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We present an exact n-qubit computational-basis amplitude encoder of real- or complex-valued data
vectors of d = (Z) components into a subspace of fixed Hamming weight . This represents a polynomial
space compression of degree k. The circuit is optimal in that it expresses an arbitrary data vector using
only d — 1 (controlled) reconfigurable beam splitter (RBS) gates. It is constructed by an efficient classical
algorithm that sequentially generates all bitstrings of weight £ and identifies the gates that superpose the
corresponding states with the correct amplitudes. An explicit compilation into CNOTs and single-qubit
gates is presented, with the total CNOT-gate count of O(kd) provided in analytical form. In addition,
we show how to load data in the binary basis by sequentially stacking encoders of different Hamming
weights using O(d log(d)) CNOT gates. Moreover, using generalized RBS gates that mix states of different
Hamming weights, we extend the construction to efficiently encode arbitrary sparse vectors. We perform
a proof-of-principle demonstration of our scheme on a commercial trapped-ion quantum computer. We
successfully upload a g-Gaussian probability distribution in the non-log-concave regime with » = 6 and
k = 2. We also illustrate how the effect of hardware noise can be alleviated by quantum error mitigation.
Numerically, we show how our encoder can improve the performance of variational quantum algorithms
for problems that include particle-preserving symmetries. Our results constitute a versatile framework
for quantum data compression with various potential applications in fields such as quantum chemistry,

quantum machine learning, and constrained combinatorial optimizations.
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I. INTRODUCTION

Amplitude encoding schemes in the basis of Hamming-
weight-k (HW-k) states of n qubits correspond to an inter-
esting regime of polynomial space compression, with n €
O (kd"/*) for data vectors of size d [1-4]. They represent a
middle ground between two distinct encoding scenarios.
On one side, there is an amplitude encoding scheme of
zero compression that efficiently loads data in the unary
basis [5-9]. On the other, there are techniques to load
amplitudes in the binary basis, which provides exponential
compression [10—18] but requires a number of two-qubit
gates that grows exponentially with n [19-22]. Moreover,
HW-k encoders have the additional benefit of being the
natural subspace for applications in fields such as quantum
chemistry, due to the particle-preserving nature of typi-
cal Hamiltonians [1,2,23-25]. They have also been used
in the context of quantum machine learning [3,4,6—8,26]
and quantum finance [5,9,27,28]. When used as variational
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circuits, they take advantage of the reduced subspace to
mitigate the barren plateau problem [26,28,29].

Current proposals for HW-k encoders present some
drawbacks in practice. For instance, Refs. [3,8] use
the aforementioned unary-basis encoders as subroutines.
While these approaches allow for the generalization to
HW k > 1 using only two-qubit Givens rotations, they
require orthogonalization of the input data [7] or solving
nonlinear systems of (;) — 1 equations to compute the rota-
tion angles [3]. In this work, we address these classical
overheads while still performing an exact encoding.

We present an exact, auxiliary-qubit-free amplitude
encoder for real and complex data in HW-k subspaces.
We describe a classical algorithm that, given an initial bit-
string of Hamming weight & and a data vector of size d,
outputs instructions for a sequence of (controlled) Givens
rotations and their respective angles in the hyperspherical
coordinates of the data vector, making it efficient to com-
pute. An explicit compilation into CNOTs and single-qubit
gates is presented, with the total CNOT-gate count of O (kd)
provided in analytical form. Moreover, our HW-k encoder
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can be used as a subroutine to power more complex algo-
rithms. For instance, by combining all Hamming weights
k < n, we obtain a binary encoder using O(d log(d)) CNOT
gates. Using a generalized reconfigurable beam splitter
(RBS) gate designed to superpose states with different
Hamming weights, we extend our methods and derive
a procedure to load data in the paradigm of the classi-
cal sparse-access model. We deployed a proof-of-concept
instance on the Aria-1 ion-trap quantum processor from
IonQ [30], uploading a g-Gaussian probability distribution.
The results of the demonstration were further enhanced
using a well-known error-mitigation technique called Clif-
ford data regression [31,32]. Numerically, we performed
two demonstrations: first, we analyzed the effects of cir-
cuit noise in the fidelity of the encoder under a simple
noise model; then, we showed how the state encoder can
also be used as a variational quantum ansatz, making it a
promising candidate for problems with particle-preserving
symmetry.

The remainder of this paper is structured as follows.
In Sec. II, we introduce the gates used in our algorithm.
Then, we present our framework for HW-k encoders in
Sec. III. Sections IV and V expand on the sparse and binary
encoders, respectively, using the fixed-HW-k encoder as a
subroutine. In Sec. VI A, we show the deployment of our
HW-£k encoder on quantum hardware, and we conclude in
Sec. VIL

II. PRELIMINARIES

A. Notation

Let b € {0,1}®" be a bitstring of length n and |b| its
Hamming weight (HW); given two bitstrings b and &/, their
Hamming distance is |b @ &'|, where @ is addition mod
2. For convenience, we refer to the HW of a computa-
tional basis state |b) as being the HW of the bitstring b,
and both are used interchangeably. The value of the j th bit
of a bitstring b is denoted by b(j ). Given a set Z, we denote
its complement by Z.. We also use the shorthand notation
[d]:={1,2,...,d}.

Here, we introduce gates that superpose two compu-
tational basis states with tunable amplitudes. These will
be the building blocks for our encoders. We define the
single-qubit Pauli-Y rotation as R, (9) := e’ This gate
superposes the two computational basis states |0) and |1)
of a single-qubit subspace by acting as

R, (0) |0) = cos(0) |0) + sin(6) [1),

R, () |1) = cos(9) |1) — sin(8) |0) . M

When acting on a multiqubit state, (controlled) R, (@) rota-

tions can be used to superpose any two computational basis
states of Hamming distance 1.

Another gate of interest is one creating a superposi-

tion between two computational basis states of Hamming

jf — H R,(0/2) H R.(~¢/2)—
S—r,(0/2— R:(¢/2)L
0,
¢ Ry(6) — R:(9)
I B N
FIG. 1. Two possible compilations of the complex RBS gate

R™ (9,¢). Colors indicate the input (blue) and output (green)

qubits. Top: compilation using two CNOTs and single-qubit gates.
Bottom: compilation using two CNOTs and two controlled Pauli
rotations; these rotations can be merged into a single controlled
SU(2) gate (see Appendix A 1).

distance 2 by acting only on a two-qubit subspace. Denot-
ing by in (out) the bit that has value 1 (0) in the first
state and O (1) in the second, we define the two-qubit gate
Riﬂn (6, ¢), which acts on qubits in and out, as

R™ (0,9) 10) = € cos(9) |10) + e~ sin(9) |01)
R™ (8,¢)|01) = e~ cos(9) |01) — € sin(6) |10) .

out

and as the identity elsewhere. We call R (9, ¢) a “com-
plex RBS gate,” reducing to the usual RBS gate for ¢ =
0 [33]. We also denote R (6,0) as R™ (9). In Fig. 1,
we present two possible compilations of the complex
RBS using CNOTs, R,(6), and R.(¢) := e "¥* gates. In
Appendix A 1, we show how to reduce the number of con-
trolled operations in the second compilation by merging
the two controlled Pauli rotations into a single controlled
SU(2) rotation. Definition 1 generalizes Eq. (2) for two
arbitrary computational basis states of possibly different

HWs.

Definition 1 (Generalized complex RBS gate; gRBS).
Let m,m' > 1 be integers, in:= {iny,...,in,} C [m+
m'], and out:= {out,...,out,/} :=[m+m']\in. Let
[1inOout) (I0in1out)) stand for the computational basis state
having m ones (zeros) at bit positions in and m’ zeros
(ones) at bit positions out. We define the generalized com-
plex RBS gate R" (0, ¢) relative to the input and output
sets in and out as the (m + m’)-qubit gate acting as

R (0,0) I1in Oguc)

= € cos(0) |1in Opue) + € sin(0) [0in Loue) ,
RE)‘:lt(Q’ ¢) |Oin 1out)

= ¢ cos(6) |0in Loue) — € sin(®) | 1in Ogue)

€)

on the two-dimensional subspace spanned by {|1in Ogut) ,
|0in Lout)}, and as the identity elsewhere.

044014-2



QUANTUM ENCODER FOR FIXED-HAMMING-WEIGHT. ..

PHYS. REV. APPLIED 23, 044014 (2025)

g1 —— s T
‘L I
q2 o Ry(6)
[’
q3 _X_

) I )
'H
FIG. 2. Possible compilation of the gRBS gate. An illustration
of the (m + m’)-qubit gRBS gate for m = 2 and m’ = 3, namely
iij(G ¢ = 0). This gate maps |11000) onto a superposition of
[11000) and [00111) with real amplitudes, according to Eq. (3).
Colors indicate input (blue) and output (green) qubits. We chose
the compilation in Fig. 1 (bottom), shown by the green dashed

box. Controlled-gRBS gates can be built by adding extra controls
to the controlled R, rotation. This compilation can be generalized

[
H

to R;ﬁ_s (0, ¢) by replacing the R, gate with a generic SU(2) gate
(see Appendix A 1).

Whenever needed, we will write down the gate
addresses  explicitly, ie., R (6,¢)= Rgi}tlw%”l’nm,
0,¢). For m' = m, the gRBS gate in Eq. (3) is HW-
preserving, reducing to Eq. (2) if m’ = m = 1. The latter
will be the basic building block of our fixed-Hamming-
weight encoder for dense data in Sec. III. Additionally,
gRBS gates with generic m, m’ superpose computational
basis states of possibly different HWs and will be used to
handle sparse data in Sec. IV and to build a binary basis
encoder in Sec. V.

In Fig. 2, we present a possible compilation of the gRBS
in Eq. (3) when ¢ = 0 (see Appendix A 1 for the general-
ization to ¢ # 0). The compilation proceeds as follows:
(i) choose any two qubits, one from the in set and one
from the out set, on which to apply an RBS gate—in this
example, R% (6) (green dashed box); (ii) add a network of
m + m’ — 2 anti-CNOT gates with the anticontrols on each
qubit selected in step (i) and the targets on all the other
qubits from the respective set (in or out); (iii) add the RBS
gate chosen in step (i), controlled by all the remaining
qubits from in and out—in thi
undo the anti-CNOT network of step (ii).

As explained in the following sections, our encoders
will repeatedly add a new component ‘b’) to a superpo-
sition state |y) by acting nontrivially only on the two-
dimensional subspace spanned by |b’> and one of the
existing components |b) of |y). This requires, in general,
controlled gRBS gates, as detailed in Lemma 1.

Lemma 1 (Adding a new amplitude to a state |\)). Let
n > 2 be an integer, b, b’ € {0, 1}*" bitstrings of Hamming
weights |b| and |b'|, respectively, and |¢) be an arbi-
trary n-qubit state having a nonzero amplitude along the

computational basis state |») but not along |b/ ) Let 7,7
be the sets of bits where b and &' have a 1, respectively,
and define the sets of input, output, control, and anticontrol
qubits respectively by in :=Z \ Z’, out := 7"\ Z, ctrl :=
ZNZ, and etrl := Z, N Z.. Their respective cardinalities
are denoted m, m', £, and £/, with m+m' + £+ € =n.
Then, the n-qubit multicontrolled gate CegicetrR™ (6, )
acts on |y) by superposing its |b) component with Tb’) asin
Eq. (3) while leaving all the other components untouched.
In particular,

(1) if m" > m and |b) is the computational basis state of
maximum HW in [y), the anticontrols can be removed and
the (n — ¢')-qubit gate cctrlRom(G,qﬁ) superposes |b) with
|b') of HW |b'] = |b] + (m' — m);

(2) if m" < m and |b) is the computational basis state of
minimum HW in |v/), the controls can be removed, and the
(n — €)-qubit gate cmR™, (6, ¢) superposes |b) with |b/ ) of
HW [b'] = |b] —

(m—m').

Our HW-k encoders in Sec. III fall in the scope of the
first subcase of the above lemma and, therefore, will be
based on multicontrolled gRBS gates. In Appendix A 1, we
show that a ceu,,_cul, Rout; " ou, , (6, ¢) gate can be com-
piled using at most 22(m + m’) + 20(£ — 1) CNOT gates,
with exact compilations provided for £ < 3 andm = m’ =
1, and upper bounds otherwise (see Lemma 2 and Table I
for a summary).

ITII. HAMMING-WEIGHT-k ENCODERS

We start this section by defining generic ampli-
tude encoders and parameter-optimal encoders. Next, we
present our Hamming-weight-k encoder.

A. Amplitude encoders

Let us define amplitude encoders for an arbitrary set of
computational basis states.

Definition 2 (Amplitude encoder). Let x be any d-

dimensional data vector, ||x| := «/27:1 Ix;1? be its £>-

norm, and B := {|b;): b; € {0,1}*"};¢(q) be a set of d
computational basis states of n qubits, with n > log, (d).
An amplitude encoder in the basis B is an n-qubit param-
eterized quantum circuit Loadp(x), with gate parameters
depending on x, such that

1 d
Loadg(x) |0)®" := I_Z ; 1b;). 4)

We explicitly distinguish between real-valued data vec-
tors, x € RY, and complex-valued ones, x € CH, since the
basic quantum gates will be distinct in each case. Gate
parameters in Definition 2 refer to rotation angles such
as 6 and ¢ introduced in Sec. II. The total number of
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parameterized gates in a given circuit may vary depending
on the specific circuit synthesis. In particular, in the case
of variational encoders, usual schemes [3,4] resort to over-
parameterization to reach the necessary expressivity to
encode an arbitrary vector x. We will present a deter-
ministic protocol to construct circuits using the minimum
number of parameters to express any x exactly. Our con-
struction is based on the observation that, due to the
£>-normalization in Eq. (4), we effectively encode the vec-
tor x/||x||, which lies in the unit (d — 1)-sphere for x € R?
or (2d — 1)-sphere for x € C?. Therefore, expressing an
arbitrary data vector requires exactly d — 1 and 2d — 1
real parameters, respectively. This motivates the following
definition of a parameter-optimal encoder.

Definition 3 (Parameter-optimal amplitude encoder).
An amplitude encoder Load(x) is parameter-optimal if it
uses exactly d — 1 gate parameters for x € R? or 2d — 1
gate parameters for x € Ce.

Efficient quantum data encoders using O(d) two-
qubit gates are known in the unary basis B =
Hbj> by €{0,1}®" and |b;| = l}je[d] [59]; however,
they require as many qubits as data entries (n = d) and
hence do not offer any space compression. The binary
basis Byinary = {|b;) : b; € {0,1}#"}, with n = [log,(d)1,
gives rise to exponential space compression, but the corre-
sponding encoders have exponential gate complexity [22].
In the next section, we study amplitude encoding on a
Hamming-weight-k subspace, i.e.,

By :={|b;) : b; € {0,1}*" and |b;| = k}je[d], (5)
with ke [n] and d= (Z) The amplitude encoder
Loadp, (x) operates in an intermediate regime of polynomial
space compression, n € O (kd'/¥). In Sec. V, we construct
a binary basis encoder combining HW-k encoders for all £,
since Bpinary = |} Br-

SUBROUTINE 1. Finding the next HW-£ bitstring

1 Input: bitstring b and indices marked of marked bits of b
2 Output: new bitstring b’ satisfying |b'| = |b| and
|b @ b'| =2, and updated list of marked bits

NEXTBS (b, marked)
p < max(marked)
if b(p) = 0 then

| ¢« index of nearest 1 to the right of p

> index of the pivot bit

9 U AW

else
9 ¢ + index of farthest 0 to the right of p, without
passing another 1

@®

10 b’ < b with p-th and ¢-th bits exchanged

11 j < starting index of the last sequence of equal bits in b’
12 marked' <+ marked \ {p}U{p+1,...,j—1}

13 > unmark bit p and mark all bits between p and j

14 return {b’, marked'}

B. HW-k amplitude encoder

In this section, we introduce an amplitude encoder
Loadp, (x) on a Hamming-weight-k subspace B; given by
Eq. (5). Hereafter, without loss of generality, the vector
x is assumed to have dimension d = (}). The resulting
quantum circuit uses the HW-preserving gates R (6, ¢)
introduced in Sec. II as basic ingredients. The circuit archi-
tecture is decided by a classical algorithm that generates a
sequence [b;];¢[a) of all HW-k bitstrings ordered such that
the Hamming distance |b; @ b; 1| between subsequent bit-
strings is 2. To generate these sequences, we use a Gray
code called Ehrlich’s algorithm [34]. This code receives
an initial bitstring b with |b| = k as input and outputs the
sequence of all bitstrings of HW k& by flipping only one
pair of bits at each step of an iterative procedure. The
total number of iterations is exactly (’Z) — 1. For complete-
ness, the procedure for one such iterative step is presented
in Algorithm 1. The fact that |b; @ b; 1| = 2 for every j
allows one to superpose the corresponding states \bj> and
\ij) using (controlled) RBS gates, as explained in Sec. II
[see Eq. (2)]. In Algorithm 2, we present a routine that,
given b; and b; |, computes the parameters {in, out, ctrl} of
the gate needed to superpose |bj) and |bj+1) as follows: the
Is that remain unchanged between bitstrings b; and b;
correspond to control qubits, while the bits that were 1 (0)
in b; and became 0 (1) in b; 1 are associated with the input
(output) of the RBS gate. The angles (6;,¢;) are coordi-
nates of the vector x/||x|| on the hypersphere and depend
on whether x € R? or x € C?. They will be presented in
Secs. III B 1 and 111 B 2 below.

The general procedures to construct circuits for x € R?
and x € C? are given by Algorithms 1 and 2, respectively.
These algorithms are classical and have four independent
routines that can be summarized as follows:

Summary of Algorithms 1 and 2

1. Use the Ehrlich algorithm (Subroutine 1) to gener-
ate a sequence [b;]c |y of HW-k bitstrings with
Hamming distances |b; & bj, 1| = 2 for all j;

2. Given bj and bj, 1, use Subroutine 2 to compute gate

addresses ctrl, in, out needed to superpose
states |b;) and |bj;1);

3. If x € RY, compute gate parameter 6 using Eq.
(7); if x € C4, calculate (Gj, (]J]') using Egs. (9)
and (10);

4. Add gate CCMRH;”(O/, ¢;) (or CCMRBT”(GJ-)) to
the circuit;

5. Repeat steps 2—4, Vj.
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SUBROUTINE 2. Getting gate addresses from b, b’

1 Input: two bitstrings b and b/, and set untouched of
indices of bits with value 1 in the initial bitstring

2 Output: Gate parameters {in, out, ctrl} needed to
superpose |b), |b’), and updated list of untouched bits

GATEADDRESSES (b, b/, untouched)

T < list of indices where b has an 1

I’ < list of indices where b’ has an 1

ctrl <« INIT'

in <« T\ ctrl

out < 1"\ ctrl

10 untouched « untouched \ {in,out}

11 > remove in,out since now they have been touched
12 ctrl « ctrl\ untouched’ > remove unnecessary controls
return {in, out, ctrl, untouched'}

O 0 N S Ul e W

=
w

We refer to the particular bitstring sequence generated
in step 1 of this summary as the Ehrlich ordering (see
Table II in Appendix B for an example with n» = 6 and
k = 2). It is worth noting that if one is required to encode
amplitudes into specific pre-established states |bj) (e.g.,
preserving standard binary ordering), then one must sort
the input data vector x beforehand to match the Ehrlich
ordering. Hereafter, we assume that either x is sorted in
Ehrlich ordering or that the data do not require a spe-
cific ordering. When that is not the case, more complicated
gates may be needed to superpose |bj) and \ijFthis is
the scope of the sparse-access model encoder discussed in
Sec. IV. Additionally, for k£ = 1, the circuit recovers the
unary encoding architecture [35].

A priori, the procedure above adds a controlled RBS
gate with exactly k£ — 1 controls to the circuit at each
iteration. This would result in the naive count of (Z) -1
controlled RBS gates in total with £ — 1 controls each;
however, several controls can be removed at the initial
iterations since the corresponding control qubits are in the
state |1) and have not yet been entangled with any other
qubit. The variable “untouched” in Algorithm 2 keeps
track of these disentangled qubits and is used to remove
unnecessary controls from the list of gates returned by the
naive algorithm. As a result of this optimization, the circuit
resulting from Algorithm 1 consists of "_(kfz) controlled
RBS gates having ¢ controls each, with £ + 1 € [k] (£ =0
corresponds to removing all the controls and £ =k — 1
to no removal). This leads to a significant reduction in
the total CNOT-gate count of the circuit. The total number
of parameterized gates, Y F_} ("_l(f:@) = (}) — 1, remains
the same, while the total CNOT-gate count of the optimized
HW-k encoder Loadp, (x) generated by Algorithm 1 is

k-1

#oNoTs = ) (n _K(—];I E)) C

=0

[ S

ALGORITHM 1. HW-k encoder for dense x € R¥.

1 Input: number of qubits 7, Hamming weight k, and
data vector x of dimension d < (})
Output: Quantum circuit C = Loadp, (x)

HWENCODER (1, k, x)
C « Circuit(n)
fori< n—k+1tondo
| Add gate X on qubit i to C

b« 1k0"—k > initial bitstring
o marked < {1,...,k} > indices of marked bits
10 untouched + {n—k+1,...,n} > indices of bits with
value 1 that have never been touched by an RBS gate
1 forj< 1tod—1do
12 {V', marked'} <— NEXTBS(b, marked)
13 {in, out, ctrl, untouched'} +
GATEADDRESSES(b, b, untouched)
14 Compute 6; from Eq. (7)

15 Add gate c ;R (0;)) to C

IO N R N S )

®

out
16 {b, marked, untouched} <+ {b', marked’, untouched'}

17 return C

where C, is the CNOT-gate cost of a single ¢-controlled
R (0, ¢) gate. The upper bound is the naive count with-
out simplifying initial controls. The latter will be the exact
CNOT count whenever the simplification is not possible
because the initial state already contains a superposition,
such as for the binary encoder in Sec. V. The precise val-
ues of C; depend on the compilation (see Appendix A 1)
and also differ for ¢ = 0 and ¢ # 0. We present explicit
expressions for each of these cases in Lemmas 2 and 3. We
observed heuristically that choosing 10" as the initial
bitstring in Algorithm 1 maximizes the removal of redun-
dant controls in the initial iterations. Furthermore, it has
the extra benefit of grouping the controls of some of the
subsequent controlled RBS gates. This opens the possibil-
ity of further reducing the total CNOT cost in the circuit
using one clean auxiliary qubit to control these groups of
gates all at once (see Appendix C). For simplicity, we only
present CNOT-gate counts for the implementation without
auxiliary qubits.

It is important to mention that, for HW k& > n/2, one
can avoid the costly implementation of (kK — 1)-controlled
RBS gates that would arise from the above procedure by
exploring the fact that HW-k bitstrings are the negation
of bitstrings of HW-(n — k). Therefore, a more efficient
circuit can be built by copying the architecture of an HW-
(n — k) encoder circuit with the negated initial bitstring and
controlled RBS gates replaced by anticontrolled RBSs;
however, this procedure only works if the initial state is
not in a superposition.

Finally, the way we construct the circuits naturally
yields the angles of the RBS gates in the hyperspherical
coordinate system. The next two subsections cover the
cases when x is real- and complex-valued, respectively.
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FIG. 3.

Fixed-Hamming-weight amplitude encoder. Circuit generated by Algorithm 1 with n = 6 and £ = 2 (see Table II for details).

Colors are used to indicate the input (blue), output (green), and control (violet) qubits of each controlled RBS gate. Angles {6 };<[14]

are calculated using Eq. (7).

1. Dense real-valued data

For x € R?, the d — 1 angles of the cctrletu(Qj) gates
used to build the circuit in Algorithm 1 are

d
6, := atan2 > 2. |, jeld—2]

Pt ()

O4-1 = atan2 (x4,x4-1) ,

where the two-argument arctangent function —m <
atan2(y,x) < m is the principal value of arg(x +iy).
These are the hyperspherical coordinates of the normalized
vector x/||x|| € S, i.e.,

x1 = [Ix]| cos(6y),

xz = [|x|| sin(6;) cos(6s),

Xq—1 = |IX]| sin(8y) - - - sin(B4—2) cos(Gs—1),

xg = [IX|| sin(6) - - - sin(0y—2) sin(Bg—1).

In Fig. 3, we present an illustrative example of the result-
ing quantum circuit for £ = 2 and n = 6 qubits (hence d =
15). An explicit step-by-step sketch of the execution of
Algorithm 1 for the same example is presented in Table II
in Appendix B. Lemma 2 provides the total CNOT-gate
count to implement Loadp, (x) using Algorithm 1.

Lemma 2 (Total CNOT cost of Loadg, (x) for x € R?).
Let n>2 and k€ [1,n/2] be integers, d = (), and
x € R?. The HW-k encoder Loadg, (x) generated by
Algorithm 1 can be implemented using a number O (kd)

of CNOT gates, namely

2(n — 1), k=1,
n—2)3n-1), =2,

1

5(n —3)(5n* — 6n —2), k=3, ®)
%(n — 4)(13n® — 58n* +79n — 42), k=4,

| .

EZ@:l ag(n — k)" + by, k> 5,

Wighlal =kl78, a, =239, a3z =98, a4 =13, and b, <

2;5 (nie(ﬁl)) (16£ —6).

Proof. The total CNOT-gate count is given by the general
expression in Eq. (6), where C; is the cost of compiling
a single £-controlled RJ (9) gate. We calculate this cost
in Lemma 2, and the results are summarized in Table I in
Appendix A 1. Plugging the results in Lemma 2 in Eq. (6)
immediately leads to Eq. (8). |

2. Dense complex-valued data

For x € C¢, we need two sets of angles, {6;};¢fa—17 and
{9} c[a)» to encode the absolute values and phases of each
amplitude {xj = |x,~|exp(i arg(xj))}je[ a

The d —1 angles 6; are responsible for the encod-
ing of the absolute values |x;|, and are calculated as the
hyperspherical coordinates of the vector {|xi],..., |x4|},

similarly to Eq. (7). Explicitly, the ; angles are given by

0; := atan2

041 1= atan2 (|x4l, [x4-11) .
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The first d — 1 angles ¢;, on the other hand, are responsi-
ble for the encoding of the complex phases of each entry
{xj}jefa—17- The first angle, ¢y, is directly related to the
complex phase of the first data entry, x;. Inspecting Eq. (2),
one can see that, while the complex RBS gate encodes a
desired complex phase onto the amplitude of an “initial”
computational basis state, it also encodes the complex con-
jugate of the same phase onto the amplitude of the “new”
computational basis state created in the superposition. This
leads to the accumulation of undesired phases every time a
complex RBS gate is applied. To remove these undesired
phases, we add correction terms to the subsequent angles,
¢;~1 as follows:

¢ = —arg(x1),
. 10
¢ = —arg (x;) + Z¢j’, Jj €1[2,d]. (1o
Jj'=1

To guarantee numerical stability, all the angles are taken
mod 2. In addition to the complex RBS gate defined in
Eq. (2), we also need to add an antiphase gate Ph(¢) :=
e ¥R.(¢/2) at the end of the circuit to cancel out the
excess complex phase created by the sequence of com-
plex RBS gates, where Ph(¢) is controlled by all the qubits
corresponding to a 1 value in b,;_; and acts on any qubit
corresponding to a 0 value.

Thus, the resulting quantum circuit has the same archi-
tecture of controlled RBS gates as in the real case (see

ALGORITHM 2. HW-k encoder for dense x € C¥.

1 Input: number of qubits 7, Hamming weight k, and
data vector x of dimension d < (Z)
Output: Quantum circuit C = Loadp, (x)

HWENCODER (#, k, x)
C « Circuit(n)
fori<n—k+1tondo

| Add gate X on qubit i to C

b« 1k0n—k > initial bitstring
o marked < {1,...,k} > indices of marked bits
10 untouched < {n—k+1,...,n} > indices of ones that
have never been flipped
1 forj« 1tod—1do
12 {V', marked'} <~ NEXTBS(b, marked)
13 {in, out, ctrl, untouched'} +
GATEADDRESSES(b, b/, untouched)
14 Calculate 6; and ¢; via Eqs. (9) and (10)

15 Add gate cct,lR{fl’,f(Gj, $j)toC
16 {b, marked, untouched} <+ {b’, marked’, untouched'}
17 Calculate ¢, via Eq. (10)

18 ctrl + set of k indices where the bits of b’ are 1
19 in < any index where b’ has a 0

20 Add gate c.;,;Ph(¢;) acting on qubit in to C
21 return C

NS Ul e W N

®

Fig. 3), plus an extra (controlled) Ph gate at the end of the
circuit, as well as the choice of gate synthesis (see Fig. 1).
Lemma 3 provides the total CNOT-gate count to implement
Loadg, (x) using Algorithm 2.

Lemma 3 (Total CNOT-gate cost of Loadp, (x) for
x € CY). Letn > 2 and k € [1,n/2] be integers, d = (7),
and x € C?. The HW-k encoder Loadp, (x) generated by
Algorithm 1 can be implemented using a number O(k d)
of CNOT gates, namely

20n— 1), k=1,
n—2)Bn—-1), k=2,

1

p— f— 2 —_— =

3(n 3)(Tn 12n 4 2), k=3, (1)
1

E(n—4)(19n3 —86n% + 1051 — 30), k=4,

1 » -

T3 Lim @ =0 + by, k>s,

with a; = 230,a, = 329, = 142,a, = 19, and b, <

s () 00 +4).

Proof. The total CNOT-gate count is given by the general
expression (6), where C, here is the cost of compiling a
single ¢-controlled R™ (6, ¢ # 0) gate. This is computed
in Lemma 2 in Appendix A 1. Substituting this expression

immediately yields Eq. (11). ]

IV. SPARSE ENCODER

Here, we extend the construction of Sec. III to the case
of sparse data. For a d-dimensional data vector x hav-
ing s < d nonzero entries, the HW-k encoder of Sec. III
still uses d — 1 parameterized gates; however, in this case,
a parameter-optimal amplitude encoder, as expressed in
Definition 3, would require only s — 1 gate parameters.

In this setting, we consider a sparse-access model, where
the data vector y to be encoded is of the form

Y = {1, b1, (2, B2), - -, (53, b)), (12)
with {x;};¢s) being the nonzero components of x and
{b; }; <[s) being the addresses (in bitstring format) associated
with these values. The goal is to prepare the state

1
s-Load(y) [0)®" := i > xib), (13)

Jels]

similarly to the fixed-HW encoders discussed in Sec. III;
however, in the sparse-access model, b; and b;,; do not
need to satisfy any constraints, such as having equal HWs
or fixed Hamming distances. Consequently, the complex
RBS gate used in the previous sections is not sufficient to

044014-7



RENATO M. S. FARIAS et al.

PHYS. REV. APPLIED 23, 044014 (2025)

ALGORITHM 3. Amplitude encoder for sparse data.

1 Input: number of qubits 7 and tuple y := {(x;, b;) }ic[5
of non-zero data values x; and their addresses b;
Output: Quantum circuit C = s-Load(y)

SPARSEHWENCODER (7, y)
bs < by >address b of the 15 element of the y tuple
7 + set of indices where the bits of bs have value 1
C « Circuit(n)
fori «+ 1to|Z|do
| Add gate X on qubit Z; to C

10 untouched < [n]\ I

11 forj <+ 2tosdo

12 bs' « b;

13 {in, out, ctrl, untouched'} +
GATEADDRESSES(bs, bs', untouched)
14 Calculate 6; and ¢; via Eqgs. (9) and (10)
15 > using x values from y
16 Add gate c ;R (0;,¢;) to C

O 0 NN S Ul R W N

out

17| {b,untouched} < {b', untouched'}

18 Calculate ¢; via Eq. (10)

19 ctrl « set of k indices where the bits of b’ are 1
20 in < any index where b’ hasa 0

21 Add gate c.;,/Ph(¢,;) acting on qubit in to C
22 return C

cover all possible sparsity configurations. To this end, we
need the generalized RBS gate, R" (9, ¢) in Eq. (3). With
this (m 4+ m’)-qubit gate, it is possible to create superpo-
sitions of computational basis states of different Hamming
weights.

The procedure to build the circuit is given in
Algorithm 3 for complex data and proceeds as follows.
Based on the first bitstring address b;, we apply Pauli-
X gates to generate the initial state |b;). Then, we use
Algorithm 2 to extract the generalized RBS gate param-
eters (input, output, and control qubits) needed to generate
the superposition between |b;) and |b,), and add the gate
Ro ot (61,¢1) to the circuit; the angles are computed
from Egs. (9) and (10). The same procedure is repeated for
all elements in the tuple in Eq. (12), adding s — 1 (possi-
bly controlled and generalized) RBS gates to the resulting
circuit. Algorithm 2 can output lists of inputs and outputs
with different lengths (i.e., m # m’), depending on whether
an increase or decrease of Hamming weight is needed to
superpose |bj) and \bjﬂ). The auxiliary-qubit-free circuit
architecture output by Algorithm 3 will depend on the par-
ticular sparsity structure of the data vector y. In the case of
real-data encoding, we compute the angles 6; from Eq. (7)
instead of calculating 6, and ¢; via Egs. (9) and (10), in
addition to not executing lines 18-21 of Algorithm 3. The
worst-case bound on the total number of CNOTSs can be cal-
culated using the compilation of gRBS gates presented in
Table I in Appendix A 1. An explicit example for n = 6

92 03 04 95 96

Q14 X % I ?

qg2— X

01

934 X

q4 ® ¥

g5 -

(3

FIG. 4. Sparse quantum data loader. An example with n =
6 qubits and sparsity s =7 with x; #0 at positions b; €
{7,11,14,19,26,37,58} for real data. Colors are used to indi-
cate the input (blue), output (green), and control (violet) qubits
of each gRBS gate. Angles are calculated using Eq. (7) for the
nonzero entries. The execution of Algorithm 3 to construct this
circuit is shown in Table IIT in Appendix B. This circuit can be
compiled using at most 174 CNOTs (see Table I in Appendix A 1).

qubits and sparsity s = 7 is illustrated in Fig. 4, and in
Table I1I in Appendix B.

In Appendix A2, we show a numerical comparison
between the encoders from Algorithm 3, Ref. [36] (as
implemented in the QCLIB package [37]), and Ref. [38]
(as implemented in the QISKIT package [39]). We com-
pare, as a function of the number of qubits #, the average
CNOT-gate count to encode 100 random 2”-dimensional
data vectors y of sparsity s € {n, n?}. For each instance, we
used a Haar-random vector of nonvanishing amplitudes x
and uniformly sampled computational basis state addresses
\bj > The results indicate that the average CNOT-gate count
of Algorithm 3 and of Ref. [36] scales as O(poly(n))
for both sparsity levels s. Meanwhile, the algorithm from
Ref. [38] scales as O (2") regardless of the sparsity s. More-
over, Ref. [36]’s encoder displays an improvement of O (n)
when compared to the results for Algorithm 3; however,
while our sparse encoder is free of auxiliary qubits, the
sparse encoder from Refs. [36,37] uses O(n) auxiliary
qubits.

V. BINARY ENCODER

In this section, we show how to stack together the dense
HW-k encoders introduced in Sec. III to encode data on
multiple constant-HW subspaces (e.g., LoadBk1 UBy, with
k1 < k). The strategy is to populate the different fixed-HW
subspaces in ascending order while using a generalized
RBS gate to connect the two subsequent subspaces. For
instance, Load,gkl uBy, can be built as Loadj_z;k1 followed by
a gRBS gate that increases k| to k;, and then LoadBkz; in
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the special case of successive HWs, i.e., k; = k; + 1, the
gRBS can be replaced by a ki-controlled R, gate.

In particular, this strategy can be used to build a full
binary-basis amplitude encoder by stacking dense HW-k
encoders of all possible 0 < k£ < n in ascending order. We
will first explain the general ideal for real-valued data and
will later generalize it to complex data. The procedure is as
follows: (i) first, initialize the circuit in the state |0"); (ii)
apply an R, gate in the last qubit to generate the superpo-
sition cos 6 |0") 4+ sin 6, ‘10”‘1) according to Eq. (1); (iii)
use 10"~! as the initial bitstring of the Ehrlich algorithm
(Algorithm 1), creating the circuit Loadp, , which is respon-
sible for adding all HW-1 computational basis states to the
superposition; (iv) apply a controlled R, rotation to add
the first computational basis state of HW-2 to the super-
position; (v) use the state encoded in the previous step as
the input of the algorithm that will generate Loadp,; (vi)
iterate over steps (iv) and (v) until all HWs are populated,
and the last multicontrolled R, generates the superpo-
sition with [1”). The (multi)controlled R, gates applied
between Loadg, and Loadp, ., should be chosen such that
the last computational basis state added to the superposi-
tion is associated to a bitstring that is a viable input for
the Ehrlich algorithm (Theorem 2.4 in Ref. [34]). Alter-
natively, we can use the Hamming-weight-increasing step

o 7 TR
q2
q4

96 R,(6:) Ry(607)

g3

Ry(012)

Loadp,
Loadp,
Loadp,
Loadp,
Loadp,

FIG. 5. Binary-basis amplitude encoder based on HW-k
encoders. Encoding of a real, 64-dimensional vector x on a six-
qubit quantum state. The initial state is the zero state, [000000),
and the circuit is constructed by stacking HW-k encoders,
Loadg,, with k € [0, 6], and (controlled) R, rotations. An ini-
tial R, (6;) gate creates a superposition between [000000) and
[100000). Subsequently, the bitstring 10> serves as the input of
the Ehrlich algorithm (Algorithm 1) that generates the circuit
Loadp, , responsible for the encoding of amplitudes associated
to all six computational basis states of HW-1. Next, based on
the last computational basis state added to the superposition by
the previous Loadgp, , the controlled R, (6;) rotation adds the first
computational basis state of HW-2. The bitstring associated with
this state is then used as input for the next Ehrlich algorithm.
The procedure is repeated until the last amplitude is encoded in
the [111111) state. The gate parameters {6; };[¢3) are calculated
using Eq. (7). See Table IV in Appendix B for more details. This
circuit can be compiled using at most 1048 CNOTs (see Table I in
Appendix A 1).

(iv) using an HW-mixing gRBS gate R (6, ¢) introduced
in Eq. (3); however, since the operations necessary for
the binary encoder are local, we chose to use the cheaper
multicontrolled R, gates (see Table I in Appendix A 1).

In case of complex amplitudes, the (controlled) R, (6;)
rotations must be replaced by (controlled) Ph(¢;)R, (6;)
to generate the superposition with the correct phases.
The angles {0;};c[a—1] and {¢; }; c[4—2) are calculated using
Egs. (9) and (10). The last multicontrolled R, gate, how-
ever, must be replaced by a multicontrolled SU(2) rotation
that can be decomposed as R.(¢s—1)R, (6a—1)R-(A). The
angles ¢;_1 and X are calculated as

1
Pa—1 = 3 (arg(xq) — arg(xa-1)) ;
{ -3 (14)
b= = (argl) +arg@a-1)) + ) ¢y

Jj=1

An example of the binary encoder for n = 6 qubits is
shown in Fig. 5. The total CNOT-gate count is given in
Lemma 4.

Lemma 4 (CNOT count of the binary encoder). Our
binary encoder for x € R? uses

1
#CNOTs < E(13n4 — 58 + 1197% — 501 + 120)

n—1 n
+ |:<k)(16k—22)—2:|.
k=5

Proof. First, it is important to notice that the two
“tricks” mentioned in Sec. III to reduce the number of
controls (i.e., eliminating initial controls and construct-
ing an HW-(n — k) encoder from the corresponding HW-&
encoder) cannot be used here, since the initial state for
each Loadp, in Fig. 5 contains a superposition of states.
Therefore, the cost of each Loadp, is given by the upper
bound [(Z) — 1] Cj—1 in the general expression in Eq. (6),
where Cj_; is the cost of compiling a single (k— 1)-
controlled R" (9) gate. After each Loads, is applied,
one needs a k-controlled R, gate to increase the HW to
k+ 1. The total CNOT count of the circuit is therefore

Z;(l) {[(Z) - l] Cio1 + Xk}, where y; is the CNOT cost of
a k-controlled R,. Substituting the values of C;_; and x
calculated in Appendix A 1 immediately leads to Eq. (15).
(See Table I for a summary, and Lemmas A1l and A2 for
the derivation.) The first line contains exact CNOT counts
coming from k£ = 1 to 4, while the second line contains

upper bounds coming from £ > 5. |

(15)

Numerically, we observe the CNOT-gate count of
Eq. (15) to be < 8n2" (see Appendix A 2). Asymptotically,
this is the same scaling obtained by the sparse encoder
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from Ref. [36]. While the CNOT-gate count of Ref. [22]
is O(2"), they perform their amplitude encoding in the
Schmidt basis with at most 2"/? coefficients. In contrast,
we explore all 2" computational basis states.

VI. HARDWARE DEPLOYMENT AND
NUMERICAL RESULTS

In this section, we show a proof-of-principle deploy-
ment of the dense HW-k encoder on IonQ’s Aria-1 quan-
tum processor. We also numerically demonstrate that the
encoder circuits can be used as an ansatz for a variational
quantum algorithm. Then, we analyze the fidelity of the
encoder under circuit noise.

A. Quantum hardware demonstration

To demonstrate our encoding protocol, we encode a g-
Gaussian probability distribution on the Aria-1 quantum
processor from IonQ [30]. The g-Gaussian probability den-
sity function p, g (x), where g € (—00,3) and g € (0, c0),
is proportional to the g-exponential function e, (—pBx?),
defined as " if g = 1; [1 + (1 — g)x]"/=9 if g # 1 and
1+ (1 —g)x>0; and 0/0-9 otherwise [40—42]. This
family of distributions has a wide range of applications,
e.g., nonextensive statistical mechanics [43], finance [44,
45], metrology [46], and biology [47]. It is worth noting
that in general, the g-Gaussian is a non-log-concave dis-
tribution, falling outside of the scope of other encoding
strategies [12]. Here, we chose the parameters ¢ = 3/2 and
B =2.

We use the circuit in Fig. 3 for six qubits and Hamming
weight £ = 2, which allows us to encode a data vector of
size d = (g) = 15. This vector corresponds to a discretiza-
tion of the distribution truncated to the interval x € [—2,2].
For this circuit, the first four parameterized rotations are
uncontrolled RBS gates, while the last ten RBSs require
one control each. Each RBS gate is compiled using two
CNOT gates, while each controlled RBS requires six CNOTS,
leading to a circuit with 68 CNOTs in total (see Table I
in Appendix A 1); however, the Aria-1 processor uses the
Mpglmer-Serensen (MS) gate as the two-qubit native gate
[30]. In this case, it is possible to implement one-controlled
R, rotations using only one MS gate. This allows us to
implement the aforementioned circuit using 48 MS gates.

In Fig. 6, we show the results of the implementation on
quantum hardware. In the top panel, we plot the probability
distribution estimated from the demonstration by running
the circuit 10* times and measuring on the computational
basis on each qubit to recover the encoded data. The solid
orange line shows the empirical probability distribution
estimated from the raw data from the Aria-1 quantum
processor. The solid purple line shows the estimated proba-
bility distribution after error mitigation using Clifford data
regression (CDR) [31,32]. CDR models hardware noise
by simulating near-Clifford circuits similar to the one at

0.200
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0.150
0.125
0.100
0.075
0.050
0.025
0.000

1071 \(\/\/

1072
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X

ol O

“e-- target
Aria-1
\, —— Aria-1+ CDR

_ 3
Il
=
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[N R W)

Pq.5 ()

Rel. error

FIG. 6. Deployment of demonstration on IonQ. Top: imple-
mentation of the encoding of a ¢g-Gaussian probability distribu-
tion p, g(x) on lonQ’s Aria-1 processor. The domain of p, g (x)
was truncated to x € [—2,2] and discretized into d = 15 points
(dashed black line). The circuit deployed used » = 6 and k = 2
and is shown in Fig. 3. The solid purple (orange) line represents
results with (without) error mitigation using Clifford data regres-
sion (CDR). The shaded areas represent the uncertainty regions
estimated via bootstrapping. Bottom: relative error of the imple-
mentation of p, g(x) with respect to the target function, in log
scale.

hand and then applying the trained response function to
the raw data. The training of the response functions was
performed using IonQ’s capabilities for classical simula-
tion of noisy circuits (see Appendix D for details). The
dashed black line shows the ideal target distribution. All
relative errors concerning the target distribution are plot-
ted in Fig. 6 (bottom) in log scale. We see that the data
recovered from the demonstration differs from the target
distribution by 10%-30% in relative error. After CDR
is applied to the hardware data, relative errors can be
improved. For instance, the CDR protocol reduced the rel-
ative error at the peak of the distribution by one order
of magnitude. This improvement can also be seen in the
overall state infidelity 1 — Tr (po) (o being the state pre-
pared by the noisy circuit), which decreased from 0.17
to 0.08 after error mitigation. We attribute these discrep-
ancies in the hardware results to the fact that Aria-1 is
a noisy intermediate-scale quantum (NISQ) device. The
noise present in the circuit creates amplitudes “outside” of
the subspace of interest. Consequently, there is a reduc-
tion in the probability density “inside” said subspace. We
showed that this effect can be reduced by the application of
error-mitigation techniques such as CDR.

B. HW-k encoder under local depolarizing noise

Motivated by the results in Sec. VI A, in this section,
we numerically investigate the robustness of the HW-k
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encoder in the presence of circuit noise as a function of
both k& and the noise strength. For the noise model, given a
pure quantum state p and any pair of qubits labeled by 4,
we assume every CNOT gate acting on 4 is followed by a
depolarizing channel D,,,

1
Dy(p) =10 —=p)p +pTre(p) ® T (16)

where p is the depolarizing strength, 1 is the two-qubit
identity matrix, and Tr4(-) is the partial trace over 4. This
noise model is compatible with reported noise models
derived from randomized benchmarking techniques [48].
Since two-qubit gate errors are the main source of circuit
noise in NISQ devices, we assume that all single-qubit
gates are noiseless. We compiled the circuits resulting from
Algorithm 1 into CNOTSs, single-qubit gates, and multicon-
trolled R, rotations as described in Secs. II and IIIB1,
and Appendix A 1. While the circuits were simulated using
the QIBO package [49], the multicontrolled R, gates were
compiled into CNOTs and single-qubit gates using the inte-
gration between the QCLIB library [37] and the QISKIT
package [39].

In Fig. 7 (left panel), we show a log-log plot of the
resulting infidelity for fixed £ =3 as a function of the
depolarizing strength p for n € [5,9]. We observed that
for fixed n and £, the average infidelity scales polynomi-
ally with p, namely O(p”) with y &~ 1. For p ~ 1073,
which is a per-gate noise level compatible with several
of the currently available quantum platforms [50-53],
the infidelities in the range of n studied are between
1072 and 10~'. In Fig. 7 (right panel), we plot the infi-
delity (in log scale) as a function of k£ for fixed n =8,
and p € {107%,1073,107%,1073}. We observed that for
fixed n and p, the average infidelity scales exponentially
with kas O((1 — p)NCNOT("’k)), where Nenot (1, k) is the
total CNOT gate count given by Theorem 2. This scal-
ing can be intuitively explained from the fact that the
depolarizing channel is isotropic; specifically, the compo-
sition of Ncnot local depolarizing channels is equivalent
to a global depolarizing channel with strength 1 — (1 —
p)NCNOT | As expected from NISQ devices, the accumula-
tion of errors in deep circuits leads to the preparation of
states with high infidelity compared to the target states;
however, as reflected by the linear scaling in p, we see
that each order-of-magnitude reduction in p also yields an
order-of-magnitude reduction in infidelity.

C. HW-k encoder as a variational quantum ansatz

Here, we demonstrate the use of the encoders presented
in Secs. [1I-V as a variational quantum ansatz. We focus on
the HW-k encoder of dense real-valued data, though results
immediately extend to complex-valued or sparse data, as
well as binary encoders.

10
1011 k=3 : n=8 -
1071 >
10~ . 1072
£ . [
<
2 10 : 10~ . ,
f n=6 p=107°
» n=71 107" p=10"
{ n=s8 p=10"
—4
1077 1 t n=9 1 106 p=1073
S T op | 1 O((1 — p)Never)
10 107 107t 107° 1 2 3 4
Depolarizing strength p k
FIG. 7. Performance of HW-k encoder under local depolar-
p

izing noise model. Circuits for real-valued data are compiled
into CNOTs and single-qubit gates (see Secs. I and IIIB1).
Each cNoOT is followed by a two-qubit depolarizing channel
of strength p. Left: state infidelity as a function of depolariz-
ing strength p, averaged over ten Haar-random instances, for
fixed £ =3 and n € [5,9]. Dashed lines represent a linear fit
O(p). Right: state infidelity as a function of k, averaged over ten
Haar-random instances for fixed p € {1073,1074,1073,107%}
and n = 8. Dashed lines represent the curve fit of the func-
tion O((1 — p)NCNOT) to the numerical data, where Ncnot =
Nenot(n, k) = O (k(Z)) is the number of CNOTs in each circuit
for a given n and k.

We first recall that, given n and k, the quantum cir-
cuits generated by Algorithm 1 parameterize the subspace
spanned by the basis By of size d = (}) defined in Eq. (5).
Therefore, this parametrization is ideally suited for solving
optimization tasks that have some type of Hamming-
weight constraints. For instance, this is the case for ground-
state energy estimation of molecular Hamiltonians [1,2],
which have particle-number-preserving symmetry, as well
as portfolio optimization constrained by a fixed number of
assets [27]. Without loss of generality, here, we illustrate
this feature using a quantum chemistry example. Given a
molecule having k& electrons and a basis set describing its
orbitals, the Jordan-Wigner transform maps its fermionic
Hamiltonian into a qubit Hamiltonian A where each qubit
corresponds to one of the » molecular spin orbitals and the
state |1) (|0)) is associated with an occupied (unoccupied)
spin orbital. The ground state of the qubitized molecular
Hamiltonian is therefore constrained to a subspace By of
the form in Eq. (5), and one can use the corresponding HW-
k circuit Loadp, as a variational ansatz to approximate the
ground state by classically optimizing the RBS gate angles
0 := {0;};c[a—1) to minimize the energy function

E() := (0"| Load}; (0)H Loads,(6) |0").  (17)

Below, we numerically demonstrate this by finding the
ground-state energy of the H4 molecule, with the qubitized
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Hamiltonian obtained via the quantum dataset from PENNY-
LANE [54,55]. Using the STO-3G basis set, this molecule
can be described by an n = 8 qubit Hamiltonian (corre-
sponding to eight spin orbitals) with £ = 4 electrons in the
ground state. The results are presented in Fig. 8. In the
main panel, we plot the ground-state energy (in Hartree)
of the Hs molecule as a function of the bond length (in
Angstrom) between the hydrogen atoms. We estimate the
energies using our amplitude encoder Loadp, as an ansatz
(solid purple line) and compare our results with the “pyra-
mid” HW-preserving ansatz from Ref. [28] (solid orange
line), composed solely of uncontrolled RBS gates. For a
fair comparison, we allow this ansatz to have the same
number of parameters as ours, i.e., (Z) — 1 = 69 parame-
ters. We did not observe any improvement in expressivity
of the pyramid ansatz by adding more parameters beyond
this number, hence we did not compare the two ansitze
by equating their number of two-qubit gates. We lever-
aged the integration between QIBO and PYTORCH [56] and
used the Adam optimizer [57] with a fixed learning rate
n =103 as the gradient-descent method of choice for
both ansétze. We plot the best energy results after 1000
epochs, averaged over 50 Haar-random initializations. The
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FIG. 8. Hamming-weight-k encoder as a variational quantum
ansatz. Ground-state energy (in Hartree) for the Hy molecule
as a function of the bond length (in Angstrom). The purple
curve represents the energies obtained using Algorithm 1 with
n =38 and k =4, while the orange curve was obtained using
the “pyramid” circuit architecture from Ref. [4]. The number of
gradient-descent epochs is fixed in both cases to 1000, the results
are averaged over 50 random initializations, and the error bars
are smaller than the markers. The exact energy curve calculated
from brute-force diagonalization is plotted in gray and is nearly
indistinguishable from the purple curve. Inset: energy estimation
error relative to the exact ground-state energy as a function of
the bond length. The color scheme is the same as that in the main
plot. Relative chemical accuracy is plotted as a dashed black line.

“exact” ground-state energies, calculated via brute-force
diagonalization of the corresponding Hamiltonians, are
plotted with a solid black line. We see that our encoder
approximates the ground-state energy of the Hy molecule
very well throughout the entire energy curve, unlike the
pyramid ansatz, whose results worsen as the bond length
increases. The inset of Fig. 8 shows the energy estima-
tion errors relative to the exact ground-state energies. We
see that after 1000 epochs, the HW-k ansatz, on aver-
age, reached chemical accuracy, while the pyramid ansatz
remained at least an order of magnitude away throughout
the entire bond-length range.

VII. CONCLUSIONS

We provide an efficient and explicit classical algorithm
to construct, gate by gate, a quantum circuit that uploads
an arbitrary data vector into a subspace of fixed-Hamming-
weight quantum states. The quantum circuit uses the min-
imum number of parameterized gates needed to express
generic data of a given dimension. The construction uses
(generalized) RBS gates and allows us to precisely state the
quantum resources needed for its execution, as well as to
deploy a proof-of-concept instance on real quantum hard-
ware. We also provide the tools needed to further explore
quantum encoders for this subspace and beyond.

As shown for the sparse and binary encoders, our HW-
k encoder can be used as a subroutine to power more
complex algorithms. These two examples are but a small
sample, and future work will explore more avenues. Still,
we remark on the importance of binary encoding, as most
algorithms would benefit from robust state preparation
work on this basis. Other encoding schemes, such as the
unary-basis encoder, can deploy basis-change circuits [58]
to allow for further postprocessing. A generalization of this
circuit to the HW-£ basis would open possibilities for more
efficient general state preparation.

Furthermore, our algorithm brings interesting implica-
tions in the context of quantum machine learning. Vari-
ational ansdtze that explore a constrained space are pop-
ular due to their ability to mitigate barren plateaus [3].
As shown by the numerical demonstration with the Hy
molecule, our HW-k encoder, due to its expressivity, has
the potential to improve the performance of optimizations
that involve particle-preserving symmetry. Further inves-
tigation of this potential is needed, and we leave it as an
open question for future work. Algorithms with space com-
pression beyond linear, such as our HW-k encoder, also
represent a promising direction for other machine-learning
schemes [59] and show how exploring these subspaces can
be successful.

Lastly, we believe that explicit constructive algorithms
for state preparation, accompanied by precise analysis of
the quantum resources required, are essential for achieving
a useful quantum advantage.
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Note added. We note that during the completion of this
paper, an independent work [60] appeared within the con-
text of Bethe state preparation for integrable spin chains.
Their results have partial overlap with our HW-k encoders
for dense data presented in Sec. III.
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APPENDIX A: GATE COMPILATIONS AND
CNOT-GATE COUNTS

1. Compilation of multicontrolled gates

Here, we calculate the CNOT cost of the RBS gate, the
gRBS gate, and their multicontrolled versions. For this,
Lemma 1 will be useful.

Lemma 5 (CNOT cost of a multicontrolled U(2)). Let
x¢(U) be the number of CNOT gates required to implement
an ¢-controlled single-qubit gate U € U(2), where £ = 0
corresponds to no controls. Then, xo(U) =0, x(U) =
2, x2(U) =4, x3(U) =12, x4(U) = 36, and, for £ > 5,
xe(U) < 20€ — 18. Moreover, if U = R, (8) or U = R.(9),
the bound for £ > 5 can be improved to y,(U) < 16£ — 24.

Proof. Exact compilations for ¢ <4 follow from
Refs. [19,63]. The upper bounds for ¢ > 5 are given by
Ref. [62]. |

Depending on the chosen decomposition for the RBS
gate, the gRBS gate admits different decompositions into

TABLE L.

controlled R, and R. gates (e.g., see Fig. 1). Using Lemma
1, we can now calculate the CNOT cost of a multicontrolled
gRBS gate as follows.

Lemma 6 (CNOT cost of a multicontrolled complex gRBS
gate). Let x, be as defined in Lemma 1, cea R (6, @)
Cetrly ....ctrl [Rl)ri,l{l':ff:,”f,[m, beasinSec. I, and u = £ +m + m'.
For ¢ = 0, the number of CNOTs to compile this w-qubit

gate is

~

2m+m' — 1) + min (2XM_2(R),), X,u—l(Ry)) .
If ¢ # 0, then the cost is
2(m+m' — 1) +min (4x,2R)), xu—1(0)) .

Proof. (i) Case ¢ = 0: Since the R, (¢) gates are absent,
the £ controls can act directly on the R, gates (see
Fig. 2). As a result, ccy, R:ﬂ,ﬂl ..... ou,, 18 equivalent
to 2(m — 1) +2(m' — 1) +2 c¢NoOTs and two (u — 2)-
controlled R, gates for the compilation in Fig. 1 (top),
or2(m — 1) +2(m' — 1) +2 CNOTs and a single (u — 1)-
controlled R, gate for the compilation in Fig. 1 (bottom).
The claim then follows from compiling the controlled R,
gates using Lemma 1 and choosing the less costly compila-
tion between the two. Figure 1 (top) is the best compilation
for u < 4, while Fig. 1 (bottom) is the best otherwise.

(i) Case ¢ # 0: When using the RBS compilation in
Fig. 1 (top) to build a complex gRBS, it is necessary
to perform 2 (u — 2)-controlled R, gates as well as 2
(u — 2)-controlled R, gates. Since these gates have the
same CNOT cost [62], we express the total cost as four times
the cost of one (u — 2)-controlled R, gate. On the other
hand, the product R.(¢)R, (@) in the compilation shown in
Fig. 1 (bottom) corresponds to a single SU(2) of the form
U=¢e" where M(6,¢) = arccos(cosfcos¢) and
W@,p) = 1/sinA(0,p)(—sinf sinpX + sinb cospY +
cos @ sin ¢Z). The proof then proceeds identically to Case
(i). Figure 1 (top) is the best compilation for £ = 0 and m =
m’ = 1, while Fig. 1 (bottom) is the best otherwise. |

..... ctrly

CNOT count of multicontrolled X, R,, RBS, and gRBS gates used throughout this work. Details are provided in Sec. A 1.

For each multicontrolled RBS and gRBS gate, the CNOT count corresponds to the best between the two compilations in Figs. 1 and 2.
For multicontrolled R, gates, we use the CNOT counts provided in Refs. [19,62]. The numbers in the second column are the x, in
Lemma 1, while the second and third columns correspond to C, used in Eq. (6) for the real and complex cases, respectively.

No. of controls

Gate

X R, (0) RR(6)  RR(0,¢) Ro ok, (0) Ro ok, (6,9)
=0 0 0 2 2 <18(m+m) —42 <22(m+m') —20
=1 1 2 6 6 < 18m+m') — 26 <22(m+m')
= 6 4 10 14 < 18m+m') — 10 <22(m+m') +20
=3 <24 12 26 38 <18(m—+m)+6 <22(m+m') +40
L= <40 36 <58 < 84 <18m+m') +22 <22(m+m') + 60
£>5 <l6f-—-24 <16£—-24 <166—-6 <200+4 <I18m+m)+16¢£—-42 <22(m+m')+20¢—20
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FIG. 9. Left: comparison of the average CNOT cost of Algorithm 3 with Refs. [36,38]. CNOT-gate count (in log scale) as a function
of the number of qubits n. We compare the costs of Algorithm 3 (purple lines) with the algorithms from Refs. [36] (green lines)
and [38] (blue lines). We present results averaged over 100 Haar-random states € C*, each embedded onto a data vector x € C?".
Sparsity levels s € {n, n’} are represented by solid and dashed lines, respectively. Error bars indicate one standard deviation. Middle:
CNOT-gate count of the binary encoder. Count based on Eq. (15) in Lemma 4 as a function of the number of qubits # (in log scale).
We used the compilation of controlled R, rotations from Table I. We observe an asymptotic behavior toward 8 n2" for large n. Right:
CNOT cost of Algorithm 1 with the addition of one auxiliary qubit. We compare the CNOT cost of Algorithm 1 (solid lines) with the
CNOT cost of the same algorithm with the additional step of including a clean auxiliary qubit and using it to heuristically remove
redundant controlled operations (dotted lines). The comparison is performed for Hamming weights &k € {2,3,4,n/2}. For k € {2, 3}
(purple and blue lines, respectively), the auxiliary qubit does not help decrease the CNOT count significantly, if at all, regardless of 7.
For k = 4 (green lines), the addition of an auxiliary qubit increases the number of CNOTs in the circuits for » < 18. This is due to the
cost of additional controlled Toffoli gates. For n > 18, the heuristic algorithm starts removing CNOTs from the original circuit, and the
advantage with respect to the auxiliary-qubit-free circuit increases with n. For £ = n/2 (black lines), we can see that the auxiliary qubit

starts contributing at # > 12, and the benefit increases with n.

Explicit CNOT counts for all the gates used throughout
this work are summarized in Table I.

2. CNOT cost of sparse and binary encoders

Using the results of Sec. A 1, we numerically investi-
gate the CNOT cost of implementing the sparse and binary
encoders from Secs. IV and V, respectively.

Figure 9(a) compares, as a function of the number of
qubits n, the average CNOT cost of the sparse encoder pre-
sented in Algorithm 3 with the QRAM-like sparse encoder
from Ref. [36] as well as the auxiliary-qubit-free state
preparation from Ref. [38]. While the former is imple-
mented in the QCLIB package [37], the latter is currently
implemented in the QISKIT package [39]. We used the QIBO
package [49] to implement Algorithm 3. The CNOT cost
is averaged over the encoding of 100 random sparse vec-
tors y of dimension 2" and sparsity s € {n,n*}. Each y
was obtained by sampling a Haar-random vector x € C*
and embedding it into a 2”-dimensional sparse data vector
by associating each entry x; with a random computational
basis state |bj) sampled from the uniform distribution. Ref-
erence [38] displayed a scaling of O(2") in CNOT-gate
count, independent of the sparsity s (solid and dashed blue
lines). Even though Ref. [38] provides a method for state
preparation without auxiliary qubits, it is shown not to be
well suited to the preparation of sparse states. The sparse
encoder from Ref. [36] presented a scaling of approxi-
mately O(n??) for s = n (solid greed line) and of approx-
imately O(n*!?) for s = n?> (dashed green line). This is a

significant improvement when compared with Ref. [38];
however, the algorithm from Ref. [36] requires O(n)
auxiliary qubits to harness that improvement. Meanwhile,
the sparse encoder in Algorithm 3 scales as approximately
O#n>?°) for s = n (solid purple line) and as approximately
On*'*) for s = n* (dashed purple line). These scalings
are approximately O(n) inferior to those from Ref. [36]
for both sparsity levels tested. We highlight, however, that
Algorithm 3 is free of auxiliary qubits. This points to
a trade-off between auxiliary qubits and CNOT-gate cost.
Algorithm 3 allows one to have a sparse amplitude encoder
that is both poly(n) in CNOT cost and auxiliary-qubit free,
at the price of having to implement linearly deeper circuits.

Figure 9(b) shows the asymptotic behavior ~8rn2" of the
total gate count for the binary encoder (see Lemma 4 in the
main text).

APPENDIX B: EXPLICIT EXAMPLES

Here, we present three tables that provide explicit exam-
ples demonstrating the execution of the classical algo-
rithms used to generate the quantum circuits for our HW
encoder algorithms. Each table corresponds to one of the
figures present in the main text, namely: Table II illustrates
the real dense encoder (Algorithm 1) and corresponds
to Fig. 3; Table III illustrates the real sparse encoder
(Algorithm 3) and corresponds to Fig. 4; finally, Table IV
illustrates the binary encoder that combines the dense HW-
k for all possible values of k € [0,7n] and corresponds to
Fig. 5.
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TABLE 1II. [Illustration of the dense HW-k encoder
(Algorithm 1) for n =6 and k=2. Data vector x € R?,
with d = (g) = 15. The order of the bitstrings is given by
Algorithm 1. Marked bits are represented with an overline.
Qubit indices are enumerated from right to left, c.R™, denotes
an RBS acting on input qubit in and output qubit out, controlled
by qubit(s) ctrl, with §; given by Eq. (7). Unnecessary ctrl
qubits removed by Algorithm 2 are represented by Toy. Each
gate in a given row represents the operation required to extend
the superposition to include the computational basis state
represented by the bitstring in the next row.

TABLE IV. Illustration of the binary encoder for n = 6 qubits.
A gate (or collection of gates) in a given row represents the oper-
ation required to add the computational basis state corresponding
to the bitstring in the next row to the superposition. The initial
bitstring has £ = 0 and (controlled) R, gates are used to increase
the HW by 1. The first bitstring with HW-(k + 1) has a one-
bit difference from the final bitstring of the Ehrlich algorithm
with HW-k. Operators Loadp, fill up the subspace of HW-£, and
the algorithm stops after reaching k = n. Angles 6; are given by
Eq. (7), 6; are used in R, gates, and ¢; are used in Loadg,. The
total number of parameters is 2" — 1.

96 qs q4 93 92 q1 Gate 9% 95 94 @B Q2 q Operator k
1 1 0 0 0 0 wR3(6)) 0 0 0 0 0 0 RS (61) 0
1 0 0 0 0 1 R (62) 1 0 0 0 0 0 Loadp, 1
1 0 0 0 1 0 wR2(63) :
1 0 0 | 0 0 R3(6y) ; 02, .. O} !
1 sty 0 10 0o 0 0 ¢sRS(67) 1
: 9 ! 0 0 0 WR® 1 1T 0 0 0 o0 Load 2
0 1 1 0 0 0 csRY(66) 03082
0 1 0 0 0 1 esR2 (67) : : {6s, ..., 61} 2
0 1 0 0 1 0 esR2(6s) 0 0 0 0 1 1 c12R; (622) 2
0 1 0 1 0 0 3R3(69) 0 0 0 1 1 1 Loadg, 3
0 0 1 1 0 0 R (010) : ,
T = 1 : {023, ..., O} 3
0 0 ! 0 ) : GROD 1 1 0 0 0 csOn) 3
oo b 0 ekl e T T T 9 0 Load 4
0 0 0 1 1 0 ¢sR2(6)3) 0adz,
0 0 0 1 0 1 c1R3(014) : : {643, ..., 056} 4
0 0 0 0 1 1 9 0 1 1 1 1 Cl ,2’3’4R}5) (957) 4
0 1 1 1 1 1 Loadg, 5
APPENDIX C: USING ONE AUXILIARY QUBIT ; {058, ..., 062} 5
TO REDUCE CNOT COSTS 1 1 1 1 0 csaseRle) 5
1 1 1 1 1 1 6

Here, we present a heuristic method that uses one aux-
iliary qubit to remove controlled operations in the later

TABLE III. Tllustration of the sparse encoder (Algorithm 3)
for n = 6 and s = 7. Data vectory € RY, withd = 2% and s = 7
nonzero entries. The addresses b; are sorted in ascending order
of HW (a necessary condition). As a byproduct, this sorting also
minimizes the CNOT cost of Algorithm 2. The angles 6; are given
by Eq. (7). Each gate in a given row represents the operation
needed to add the computational basis state corresponding to
the bitstring in the next row to the superposition. The first six
elements have Hamming weight k& = 3, leading to the initial con-
trolled gRBS gates being HW-preserving. Meanwhile, the last
element has £ = 4 and requires a gRBS with m # m’ to increase
the HW by 1.

gs qs g4 93 92 q1 Gate

0 0 0 1 1 1 ey R3(6)
0 0 1 0 1 1 &y R} (62)
0 0 1 1 1 0 CXR?:‘;(@)
0 1 0 0 1 1 CX,SR;(QL‘)
0 1 1 0 1 0 R} (0s5)

1 0 0 1 0 1 csRy’; 5(66)
1 1 1 0 1 0

stages of the circuits generated by Algorithms 1 and 2, as
mentioned in Sec. III. The results are shown in Fig. 9(c).
For a given k, the maximum number of indices in the ctrl
set is k — 1. Thus, consecutive controlled RBS gates that
share the same k£ — 1 indices in their respective ctrl sets
can be implemented together. The “auxiliary-qubit trick”
proceeds as follows. First, we add one auxiliary qubit to
the system. Then, a controlled Toffoli gate is added before
the target consecutive controlled RBSs. This Toffoli gate
acts on the auxiliary qubit and is controlled by the same
qubits that are in the aforementioned ctrl set. The next step
is the replacement of the set of controls ctrl of the target
RBS gates by ctrl = {n + 1}, where n + 1 is the index of
the newly added auxiliary qubit. Finally, the same Toffoli
gate is added to the circuit after the stacked RBS gates,
undoing the previous Toffoli operation. The same “trick”
can be applied to stacked RBS gates that have the same
k — 2 indices in ctrl, and so on. The process ends when
adding the two controlled Toffoli gates is more costly than
implementing the original gates.

044014-15



RENATO M. S. FARIAS et al.

PHYS. REV. APPLIED 23, 044014 (2025)

APPENDIX D: CLIFFORD DATA REGRESSION

Clifford data regression (CDR) is a data-driven proto-
col to mitigate errors on expectation values estimated on
NISQ devices [31,32]. The protocol to implement CDR
takes as inputs a quantum circuit C and an expectation
value 1® and repeats the following primitive: (i) con-
struct a near-Clifford circuit by randomly replacing most,
if not all, non-Clifford gates in the original circuit with
Clifford gates; (ii) run both classical simulation and noisy
implementation of the near-Clifford circuit, obtaining a set
S containing new expectation values finoiseless and fnoisy
coming from the noiseless and noisy circuits, respectively,

— ) )
Si= {(Mnoisy’ Mnoiseless) }j€[|5|] >

where |S] is the cardinality of the set S. The next step is to
fit a regression model f* on S such that

(D1)

() ~ 2 ;
Hroiseless ~fs (lu“noisy> . VJjelsl. (D2)
With that at hand, after executing the original circuit on the
noisy hardware and obtaining the noisy expectation value

'LLI(I?))iSy’ the last step is to use the fitted model to obtain an
0

error-mitigated version of Moisy> iLe.,

0 ~ 0
lumitigated ~ fS (Mnoisy> . (DS)

The error-mitigated expectation value /Lfgi)ﬁgated is then the

final empirical estimator of 11 (©.

In our proof-of-principle demonstration described in
Sec. VIA, we implemented CDR following the protocol
detailed above, training a linear model for each expec-
tation value separately. In doing so, we first compiled
the original circuit in a way that the only non-Clifford
gates present were R, rotations with at most one con-
trol qubit. We define the replacement rate, r € (0, 1),
as the fraction of R, gates replaced in the original cir-
cuit to generate each near-Clifford circuit j. We created
our set of near-Clifford circuits using replacement rates
r € {0.79,0.82,0.89,0.93, 1.00}, sampling 300 circuits per
replacement rate, for a total of |S| = 1500 data points. The
random Clifford gates to be inserted were sampled uni-
formly from the set of all possible single- and two-qubit
Clifford gates. We also uniformly sampled the positions in
the circuit of the R, gates that were replaced. The set (D1)
was generated by classically simulating noiseless circuits
locally while simulating the same circuits using propri-
etary noise models on IonQ’s Quantum Cloud [50]. Every
probability estimated from the hardware deployment was
treated as an expectation value over a rank-1 projector
in the computational basis. The mitigation procedure then

followed as described above, with a separate regression
model fitted for each probability.
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