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Engineering high-order nonlinearities while suppressing lower-order terms is crucial for quantum error
correction and state control in bosonic systems, yet it remains an outstanding challenge. Here, we intro-
duce a general framework of a nonlinearity-engineered multiloop SQUID (NEMS) device, enabling the
realization of arbitrary nonlinearities by tuning fluxes in multiple loops within superconducting circuits.
We demonstrate specific examples of NEMS devices that selectively engineer cubic-, quartic-, and quintic-
dominant interactions with suppressed parasitic couplings, showing great promise for realizing Kerr-cat
bias-preserving cnot gates and stabilizing four-leg cat qubits. By opening avenues for tailoring nonlinear
Hamiltonians of superconducting devices, this work enables sophisticated and precise manipulation of
bosonic modes, with potential applications in quantum computation, simulation, and sensing.
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I. INTRODUCTION

Bosonic modes, such as those of superconducting res-
onators and mechanical oscillators, have emerged as a
promising platform for quantum information processing
[1–3]. In particular, bosonic modes offer unique advan-
tages for quantum error correction (QEC), a crucial
ingredient for fault-tolerant quantum computation [4]. By
encoding quantum information in the large Hilbert space
of an oscillator, bosonic QEC codes can achieve high per-
formance with reduced hardware overhead compared to
conventional qubit-based codes, providing improvement in
quantum computing [5–8], simulation [9–11], and sensing
[12,13]. Prominent bosonic coding approaches, includ-
ing the binomial codes [14], four-component cat (four-
cat) codes [15], and GKP codes [16], have successfully
enhanced the lifetime of quantum information [17–20]
or even surpassed the break-even point [21–23]. While
lower-order bosonic codes like the two-cat codes [24]
and dual-rail codes [25] may not provide enough space
for quantum error correction, they can serve as possible
physical qubits for cascaded coding strategies.

*These authors contributed equally to this work.
†Contact author: lmwin@ustc.edu.cn
‡Contact author: clzou321@ustc.edu.cn
§Contact author: luyansun@tsinghua.edu.cn

Specifically, the stabilized two-cat qubit exhibits biased-
noise characteristics, where the bit-flip errors are exponen-
tially suppressed with an increase in the average photon
number [26–29]. Moreover, by leveraging the continuous
nature of the phase space, it is possible to construct x, cnot,
and Toffoli gates that maintain the biased-noise property
[30,31]. The existence of bias-preserving gates reduces
the resource overhead for concatenating 2-cat qubits with
binary QEC codes, such as the repetition-cat codes [6,
30,32,33] and surface-cat codes [34,35]. The noise-biased
gate operation gives the two-cat qubit a unique advan-
tage in cascade encoding over other noise-biased two-
level systems [36–38], offering an efficient method for
implementing fault-tolerant quantum computation.

However, unleashing the full potential of bosonic QEC
requires precise control over the nonlinear interactions
within bosonic modes. Although various bosonic opera-
tions can be realized with the help of an auxiliary qubit
[39–41], specially designed nonlinear elements are still
required to construct stable Hamiltonians and nonlin-
ear processes [42–44]. For example, the stabilization and
manipulation of cat states typically necessitate the integra-
tion of auxiliary nonlinear components. Transmons [45]
possess a static four-wave mixing processes and have
been used in the stabilization of two-cat states [46,47].
Superconducting quantum interference device (SQUID)-
based nonlinear elements, such as SQUID arrays or
SQUID resonators, exhibit a reduced static nonlinearity
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but generate even-order nonlinear drives for three-wave
mixing. Recently, these SQUID-based elements have been
used in investigating the nonlinear dynamics of two-
photon driven Kerr parametric oscillators (KPOs) [48–53].
The superconducting nonlinear asymmetric inductive ele-
ment (SNAIL) [54] offers a static third-order nonlinearity
while effectively suppressing the fourth-order nonlinear-
ity by fine-tuning the operational points. This feature has
made SNAIL a suitable platform for implementing single
Kerr-cat qubits [26,55–57]. The asymmetrically threaded
SQUID (ATS) [27] exhibits minimal static nonlinear-
ity and generates strong odd-order nonlinear interactions
under specific magnetic-driving conditions. This property
has positioned ATS as a controller for dissipative stabi-
lization of cat qubits [27–29]. The evolution of nonlinear
devices within the cat-code experimental frameworks is
towards reducing static nonlinearity alongside enhanc-
ing the strength and selectivity of the driven nonlineari-
ties. Maximizing the desired driven nonlinearity facilitates
rapid and complex operations, whereas minimizing unde-
sired static or driven nonlinearity ensures operation fidelity
and system coherence for further applications.

In this paper, we propose the nonlinearity-engineered
multiloop SQUID (NEMS), a class of superconducting
nonlinear elements, for manipulating quantum states of
bosonic modes. We construct an inductive element con-
sisting of an inductively shunted multiloop SQUID, then
show that the static part and driven part of the potential
can be engineered separately. For the driven part, we dis-
cuss different cases for odd-order and even-order terms and
present the symmetric-double-branch method for engineer-
ing the even-order terms. We demonstrate three NEMS
devices as examples: NEMS-3 generates gdriven

3 -dominant
nonlinearity, NEMS-4 generates gdriven

4 -dominant nonlin-
earity, and NEMS-5 generates gdriven

5 -dominant nonlinear-
ity. Furthermore, we discuss the potential applications for
these NEMS devices, such as implementing Kerr-cat bias-
preserving cnot (BPCNOT) gates and stabilizing four-cat
states. Our designs underscore the potential of engineering
high-order interactions of bosonic modes using Joseph-
son junctions (JJs), which could significantly advance cat
qubits and bosonic quantum error correction by exploring
qudit codes and high-order codes with longer distances.
The NEMS-3 device has been experimentally realized and
used in single Kerr-cat experiments [58].

The remainder of this paper is organized as follows.
In Sec. II, we introduce the general structure and work-
ing principles of the NEMS devices. Sections III and IV
are dedicated to the design methodology for engineer-
ing odd-order and even-order nonlinearities, respectively,
along with concrete examples of NEMS-3, NEMS-4, and
NEMS-5. In Sec. V, we discuss the application of NEMS
devices in realizing BPCNOT gates for Kerr-cat qubits and
stabilizing four-cat codes. Finally, we conclude in Sec.VI
with an outlook on future directions and the potential

impact of NEMS on bosonic quantum information process-
ing.

II. PRINCIPLE OF NEMS

Our target is to design a weakly nonlinear resonator that
possesses controllable nonlinearity while also generating
strong and tailorable nonlinear driving terms. Since most
capacitors in superconducting systems are linear, we con-
struct an LC oscillator consisting of a linear capacitor and a
NEMS that serves as a nonlinear inductor, as schematically
shown in Fig. 1(a). The key idea behind the NEMS design
is to leverage a multiloop SQUID design with multiple JJ
branches, where the JJs provide the essential nonlinearity
and the loops offer the geometry parameters for a high
degree of design flexibility, inspired by the architecture
of ATS [27–29]. The behavior of the branches with var-
ious numbers of JJs has also been analyzed theoretically
in Refs. [59,60]. As depicted in Fig. 1(b), the NEMS com-
prises multiple JJ branches arranged in parallel, forming a
multiloop structure. As will be shown below, by carefully
engineering the sizes and numbers of JJs in each branch,
as well as the magnetic flux threading each loop, we can
precisely control the static and driven nonlinearities of the
device.

In our model, we neglect the capacitance within the JJs
because the shunting capacitance is much larger than the
JJ capacitance. Thus the NEMS reduces to a weakly non-
linear inductor, and the low-frequency oscillating mode is
equivalent to an LC oscillator [44,61]. The leftmost branch,
termed the inductor branch, contains multiple large JJs
that collectively provide a binding potential resembling
that of a linear inductor. This branch ensures a weakly
anharmonic oscillator (WAO) behavior of the NEMS for a
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FIG. 1. Nonlinearity-engineered multiloop SQUID (NEMS)
circuit structure. (a) An anharmonic oscillator with designed
nonlinearity is realized by connecting a NEMS with a large
shunting capacitor with a charging energy EC in parallel. The
NEMS serves as a weakly nonlinear inductive element. (b) Cir-
cuit diagram of the NEMS, which consists of several parallel
Josephson junction (JJ) branches forming multiple loops. The
leftmost branch, referred to as the inductor branch, contains sev-
eral large JJs that provide a binding potential and act as a linear
inductance. The branches on the right, referred to as Josephson
branches, provide nonlinear driven Hamiltonians when subjected
to an alternating magnetic field.
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single-well potential, with other branches providing pertur-
bative anharmonicity. The branches on the right, referred
to as the Josephson branches, contain smaller JJs and
are responsible for introducing nonlinear interactions to
the device. By applying an alternating magnetic field
to NEMS, we can selectively stimulate and control the
strength of these nonlinear terms.

A. Hamiltonian representation of NEMS

The Lagrangian describing the circuit schematically
shown in Fig. 1 is given by

LNEMS = 1
2

CSϕ̇
2 − UNEMS(ϕ, �φe). (1)

Here, ϕ represents the generalized variable of the phase
difference across the leftmost inductor branch, CS rep-
resents the capacitance of the large linear capacitor
with a corresponding charging energy EC ≡ e2/2CS, and
UNEMS(ϕ, �φe) represents the inductive potential energy of
the NEMS, with the vector �φe = {φe1, φe2, φe2, . . .} denot-
ing a set of control parameters due to external bias flux
and drive acting on individual loops. The inductive energy
of the inductor is defined as EL ≡ �2

0/(4π2L), with �0 =
h/2e being the flux quantum. For the inductor branch
contains nL large JJs with equal junction size EJL , the
inductor branch forms as an effective large superinduc-
tor EL ≡ EJL/nL. For the Josephson branches, each branch
comprises several small JJs characterized by varying junc-
tion sizes defined as EJi = riEL (with ri standing for the
JJ energy ratio) and the number of junctions ni. Here, EJL
and EJi represent the Josephson energy of each junction
and are defined as EJL,i ≡ �0IcL,i/2π , with IcL,i being the
critical current of each junction. Then, the total inductive
energy of NEMS can be derived as

Utot (ϕ) = UNEMS(ϕ, �φe)

= EL
ϕ2

2
−
∑

i

niEJi cos
(

ϕ + φei

ni

)
. (2)

By treating both the nonlinear terms and the external drives
as perturbations, the anharmonic LC oscillator can be
equivalently described by the Hamiltonian of a quantized
harmonic oscillator as

Ĥlin = 4ECn̂2 + ELcstatic
2

ϕ̂2

2
. (3)

Here, n̂ and ϕ̂ are the conjugate operators of charge number
and phase variables, respectively, and cstatic

2 is a coeffi-
cient for the harmonic energy and will be explained later.
By representing the flux and charge fluctuation of the

oscillator with bosonic ladder operators (a and a†)

ϕ̂ → ϕZPF
(
â†+â

)
, (4)

n̂ → inZPF
(
â†−â

)
, (5)

we have

Ĥlin = ωstatic

(
â†â + 1

2

)
, (6)

where the bosonic mode frequency is ωstatic ≡√
8cstatic

2 ELEC, and ϕZPF = (
2EC/cstatic

2 EL
)1/4 and nZPF =

1
2

(
cstatic

2 EL/2EC
)1/4 represent the characteristic magni-

tudes of the zero-point fluctuations.

B. Static and driven nonlinearities

In the following, we discuss the anharmonicity of the
system and the external drives. Under a time-dependent
magnetic-driving field, the potential in Eq. (2) can be
rewritten as

Utot(ϕ, t) = Ustatic(ϕ) + Udriven(ϕ, t), (7)

where the first term arises from the contributions of intrin-
sic nonlinear interactions and dc bias fields φei on each
loop, while the second term results from the dynamic mod-
ulation of the system under time-dependent ac drive fields
δφei(t) = φei − φei.

The static part of the potential can be expanded by the
contributions of individual loops as

Ustatic (ϕ)

EL
= ϕ2

2
−
∑

i

niri cos

(
ϕ + φei

ni

)
. (8)

Here ri ≡ EJi/EL is the relative Josephson energy. The
static potential contains various cosine Fourier com-
ponents cos

((
ϕ + φei

)
/ni
)

corresponding to Josephson
branches with different junction number ni. Thus the
shape of static potential can be engineered through adjust-
ing the ratio between different components. Generally,
the static potential function has one minimum position
ϕ∗ if the system behaves as a WAO. Considering the
Taylor expansion of the potential energy with respect
to the harmonic oscillator, i.e., Ustatic(ϕ)/EL = cstatic

0 +∑
n≥2(1/n!)cstatic

n (ϕ − ϕ∗)n with cstatic
n being coefficients

for the nth-order terms, we obtain the Hamiltonian of the
nonlinear term as

Ĥnonlin =
∑

n≥3

gstatic
n

(
â†+â

)n
, (9)

with nonlinear interaction coefficients gstatic
n = (1/n!)

ELcstatic
n ϕn

ZPF. Note that the nonlinear terms gstatic
n

(
â† + â

)n

054031-3



ZIYUE HUA et al. PHYS. REV. APPLIED 23, 054031 (2025)

may also contribute to the frequency shift of the oscil-
lator [62], therefore, ωstatic in Eq. (6) denotes the “bare”
or “plasma” frequency when no nonlinear terms (n > 2)
are included, instead of the experimentally detectable fre-
quency.

For the dynamic part of the potential due to the drive, it
can be approximated as

Udriven(ϕ, t)
EL

=
∑

i

ri sin

(
ϕ + φei

ni

)
δφei(t), (10)

The driven potential contains various sine Fourier compo-
nents sin

((
ϕ + φei

)
/ni
)
, and can be engineered through

adjusting the ratio between different components. By treat-
ing the time-dependent modulations as a first-order per-
turbation on Ustatic [Eq. (8)]. The effects due to high-order
terms of flux modulations are discussed in Appendix B 2.
Assuming a driving field is applied to the NEMS, it can
generate a magnetic flux threading the entire device such
that the flux variations in each loop are synchronized.
Define the maximum flux fluctuation amplitude of the
Josephson branches as ε(t), the flux variations of other
loops can be expressed as

δφei(t) = rφeiε(t), (11)

with parameters rφei satisfying the amplitude limitation
condition

∣∣rφei

∣∣ ≤ 1. The corresponding driving Hamilto-
nian can be written as

Ĥdriven =
∑

n≥1

gdriven
n ε(t)

(
â†+â

)n
, (12)

where the driven term coefficients are gdriven
n = (1/n!)

ELcdriven
n ϕn

ZPF with cdriven
n being determined by the

Taylor expansion Udriven(ϕ, t)/EL = ε(t)
∑

n(1/n!)cdriven
n

(ϕ − ϕ∗)n.
By combining all the Hamiltonians, the system dynam-

ics is governed by the total Hamiltonian

Ĥ = Ĥlin + Ĥnonlin + Ĥdriven. (13)

Consequently, the corresponding nonlinear interaction
strengths at a given order n and the nonlinear driven term at
a given order m are controllable through tuning the param-
eters cstatic

n and cdriven
n , which are determined by the NEMS

geometry design parameters ri, ni, φei, and rφei .

C. Weak anharmonicity approximation

For a simplified representation of the system by Eq. (13),
it is essential to ensure that the perturbation approxima-
tion for the nonlinearity and the drive remains valid in
our device. This leads to a general requirement for design-
ing the NEMS devices: the potential should exhibit a deep

single-well profile, ensuring that the system’s low-energy
behavior closely resembles that of a harmonic oscillator.
Such a requirement limits the choice of parameters for the
junction size EJi and the external flux φei. Deriving general
parameter limitations for complex multiloop and multi-JJ
structures is nontrivial, therefore we provide two general
suggestions a priori: First, the Josephson energy of each
small JJ should be smaller than the inductive energy, i.e.,
EJi < EL, to avoid the formation of a double-well poten-
tial. Second, the external flux associated with a multi-JJ
branch should be kept close to zero, i.e., |φei| < π/2 for
ni > 1, to prevent unwanted phase slips. Further details
and examples of NEMS parameter selection can be found
in Appendix A.

D. Engineering universality

To fully exploit NEMS devices for practical applica-
tions, we must carefully engineer the static and driven
nonlinear terms in the Hamiltonian shown in Eq. (13).
Specifically, the nonlinear device needs to satisfy two key
requirements: First, in the absence of time-dependent drive
fields, i.e., �φe = �φe or ε(t) = 0, the potential should closely
approximate a harmonic potential with tunable anhar-
monicity. Second, under dynamic drive fields, the system
should generate the desired driven potential for quantum
control. Mathematically, these requirements translate to
the independent adjusting of the static and driven nonlin-
earity coefficients, gstatic

n and gdriven
m , for arbitrary integers n

and m, by tuning the design parameters ri, ni, φei, and rφei .
Before the demonstration of arbitrary adjustments of

the coefficients by the general framework of NEMS, we
first prove the necessity to employ Josephson branches
containing multiple junctions. Consider a simple scenario,
as depicted in Fig. 2, where the system comprises many
Josephson branches, each containing only a single JJ.
Under a general magnetic drive, the driven potential can

FIG. 2. Circuit diagram of the NEMS device consisting of
several single-JJ branches in parallel with an inductor branch.
Similar to ATS, the driven potential under a general magnetic
drive takes the form of cos(ϕ) or sin(ϕ), implying that extra
single-JJ branches do not enhance the capability in Hamiltonian
engineering. To independently engineer the coefficients cdriven

n
of each order individually, deploying Josephson branches with
multiple JJs is necessary.
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be expressed as

Uni=1
driven/EL =

∑

i

ri sin
(
ϕ + φei

)
δφei

= cos (ϕ) ε(t)
∑

i

ri sin
(
φei
)

rφei

+ sin (ϕ) ε(t)
∑

i

ri cos
(
φei
)

rφei . (14)

These driven potentials take the form of cos(ϕ)ε(t) or
sin(ϕ)ε(t), with relative coefficients determined by the
parameters ri, φei, and rφei . Through parameter engineer-
ing, we can selectively generate odd or even driving terms,
similar to the results achieved in ATS. However, the ratios
between driving terms of the same parity remain fixed,
implying that the addition of single-JJ branches does not
enhance our Hamiltonian engineering capabilities.

Similarly, for a system containing only single-JJ
branches, the static potential can be explicitly written as:

Uni=1
static/EL = ϕ2/2 −

∑

i

ri cos
(
ϕ + φei

)

= ϕ2/2 − cos (ϕ)
∑

i

ri cos
(
φei
)

+ sin (ϕ)
∑

i

ri sin
(
φei
)

. (15)

These static potentials take the form of cos(ϕ) or sin(ϕ)

with relative coefficients depending on the parameters ri
and φei. To completely cancel the static nonlinearity at a
selected order, at least two single-JJ branches are required.
While we can control the relative strength between odd
and even static terms, the ratios between static terms of the
same parity remain fixed. We also note that this conclusion
holds for multi-JJ branches if the numbers of identical JJs
are the same in different branches.

Therefore, to realize the universal control of both the
static and driven nonlinearity of a single bosonic mode,
it is necessary to introduce multiple branches consisting
of different numbers of junctions. Given a NEMS system
with N Josephson branches, each containing ni junctions
(i = 1, 2, . . . , N ), we have 4N individual control parame-
ters: {ri, ni, φei, rφei}. According to Eq. (10), the coefficients
gdriven

n include contributions from all branches with the
contribution in each branch proportional to rirφei f

(n)
i /(n! ·

nn
i ), with fi being defined as

f (n)
i ≡ dn sin ϕ̃i

dϕ̃n
i

∣∣∣∣
ϕ̃i= ϕ∗+φei

ni

=
⎧
⎨

⎩
(−1)

n
2 f (0)

i if mod (n, 2) = 0,

(−1)
n−1

2 f (1)
i if mod (n, 2) = 1.

(16)

Here, f (n)
i takes cosine or sine function depending on the

parity of the nonlinearity order n. For a specific parity of n,
f (n)
i differs only by a sign. Therefore, we discuss the odd-

and even-order terms separately in the following. For odd-
order driven nonlinearity, we have

−→g driven = A · −→x , (17)

where −→g driven = {gdriven
n · n!/(ELϕn

ZPF), n = 1, 3, 5, . . .} is
the nonlinearity coefficient vector, and −→x = {rirφei f

(1)
i /ni}

is the control parameter vector. The range of values for xi is
free with its amplitude proportional to ri and its sign deter-
mined by the flux φei. Proper choice of φei ensures a single-
well potential profile, which will be further discussed in the
following sections. The matrix A is a Vandermonde matrix

A =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 · · ·
− 1

n2
1

− 1
n2

2
− 1

n2
3

1
n4

1

1
n4

2

1
n4

3

· · ·

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

(18)

with determinant |Det[A]| = 	[1/n2
j − (1/n2

i )] �= 0 when
A is square matrix. Under the WAO approximation applied
earlier, the coefficients for the orders larger than the desired
nonlinearity order m are suppressed due to the decays of
coefficients in the Taylor series. Therefore, the dimension
of −→g driven and A can be truncated to a certain order by
neglecting higher-order effects. An arbitrary driven non-
linearity, with the strengths represented by −→g driven, can be
realized for Det[A] �= 0 under the condition that ni �= nj
for all branches (i and j ). It is important to note that A
may not be a square matrix if the number of branches is
larger than the length of −→g driven. In this case, the universal-
ity is allowed when the number of branches with different
ni values is greater than the length of −→g driven. Conversely,
the number of odd-order driven terms that can be indepen-
dently controlled is always less than the number of loops
with different ni values.

The above analysis can be separately applied to
engineer even-order driven nonlinearity and even-order
static nonlinearity. For even-order static nonlinearity,
the nonlinearity coefficient vector is −→g static = {gstatic

n ·
n!/(ELϕn

ZPF), n = 4, 6, . . .}, and the control parameters
reduce to −→x = {rif

(1)
i /n3

i }. Due to losing one degree of
freedom rφei , some solutions of −→x may require neg-
ative rif

(1)
i , which might be experimentally challeng-

ing. Incorporating advanced fabrication techniques and
Josephson-junction architectures [63–65] may extend the
experimentally feasible range of −→x , thereby facilitating
the realization of universal control. For odd-order static
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nonlinearity, it actually plays the role of odd-order driv-
ing terms with driving frequencies being integer multiples
of the mode frequency, and thus can be substituted by
a well-designed odd-order driving term with proper fre-
quency. On the other hand, odd-order static nonlinearities
are often used together with electrical drives to achieve
lower-order nonlinear processes, which can be directly
achieved by lower-order magnetic-driving nonlinearities in
NEMS devices. Therefore, by paralleling circuits of dif-
ferent functions, we can in principle achieve the universal
control of the Hamiltonian in a single superconducting LC
oscillator or bosonic mode.

In experiments, one generally requires the number of
flux control lines to be equal to the number of loops, ensur-
ing the ability to tune to the designed flux bias point. If
the alternating electromagnetic field is carefully designed,
one ac driving line will be enough to generate the desired
magnetic drive, while the other control lines can be dc
lines. Flux crosstalk is inevitable for a compact multiloop
superconducting circuit. Fortunately, flux crosstalk can be
calculated with careful simulation and compensated with a
calibrated linear flux matrix.

In the following sections, we will provide examples
demonstrating the design of specialized NEMS devices
for selected orders of nonlinear driven terms, i.e, mth-
order dominant drive nonlinearity. Specifically, we will
present three examples for engineering gdriven

3 , gdriven
4 , and

gdriven
5 . The suppression of lower-order terms is achieved

through the coherent cancellation of the contributions from
multiple Josephson loops under magnetic driving. This
unified framework for designing nonlinearity in NEMS can
also be generalized to create specialized devices for given
distributions of nonlinearity coefficients at various orders.

E. Advantage of magnetic drive

The previous analysis focuses solely on the magnetic
drive, i.e., evaluating the potential change under a small
alternating magnetic field. In contrast, the electric drive
applying to the capacitor CS is intrinsically linear but can
induce nonlinear effects when there are nonzero static non-
linearities gstatic

n . Unlike magnetic drive, which directly
activates nonlinear operators, electric drive on a WAO
is essentially a linear drive that leads to a displacement
operation â → â + ξ(t) on the cavity field. Nonlinear phe-
nomena appear when the displacement is dressed with
static nonlinearities [66]:

Ĥele =
∑

n≥3

gstatic
n

(
â + ξ(t) + h.c.

)n . (19)

Consequently, the nonlinear effect of the electric drive is
limited by the static nonlinearity. One requires a large static
nonlinear coefficient (gstatic

n ) to generate a strong nonlinear
effect. However, this requirement conflicts with our design
target of independently controlling the static and driven

nonlinearities. Therefore, magnetic drive is preferred in
nonlinearity engineering. Despite the difference between
the electric- and magnetic-drive mechanisms, it is possi-
ble to combine them and realize more powerful control.
For example, the linear electric drive can be employed to
compensate for the first-order terms in the magnetic-driven
Hamiltonian.

III. ENGINEERING ODD-ORDER DRIVEN
NONLINEARITIES

In this section, we discuss the procedure of engineering
a device that only generates odd order gn

driven, with small
static nonlinearities gm

static = 0 for m < n. There are a vari-
ety of designs to meet these requirements following the
analysis in Eqs. (17) and (18). Here, we give the simplest
design with a minimal number of branches. It is obvious
that the odd-order driving terms can be generated simply
by a sinelike driven potential, which can be obtained by
setting φei to 0 or niπ . Moreover, to ensure that Utot has a
single well, the external flux bias of multi-JJ branches is
set to 0 to avoid phase slips, see Appendix A.

According to Eqs. (8) and (10), the sinelike driving
potential requires the static potential to be

Ustatic

EL
= ϕ2

2
−
∑

i

siniri cos
(

ϕ

ni

)
, (20)

with si being a sign variable that is assigned to ±1
according to the following rule:

si = +1 if ni �= 1 or ni = 1 and φei = 0,

si = −1 if ni = 1 and φei = π .
(21)

It is shown that the static potential contains only even-
order terms, such that ϕ∗ = 0. As long as the static poten-
tial remains a single well, the minimum point ϕ∗ will
always be 0. Then, the corresponding cstatic

n can be derived
explicitly as

cstatic
n = dn

dϕn

ϕ2

2

∣∣∣∣
ϕ=0

−
∑

i

ri

nn−1
i

si
dn

dϕn cos(ϕ)

∣∣∣∣
ϕ=0

. (22)

It is easy to see that cstatic
n = 0 when n is odd, i.e., the

potential has no odd-order static nonlinearity.
Given that ϕ∗ = 0, we can simplify the driven potential

to

Udriven

ELε(t)
=
∑

i

siri sin(
ϕ

ni
)rφei , (23)

with the corresponding coefficients

cdriven
n =

∑

i

rirφei

nn
i

si
dn

dϕn sin(ϕ)

∣∣∣∣
ϕ=0

. (24)
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The latter part si dn/dϕn sin(ϕ)
∣∣
ϕ=0 is just a sign that can be

predetermined once the numbers of JJs are fixed. To engi-
neer the coefficient cdriven

n , we only need to find a proper
parameter set for the former part rirφei/nn

i . We also notice
that cdriven

n = 0 when n is even, i.e., the potential has no
even-order driven nonlinearity.

A. gdriven
3 -dominant nonlinearity

Here we present a simple example of odd-order engi-
neering: the NEMS-3 device with gdriven

3 -dominant nonlin-
earity. For third-order driven term engineering, we aim for
cdriven

1 = 0 and cdriven
3 �= 0, while neglecting all n ≥ 5 terms

because the nonlinear interaction strength scales with order
as ϕn

ZPF/n!. This condition can be satisfied with two single-
JJ branches and one multi-JJ branch, as shown in Fig. 3.
The NEMS-3 device is designed to generate only the gdriven

3
term under magnetic drive, with minimal static nonlinear-
ity. According to Eqs. (22) and (24), the corresponding
design conditions for a NEMS device with three Josephson
branches are given as

cdriven
1 = +s1

r1rφe1

n1
+ s2

r2rφe2

n2
+ s3

r3rφe3

n3
= 0,

cdriven
3 = −s1

r1rφe1

n3
1

− s2
r2rφe2

n3
2

− s3
r3rφe3

n3
3

�= 0.
(25)

(a)

(b) (c)

L
E

ac & dc

3e� 1e� 2e�

1
J

E
2

J
E

3
J

E

FIG. 3. (a) Circuit diagram of NEMS-3. NEMS-3 consists of
two single-JJ branches and one triple-JJ branch, producing ϕ3

and higher odd-order driving terms under flux modulation. One
possible construction of the magnetic-driving line is depicted in
blue, with the alternating flux amplitude in each loop labeled dis-
tinctly. (b),(c) The coefficients cdriven

n of driven terms and cstatic
n of

static terms, respectively. The blue error bar indicates the uncer-
tainty of the nonlinear coefficients assuming a 5% fluctuation in
junction size EJ.

For the static nonlinearity, the lowest order coefficient that
needs consideration is the cstatic

4 , because the odd-order
static nonlinearity is 0 and cstatic

2 is responsible for the har-
monic potential. Given that there are plenty of free design
parameters, we can further set the constraint:

cstatic
4 = −s1

r1

n3
1

− s2
r2

n3
2

− s3
r3

n3
3

= 0. (26)

Although we present the equations in the form of three
branches, we note that the conditions can also be met with
only two Josephson branches. For example, the r2 branch
can be eliminated and then r1 and r3 can be adjusted to
meet the conditions. However, without r2, the condition for
canceling Kerr interaction may lead to an extreme JJ size
ratio of r1 = r3/n3

3, which is challenging for experimental
realization. The single-JJ branch EJ1 on the right and the
triple-JJ branch EJ3 on the left provide the desired third-
order drive, with the second single-JJ branch EJ1 balancing
the static nonlinearity and making no contribution to the
driven potential. The JJ size requirements are listed below:

r ≡ r1 = r3, r2 = 28
27

r,

n1 = n2 = 1, n3 = 3.
(27)

We design the device to operate at the following flux bias
point, with the flux modulation in each loop satisfying a
specific ratio:

φe1 = 0, δφe1 = −1/3 · ε(t),

φe2 = π , δφe2 = 0,

φe3 = 0, δφe3 = ε(t).

(28)

Note that δφe2 = 0 means that the flux modulation does
not influence the r2 branch. Careful design of the ac line
geometry is necessary to ensure precise distribution of flux
fluctuations. In Fig. 3(a), we present one possible construc-
tion of the magnetic driving line (depicted in blue). The
driving current is evenly divided into two parts, ensuring
that the net flux in loop φe2 remains constant under the
magnetic drive. Furthermore, we relocate the r3 branch to
the left of the inductor branch so the magnetic flux in the
φe3 loop is opposite to that of the φe1 loop. The relocation
does not change the potential function. Two additional dc
flux lines [not depicted in Fig. 3(a)] are required to satisfy
the static flux-bias requirements.

For given ri and ni in a specific device, the total potential
can be simplified as

Utot

EL
= ϕ2

2
− r cos(ϕ + φe1) − 28

27
r cos(ϕ + φe2)

− 3r cos
(

ϕ + φe3

3

)
. (29)
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With this total potential, the system behavior at different
flux-bias points and the device spectrum can be thoroughly
analyzed, as detailed in Appendix A 4. At the flux-bias
point required in Eq. (28), the static potential energy is

Ustatic

EL
= ϕ2

2
+ r

27
cos (ϕ) − 3r cos

(ϕ

3

)

= ϕ2

2
+ 8

27
rϕ2 + O

(
ϕ6) , (30)

and the driving potential is

Udriven

ε(t)EL
= −1

3
r sin(ϕ)+r sin

(ϕ

3

)

= 8
27

· r · ϕ3

3!
+ O

(
ϕ5) . (31)

It is shown that the first-order term ϕ disappears but the
third-order term ϕ3 persists. The nonlinear coefficients
cstatic

n and cdriven
n of different orders are depicted in Figs.

3(b) and 3(c), respectively. The blue error bar indicates
the uncertainty of the nonlinear coefficients assuming a 5%
fluctuation in junction size EJ.

Next, we straightforwardly derive the system Hamilto-
nian under the specific flux-bias point according to Eqs. (9)
and (12). The static and driven Hamiltonian can be written
as

Ĥstatic ≈ ωâ†â + gstatic
6 (â†+â)6 + · · · , (32)

Ĥdriven ≈ ε(t)gdriven
3

(
â†+â

)3 + · · · . (33)

Although the device does not have the gstatic
4 nonlinear

term, there may still be some nonzero Kerr nonlinearity
coming from gstatic

6 or higher-order nonlinear terms. The
driven Hamiltonian contains only three-photon interaction
and no single-photon excitation, and gdriven

3 = 8/27 · r/3! ·
ELϕ3

ZPF. Note that we only keep the first-order expansion of
the magnetic drive ε(t), since the driving amplitude is typ-
ically small. Under a strong magnetic drive, the high-order
components such as ε(t)2 will affect the frequency and
Kerr nonlinearity of the NEMS-3 oscillator, as discussed
in Appendix B 2.

B. gdriven
5 -dominant nonlinearity

Similar to NEMS-3, fifth-order driven term engineer-
ing can be achieved by a NEMS-5 device, as shown in
Fig. 4(a). NEMS-5 is designed for cdriven

1 = cdriven
3 = 0 and

cdriven
5 �= 0, while minimizing cstatic

4 . The device consists of
three Josephson branches with single-, double-, and triple-
JJs, with a magnetic drive satisfying |δφei(t)| ∝ niε(t).
The solution (see Appendix E 1 for details) yields specific

(a)

(b) (c)

L
E

ac & dc

3e� 1e� 2e�

1
J

E
2

J
E

3
J

E

FIG. 4. (a) Circuit diagram of NEMS-5. NEMS-5 has one
single-JJ branch, one double-JJ branch, and one triple-JJ branch
with different junction sizes, producing ϕ5 and higher odd-order
driving terms under a specific magnetic drive. The magnetic-
driving lines are depicted in blue, with the alternating flux
amplitude in each loop labeled distinctly. The coefficients cdriven

n
of driven terms and cstatic

n of static terms are shown in (b),(c),
respectively. The blue error bar indicates the uncertainty of the
nonlinear coefficients assuming a 5% fluctuation in Junction size
EJ. Canceling lower-order terms comes with the price of smaller
higher-order terms.

ratios for junction sizes as

r1 = 5
32

r, r2 = r, r3 = 27
32

r,

n1 = 1, n2 = 2, n3 = 3,
(34)

and the magnetic control parameters as

φe1 = π , δφe1(t) = −1/3 · ε(t),

φe2 = 0, δφe2(t) = −2/3 · ε(t),

φe3 = 0, δφe3(t) = ε(t).

(35)

Here, r � 1 is a parameter limiting the size of small JJs.
The flux-bias point is chosen such that the single-JJ branch
provides + cos ϕ potential, while the multi-JJ branches
provide − cos (ϕ/ni) potential. In Fig. 4(a), we present
one possible construction of the magnetic driving line
(depicted in blue). We relocate the r3 branch to the left
of the inductor branch so the magnetic flux in the φe3 loop
is opposite to that of the φe1 and φe2 loops. The relocation
does not change the potential function. Two additional dc
flux lines [not depicted in Fig. 4(a)] are required to satisfy
the static flux-bias requirements. The nonlinear coefficients
cstatic

n and cdriven
n of different orders are depicted in Figs.

4(b) and 4(c), respectively. The blue error bar indicates
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the uncertainty of the nonlinear coefficients assuming a 5%
fluctuation in junction size EJ.

The resulting static and driven Hamiltonians are

Ĥstatic ≈ ωâ†â + g6(â†+â)6 + · · · , (36)

Ĥdriven ≈ ε(t)gdriven
5

(
â†+â

)5 + · · · . (37)

The nonlinear coefficient is gdriven
5 = 5/144 · r/5! · ELϕ5

ZPF,
limited by the decay of Taylor expansion coefficients for
high orders and also an additional factor of 5/144 due
to the coefficients canceling between different branches.
The strength of the fifth-order nonlinear drive could poten-
tially be increased by relaxing the elimination conditions
for lower-order terms or optimizing flux driving ratios.

IV. ENGINEERING EVEN-ORDER DRIVEN
NONLINEARITIES

The engineering of even-order driving terms is more
challenging than that of odd-order terms, because the con-
struction of even-order (cosinelike) driving terms normally
results in odd-order (sinelike) static terms, according to
Eqs. (8) and (10). The odd-order static terms may change
the minimum point ϕ∗ of the static potential, increasing the
difficulty in engineering driving terms.

Here we present the symmetric-double-branch method
that utilizes the circuit symmetry to cancel the static odd-
order nonlinearity. This construction requires two identical
Josephson branches with opposite flux bias to construct
one cosinelike driving term, with the corresponding static
terms still being cosinelike. For example, we assign two
identical multi-JJ branches with opposite flux bias, and
then the corresponding potential of double multi-JJ (DMJ)
branches UDMJ is

UDMJ

EL
= −niri cos

(
ϕ + φei

ni

)
− niri cos

(
ϕ − φei

ni

)

= −2niri cos
(

ϕ

ni

)
cos

(
φei

ni

)
. (38)

Unlike the single-branch potential in Eqs. (8) and (10),
which only provides static and driven terms with different
parity, the double-branch potential provides even terms for
both static and driven components:

Ustatic
dmJ

EL
= −2niri cos

(
ϕ

ni

)
cos

(
φei

ni

)
,

Udriven
dmJ

EL
= 2ri cos

(
ϕ

ni

)
sin

(
φei

ni

)
δφei.

(39)

The flux bias of the DMJ branches is still limited by the
phase-slip dynamics, meaning that the effective flux bias

φei is limited within the range of (−π , π). Therefore, for
ni ≥ 2, the static potential of the DMJ branches will always
have a minus sign, i.e., the static potential will resemble
− cos(ϕ).

Similarly, we can design double single-JJ (DSJ)
branches to provide static and driven terms with different
signs for Hamiltonian engineering:

UDSJ

EL
= −ri cos (ϕ + φei) − ri cos (ϕ − φei)

= −2ri cos (ϕ) cos(φei). (40)

The corresponding static and driven potentials can be
written as

Ustatic
DSJ

EL
= −2ri cos (ϕ) cos(φei),

Udriven
DSJ

EL
= 2ri cos (ϕ) sin(φei)δφei.

(41)

The flux bias of the single-JJ branch is not limited by the
phase-slip dynamics, so their flux bias can be assigned
to near π to provide negative static terms. Therefore, the
static potential of the DSJ branches could have a plus or
minus sign, i.e., the static potential could be ± cos(ϕ).
The symmetric-double-branch method guarantees that ϕ∗
will always be 0, simplifying the engineering of nonlinear
terms.

Now we can engineer even-order terms in the same
way as odd-order terms. First, we assign several DMJ
branches to a specific flux-bias point φei = niφe0 < π ,
so that their static and driven potentials have the same
coefficient cos(φe0) or sin(φe0). Then, we assign several
DSJ branches to the flux bias point such that φei = φe0
or
∣∣φei

∣∣ = φe0 ± π , so they can provide ± cos(ϕ) terms
for Hamiltonian engineering. Finally, we collect all the
terms and derive static and driven nonlinear coefficients
as follows:

cstatic
n = dn

dϕn
L

ϕ2
L

2

∣∣∣∣
ϕ=0

− 2 cos(φe0)
∑

i

ri

nn−1
i

si
dn

dϕn cos(ϕ)

∣∣∣∣
ϕ=0

, (42)

cdriven
n = 2 sin(φe0)

∑

i

rirφei

nn
i

si
dn

dϕn cos(ϕ)

∣∣∣∣
ϕ=0

. (43)

The sign si still follows the rule of Eq. (21). The latter part
si dn (cos(ϕ)) /dϕn

∣∣
ϕ=0 is just a sign that can be predeter-

mined once the numbers of JJs are fixed. The former part
rirφei/nn

i can be carefully designed to engineer the coeffi-
cient cdriven

n . It is easy to see that cdriven
n = 0 when n is odd,

i.e., the potential has no odd-order driven nonlinearity.
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The construction process indicates that engineering
even-order terms is harder than engineering odd-order
terms. To avoid phase slip in each loop, the flux-bias coef-
ficient φe0 is limited within the range of (−π/ni, π/ni)

for the largest ni. So the coefficient of driven nonlin-
earity decreases as sin

(
φe0
) ∝ 1/ni . Consequently, the

even-order terms diminish 1/ni faster than the odd-order
terms. When ni is large, the multi-JJ branch eventually
behaves like a linear inductor, with all the nonlinear terms
vanishing.

A. gdriven
4 -dominant nonlinearity

As an example of even-order nonlinearity engineering,
we design the NEMS-4 device for selectively generating
gdriven

4 nonlinearity. Our goal is to construct a target poten-
tial with even-order driving terms while simultaneously
eliminating the second-order driving term and minimizing
the static nonlinearity. These conditions are met using two
single-JJ branches biased at ±(φe0 + π) and two multi-JJ
branches biased at ±n2φe0. The structure of the NEMS-
4 is illustrated in Fig. 5(a). The corresponding design
requirements for driving terms are

cdriven
2

2 sin(φe0)
= −r1rφe1 + r2rφe2

n2
2

= 0,

cdriven
4

2 sin(φe0)
= +r1rφe1 − r2rφe2

n4
2

�= 0,

(44)

(a)

(b) (c)
ac & dc

1e�2e�

L
E

2
J

E
1

J
E

1e� 2e�

2
J

E
1

J
E

FIG. 5. (a) Circuit diagram of NEMS-4. NEMS-4 has two
double-JJ branches and two single-JJ branches, producing ϕ4 and
higher even-order driving terms under a specific magnetic drive.
The coefficients cdriven

n of driven terms and cstatic
n of static terms

are shown in (b) and (c), respectively. The blue error bar indicates
the uncertainty of the nonlinear coefficients assuming a 5% fluc-
tuation in junction size EJ. Canceling lower-order terms comes
with the price of smaller higher-order terms.

and the requirement for suppressing the static term is

cstatic
4

2 cos(φe0)
= +r1 − r2

n3
2

= 0. (45)

Note that each ri now corresponds to two identical
branches with opposite flux bias. A convenient approach
to satisfy these requirement is to set n2 = 2 and φe0 = π/4,
with the solution:

r1 = 1
8

r, r2 = r,

n1 = 1, n2 = 2,

rφe1 = 2rφe2 ,

(46)

where r � 1 is a parameter limiting the size of small JJs.
The corresponding control magnetic fluxes are taken as

φe1 = 5π

4
, δφe1 = ε(t),

φe2 = π

2
, δφe2 = 1

2
ε(t).

(47)

The magnetic-drive strength has been normalized to ensure
that the total magnetic flux change has an amplitude of
ε(t). In Fig. 5(a), we present one possible construction of
the magnetic-driving line (depicted in blue). The symmet-
ric double branches are positioned symmetrically on both
sides of the inductor branch, so the magnetic fluxes in the
symmetric loops remain opposite. The positioning does not
change the potential function. Typically, three additional
dc flux lines [not depicted in Fig. 5(a)] are required to
satisfy the static flux-bias requirements.

With all parameter restrictions applied, the total poten-
tial of the NEMS-4 device is given as

Utot

EL
= ϕ2

2
− 1

4
r cos (ϕ) cos (φe1) − 4r cos

(ϕ
2

)
cos

(
φe2

2

)
.

(48)

The corresponding static potential is

Ustatic

EL
= ϕ2

2
+

√
2

8
r cos (ϕ) − 2

√
2r cos

(ϕ

2

)

= ϕ2

2
+ 3

√
2

16
rϕ2 + O

(
ϕ6) , (49)

and the driven potential takes the form of

Udriven

ε(t)EL
= −

√
2

8
r cos (ϕ) +

√
2

2
r cos

(ϕ

2

)

= −3
√

2
32

· r · ϕ4

4!
+ O

(
ϕ6) . (50)
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Here, since the static potential still only contains even-
order terms, the minimum position is still ϕ∗ = 0. The non-
linear coefficients cstatic

n and cdriven
n of different orders are

depicted in Figs. 5(b) and 5(c), respectively. The blue error
bar indicates the uncertainty of the nonlinear coefficients
assuming a 5% fluctuation in junction size EJ.

Finally, we arrive at the device Hamiltonian with

Ĥstatic ≈ ωâ†â + g6(â†+â)6 + · · · , (51)

and

Ĥdriven ≈ ε(t)gdriven
4

(
â†+â

)4 + · · · . (52)

The device is dominated by a fourth-order driven Hamil-
tonian, with the nonlinear coefficient given by gdriven

4 =
3
√

2/32 · r/4! · ELϕ4
ZPF.

V. APPLICATIONS

The NEMS devices have the potential to realize selected
orders of nonlinear Hamiltonian, which can be used in
applications involving multi-photon interactions. In the
following, we present two possible applications of NEMS
devices. The first is to implement a Kerr-cat BPCNOT
gate with a NEMS-3 device, which involves construct-
ing a three-photon interaction. The second is to stabilize
4-cat states with an NEMS-5 device, which requires con-
structing a five-photon interaction. In these two application
scenarios, NEMS can be engineered to generate only the
desired terms and enhance control precision.

A. Manipulate Kerr-cat qubit

The Kerr-cat encoding scheme stabilizes the 2-cat state
|C±

α 〉 ≡ N± (|α〉 ± |−α〉) through the combination of Kerr
nonlinearity and two-photon driving, with N± defined as
the normalization factor. In the code space, the 2-cat qubit
exhibits the biased-noise property [26–29,55], which is
useful in concatenated encoding schemes like surface-cat
codes and repetition-cat codes. However, demonstrating
the full potential of the Kerr-cat qubit requires implement-
ing a BPCNOT gate that preserves the biased-noise prop-
erty. Realizing the BPCNOT gate requires implementing
the following Hamiltonian [31]

Ĥ2 = −K
(

â†2
2 − α2

2

α1
â†

1

)(
â2

2 − α2
2

α1
â1

)
, (53)

where â1,2 are the annihilation operators of the two WAOs,
α1,2 are the sizes of the two Kerr-cat qubits, and K is the
Kerr nonlinearity of the target Kerr-cat qubit.

The BPCNOT Hamiltonian requires simultaneous engi-
neering of Kerr nonlinearity Kâ†2

2 â2
2 and a three-photon

interaction Kα2
2/α1 · â†2

2 â1, which is challenging to real-
ize experimentally. For example, the widely used SNAIL
nonlinear element in Kerr-cat experiments operates in a
regime of strong gstatic

3 and small gstatic
4 [26,54–57], with

an electric drive as the control. Based on Eq. (19), achiev-
ing a strong three-photon interaction with an electric drive
requires a large driving amplitude while maintaining a
small gstatic

4 . Consequently, implementing the BPCNOT
gate on a SNAIL platform may necessitate strong drives,
potentially resulting in extra residual process [43,67–69].
An alternative approach is to implement the Kerr-cat BPC-
NOT gate with ATS, which possesses the desired small
Kerr nonlinearity and strong gdriven

3 term. However, as
previously discussed in Eq. (14), ATS can only select
odd-order driving terms, and the strong residual first-order
terms may cause leakage and adversely affect the gate
fidelity.

NEMS-3 can selectively generate a gdriven
3 -dominant

nonlinear term while providing controllable even-order
static nonlinearity. Therefore, it is straightforward to
implement the Kerr-cat BPCNOT gate with NEMS-3.
Figure 6 illustrates the circuit diagram of two linearly cou-
pled Kerr-cat qubits, where two cat modes are coupled
through a linear capacitor with a coupling strength g typi-
cally smaller than their detuning � ≡ |ω2 − ω1|. Both cat
modes exhibit small static nonlinearity, making it appro-
priate to apply the Bogoliubov transformation for analyz-
ing their interaction, as detailed in Appendix D 2. The
desired three-photon interaction Hamiltonian can be real-
ized by applying a magnetic drive on the target mode â2
at the frequency ωd = 2ω2 − ω1. By applying the rotating-
wave approximation, the magnetic-driven Hamiltonian for

g

1
2�

2
2�

2 1
2� ��

1
�

2
�

FIG. 6. Circuit diagram of linearly coupled two Kerr-cat
qubits based on NEMS-3. A slight deviation from the work-
ing point is required for the NEMS-3 device to stabilize the cat
states, followed by a double-frequency magnetic drive through a
magnetic-drive line. Single-qubit control is achieved by applying
a resonant drive on the electric-drive line. The two-qubit BPC-
NOT gate is realized by applying a magnetic drive at 2ω2 − ω1
on one of the cat qubits.
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TABLE I. A numerical comparison of NEMS, ATS, and SNAIL in implementing Kerr-cat qubits. We choose similar ϕZPF to maintain
consistent scaling ratios for nonlinear coefficients. The coupling strength between the cat modes is set to g/� ≈ 0.1. Implementing
the BPCNOT gate with SNAIL demands a large driving strength, which is difficult to achieve. The ATS implementation introduces a
strong first-order residual term, resulting in additional errors and dissipation. The NEMS-3 demands a moderate driving strength while
effectively suppressing the residual terms, therefore suitable for BPCNOT gate implementation.

NEMS-3 ATS SNAIL

Circuit parameter
Inductor branch EJL , nL EJL = 90 GHz, nL = 5 EJL = 120 GHz, nL = 5 EJL = 114 GHz, nL = 3
Linear capacitor EC 200 MHz 200 MHz 200 MHz
Josephson branches EJi , ni EJ1 = 18.0 GHz, n1 = 1 EJ1 = 24.0 GHz, n1 = 1 EJ1 = 11.4 GHz, n1 = 1

EJ2 = 18.9 GHz, n2 = 1 EJ2 = 24.0 GHz, n2 = 1
EJ3 = 18.0 GHz, n3 = 3

Flux control φe1 = 0.05π−0.33ε(t) φe1 = 0.05π + ε(t) φe = 0.78π

φe2 = 1.05π φe2 = 1.05π − ε(t)
φe3 = 0 + ε(t)

Static Hamiltonian
Frequency 6.08 GHz 6.19 GHz 6.05 GHz
ϕZPF 0.36 0.36 0.36
g3(â† + â)3 1.09 MHz 0 −48 MHz
g4(â† + â)4 −0.35 MHz −0.66 MHz 1.38 MHz
Flux-driven Hamiltonian
gdriven

1 εd(â† + â) 28.9 MHz ·εd 17.0 GHz ·εd
gdriven

2 εd(â† + â)2 63.8 MHz ·εd 485 MHz ·εd
gdriven

3 εd(â† + â)3 41.8 MHz ·εd 367 MHz ·εd
Kerr-cat parameter n = 4 g/� = 0.1
Kerr −2.2 MHz −4.0 MHz −3.1 MHz
Two-photon drive εd = 0.27 εd = 0.066 ξ = 0.09
BPCNOT drive εd = 0.69 εd = 0.145 ξ = 3.7
Residual 1ph drive 
res

1 â + h.c. 10 MHz 1.2 GHz
Residual 2ph drive 
res

2 â2 + h.c. 22 MHz 35 MHz

BPCNOT gate is given by

ĤBPCNOT = gdriven
3

(
1
2
εde−iωdt + c.c.

)

×
(

â2e−iω2t + g
�

â1e−iω1t + h.c.
)3

≈ 3
2
εdgdriven

3
g
�

â†2
2 â1 + h.c. (54)

Here, we demonstrate the advantages of NEMS-3 as a
Kerr-cat implementation by numerical comparison with
ATS and SNAIL. We estimate the necessary driving
strengths and low-order residual terms in Kerr-cat stabi-
lization and operations across different scenarios. Here we
use a magnetic drive for ATS and NEMS-3 and an electric
drive for SNAIL. To maintain a consistent scaling ratio
for nonlinear coefficients of each order, We set similar
ϕZPF across different scenarios. Additionally, the coupling
strength is fixed at g/� ≈ 0.1.

The numerical estimation results are summarized in
Table I. SNAIL demands a relatively large driving strength
(ξ > 1) for the BPCNOT gate, which is challenging
in experimental realization. Moreover, the emergence of
complex higher-order nonlinear terms when ξ > 1 may

significantly impact the system [43,68]. For ATS, a strong
residual single-photon drive emerges during BPCNOT
operations, leading to additional excitation and dissipation.

The strong residual drive in ATS implementation may
induce undesired excitation, leading to additional errors.
Figure 7 illustrates the impact of the residual term on the
BPCNOT gate fidelity under numerical simulation. The
simulation uses the data from Table I, with the detuning set
to � = 800 MHz. The frequency of the residual first-order
driving term in the rotating frame is

�R
1 = ω2 − ωd = ω1 − ω2 = �. (55)

It can be inferred from Fig. 7 that the gate fidelity decreases
rapidly as the residual first-order term amplitude 
res

1
approaches the detuning �R

1 , indicating a breakdown of
the RWA condition. Consequently, for the ATS imple-
mentation scheme, the detuning between adjacent qubits
must be larger than the amplitude of the residual first-
order term, which is hard to achieve in the multiqubit
situation. Theoretically, it is possible to balance the resid-
ual terms by applying driving terms with opposite phases,
such as applying a single-photon electric drive through
another port to balance the residual first-order term. How-
ever, the compensation requires a large pulse amplitude
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FIG. 7. The BPCNOT gate fidelity with respect to the residual
first-order term 
res

1 â + h.c. The blue solid line represents the
gate fidelity under different residual term amplitudes. The orange
and green stars correspond to the residual error strengths for
NEMS-3 and ATS devices, respectively. The frequency differ-
ence �R

1 is set to 800 MHz, a moderate value in experiments. The
gate fidelity decreases rapidly as the residual first-order term 
res

1
approaches the detuning �R

1 , and the simulation results exhibit
large fluctuations within the gray area, indicating a breakdown
of the rotating-wave-approximation (RWA) condition. To guar-
antee the gate fidelity, the upper bound of the residual first-order
term is approximately 400 MHz, which is unreachable for ATS.

and precise timing, potentially leading to additional prob-
lems like heating and crosstalk. In contrast, NEMS offers
the advantage of controlling the residual term ampli-
tude through nonlinearity engineering, thereby enhancing
the gate fidelity and alleviating the frequency congestion
problem.

The strong residual driving terms also cause addi-
tional dissipation through the magnetic-driving line, as
discussed in Appendix B 3. Moreover, the nonlinearity
of the magnetic-driving terms implies that the environ-
mental coupling can exhibit nonlinear behavior, resulting
in nonlinear dissipation. Applying reverse pulses cannot
suppress the additional dissipation, since the coupling is
always on and the environmental fluctuations occur ran-
domly. Dissipation through a magnetic-driving line can
only be suppressed by designing the field distribution εZPF
and the coupling coefficient gdriven

n . The NEMS-3 device
has smaller residual driving terms, effectively suppressing
environmental dissipation.

B. Stabilizing four-cat state

In this section, we propose that NEMS-5 devices have
the potential to realize the stabilization of a four-cat code
[24]. Specifically, we aim to construct a four-photon driven
dissipation process, which can be described by a master

equation in the form as [24]

ρ̇ =
[
ε4phâ†4 + ε∗

4phâ4, ρ
]

+ κ4phD
[
â4] ρ

= κ4phD
[
â4 − α4] ρ, (56)

with α = (
2ε4ph/κ4ph

)1/4. To construct such a four-photon
driven dissipation process on a target long-lifetime storage
mode, it is necessary to nonlinearly couple it with a rapidly
dissipating buffer mode. In stabilizing the four-cat state, we
design a nonlinear interaction that converts four photons
from the target mode (â) to one photon in the buffer mode
(b̂), as shown in Fig. 8, and vice versa. The 4-to-1 coupling
Hamiltonian is given by

Ĥc = gcâ†4b̂ + h.c. (57)

When the decay rate of the buffer mode (κb) is sig-
nificantly larger than the coupling strength, an effective
nonlinear dissipation of the storage mode can be achieved
by adiabatically eliminating the buffer mode. This system
evolution transformation also applies to the linear drive
εbb̂† + ε∗

b b̂ on the buffer mode. Consequently, the resulting
four-photon driving and dissipation strengths in the storage
mode are as follows:

ε4ph = −2igcεb

κb
, κ4ph = 2g2

c

κb
. (58)

The NEMS-5 device provides an ideal candidate for
directly generating the 4-to-1 five-photon interaction
between the storage mode and the buffer mode. The cir-
cuit and device configurations are illustrated in Fig. 8.
The NEMS-5 under magnetic drive (flux pump) can be
described by the Hamiltonian:

Ĥc = gdriven
5

(
1
2
εde−iωdt + c.c.

)

×
(

pbb̂e−iωbt + paâe−iωat + h.c.
)5

≈ 5
2
εdgdriven

5 p4
a pba†4b + h.c., (59)

where ωd is the frequency of the magnetic drive, pa and
pb represent the participation ratios [70] of modes â and b̂
in the device, respectively. The corresponding frequency
matching condition for the 4-to-1 interaction is ωd =
4ωa − ωb. The circuit configuration can be interpreted as
simultaneously coupling two resonators to a nonlinear cou-
pler and then activating the nonlinear process between the
two resonators through an external drive.

054031-13



ZIYUE HUA et al. PHYS. REV. APPLIED 23, 054031 (2025)

�

b� b�

a�

4p a b� � �� �

b� b�

a�
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FIG. 8. (Left) Circuit diagram of stabilizing a four-cat state
with a NEMS-5 device. A crucial requirement is to engineer a 4-
to-1 coupling gcâ†4b̂ + h.c. between the storage mode â (shown
in cyan) and the buffer mode b̂ (shown in red) through a non-
linear coupler (shown in black). Through adiabatic elimination
of the buffer mode, a single-photon driven dissipation process
in the buffer mode can be converted to a four-photon driven
dissipation process in the storage mode, thereby stabilizing a
four-cat state. (Right) Physical device for stabilizing a four-cat
state with NEMS-5, which linearly couples to both the storage
and buffer modes. Under flux modulation, the NEMS-5 generates
the desired five-photon interaction, thereby inducing an active
4-to-1 coupling between the two modes when pumped at the
appropriate frequency.

VI. CONCLUSION AND DISCUSSION

In conclusion, we propose a set of inductive elements,
termed NEMS, which exhibit universal controllability in
shaping static nonlinearity and generating selective non-
linear drives on demand. Inspired by ATS, NEMS incor-
porates one inductor branch alongside several Josephson
branches with varying junction sizes and numbers, provid-
ing a sufficient parameter space for engineering high-order
interactions. We discuss different approaches for engineer-
ing odd- and even-order terms, highlighting the challenges
associated with generating even-order driving terms com-
pared to odd-order terms. To address this, we propose the
symmetric-double-branch method for engineering general
even-order terms. We present three configurations: NEMS-
3, NEMS-4, and NEMS-5, each capable of generating
nonlinear interaction Hamiltonians with target orders. We
then demonstrate the feasibility of implementing Kerr-
cat qubits with NEMS-3 and stabilizing the four-cat state
with NEMS-5. Our results suggest that NEMS devices are
promising candidates for complex high-order Hamiltonian
engineering.

The control Hamiltonian generated by NEMS has a high
on-off ratio. By separately designing the static and driving
Hamiltonians, we can design devices that have virtually
no static nonlinearity while producing only the desired

dynamic nonlinearity under magnetic driving. High on-off
ratio quantum control is of great significance in large-scale
applications, especially in the scaling of bosonic modes.
Moreover, our study shows that eigenstates of cubic and
higher powers of the annihilation operator can be sta-
bilized, and the higher-order squeezing can be obtained
through the engineering of high-order nonlinearities [71].
Thus our theoretical study can be applied not only to
bosonic codes but also to high-precision measurements
[72].

In practical experiments, the alternating magnetic field
may cause residual electric drive on the nonlinear device,
which should be properly treated to avoid parasitic non-
linear effects. The residual electric drives typically arise in
two ways: First, the large shunting capacitor is influenced
by the alternating magnetic field [73]. Since both ATS
and NEMS have a large shunting capacitor comparable in
size to the microwave wavelength, it is crucial to care-
fully design the spatial distribution of the magnetic field
to avoid additional electric drives. Using lumped capaci-
tors with smaller footprints can be beneficial in minimizing
residual electric drive. Second, the alternating magnetic
field generates an electromotive force on the JJ capaci-
tors [74,75]. We discuss the electromotive force caused
by JJ capacitors in Appendices B 1 and C 2, demonstrating
that this electromotive force is zero for ATS and NEMS-3
device. However, for other nonlinear devices, careful con-
sideration of the JJ capacitors is necessary to minimize the
residual electric drives.
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APPENDIX A: SINGLE-WELL CONDITION AND
LIMITATION ON FLUX BIAS

A comprehensive calibration of NEMS devices requires
a general knowledge of the spectrum. However, it is hard
to calculate the spectrum at certain flux-bias points, due to
the complex multijunction multiloop structure. For a deep
potential of a single minimum, the system behaves as a
WAO. Thus, we can directly give the frequency and non-
linear coefficients of each order by expanding the phase
variable to different orders. In certain parameter regions,
the potential may contain multiple minima, and then the
spectrum can only be given through numerical diagonal-
ization. Identifying the WAO region not only simplifies
the spectrum calculation but also provides insight into the
working regime of NEMS.

The number of local minima of a single-loop Josephson
circuit has been studied thoroughly by Ref. [69]. Multi-
ple minima may appear when the external flux in one loop
is close to π . For NEMS devices, two cases may cause
multiple potential minima. First, the single-JJ branches
provide +EJi cos(ϕ) potential when φei ∼ ±π . When the
Josephson energy exceeds the energy from the inductor,
i.e., EJi > EL, the system may work as a fluxonium [76,77].
Second, the external flux bias of the multi-JJ branch is
close to ±π . The flux may change by 2π due to phase slip
[78–80], causing extra dephasing due to charge noise.

1. Multiple minima associated with a single-JJ branch

To understand the multiple minima associated with a
single-JJ branch, we analyze a simple case when an induc-
tor is connected to a single-JJ branch, as shown in Fig. 9(a).
The potential energy UJ associated with a single JJ is a
single-valued function of the flux variable ϕJ, as shown in
Fig. 9(b):

UJ = −EJ cos(ϕJ), (A1)

where EJ is the Josephson energy of the JJ. Here we
define the phase difference across the inductor branch as
the generalized variable ϕ, such that the phase difference
across the single-JJ branch is expressed as ϕJ = ϕ − φe.
Therefore, the total energy is given by

Utot(ϕ) = ELϕ2

2
− EJ cos(ϕ − φe), (A2)

where EL is the energy of the inductor. If the inductor is
formed by nL large JJs with equal junction size EJL , the
effective inductor energy is defined as EL ≡ EJL/nL. The
minimum total energy requires U′

tot(ϕ) = 0, meaning

ELϕ + EJ sin(ϕ − φe) = 0. (A3)

When EJ < EL, it is easy to see that the system can
have only one minimum regardless of the value of φe.

(a)

(b)

(c)

(d)

–3 –2 – 0 2 3

2

4

0

– 0 – 0 – 0

FIG. 9. (a) Circuit diagram of a single-JJ branch (EJ/EL =
1.5) and an inductor branch connected in parallel. (b) The poten-
tial energy of the single-JJ branch is single valued and periodic.
(c) The derivative of the total potential energy U′

tot under different

magnetic flux bias φe. Within the WAO region where
∣∣∣φ̃e

∣∣∣ < φ̃lim
e ,

the derivative curve crosses the horizontal axis only once, corre-
sponding to only one minimum. Outside the WAO region, the
system may have multiple minima. (d) The total potential energy
Utot under different magnetic flux biases φe. The solid lines and
the dashed lines correspond to the total potential energy Utot and
the inductor energy ELϕ2/2, respectively. At the critical point
where φe = φ̃lim

e , the depth of the single well is significantly
smaller than in the case of φe = 0, implying that the system can
accommodate fewer photons.

When EJ � EL, we give an approximate single-minimum
condition as

∣∣∣φ̃e

∣∣∣ < φ̃lim
e ≡ π + arccos(

EL

EJ
) −

√(
EJ

EL

)2

− 1, (A4)

where φ̃e is defined as a truncated external flux:

φ̃e ≡ φe −
⌊

φe + π

2π

⌋
· 2π ∈ (−π , π) . (A5)

Here, �X � is the floor function.
In Fig. 9(c), we plot U′

tot(ϕ) for different external flux φe.
Here we set EJ/EL = 1.5 to reveal the possible multiple-
minima behavior under the case that EJ � EL. When φe =
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π , the derivative curve crosses the horizontal axis three
times, indicating that the system has two local minima and
one local maximum. When φe < φ̃lim

e , the derivative curve
crosses the horizontal axis only once, so there will be only
one minimum. Then we can obtain the condition Eq. (A4)
by analyzing the behavior of U′

tot(ϕ). When φe is near π ,
the two local inflection points of U′

tot(ϕ) can be calculated
as follows:

U′′
tot(ϕ) = 0 ⇒ EL + EJ cos(ϕ − φe) = 0

⇒ ϕ∗
± = φe ± arccos(EL/EJ) − π .

(A6)

The single minimum condition means that U′
tot(ϕ) crosses

the horizontal axis only once, which also indicates that the
U′

tot(ϕ
∗) are above or below the horizontal axis for both the

inflection points. Then we can arrive at Eq. (A4) through
the condition U′

tot(ϕ
∗
+)U′

tot(ϕ
∗
−) > 0, with U′

tot(ϕ
∗
±) given

by

U′
tot(ϕ

∗
±)

EL
= φe ± arccos

(
EL

EJ

)
− π

+ EJ

EL
sin
(

± arccos
(

EL

EJ

)
− π

)

= φe − π ± arccos
(

EL

EJ

)
∓
√(

EJ

EL

)2

− 1.

(A7)

The total potential under different flux biases is shown in
Fig. 9(d). At the critical point φe = φ̃lim

e , the system still
has only one minimum, but the depth of the single well is
significantly smaller than the case of φe = 0. A shallower
potential well implies that the system can accommodate
fewer photons, so it is not recommended to operate near
the critical point.

Generally, all the small JJs in NEMS are required to sat-
isfy conditions EJ � EL to avoid multiple minima. How-
ever, the combination of several single-JJ branches may
cause multiple minima. Recall that the static potential of
several single-JJ branches is the same as a single JJ:

Ueff
J = −

∑

i

EJi cos(ϕ − φei) = −Eeff
J cos(ϕ − φeff

e ).

Eeff
J ≡

∣∣∣∣∣
∑

i

EJi e
−iφei

∣∣∣∣∣ , φeff
e ≡ − arg

(
∑

i

EJi e
−iφei

) .

(A8)

Therefore, the effective Josephson energy Eeff
J and the

effective flux bias φeff
e should also satisfy Eq. (A4) to

ensure that the NEMS device works as a WAO. At the
working point of NEMS-3 in Eq. (28) where φe1 = 0 and
φe2 = π , the effective Josephson energy Eeff

J is close to 0,
therefore the potential will not be affected by the single-JJ
branches.

2. Multiple minima associated with multi-JJ branches

To understand the multiple minima associated with the
multi-JJ branches, we analyze a simple case when an
inductor is connected to a multi-JJ branch, as shown in Fig.
10(a).

We first analyze the energy-phase relation of a multi-
JJ branch. In steady state, the currents IJ flowing through
multiple serial junctions are the same when neglecting cur-
rent shunting across capacitors. For the j th junction inside
a multi-JJ branch, the relationship between the overall

(a)

(b)

(c)

(d)
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lim

lim

lim

FIG. 10. (a) Circuit diagram of a multi-JJ branch (nJ =
3, EJ/EL = 1) and an inductor branch connected in parallel. (b)
The potential energy of the multi-JJ branch. The colored dashed
lines correspond to the potential with different phase-slip num-
bers m, which are 2nJπ periodic individually. The magenta solid
lines denote the minimum potential energy, which is 2π periodic.
(c) The derivative of the total potential energy U′

tot under different

magnetic flux bias φe. Within the WAO region where
∣∣∣φ̃e

∣∣∣ < φ̃lim
e ,

the derivative curve crosses the horizontal axis only once, corre-
sponding to only one minimum. Outside the WAO region, the
system may have multiple minima. (d) The total potential energy
Utot under different magnetic flux bias φe. The colored dashed
lines correspond to the potential with different phase slip num-
bers. The magenta solid line and the black dashed line correspond
to the total potential energy Utot and the inductor energy ELϕ2/2,
respectively. Within the WAO region, where jumping between
different m is unlikely to happen, the system can be approxi-
mated as a nonlinear oscillator, and we can calculate the spectrum
directly. In the extreme case when φe = ±π , the system has
two degenerate ground states located in two potential wells with
different m.
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current IJ and the phase difference ϕJj across the junction
is nonlinear and multivalued:

IJ = Icj sin(ϕJj ), Icj = 2eEJj

�
, (A9)

where Icj are the critical currents. For a given current IJ,
the possible value of ϕJj is given by

ϕJj = zπ + (−1)z arcsin

(
IJ

Icj

)
. (A10)

To minimize the energy UJj = −EJj cos(ϕJj ), z should
be chosen as an even number to guarantee cos(ϕJj ) > 0.
Therefore, having the same current ensures that the phase
difference across each junction differs by 2π .

The phase difference ϕJ across the multi-JJ branch is
the sum of the phase differences ϕJj across each junction.
Since a change of 2π in ϕJj does not affect the current or
energy, the total phase difference ϕJ can differ by multiple
2π . When the junctions are of equal size, the total phase
difference in the multi-JJ branch is expressed as

ϕJ =
∑

j

ϕJj + 2πm

= nJ arcsin(
IJ

Icj

) + 2πm. (A11)

Here we simplify the expression by considering that
the multi-JJ branch normally contains nJ JJs with the
same Josephson energy EJ ≡ EJi . Therefore, the relation
between energy and phase difference of the multi-JJ branch
is given by

UJ (ϕJ, m) = −nJEJ cos
(

ϕJ − 2πm
nJ

)
, (A12)

where m is referred to as the phase-slip number. In the
multi-JJ branches of the NEMS device, we take no more
than three small JJs in series, so a transition of m results
in a dramatic change of energy. In a steady state, m should
take the value that minimizes the total energy. Given ϕJ,
the minimum potential energy of the multi-JJ branch can
be simplified to a periodic form:

UT
J (ϕJ) = −nJEJ cos

(
ϕ̃J

nJ

)
, (A13)

with ϕ̃J ≡ ϕJ − �(ϕJ + π)/2π� · 2π being the truncated
flux variable.

Figure 10(b) plots the potential of the multi-JJ branch
for the case nJ = 3. The dashed lines with different col-
ors correspond to the potential with phase-slip number
m ∈ {0, ±1}, which are 2nJπ periodic individually. The

magenta solid line denotes the minimum potential energy
UT

J (ϕJ), which is 2π periodic. Note that at the boundary
where ϕ̃J = ±π , the phase-slip number m undergoes a sud-
den change by 1, which means that the phase difference ϕJi
across one of the JJs changes by 2π .

Now, we analyze the total potential energy, taking the
inductor into account. The flux variable of the inductor ϕ

and multi-JJ branch ϕJ are related by the constraint ϕ −
ϕJ = φe. Therefore, the total energy is given by

Utot(ϕ) = ELϕ2

2
+ UT

J (ϕ − φe). (A14)

The minimum total energy requires U′
tot(ϕ) = 0, which

means

ELϕ + EJ sin
(

ϕ − φe − 2πm
nJ

)
= 0, (A15)

where m takes the value that ϕ − φe − 2πm ∈ (−π , π).
Therefore, it is easy to verify that the minimum only
appears when |ϕ| < ϕlim ≡ EJ/EL · sin(π/nJ). To further
ensure the system has only one minimum, we need to make
sure no phase slip happens within this region. Note that
the phase slip happens when ϕ − φe = 2πm, and thus the
condition transforms to
∣∣∣φ̃e

∣∣∣ < φ̃lim
e ≡ π − ϕlim = π − EJ

EL
sin
(

π

nJ

)
. (A16)

The U′
tot (ϕL) for different external flux biases are plotted in

Fig. 10(c). We set the parameters to nJ = 3, and EJ/EL =
1. Similar to the single-JJ case, the derivative curve crosses
the horizontal line only once when −φ̃lim

e < φe < φ̃lim
e , but

3 times when φe = π . The total potential is plotted in Fig.
10(d). The dashed lines in blue, red, and green correspond
to the total potential with different phase-slip numbers, and
the dark dashed line denotes the energy of the inductor.
The minimal total energy is depicted in the magenta solid
line, which shows discontinuity in first-order derivative
when ϕ − φe = ±π . In the extreme case when φe = ±π ,
the system will have two degenerate ground states located
in two potential wells with different phase-slip numbers
m. Even at φe = 0, where the potential well is the deep-
est, jumping between different m still limits the maximum
number of photons that can be tolerated in the device.
The jumping probability will be discussed in the next
subsection.

Within the WAO region where the phase-slip number is
nearly constant, m can be determined simply by the exter-
nal flux φe. Therefore, the potential of the multi-JJ branch
can be replaced with a simpler form:

UJ = −nJEJ cos

(
ϕ − φ̃e

nJ

)
. (A17)

The periodic spectrum in Fig. 11 is determined in this way.
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FIG. 11. (a) The primary region of NEMS-3’s three-
dimensional spectrum, where the potential has a single well with
limited asymmetry. The solid part represents a single period,
with the red, yellow, and blue colors indicating distinct fre-
quency isosurfaces. The transparent part represents the remaining
periods. (b) A two-dimensional cross-section of the spectrum
at −φe1 + φe2 = π . (c) A two-dimensional cross-section of the
spectrum at φe1 = 0. In both cross-sectional figures (b) and (c),
the green triangle indicates the operational point, which is a
frequency saddle point.

When the magnetic drive is included, the system may
jump between different periods of the periodic function UT

J .
To be safe, it requires that the external flux does not exceed
the WAO region even at the peak of the magnetic drive, so
the driving amplitude δφe is limited by

|φ̃e ± δφe| < π − EJ

EL
sin
(

π

nJ

)
. (A18)

3. Phase-slip dynamics and charge noise

A complete discussion of the dynamics of phase-slip
number m requires considering the intermediate nodes in
the multijunction branch, which involves introducing addi-
tional flux variables and becomes more complex. Since we
are discussing small oscillations around the equilibrium
state, with vibration frequencies lower than the plasma
frequency of the junctions (typically 10 ∼ 40 GHz), we
expect the transition probability of different m to be rel-
atively small. To illustrate this point, let us consider an
example NEMS device with several single-JJ branches and
only one multi-JJ branch, similar to NEMS-3. In this case,

we can introduce the changes in m as a transition matrix
into the Hamiltonian, i.e.,

Ĥtot = Ĥ(m)
tot |m〉 〈m| +

∑

m

(ES |m〉 〈m + 1| + h.c.) ,

Ĥ(m)
tot = 4ECn̂2 + UL (ϕ) +

single-JJ∑

i

U(i)
sJ

(
ϕ

(i)
sJ

)
+UmJ (ϕmJ, m).

(A19)

Here U(i)
sJ represents the potential energy of the ith single-

JJ branch, and UmJ represents the potential energy of the
multi-JJ branch. The flux variables ϕ

(i)
sJ and ϕmJ are deter-

mined according to the loop structure and the external
flux bias, respectively. Because a change in m may corre-
spond to a 2π phase jump occurring on different junctions,
the total transition energy is the sum of different transi-
tion paths, i.e., ES = ∑

j ESj exp(iθSj ). When the phase
slip occurs on the j th-junction, the corresponding transition
energy ESj is given by [78]:

∣∣ESj

∣∣ =
√

2
π

(
83E3

Jj
ECj

) 1
4 exp

(
−
√

8EJj

ECj

)
. (A20)

The phase exp(iθSj ) of the transition matrix element ESj
is determined by the charge on adjacent nodes, which is
sensitive to charge noise.

For the NEMS devices discussed in the main text, the
impact of charge noise is limited. On one hand, the tran-
sition matrix elements themselves are relatively small. For
parameters in Table I, the sizes of the smaller junctions
in the loop exceed those of typical transmons, resulting in
transition energies on the order of

∣∣ESj

∣∣ ∼ 100–1000 kHz,

with the exponential factor exp(−
√

8EJj /ECj ) ∼ 10−5. If
one further increases the junction size and reduces EC to
100 MHz, the transition energy will reduce to 10–100 Hz,
while exp(−

√
8EJj /ECj ) ∼ 10−10. On the other hand, the

number of junctions in the multijunction branch does not
exceed nr = 3, so when m changes, there is a significant
change in the overall energy of the system, as shown in
Fig. 10(d). The variation in equilibrium energy for different
m values can exceed 100 GHz, significantly suppressing
transitions of m.

4. NEMS-3 spectrum

Figure 11(a) depicts the spectrum of NEMS-3 within the
WAO region. The spectral analysis of NEMS-3 can be con-
ducted straightforwardly as a nonlinear oscillator, under
the condition that the potential is confined to a single well
with limited asymmetry. Fortunately, most of the spectrum
falls within the single-well region, including the NEMS-
3 working point. The spectrum exhibits a 2π periodicity

054031-18



ENGINEERING THE NONLINEARITY. . . PHYS. REV. APPLIED 23, 054031 (2025)

for all three external flux variables φei, which is useful in
experimental calibration. The solid part in Fig. 11(a) repre-
sents a single period, with the red, yellow, and blue colors
indicating distinct frequency isosurfaces. The transparent
part represents the remaining periods. The blank regions
generally do not meet the WAO condition, indicating that
the potential energy may be approaching a double well,
resulting in a complex spectrum. By setting −φe1 + φe2 =
π and φe1 = 0, the two-dimensional cross section of the
spectrum is depicted in Figs. 11(b) and 11(c). The green
triangle denotes the NEMS-3 working point, which is a
saddle point where flux noise is suppressed.

APPENDIX B: CQED ANALYSIS OF NEMS

1. Lagrangian under fluctuating magnetic fields

The Lagrangian in the main text only considers the
large shunting capacitor. However, the capacitors of the
JJs may also affect the system behavior, especially under
fluctuating magnetic fields. Specifically, a residual elec-
tric drive may come from an alternating magnetic field
due to voltage fluctuations across the capacitors caused by
electromotive force (EMF) [44,73–75]. Here we define the
phase difference across the inductor branch as the general-
ized variable ϕ and rewrite the Lagrangian with each flux
variable of each loop:

LNEMS = 1
2

CSϕ̇
2 +

∑

i=1,2,3

1
2

Ciϕ̇
2
i − UNEMS(ϕ, ϕi), (B1)

where ϕi is defined as the flux variable associated with the
ith branch:

ϕi = ϕ + φei,

ϕ̇i = ϕ̇ + φ̇ei = ϕ̇ + rφei ε̇(t).
(B2)

For JJ capacitors, the residual drive can be calculated
based on the junction size. Typically, the capacitance
of a sandwich-shaped JJ is proportional to the junction
energy, while the total capacitance of a Josephson branch
is inversely proportional to the number of JJs, i.e., Ci ∝
EJi/ni = riEL/ni. By defining a reference capacitor Cr, we
observe that the capacitors in different branches are related
by the parameters ri and ni:

Ci ≡ riCr/ni. (B3)

It is found that the reference capacitor Cr ∝ EL with the
same coefficient, indicating that Cr happens to be equal to
the capacitor of a JJ with a Josephson energy equal to EL.

So the total Lagrangian is reduced to

LNEMS = 1
2

Ctotϕ̇
2 +

∑

i

rirφei

ni
Crϕ̇ε̇(t) − UNEMS(ϕ),

(B4)

where Ctot ≡ (
CS +∑

i Ci
)

and we drop the term ∝ ε̇(t)2.
When

∑
i rirφei/ni = 0, the above Lagrangian reduces back

to Eq. (1) in the main text with Ctot replaced by CS.
According to Ref. [74], one has to enter the irrotational
gauge before writing down the Hamiltonian. The irrota-
tional gauge is a variable transformation of ϕ such that the
Lagrangian contains no ε̇(t) term:

ϕir = ϕ + δϕir(t), δϕir(t) =
∑

i

rirφei

ni

Cr

Ctot
ε(t). (B5)

Normally the shunting capacitance CS is much larger
than the Josephson capacitance Ci, such that the extra
flux-driving term δϕir(t) is small. The corresponding
Lagrangian of ϕir is

LNEMS(ϕ
ir) = 1

2
Ctot(ϕ̇

ir)2 − UNEMS
(
ϕir − δϕir(t)

)
.

(B6)

The kinetic and the static potential parts of the Lagrangian
are the same as Eq. (1), but the driven potential part
changes due to an extra flux driving term δϕir(t):

Uir
driven(ϕ

ir, t)
EL

=
∑

i

ri sin

(
ϕir + φei

ni

)
(
δφei(t) − δϕir(t)

)
.

(B7)

As a result, the Hamiltonian changes to

HNEMS= Hlin + Hnonlin + Hir
driven. (B8)

Here, Hir
driven is determined using the irrotational driven

potential Uir
driven(ϕ

ir, t).
It can be found directly that the even-order NEMS

devices with symmetric double branches already satisfy
the EMF canceling condition because there are always
pairs of branches with the same junction size and num-
bers but opposite magnetic-drive amplitude. In the case
of NEMS-3, we verify that the EMF canceling condi-
tion is also met, as long as r1 − r3 = 0. Unfortunately,
the NEMS-5 setup does not satisfy the EMF canceling
condition.

2. Magnetic-driven Hamiltonian in NEMS

When analyzing the driven potential in the main text,
only the first-order expansion of the magnetic drive is kept

054031-19



ZIYUE HUA et al. PHYS. REV. APPLIED 23, 054031 (2025)

as Eq. (10). A thorough analysis of the high-order expan-
sion is required to see the residual nonlinear effect caused
by a strong magnetic drive. We first rewrite the driven
potential as the following unexpanded form:

Udriven/EL = −
∑

i

niri cos

(
ϕ + φei

ni

)(
cos

(
δφei

ni

)
− 1
)

+
∑

i

niri sin

(
ϕ + φei

ni

)
sin
(

δφei

ni

)
. (B9)

For the applications we propose in the cat code experi-
ment, the magnetic drive normally has a form of ε(t) =
εd cos(ωdt), with frequency ωd around GHz and an ampli-
tude around 1. Therefore, the driving terms can be
expanded with Bessel functions. Define εi

d ≡ rφeiεd/ni as
the relative driving amplitude of each loop, the Bessel
expansion follows:

cos
δφei

ni
= J0

(
εi

d

)− 2J2
(
εi

d

)
cos(2ωdt) + · · · ,

sin
δφei

ni
= 2J1

(
εi

d

)
cos(ωdt) − 2J3

(
εi

d

)
cos(3ωdt) + · · · ,

(B10)

in which Jn(x) is the nth-order Bessel function. When the
magnetic-driving amplitude is relatively small, the high-
order terms in εi

d can be neglected, and then the driven
potential returns to the form of Eq. (10). For not too large
amplitude (εi

d < 0.2), we keep the expansion terms up to
third order, as shown below:

J0(ε
i
d) − 1 = − (εi

d/2
)2 + O

((
εi

d/2
)4
)

,

J1(ε
i
d) = εi

d/2 − (
εi

d/2
)3

/2 + O
((

εi
d/2
)5
)

,

J2(ε
i
d) = (

εi
d/2
)2

/2 + O
((

εi
d/2
)4
)

,

J3(ε
i
d) = (

εi
d/2
)3

/6 + O
((

εi
d/2
)5
)

.

(B11)

Then we get the expanded potential by collecting terms
with equal frequency:

UDC
driven/EL ≈

∑

i

niri cos

(
ϕ + φei

ni

)(
εi

d

2

)2

,

Uωd
driven/EL ≈

∑

i

niri sin

(
ϕ+φei

ni

)(
εi

d−
(
εi

d

2

)3
)

cos(ωdt),

U2ωd
driven/EL ≈ −

∑

i

niri cos

(
ϕ + φei

ni

)(
εi

d

2

)2

cos(2ωdt),

U3ωd
driven/EL ≈

∑

i

niri sin

(
ϕ + φei

ni

)(εd

2

)3
cos(3ωdt).

(B12)

The nonzero Udc
driven indicates that a strong magnetic drive

can influence the static potential, and the influence is
proportional to the square of the driving amplitude. For
example, we can estimate the frequency and Kerr shift
of the NEMS-3 device when a strong magnetic drive is
applied:

δω ≈ r1 + r3/n3

1 + r3/n3

ωstatic

2

(
−
(εd

6

)2
)

, (B13)

δK ≈ r1 + r3/n3
3

r3/n3
3

Kstatic

(
−
(εd

6

)2
)

. (B14)

Considering the required driving amplitude for the Kerr-
cat BPCNOT gate in Table I, it is necessary to compensate
for the frequency shift during gate operation.

Since Uωd
driven depends on the static flux bias φei, it is

easy to add extra driving terms with a small deviation from
the working point. For example, a small static flux bias
and doubled-frequency drive on a NEMS-3 device can be
applied to generate a two-photon driving Hamiltonian â2

for a Kerr cat. Specifically, φe1 can be shifted from 0 to
a small angle �φe1, while keeping φe2 = π and φe3 = 0
unchanged. When the deviation is small, the static poten-
tial remains nearly unchanged, while the driven potential
changes to

Udriven

ε(t)EJ
= −r sin(ϕ + �φe1) · 1

3
+ 3r sin

(ϕ

3

)
· 1

3

≈ �φe1

3
· r · ϕ2

2!
+ 8

27
· r · ϕ3

3!
+ · · · . (B15)

With the extra ϕ2 term, the deformed driven Hamiltonian
follows:

Ĥdeformed
driven ≈ ε(t)gdriven

2

(
â†+â

)2 + ε(t)gdriven
3

(
â†+â

)3 + · · ·
(B16)

with gdriven
2 ∝ r�φe1. The deformed driven Hamiltonian

contains the desired two-photon terms for implementing
a Kerr-cat qubit.

3. Environmental coupling associated with flux drive

A major difference between flux nonlinear driving in
NEMS and traditional electric driving is that the magnetic-
field coupling to the NEMS is inherently nonlinear, while
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the traditional electric driving is intrinsically linear. Such
coupling also implies nonlinear NEMS-environment inter-
actions, which potentially give rise to irreversible nonlin-
ear dissipation processes in contrast to the single-photon
dissipation in electric drivings.

The NEMS-environment coupling Hamiltonian is mod-
eled by replacing the classical magnetic-driving amplitude
εd of the magnetic-driving Hamiltonian with the vacuum
fluctuation operator ĉ�k :

ĤI =
∫

�k
d�kgdriven

�k,n

(
εZPF(�k)ĉ†

�keiωc(�k)t+h.c.
)(

â†eiωat+h.c.
)n

.

(B17)

Here, �k represents the momentum of environment modes,
i.e., the continuum modes in the magnetic-driving line,
and gdriven

�k,n
is the corresponding nonlinear coupling coef-

ficient of the NEMS device. εZPF(�k) is the amplitude
of the flux throughout the whole Josephson loop area
caused by the vacuum fluctuation of continuum mode �k,
i.e., the effective magnetic-driving amplitude caused by
the environment. Different modes generally have different
magnetic-field distributions, resulting in different flux fluc-
tuation amplitudes in each loop. Consequently, rφei should
change to rφei(

�k) for different modes, resulting in differ-
ent gdriven

�k,n
. Similar environmental coupling mechanism due

to magnetic drive has been analyzed experimentally and
theoretically [81–84] for single-mode environment.

The dissipation can be described by master equations
with environment modes being traced out. In general, we
obtain the nonlinear dissipation operator κn[â†n1 ân2 ] of the
NEMS, with n1 + n2 = n. By engineering the mode den-
sity of the environment, we omit the contribution of modes
with frequency mismatch and only keep the environment
modes satisfying ωc(�k) ≈ nωa, resulting in the multi-
photon dissipation κn[ân]. For a well-designed magnetic-
driving line, we expect that the major modes affect each
Josephson loop in the same way as we design such that
gdriven

�k,n
≈ gdriven

n . Consequently, the dissipation strength is
proportional to the squares of both the magnetic-driving
coefficient and the vacuum fluctuation amplitude:

κn ∝
∣∣∣gdriven

n εZPF

(
�k, ωc(�k) = nωa

)∣∣∣
2

. (B18)

Therefore, one can engineer the nonlinear dissipation by
either designing the Josephson loop to change gdriven

n ,
or engineering the microwave response of the magnetic-
driving line to change εZPF(�k). We must note that the full
mechanism of dissipation due to flux coupling is still a
complex open question for flux-driven superconducting
circuits.

APPENDIX C: ATS AS A SPECIAL CASE OF NEMS

Asymmetrically threaded SQUID (ATS) consists of
only two loops, with the bias flux in each loop at the
operating point being 0 and π , respectively. The static non-
linearity of ATS at the operating point is small, and it can
generate only odd-order driving Hamiltonians under mag-
netic flux driving. By setting the bias flux to be symmet-
ric, with both loops at π/2, we obtain the symmetrically
threaded SQUID (STS) [85,86]. STS is still a weakly non-
linear resonator but can generate only even-order driving
Hamiltonians under magnetic flux drive. Furthermore, by
setting the bias flux between ATS and STS, we can control
the relative strength of odd-order and even-order magnetic
drivings, which is used to implement the small-bias ATS
for realizing a Kerr-cat qubit. Next, we will analyze the
structure of ATS and how it achieves different magnetic
driving Hamiltonians.

1. Magnetic-drive Hamiltonian

The inductive part of ATS contains one large inductor
and two small JJs connected in parallel. The large induc-
tor is formed by several large JJs in series and possesses
a small static nonlinearity. The inductive energy of ATS is
written as

UATS

EL
= 1

2
ϕ2 − r1 cos(ϕ + φe1) − r2 cos(ϕ + φe2), (C1)

where EL is the inductor energy and r1,2 is the ratio
between the small JJ energy and the inductor energy.

To control the nonlinearity of ATS, we generally set the
sizes of the two small JJs to be the same, i.e., r1 = r2. For
the static potential energy, it is easy to see that if the static
magnetic flux biases of the two single-JJ branches differ by
π , i.e.,

∣∣φe1 − φe2
∣∣ = π , the contribution of the two small

JJs cancel each other:

Ustatic
ATS /EL = 1

2
ϕ2. (C2)

So the oscillator will have only a relatively weak static
Kerr nonlinearity due to the finite number of junctions
in the inductive branch. For nonideal cases, the condition
r1 = r2 may not be satisfied due to fabrication errors. Then
the static potential will be like SNAIL with an effective
small JJ part −ẼsJ cos(ϕ + φ̃EJ), where ẼsJ and φ̃EJ are
the effective junction size and external flux bias. Although
the junction size is subject to fabrication uncertainties, the
flux bias can be adjusted as needed after sample prepara-
tion. For applications requiring a small Kerr, the residual
single-JJ part can be used to compensate for the nonlinear-
ity from the inductor branch to fully eliminate static Kerr.
For applications requiring three-wave mixing, the residual
single-JJ part can be used to generate the g3 nonlinearity
on demand.
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When applying alternating magnetic drive, the driven
potential can be expressed as

Udriven
ATS /EL = −

∑

i=1,2

ri cos(ϕ + φei) (cos(δφei) − 1)

+
∑

i=1,2

ri sin(ϕ + φei) sin(δφei). (C3)

When φe1 = 0, the device generates odd-order terms of ϕ

under the magnetic drive ε(t), which is the normal ATS
working point:

φe1 = 0, δφe1 = ε(t),

φe2 = π , δφe2 = −ε(t).
(C4)

The static potential is the same as Eq. (C2), while the
driven potential is given by

Udriven
ATS /EL = 2r sin(ϕ)ε(t). (C5)

The driven potential contains only odd-order terms. The
ATS working point can be treated as a simple case of odd-
order engineering.

When φe1 = π/2, the device generates even-order terms
of ϕ under the magnetic drive ε(t). Here we refer to this
working point as the symmetric threaded SQUID (STS)
point because the flux bias is symmetric:

φe1 = π/2, δφe1 = ε(t),

φe2 = −π/2, δφe2 = −ε(t).
(C6)

The static potential is the same as Eq. (C2), while the
driven potential is given by

Udriven
STS /EL = 2r cos(ϕ)ε(t). (C7)

The driven potential contains only even-order terms that
can be used to realize a two-photon or four-photon drive
for two-cat or four-cat stabilization. Notice that the two
single-JJ branches have the same JJ size and opposite
flux bias; therefore, we can treat the STS point as a sim-
ple case of the symmetric double branches for even-order
engineering.

When the flux bias φei is between 0 and π/2, the device
can generate both even and odd terms in ϕ simultane-
ously. For Kerr-cat implementation, we need a strong ϕ3

driven term for the BPCNOT gate and a not-too-small ϕ2

driven term for the two-photon drive. A small deviation
�φe1 = 0.05π from the ATS working point is sufficient,
with a driven potential

Udriven
ATS /EL = 2rε(t)

(
sin(ϕ) + cos(ϕ)�φe1

)
. (C8)

Note that φe2 should be changed to 1.05π to satisfy the
condition of canceling static nonlinearity. The small Kerr

term required by the Kerr-cat qubit can be obtained from
the residual nonlinearity in the inductor branch. There-
fore, ATS under a slightly varied flux-bias point meets
the requirement of Kerr-cat stabilization and BPCNOT
gate implementation, except for the problem of detrimental
first-order residual terms.

2. Residual electromotive force

A residual electric drive may come from an alternating
magnetic field due to voltage fluctuations across the capac-
itors caused by EMF [44,73–75]. To minimize the residual
electric drive, consideration must be given to both geo-
metric and JJ capacitors. The residual drive on geometric
capacitors can be mitigated by optimizing geometry using
electromagnetic simulation methods. For JJ capacitors, the
residual drive can be calculated based on the junction size.
Typically, the capacitance of sandwich-shaped JJs is pro-
portional to the junction energy, providing the opportunity
to compute the electromagnetic force on the JJ capacitor.

Now we analyze the EMF on the JJs in the ATS device.
When the capacitors of JJs are included, we can write the
Lagrangian of capacitively shunted ATS as

LATS = 1
2

CSϕ̇
2 +

∑

i=1,2

1
2

Ciϕ̇i
2 − UATS(ϕ), (C9)

where Ci and ϕi are the capacitance and the flux variable
associated with the JJ branch, respectively, and ϕ is the
generalized phase variable across the inductor branch. The
relation between ϕ and ϕi depends on the external flux:

ϕ1 = ϕ + φe1, ϕ̇1 = ϕ̇ + ε̇(t),

ϕ2 = ϕ + φe2, ϕ̇2 = ϕ̇ − ε̇(t).
(C10)

Here we already consider the flux operating scheme
described in Eqs. (C4)–(C6). The capacitance of each
Josephson branch is proportional to the junction energy. By
defining Cr as the capacitance reference, the capacitance of
each branch can be calculated correspondingly:

Ci = riCr. (C11)

It is shown that the reference capacitance Cr ∝ EL with
the same coefficient, meaning that Cr happens to be equal
to the capacitance of a JJ with a Josephson energy equal to
EL. Then the total Lagrangian is reduced to

LATS = 1
2

Ctotϕ̇
2 + (r1 − r2) Crϕ̇ε̇(t) − UATS(ϕ), (C12)

where Ctot ≡ (CS + (r1 + r2) Cr) and we drop the term
∝ ε̇(t)2. When r1 = r2, the Lagrangian contains no extra
ϕ̇ terms. So with the current JJ size and magnetic-drive
scheme, the ATS device has no extra EMF associated with
the JJ capacitors.
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APPENDIX D: IMPLEMENTING KERR-CAT
BPCNOT GATE WITH NEMS-3

The Kerr-cat encoding scheme stabilizes the cat state
through the combined effects of Kerr nonlinearity and
two-photon driving, as described by the Hamiltonian:

ĤKC = Kα2â†2 − Kα∗2â2 + Kâ†2â2

= −K
(
â†2 − α∗2) (â2 − α2)+ Kα∗2α2. (D1)

The two degenerate ground states of the system are
given by |C±

α 〉 = N± (|α〉 ± |−α〉), with N± defined as
the normalization factor. The two-cat qubit is encoded
on two basis states |0〉 ≡ (|C+

α 〉 + |C−
α 〉)/√2 and |1〉 ≡

(|C+
α 〉 − |C−

α 〉)/√2.
The two-qubit interaction Hamiltonian Ĥ = Ĥ1 + Ĥ2

for the BPCNOT gate is realized by a controlled rotation
on the target cat qubit, depending on the state of the control
cat qubit with

Ĥ1 = −K
(

â†2
1 − α2

1

) (
â2

1 − α2
1

)
,

Ĥ2 = −K
(

â†2
2 − α2

2

2α1

(
α1 + â†

1

)
− α2

2e2iφ(t)

2α1

(
α1 − â†

1

))

×
(

â2
2 − α2

2

2α1

(
α1 + â1

)− α2
2e−2iφ(t)

2α1

(
α1 − â1

))
.

(D2)

Here φ(t) adiabatically changes from 0 to π during the gate
operation.

In this section, we illustrate the feasibility of implement-
ing Kerr-cat qubits with NEMS-3, supported by numerical
analysis. We first present the technique for creating indi-
vidual Kerr-cat qubits using magnetic drives and static flux
bias. Then, we examine the implementation of the BPC-
NOT gate between two Kerr-cat qubits. By conducting a
numerical comparison with ATS and SNAIL, we illustrate
that NEMS-3 can easily implement the Kerr-cat BPCNOT,
mitigating the impact of residual terms or large pumping
amplitude.

1. Single Kerr-cat qubit with deformed NEMS-3 and
ATS

For NEMS-3, the two-photon drive â2 + â†2
is not

directly realizable using magnetic drives, because the
driven Hamiltonian Eq. (33) lacks even-photon interac-
tions. To circumvent this, we deform the driven Hamil-
tonian with a static flux bias to induce even-order terms,
as described in Eqs. (B15) and (B16). The deformation
results in a magnetic-driven Hamiltonian with even-photon

interactions:

Ĥmag
KC =

(
1
2
εde−iωdt + c.c.

)
gdriven

2

(
âe−iωat + h.c.

)2 + · · ·

= εdgdriven
2 â†2 + h.c. (D3)

Here we have already considered the frequency match-
ing condition that ωd = 2ωa, with ωa being the mode
frequency.

Alternatively, we can use an electric drive, wherein the
three-photon interaction comes from the static fourth-order
nonlinearity, yielding an electric-driven Hamiltonian:

Ĥele
KC = gstatic

3

(
âe−iωat + ξpe−iωdt + h.c.

)3

≈ 3ξpg3â†2 + h.c. (D4)

The static third-order nonlinearity may come from a
deformed static potential. An odd-order static nonlinearity
will break the symmetry of the static potential, resulting
in a shift of the potential minimum position, which is hard
to estimate analytically. Consequently, in this case, we can
only obtain the nonlinear coefficient g3 through numerical
simulations.

To obtain a finite Kerr nonlinearity for Kerr-cat imple-
mentation, we release the Kerr-cancelling condition Eq.
(26) of a NEMS-3 device to allow a finite fourth-order
static nonlinearity. Meanwhile, the inductor branch may
also provide residual fourth-order static nonlinearity com-
ing from the finite number nL of large JJs. The deviation of
the flux-bias point also results in a small third-order non-
linearity. Consequently, the NEMS-3 device for Kerr-cat
implementation is designed to have small extra third- and
fourth-order static Hamiltonians:

Hstatic ≈ gstatic
3

(
â†+â

)3 + gstatic
4

(
â†+â

)4
. (D5)

Recall that the nonlinear interaction coefficients are
defined as gstatic

n = (1/n!)EJcstatic
n ϕn

ZPF. Here c3,4 has small
but nonzero values. According to Ref. [62], both the third-
and fourth-order static nonlinear terms contribute to the
effective Kerr nonlinearity:

Kstatic = −6gstatic
4 + 30

(
gstatic

3

)2

ω
. (D6)

Here Kstatic is defined as the coefficient of operator
â†â†ââ. The small residual nonlinearity should be carefully
addressed in numerical simulations.

2. Coupled two Kerr-cat qubits

Constructing a two-qubit gate requires a coupling
between the two bosonic modes. Here we present a sim-
ple case of direct capacitive coupling. The Hamiltonian of
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the coupled system can be written as the sum of a linear
part and a nonlinear part:

ĤL = ω1â†
1â1 + ω2â†

2â2 + g12

(
â†

1â2 + â†
2â1

)
,

ĤNL = K1â†
1â†

1â1â1 + K2â†
2â†

2â2â2.
(D7)

Here, we only consider the static Hamiltonian Eq. (32)
with Kerr nonlinearity. For linear capacitive coupling, g12
is independent of the magnetic drive. The linear part can
be diagonalized with the Bogoliubov transformation:

ÛBT ≡ exp
(
�
(

â†
1â2 − â†

2â1

))
, (D8)

which transfers the oscillator ladder operator as

Û†
BTâ1ÛBT = cos(�)â1 + sin(�)â2,

Û†
BTâ2ÛBT = cos(�)â2 − sin(�)â1.

(D9)

If we choose � = 1
2 arctan(2 |g12/�|) with � ≡ ω1 − ω2,

then the Bogoliubov transformation diagnalizes the linear
Hamiltonian ĤL:

Û†
BTĤLÛBT = ω̃1â†

1â1 + ω̃2â†
2â2, (D10)

with the dressed frequencies ω̃1,2 = 1
2 (ω1 + ω2 ±√

4g2
12 + �2).

For the nonlinear part, we apply the same transformation
to the nonlinear Hamiltonian ĤNL:

Û†
BTĤNLÛBT ≈ K̃1â†

1â†
1â1â1 + K̃2â†

2â†
2â2â2 + χ12â†

1â1â†
2â2.

(D11)

The Kerr and cross-Kerr coefficients are given by

K̃1 ≡ K1 cos(�)4 + K2 sin(�)4,

K̃2 ≡ K2 cos(�)4 + K1 sin(�)4,

χ2 ≡ 2 (K1 + K2) cos(�)2 sin(�)2.

(D12)

For the driving Hamiltonian, applying the same transfor-
mation gives us the coupled two-mode drive. For example,
the magnetic-driven Hamiltonian Eq. (B16) in â2 mode
transfers to a simultaneous magnetic drive on two modes:

Û†
BTĤdrivenÛBT ≈

∑

n

gdriven
n

(
1
2
εde−iωdt + c.c.

)

× (
cos(�)â2 − sin(�)â1 + h.c.

)n .
(D13)

In the case of realizing a BPCNOT gate, it requires the
drive to satisfy the frequency matching condition ωd =

2ω2 − ω1, with â2 as the target cat qubit and â1 as the
control qubit. The driven third-order terms mainly con-
tribute in the magnetic BPCNOT gate. Under RWA, we
neglect fast-rotating terms and obtain the effective BPC-
NOT Hamiltonian with magnetic drive:

Ĥmag
BPCNOT ≈ 3

2
gdriven

3 εd cos(�)2 sin(�)â†2
2 â1 + h.c.

(D14)

Similarly, the electric-driven Hamiltonian in one mode
transfers to a simultaneous electric drive on two modes:

Û†
BTĤeleÛBT ≈

∑

n

gstatic
n

(
cos(�)â2 − sin(�)â1

+ ξpe−iωdt + h.c.
)n

. (D15)

The frequency matching condition for a BPCNOT gate is
the same as the magnetic drive. The static fourth-order
terms mainly contribute to the electric BPCNOT gate.
Under RWA, we neglect fast-rotating terms and obtain the
effective BPCNOT Hamiltonian with electric drive:

Ĥele
BPCNOT ≈ 12gstatic

4 ξd cos(�)2 sin(�)â†2
2 â1 + h.c.

(D16)

The systems designed for cat-qubit experiments gener-
ally have small fourth-order static nonlinearity, making it
challenging to realize a three-photon interaction with an
electric drive.

APPENDIX E: STABLIZING FOUR-CAT STATES

1. Numerical results of stabilizing four-cat states with
NEMS-5

We first complete the explicit expression of the potential
function of NEMS-5. For fifth-order driven term engineer-
ing, we want cdriven

1 = 0, cdriven
3 = 0, and cdriven

5 �= 0, and
neglect all n ≥ 7 terms because the nonlinear Hamiltonian
scales with ϕn

ZPF. The condition can be satisfied with one
single-JJ branch biased at π and two multi-JJ branches
biased at 0. The corresponding design requirements are
given as

cdriven
1 = −r1rφe1 + r2rφe2

n2
+ r3rφe3

n3
= 0,

cdriven
3 = +r1rφe1 − r2rφe2

n3
2

− r3rφe3

n3
3

= 0,

cdriven
5 = −r1rφe1 + r2rφe2

n5
2

+ r3rφe3

n5
3

�= 0.

(E1)

To make the gdriven
5 term dominate the nonlinear behavior,

the device is required to have minimal cstatic
4 static nonlin-

earity. The corresponding design requirement is given as

cstatic
4 = +r1 − r2

n3
2

− r3

n3
3

= 0. (E2)
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TABLE II. A numerical comparison between NEMS-5, NEMS-3, and ATS in implementing higher-order driven Hamiltonians. We
choose similar ϕZPF to maintain consistent scaling ratios for nonlinear coefficients. NEMS-5 completely eliminates the first- and third-
order terms, but reduces the fifth-order term to 1/50 compared to ATS. For experimental convenience, an alternative option is to use
NEMS-3 instead of NEMS-5 in generating a five-photon interaction. NEMS-3 fully eliminates the most detrimental first-order term,
while maintaining a moderate fifth-order term at 1/5 of that of ATS.

NEMS-5 NEMS-3 ATS

Circuit parameter
Inductor branch EJL , nL EJL = 180 GHz, nL = 10 EJL = 180 GHz, nL = 10 EJL = 180 GHz, nL = 10
Capacitor EC 246 MHz 194 MHz 151 MHz
Josephson branch EJi , ni EJ1 = 2.88 GHz, n1 = 1 EJ1 = 18.0 GHz, n1 = 1 EJ1 = 18.0 GHz, n1 = 1

EJ2 = 18.0 GHz, n2 = 2 EJ2 = 18.9 GHz, n2 = 1 EJ2 = 18.0 GHz, n2 = 1
EJ3 = 15.12 GHz, n3 = 3 EJ3 = 18.0 GHz, n3 = 3

Flux control scheme φe1 = π + 0.33ε(t) φe1 = 0 + 0.33ε(t) φe1 = 0 + ε(t)
φe2 = 0 + 0.67ε(t) φe2 = π φe2 = π − ε(t)

φe3 = 0 + ε(t) φe3 = 0 + ε(t)
Static Hamiltonian
Frequency 7.58 GHz 5.99 GHz 4.67 GHz
ϕZPF 0.36 0.36 0.36
g3(â† + â)3 0 0 0
g4(â† + â)4 −0.12 MHz 0.04 MHz −0.12 MHz
Flux-driven Hamiltonian
gdriven

1 εd(â† + â) 0 0 13.0 GHz ·εd
gdriven

2 εd(â† + â)2 0 0 0
gdriven

3 εd(â† + â)3 0 41.5 MHz ·εd 280 MHz ·εd
gdriven

4 εd(â† + â)4 0 0 0
gdriven

5 εd(â† + â)5 25.7 kHz ·εd 298 kHz ·εd 1814 kHz ·εd

Since NEMS-5 has more design requirements than NEMS-
3, it is hard to find a design with nearly uniform junction
sizes and magnetic-driving field distribution. Therefore,
we only require a nearly uniform magnetic field and can
tolerate large variations in junction sizes. Here, we present
one NEMS-5 design containing three Josephson branches
with single-, double-, and triple-JJs, with a magnetic drive
satisfying |δφei(t)| ∝ niε(t), as shown in Fig. 4(a). Conse-
quently, the solution of Eqs. (E1) and (E2) yields

r1 = 5
32

r, r2 = r, r3 = 27
32

r,

n1 = 1, n2 = 2, n3 = 3,
(E3)

with the magnetic control parameters as

φe1 = π , δφe1(t) = −1/3 · ε(t),

φe2 = 0, δφe2(t) = −2/3 · ε(t),

φe3 = 0, δφe3(t) = ε(t).

(E4)

Here, r � 1 is a parameter limiting the size of small JJs.
For given ri and ni in a specific device, we simplify the

total potential of the NEMS-5 to

Utot

EL
= ϕ2

2
− 5

32
r cos (ϕ + φe1) − 2r cos

(
ϕ + φe2

2

)

− 81
32

r cos
(

ϕ + φe3

3

)
. (E5)

Without flux modulation, the static potential will be

Ustatic

EL
= ϕ2

2
+ 5

32
r cos (ϕ) − 2r cos

(ϕ

2

)
− 81

32
r cos

(ϕ

3

)

= ϕ2

2
+ 5

16
rϕ2 + O(ϕ6). (E6)

The chosen junction sizes precisely satisfy the conditions
for eliminating the ϕ4 term. However, this elimination con-
dition does not apply to the linear part ϕ2 or nonlinearities
beyond ϕ6. As a result, the device still exhibits nonzero ϕ6

and higher-order nonlinearities.
When the magnetic drive is applied as required, the

NEMS-5 device only generates a ϕ5 driving term:

Udriven

ε(t)EJ
= + 5

96
sin (ϕ) −2

3
r sin

(ϕ

2

)
+27

32
r sin

(ϕ

3

)

= + 5
144

· r · ϕ5

5!
+ O(ϕ7). (E7)

Obtaining a pure fifth-order term requires precise parame-
ter control and comes at the cost of reducing the strength
of the driving term by an order of magnitude.
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ac and dc

ATS STS
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FIG. 12. (a) Circuit structure of ATS and STS. The circuit con-
tains one inductor and two symmetric JJ branches, while the flux
of the two loops can be biased at different working points, result-
ing in even or odd driving terms. The coefficients cdriven

n of driven
terms for the ATS and STS working points, [Eq. (C2) and Eq.
(C7)], are shown in (b),(c), respectively. In ideal cases, the static
nonlinearity vanishes for both ATS and STS working points.

We compare the NEMS-5 with ATS and NEMS-3 for
generating odd-order interactions. Similar ϕZPF are chosen
for both comparisons to maintain consistent scaling ratios
for nonlinear coefficients. The numerical results are given
in Table II. The numerical comparison of the odd-order
interactions shows the advantages and limitations of the
NEMS-5 device. For the advantage, NEMS-5 can elimi-
nate driving terms below the fifth order. Besides, the static
Kerr nonlinearity in NEMS-5 is similar to that in NEMS-3
and ATS. The trade-off is that the desired fifth-order term
produced by NEMS-5 is approximately 1/10 of that of
NEMS-3 and approximately 1/50 of that of ATS, under the
same magnetic-driving conditions. For experimental con-
venience, an alternative option is to use NEMS-3 instead of
NEMS-5 in generating a five-photon interaction. NEMS-
3 eliminates the most detrimental first-order term while
maintaining a moderate fifth-order term at 1/5 of that of
ATS. In the experiment, the participation factors pa and pb
[70] are limited by the linear coupling strength between the
modes and the nonlinear device. Utilizing a shared induc-
tor possibly increases the participation factors, offering a
way to enhance the coupling strength.

2. Stabilizing four-cat states with NEMS-4

Considering the nonlinear coupling to the environment
caused by the magnetic-driving line, here we propose
another method of stabilizing the four-cat state with an
NEMS-4 device as the nonlinear coupler. The schematic

FIG. 13. Diagram of stabilizing four-cat states with NEMS-4.
A NEMS-4 device linearly couples to a storage mode, with
the magnetic-driving line replaced by a magnetic-driving buffer
mode. The magnetic field in the buffer mode induces the fourth-
order driving terms in the NEMS-4 mode, effectively establishing
a passive 4-to-1 coupling. The circuit is equivalent to placing
a nonlinear material inside a buffer cavity to induce magnetic
coupling, which is then linearly connected to a storage cavity.

diagram is shown in Fig. 13(a). In this setup, an effective
buffer mode is constructed by replacing the magnetic-
driving line with a transmission-line resonator, while the
storage mode linearly couples to the NEMS-4 device. At
the NEMS-4 working point, the alternating magnetic field
in the driving-line resonator primarily induces fourth-order
drive in the NEMS-4 mode. Considering the quantum
nature of photons in the driving-line resonator, we obtain
the nonlinear coupling Hamiltonian between the storage
and the buffer modes:

Ĥc = gdriven
4

(
εZPFb̂ + εZPFb̂†

) (
paâ + paâ†)4

. (E8)

Compared to Eq. (B17), here we only consider the vacuum
fluctuation of one buffer mode. pa denotes the participa-
tion factor of the storage mode â in the NEMS-4 device. A
similar design has also been employed in stabilizing two-
cat states [81]. The coupling Hamiltonian only comes into
play when the frequency matching condition ωb = 4ωa is
satisfied between the two resonators. The circuit can be
viewed as embedding a nonlinear device, NEMS-4, within
a buffer resonator to induce magnetic coupling while con-
necting it linearly to a storage mode. The electromagnetic
field in the buffer resonator and the nonlinear device is cou-
pled through mutual inductance, thus inducing the desired
4-to-1 coupling interaction.

For comparison, we conduct a numerical comparison
between the NEMS-4 and STS for generating even-order
interactions, as shown in Table III. The numerical result of
generating even-order interactions reveals the advantages

054031-26



ENGINEERING THE NONLINEARITY. . . PHYS. REV. APPLIED 23, 054031 (2025)

TABLE III. A numerical comparison between NEMS-4 and STS in implementing higher-order driven Hamiltonians. We choose
similar ϕZPF to maintain consistent scaling ratios for nonlinear coefficients. Compared to STS, NEMS-4 fully eliminates the second-
order term but reduces the fourth-order term to 1/15.

NEMS-4 STS

Circuit parameter
Inductor branch EJL , nL EJL = 180 GHz, nL = 10 EJL = 180 GHz, nL = 10
Capacitor EC 231 MHz 151 MHz
Josephson branch EJi , ni EJ1 = 4.5 GHz, n1 = 1 EJ1 = 18.0 GHz, n1 = 1

EJ2 = 18.0 GHz, n2 = 2 EJ2 = 18.0 GHz, n2 = 1
Flux control φe1 = 1.25π + ε(t) φe1 = 0.5π + ε(t)
Scheme φe2 = 0.5π + 0.5ε(t) φe2 = 0.5π − ε(t)
Static Hamiltonian
Frequency 7.14 GHz 4.67 GHz
ϕZPF 0.36 0.36
g3(â† + â)3 0 0
g4(â† + â)4 −0.12 MHz −0.12 MHz
Flux-driven Hamiltonian
gdriven

1 εd(â† + â) 0 0
gdriven

2 εd(â† + â)2 0 2.33 GHz · εd
gdriven

3 εd(â† + â)3 0 0
gdriven

4 εd(â† + â)4 1.67 MHz ·εd 25.2 MHz · εd
gdriven

5 εd(â† + â)5 0 0

and limitations of the NEMS-4 device. On the positive
side, NEMS-4 significantly reduces the undesired second-
order driving term, surpassing STS by 3 orders of magni-
tude. Therefore NEMS-4 effectively minimizes the impact
of low-order residual interactions. On the downside, the
desired fourth-order driving term is reduced by one order
of magnitude, limiting the intensity of the four-photon
driven-dissipation process. Increasing the magnetic flux
density by adopting high-inductance connecting wires may
enhance the coupling strength.
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