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We study the implementation of holonomic quantum gates preserved from arbitrary single-qubit and
two-qubit decoherence or errors using a dynamical decoupling approach. To integrate the holonomic fea-
ture with the dynamical decoupling technique, we require only one auxiliary qubit for single-qubit gates
and no auxiliary qubit for two-qubit gates. Our scheme uses far fewer physical qubits to achieve this
integration compared to existing proposals in the literature. Moreover, the scheme is based on system
interactions that can be experimentally realized with superconducting qubits. These advantages suggest
that our scheme is a promising step toward developing noise-resistant quantum devices.
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I. INTRODUCTION

One of the key challenges to further progress quan-
tum computation is to realize noise-resilient gates using
available experimental techniques. Over the years, var-
ious schemes have been proposed to achieve geometric
gates that preserve quantum gates from imprecise control
of system parameters [1-6]. Among these schemes, one
promising approach is the use of holonomic gates, which
can be implemented using either higher energy levels [7] or
auxiliary qubits [8]. The use of higher energy levels raises
concerns about decoherence in the higher excited states.
This makes using auxiliary qubits more attractive, as they
are more stable over time than higher energy levels.

Dynamical decoupling (DD) offers an active method
to reduce the effects of noise on qubits and extend qubit
coherence [9—15]. The effectiveness of DD is well estab-
lished and has been extensively studied both theoretically
and experimentally; however, if not properly designed, DD
can unintentionally disrupt the desired gate Hamiltonian(s)
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while attempting to remove decoherence or errors. There-
fore, ensuring compatibility between DD and the desired
gate Hamiltonian(s) is crucial when implementing the DD
technique in physical systems. This compatibility can be
achieved through the control of system parameters or by
establishing commutation between DD pulses and desired
gate Hamiltonian(s), among other methods. Previous stud-
ies have demonstrated that DD can effectively combat
arbitrary single-qubit and two-qubit decoherence or errors
[16,17].

Single-qubit decoherence or errors arise from system-
environment interaction of the form Hsg = Zs’i 05 ® B,
where oy (s = x,y,z) represents the corresponding Pauli
matrices and B describes the operator acting on the envi-
ronment. The interaction causes fluctuations in oy; on
the ith qubit. Two-qubit decoherence or errors arise from
noisy couplings between two qubits, described by Hiper =
Y0504, Where s, = x,y, z. These may result from spu-
rious interqubit couplings or Hsp according to perturbation
theory.

To address various types of noise, the above methods
have been incorporated into established schemes [18-22].

© 2025 American Physical Society
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Traditionally, the implementation of single-logical-qubit
gates requires two or three physical qubits, while two-
logical-qubit gates necessitate four to six physical qubits,
allowing for the simultaneous preservation of geometric
and DD advantages. Consequently, the need for a sufficient
supply of physical qubits is an unavoidable requirement
in these known schemes, which may pose a challenge in
practical experiments where such resources might not be
readily available. This is the first shortcoming hindering
the development of the integration of the two methods.
Secondly, in the known schemes, the required gate Hamil-
tonians involve multiple two-qubit interactions that may
not be easily achievable or may induce more errors due to
the complexity of the gate Hamiltonians. The experiment-
unfriendly gate Hamiltonians impose another hindrance to
integration.

In this work, we present a scheme to integrate holo-
nomic and DD approaches based on experimentally
achievable Hamiltonians with single-qubit terms, aided
by one two-qubit coupling. The simple Hamiltonians lead
to desirable tunability in system parameters with current
experimental techniques, which enables the easy applica-
tion of the DD technique in the system. We show that our
scheme is protected from both single-qubit and two-qubit
decoherence or errors. Specifically, one auxiliary qubit is
required to facilitate the realization of single-qubit holo-
nomic gates and no auxiliary qubit is needed for executing
two-qubit holonomic gates. The auxiliary qubit is used for
single-qubit holonomic gates to eliminate concerns about
the decoherence of higher energy levels, which would be
an extra source of errors if higher energy levels were used
instead of an auxiliary qubit. Although using the auxiliary
qubit requires slightly more physical qubits, fortunately,
one auxiliary qubit can be shared by different data qubits
because the auxiliary qubit remains in its ground state
during system evolution.

Our scheme therefore has three main advantages over
known approaches. First, it is not resource-demanding, as
only a few auxiliary qubits are needed. For example, four
auxiliary qubits are needed given a 2D circuit of 16 data
qubits, with one auxiliary qubit shared by four data qubits.
Second, the gates in our scheme are protected not only
from single-qubit but also from two-qubit decoherence or
errors. Lastly, our scheme is experimentally realizable due
to the simple forms of the desired gate Hamiltonians. The
experiment-friendly nature of our scheme makes it a timely
contribution to the development of noisy intermediate-
scale quantum devices. By combining geometric and DD
features, our scheme enhances the designs of these devices.

II. HOLONOMIC QUANTUM GATES

Our scheme uses some single-qubit gates and
control-NOT gates to effectively achieve the desired
qubit-qubit interactions for implementing a universal set

of DD-holonomic integrated quantum gates. The prelimi-
narily required gates are as follows:

I, =H,

T . T
[T, = cos Zax + sin Zay, (D
13 = CNOT,

where H represents the Hadamard gate and CNOT repre-
sents the control-NOT gate. These do not usually possess
geometric features but can be protected by DD techniques
from single-qubit and/or two-qubit decoherence or errors,
given tunable system parameters.

We first illustrate the implementation of two-qubit holo-
nomic gates with a system Hamiltonian for two physical
qubits with single-qubit terms only, H; = (£2,1/2)0, 1 +
(61/2)021 + (82/2)0.2 — (252/2)0x2, where £, and
Q,, represent controllable external drivings on qubits 1
and 2 in the y and x directions, respectively, and §;, are
the detunings of qubit frequencies for qubits 1 and 2.
When Q,; =8, =Jy and Q,, = §; =J;, we obtain an
equivalent form of H; as follows:

Jo Ji Jo Ji

Hl = 3Gy,1 + 30'2,1 + 302,2 - Eax,Z- (2)

We then entangle the two qubits with entangling oper-
ation, so that the Hamiltonian becomes H; = (IT1; ®
) ,H 5 (07 @ 1), where T} = (5, ® M) 5L ®
H;) and [, represents the 2 x 2 identity matrix. The Hamil-
tonian H; is rewritten as

_ J
Hl = EO(O'X,IO'X,Z + o'yylo'yl) + 51(0.)"1 - Ux,laz,Z)' (3)

Define Q= ,/J§ +J} and 6 =tan"'(Jy/J)). At T=
7/, the evolution operator resulting from H; is written
in the basis {|00),[01),]10),|11)} as [23]

10 0 0
0 —1 0 0

U=10 0 cos20) —sin@o) | @
0 0 —sin(20) —cos(209)

The holonomic property of the two-qubit gate U; can
be seen by rewriting A, as H; = Q(sin6 |01) (10| +
cos 6 |01) (lll) + H.c. Define two subspaces Sy = {|00),
|01)} and S; = {|10),]11)}, with the corresponding pro-
jection operators Pgs, = |00) (00] + [01) (01| and Ps, =
[10) (10| 4 |11) (11]. According to H;, we can observe
Rabi oscillations between |01) and sin6 |10) 4+ cos 6 |11),
or equivalently between Sy and S. Due to the Rabi oscil-
lation, the system evolves out of the subspace S; (j = 1,2)
with time and then returns at = T. In other words, the sys-
tem completes a cyclic evolution in S; at # = 7. In addition
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to the cyclic evolution, we also find Peg; (t)FIlPSj (® =0,
where Ps, H=U, (t)PSj UI (1), with U, (¢) being the evo-
lution operator obtained from H,. As aresult, U, possesses
geometric features [7,23,24].

It is apparent that U, also leads to a set of holonomic
single-qubit gates when the first qubit is set as an auxil-
iary qubit. If qubit 1 is initially prepared in state |1), it is
clearly shown that noncommuting single-qubit gates act-
ing on qubit 2 are realizable from Us; = — sin(26)o, +
cos(20)o,. Therefore, the implementation of the single-
qubit gates relies on engaging one auxiliary qubit that
remains in its ground state at t = 7.

To realize a set of universal holonomic gates, we con-
sider another Hamiltonian

Jo Ji Jo Ji

—O0y1 — =0y2+ —0:2+ —0x1, 5

Hy =
2 2 2 2

where Jy and J; are similarly controllable system param-
eters related to external drivings and energy shifts. We
then transform it to A, = (I, ® M) H, 15 (1] @ 1))
to obtain

_ Jo Ji
HZ = 7(0')(,10)(,2 + Jy,la)/,Z) + 7(0');,2 - Gy,2az,l)- (6)
In a similar way, we equivalently have H, = Q( sin6 |01)

(10| +icosO |11) (IOI) + H.c. The corresponding evolu-
tion operator at 7 = 7/ 2 is given as

1 0 0 0
0 cos(20 0 isin(26

V=10 (() : 1 é 1o
0 —isin28) O —cos(20)

Based on H,, Rabi oscillation now occurs between
[10) and sin 6 |01) + icos 6 |11), and comparably between
S, =1{100),[10)} and S; = {|01),[11)}. With the two
new subspaces S and Sj, we introduce the correspond-
ing projection operators PS(/) = |00) (00] + |10) (10| and
PSi =101) (01| 4+ |11) (11]. At t = T, the system under-
goes a cyclic evolution in the subspace S/ (j = 1,2), sep-
arately. Together with the condition that P, s () H,P s/ ) =

0, where P 5] ) =U,®)P 5] U;(t) and U, (¢) is the evolution

operator obtained from H,, we conclude that U, describes
holonomic two-qubit gates [7,23,24]. When qubit 2 is
initially in its ground state, we obtain another type of
single-qubit gate, Uy, = — sin(26)o, + cos(20)o:, acting
on qubit 1.

The holonomic Hadamard gate can be obtained from
Us; with an appropriate value of 6. Geometric rotations
about the x axis are realizable via two steps from U,
as €9% = Uy (0,)Ugp(6)), where o = 20, — 26,. Given
the holonomic Hadamard gate and rotations about the x

axis, we can achieve holonomic rotations about z axis,
€7z = He"xH . Together with the nontrivial holonomic
two-qubit gates U; and U,, a universal set of holonomic
quantum gates can be implemented.

It should be noted that Uy, can be obtained from H,;
with an additional local transformation described by 14 =
e’i%”z, without the need to revert to H,. This connection
is easy to grasp when one realizes that H; and H, both
contain only single-qubit terms and can this be related by
local transformations. The newly transformed H is written
as H = (T4 ® M) (I ® )T H 15 (I ® T (I ®
HZ), and we obtain

_ J J
Hl/ = EO(O'X’IUX’z + Gy,la)),z) + El(ay,] - O—)/,10’2,2)' (8)

In a similar way, we equivalently have I_{l’ = Q(sin@

[10) (01| +icos@ |11) (Oll) 4+ H.c. The -corresponding
evolution operator at 7 = 7/ 2 is given as

1 0 0 0
0 -1 0 0

V=10 0 cos20) isin2o) |* O
0 0 —isin(20) —cos(20)

Based on H {, Rabi oscillations now occur between [01)
and sin 6 [10) 4+ icos 6 |11), and similarly between Sy and
S1. At t = T, the system undergoes a cyclic evolution in
the subspace S; (j = 1,2). We can also ensure the condi-

tion Ps, () H|Ps, (t) = 0, where Pg, (1) = U, ()Ps, U, (1),
with U () being the evolution operator obtained from
H{. Therefore, U, represents holonomic two-qubit gates
[7,23,24]. If we consider qubit 1 as an auxiliary qubit, we
obtain Uy = — sin(26)o;, + cos(20)o. acting on qubit 2
when qubit 1 is in its ground state.

In the following, we discuss the execution of our pro-
tocol in superconducting systems as an example. For
IT; 5, we use the following Hamiltonian H;y = (w,/2)o. +
Qp cos(wyt + ¢r)o, to realize them, where w, is the
frequency of the qubit, and ; and ¢; (k=x,y) are
the Rabi frequency and the phase of the correspond-
ing external driving. Applying a unitary transforma-
tion Uy = e "®0/2%! e can obtain a frame-rotated
Hamiltonian when w; = wgo and w; > Q, as Hy =
(8/2)0; + Qi/2(e ko + €Po_), where § = w, — w,0
is the detuning of the qubit frequency, and oL = %(ogC +
io,). Moreover, €2 is controllable as it comes from exter-
nal driving. For §, it is also controllable in supercon-
ducting qubits as the qubit frequency can be tuned [25,
26]. Depending on the values of 8, 2, and ¢, we can
achieve Hyy = (R2,/2)o, + (2,/2)0, or Hyy = (§/2)0. +
(2x/2)0,. By appropriately letting the system evolve over
time, I1;, can be obtained as a result. For the CNOT gate,
some research groups have demonstrated tunable o, ® o,
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coupling and control-Z (CZ) gates with a fidelity above
99.8% experimentally in superconducting qubits [27,28].
The CNOT gate is locally unitarily related to the CZ gate,
and thus both the CNOT gate and tunable o, ® o, coupling
are achievable in superconducting qubits. Similarly, H,;
and H, are realizable in a manner similar to that for H,
or H,, in the presence of two qubits.

III. IMPLEMENTATION WITH DD INTEGRATED

To implement the above-mentioned holonomic gates,
two physical qubits are required for each gate, whether
for single-qubit or two-qubit gates. As a result, single-
qubit or two-qubit decoherence or errors may arise
in experiments involving our scheme. Nonetheless,
the geometric gates can be preserved from such
decoherence or errors by using the DD technique.
To combat arbitrary single-qubit and two-qubit deco-
herence or errors, represented by the error opera-
tors in the set & = {oy;,0,,0xj,0xi0y,0y,0¢j,0xi0-,
02,i0x,j 5 0y,i0y,j 5 0y,i0z 5,020y j, 0707 }, where s = X,y,Z,
we use the 16-step DD sequence given by (o:;[-]o-;)
(Uz,i["]Uz,i) (Uz,iazJ["]Uz,iGzJ)["]: where [-] = (UXJ[’]GxJ)
(ax,i[-]ax,i) (ax,iax,/ [-lov.iox J)[-], and [-] represents the evo-
lution operator over a period of T = 7/(16n), with T being
the total time to execute the gate and » being the number
of repetitions of the 16-step DD pulses [17].

The success of the DD approach depends on the tunabil-
ity of system parameters to ensure that we do not inad-
vertently eliminate desired system Hamiltonians. Given
controllable system parameters, both the necessary pre-
liminary gates I1;,3 and the gates U, Usis can be
made approximately robust to single-qubit and two-qubit
decoherence or errors when DD pulses are applied. For-
tunately, superconducting qubits or trapped ions represent
promising platforms for quantum computation, as they
offer adjustable system parameters [25—40]. Therefore,
our scheme is potentially realizable in experiments using
current techniques.

The protection of IT;,3 can be understood from the
discussion regarding the performance of a universal set
of decoherence-protected gates provided in Ref. [17]. For
single-qubit gates I, », it is efficient to remove the deco-
herence or errors using periodic DD (PDD). This involves
a base succession of pulses o, (-)o,(-)oy(-)o.(-), where
(-) represents the evolution operator over a time interval
7, = To/(4n,), with T being the desired evolution time
and n, being the number of repetitions of the PDD base
pulses, with appropriate adjustment of the system param-
eters to ensure that the desired gate Hamiltonians remain
unchanged at each step. As for I3, it is achievable through
a CZ gate, which is effectively discussed in Ref. [17], along
with Hadamard gates that correspond to IT;. To implement
a CZ gate, a 16-step DD sequence is needed to counter both
single- and two-qubit decoherence or errors.

TABLE I. Required system parameters for the evolution gov-
erned by H at each step to ensure compatibility with the 16-step
DD scheme.

Step Jjoo—y,l ‘% 02,1 J70 02,2 - 171 Ox,2
1st [] Jo—).]() J] —)J] J()-)J() J1 —)Jl
2nd [] J() — —J() J] — —J1 Jo — —J() J1 — J1
3rd [] J0—> —Jo Jl d —J1 J0—>J0 J1 —>J1
4h[]  Jo—do  S—= Jo— —Jo S —Ji
5th [1 Jo— —Jy J1 = J; Jo— Jo J1— =N
6th [] .]0 — .]() J] e —J1 .]0 — —J() J1 — —.]1
7th [] J() — J() J] - —J1 J() - J() J] — —Jl
8th [1 Jo— —J J1 = J; Jo — —Jy J1— =N
9th [] J0—> —JO J1 —)Jl J0—>J0 J1 —>J1
10th[] Jo—=dJo Ji— —Ji Jo— —Jo Ji—
llth[] Jo — Joy J— =N Jo— Jo J—= J
12th[] Jo— —Jo Ji—J  Jo— —Jo Sy —Ji
1Bth[] Jo—dJo JS—=J  Jo—Jy S — —J
14th [-1 Jo— =N J— =N Jo — —Jp J1— =N
15th[[] Jo— —Jo J1— =i Jo—Jo Ji— —J
16th[] Jo—dJo Ji—=J  Jo——Jo Ji— —J

Next, we explore the performance of the DD sequence
in the protection of U, ,, which is realized through three
subevolutions. The first and third subevolutions involve
combinations of I, 3, and the second is related to H .
Since we already discussed the preservation of I1j53 in
the previous paragraph, we now focus on the system evo-
lution governed by H ». This requires consideration of two
qubits simultaneously, and 16-step DD pulses are engaged
to preserve the system evolution from any error in the set
&. Some of the DD pulses may change the desired Pauli
operators to negative ones, so it is necessary to tune the
system parameters prevent such undesired changes. The
required system parameters for the evolution controlled by
H, and H, are listed in Tables I and II, respectively, for all
16 steps of the system evolution.

The protection of U, using the 16-step DD scheme
can be demonstrated via numerical explorations. In this
context, we assume that the preliminary gates I1;,3; are
available and ideal. In the following, we investigate the
preservation of the evolution controlled by H;,. When
considering errors or decoherence, the total Hamiltonian
is written as Hy = H;, + H,, where H, is the stochastic
error term [17] and is given by

H, =Y 1oy + Y Ahouioma, (10)
JsSs s,t

in which j = 1,2 and s, =x,y,z. In the expression for
H,, A\y” and 1%, describe the strengths of stochastic errors
that are dependent on time and act in various directions.
Experiments based on superconducting qubits have sub-
stantiated our model [41,42]. The energy relaxation rates
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TABLE II. Required system parameters for the evolution gov-
erned by H, at each step to ensure compatibility with the 16-step
DD scheme.

Step ‘% Ox,1 - % Oy % 0z, ‘1270 Oy.1

Ist [] J] —>J1 J] —)Jl Jo—).]() J()-)J()
2nd [] J] — J] J1 — —J1 Jo — —J() Jo — —Jo
3rd [] Ji = Ji Ji—=>J Jo—>Jo  Jo—> —Jo
4th [-] Ji—> J J1 —> = Jo — —Jo Jo— Jo
Sthl] S-St Si—>-=N1 J—=>d Jo—>—h
6th [] J1 — —Jl Jl —> Jl JO — —JO J() —> J()
7th [-] J1 —> = J1 —> =N Jo— Jo Jo— Jo
8th [] Ji— =N J1 = J; Jo— —Jo Jo— =D
9th [] J1 — —J1 Jl —> Jl J() —> J() J() — —J()
W0th[-] Ji— =T, Ji— =Dy Jo— —Jo Jo—Jo
11th [] J1— =N J1 = J; Jo — Jo Jo — Jo
120 [] S = —S1 Ji— =T Jo— —Jo o= —Jo
13th[] ST J——-I J—=h Jo—Jo
14th [] J—=> J1 = J; Jo— —J Jo— =N
15th[] Ji—=Ji  J— = Jo— o Jo— —Jo
16th [-] Ji1—> J Ji—> J Jo — —Jo Jo — Jo

of qubits are limited by fluctuations in the transition ener-
gies, which arise from various sources of noise. As dis-
cussed in Refs. [41] and [42], these energy relaxation
rates are associated with energy shifts induced by vari-
ous sources of noise, such as charge noise, low-frequency
critical-current noise, and flux noise. This indicates that
decoherence can be captured by modeling small fluctu-
ations in the terms of the Hamiltonian. In the two-qubit
setting, crosstalk can emerge from inadequate isolation of
control lines, unintended coupling between qubits, or spu-
rious modes, prompting us to include fluctuations in the
qubit-qubit coupling terms. In practice, some of these error
terms may be absent depending on the qubit design. DD
techniques are effective against correlated noise [43,44],
as they require noise correlation times that are longer than
the DD pulse lengths. In our calculations, the stochastic
strengths of the noise are modeled by samples drawn from
a Gaussian distribution. As we are using a finite number of
samples, these samples inevitably exhibit interdependence,
thereby approximating correlated noise.

We numerically explore our scheme using supercon-
ducting transmon qubits. With transmon qubits, single-
qubit decoherence may be due to the quasiparticle
tunneling across Josephson junctions [45,46] and cou-
plings to near-resonant two-level systems [46—50]. For
transmon qubits, two-qubit decoherence is commonly
related to microwave crosstalk [51,52] and residual
interqubit coupling [53]. We consider transmon qubits with
lifetimes of the order of tens to hundreds of microseconds
(decay rates of 0.1 to 0.01 MHz) [48-50]. As noted in Ref.
[41], energy shifts induced by errors are typically of the
same order as the qubit decay rate (~ MHz). Hence, we
set the magnitudes of the fluctuations in our calculations

TABLE III.  Average fidelities of U; and Uy, 5, in the absence
(presence) of errors and DD pulses with ideal preliminarily
required gates. When DD pulses are applied, we set n =3,
meaning the 16-step DD sequence is repeated three times.

Gate Without errors With errors

F F without DD F with DD
U, 1 0.2671 0.9966
Uy 1 0.1795 0.9963
Uy 1 0.5772 0.9954

to be around 27 x 5 MHz. Even though current decay
rates are below 1 MHz, we intentionally choose fluctuation
magnitudes in the MHz range to demonstrate that our pro-
tocol remains effective for qubits with shorter coherence
times, provided enough DD pulses are applied. The time
dependance of the fluctuations is simulated by generating
random numbers from a Gaussian distribution with a mean
of 21 x 5 MHz and a standard deviation of 27 x 1 MHz
when solving the differential equation numerically.

We take U;, Uy, and Uy, as examples to examine the
protection offered by the DD technique, assuming that
the preliminarily required gates are ideal. The system
parameters are selected as 2 = 2w x 40 MHz [54] and
0 = —m/8, leading to Jy = 27 x 40 x sin(—x/8) MHz
and J; = 27 x 40 x cos(—mr/8) MHz. From 50 randomly
selected initial states, we obtain the average fidelities of
the gates in the absence or presence of errors, with and
without DD pulses applied. For Uj, the initial state is

of the form ) = 1/(/3 4o Il (5 o @ R))-
The gates Uy 5 can be realized by preparing the auxiliary
qubit in its ground state initially and varying the super-
position coefficients in data qubit. The numerical results
are presented in Table III. As expected, the quantum gates
perform perfectly in the absence of errors, as there is
no approximation involved in H,,. In contrast, given the
errors from the set £, U; and Uy 5 are adversely influ-
enced by the errors when no DD pulses are applied. The
16-step DD scheme effectively preserves the gates, as seen
in our calculations, where we repeat the DD pulses three
times. In practical cases, the preliminarily required gates
[T, 3 cannot be ideal, but they can still be approximately
protected by the DD technique. The small errors in the
preliminarily required gates will only slightly reduce the
performance of U; and Uy .

IV. CONCLUSION

To summarize, we have explored a scheme for imple-
menting decoherence-protected holonomic gates, which
relies on the system Hamiltonians (2) and (5), contain-
ing single-qubit terms, with the help of three preliminarily
available nongeometric gates. We have shown that the
gates achieved possess geometric properties, making them
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robust against control imperfections in the Hamiltonians
(2) and (5). To be specific, we use one auxiliary qubit
to execute single-qubit holonomic gates on data qubits,
avoiding the concerns related to decoherence from higher
energy levels. For two-qubit holonomic gates, no auxil-
iary qubit is needed. Therefore, our scheme requires fewer
resources than existing protocols in the literature, which
typically require two or three physical qubits to form a
logical qubit. We would like to highlight that the geomet-
ric protection applies only to the parameters in H;, and
does not extend to the parameters used in implementing the
preliminarily required gates. This limitation also exists in
other schemes for geometric-DD integrated quantum gates
when transformations are needed to achieve the required
gate Hamiltonians. On the positive side, our scheme only
requires three preliminary nongeometric gates, from which
a universal set of holonomic gates can be realized.

The simple form of the Hamiltonians (2) and (5) makes
our scheme realizable with current experimental tech-
niques and allows for the tunability of the parameters.
As a result, the DD techniques can be incorporated into
the scheme. The evolution governed by these Hamiltoni-
ans can be protected from both single-qubit and two-qubit
decoherence or errors with the DD approach discussed
in Ref. [17]. Moreover, the preliminary set of nongeo-
metric gates can also be preserved from errors using the
DD approach. There are two single-qubit gates and one
two-qubit gate in the set. The single-qubit gates can be
protected using PDD, and the two-qubit gate preserved by
the 16-step DD approach. Finally, the gates in our scheme
can be safeguarded from not only single-qubit but also
two-qubit decoherence or errors at every step of system
evolution. Our scheme offers several advantages that are
particularly attractive for experimental implementation,
providing a promising path toward developing quantum
devices with both geometric and DD protections.
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