.
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