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Quantized surface acoustic waves (SAWs) in piezoelectric media have been studied recently, and they
can be used to control the electric dipoles of quantum systems via the electric field produced through the
piezoelectric effect. However, it is not easy nor convenient to manipulate magnetic moments directly by
an electric field. Here we study a quantum theory of SAWs in a piezomagnetic medium. We show that the
intrinsic properties of the piezomagnetic medium enable the SAW in the piezomagnetic medium to interact
directly with magnetic moments of quantum systems via the magnetic field induced by the piezomagnetic
effect. By taking a strip SAW waveguide made of a piezomagnetic medium as an example, we further
study the coupling strengths between different magnetic quantum systems with magnetic moments and
the quantized single-mode SAW in the waveguide. Based on this, we discuss the interaction between
magnetic quantum systems mediated by a quantized multimode SAW in a piezomagnetic waveguide. Our
study provides a convenient way to directly control magnetic quantum systems by quantized SAWs, and
offers potential applications to on-chip information processing based on solid-state quantum systems via
quantized acoustic waves.
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I. INTRODUCTION

A surface acoustic wave (SAW), a type of mechanical
wave, propagates along the surface of an elastic medium
with wave vectors orthogonal to the normal direction to
the surface and is confined near the surface with a depth
of about one wavelength [1–3]. Compared with electro-
magnetic waves, a SAW has about five orders of reduction
in the propagation velocity (typically 3 × 103 m/s for a
SAW instead of 3 × 108 m/s for an electromagnetic wave).
That means the wavelength of a SAW is about five orders
smaller than that of electromagnetic waves at the same fre-
quency. These features mean that SAWs have a wide range
of applications, e.g., modern electronic communication
(such as radar, resonator, bandpass filter, and delay lines)
[1–3], microfluid manipulation [4–6], cell manipulation
[7–9], and sensors [10–12].

Quantum acoustics [13–19], which is an interdis-
ciplinary research field of quantum mechanics and
mechanical waves including SAWs, mainly studies the
quantum effects of mechanical vibrations and the inter-
action between quantized mechanical vibrations and vari-
ous quantum systems, including superconducting circuits
[20–22], trapped ions [23–25], defect centers in dia-
mond [26–28], and quantum dots [29–31]. A phonon
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is a quantum of vibrational mechanical energy in quan-
tized mechanical vibrations. Note that superconducting
circuits [32–36] have become one of the promising scal-
able solid-state platforms for realizing quantum comput-
ers. With the rapid development of fabrication technology
for SAW devices and superconducting circuits, attention
has been paid to achieve strong coupling between super-
conducting circuits and quantized single-mode SAWs at
single-phonon level. Over the past few years, the quan-
tized single-mode SAW has been studied experimentally
and theoretically for quantum entanglement [19,37,38],
quantum transduction [15,39,40], quantum routing [41–
43], phononic blockade [44–46], and interaction with giant
atoms [47–49].

So far, most existing research in SAW-based quantum
acoustics has focused on the quantization of SAWs in a
piezoelectric medium [13], as well as the coupling between
quantum systems and a single-mode (or multimode) SAW
in a resonator, which is formed by two reflecting grat-
ings fabricated on the surface of a piezoelectric medium
[13–22,25–31,37–49]. Thus, the coupling of a SAW to
quantum systems is realized via the electric field produced
through the piezoelectric effect. However, the magnetic
moments of magnetic quantum systems (e.g., a supercon-
ducting qubit and a defect center in diamond) cannot be
directly coupled to a SAW via the piezoelectric effect. To
solve this problem, one possible solution is to deposit a
magnetic film on the surface of the piezoelectric medium
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[50–53]. Then, the SAW can be directly coupled to the
spins in the magnetic film, and then indirectly coupled to
magnetic quantum systems outside the magnetic film via
the magnetic field produced by the magnetic film through
the magnetoelastic effect. However, such a mediating mag-
netic film typically exhibits larger damping than the acous-
tic damping in the piezoelectric medium. Thus the SAW
would suffer from larger damping when it is coupled to
the magnetic film via the magnetoelastic effect. Note that
when the mediating magnetic film on the piezoelectric
medium is replaced by a well-designed film with multi-
layer magnetic materials, one can achieve strong coupling
between the SAW (in the piezoelectric medium) and spins
in the multilayer magnetic film [54–56]. This strong cou-
pling may also result in indirect strong coupling between
the SAW and other magnetic quantum systems outside
the film.

In contrast to the SAW in a piezoelectric medium, the
SAW in a piezomagnetic medium [57–59] offers a direct
way to couple the SAW with magnetic quantum systems
via the magnetic field induced by the piezomagnetic effect.
The quantum theory of SAWs in piezoelectric media has
been developed [13]. However, no detailed study on the
quantum theory of SAWs in a piezomagnetic medium
has been found. Thus, here we use a similar way as in
Ref. [13] and employ the canonical quantization method
[60,61] to study the quantum theory of SAWs in a piezo-
magnetic medium. The derivation is based on the classical
SAW in a piezomagnetic medium, which is obtained by
solving the general wave equations in a strip waveguide
made of piezomagnetic medium. Based on this, we study
the interaction between several magnetic quantum systems
and a quantized single-mode SAW in a piezomagnetic strip
waveguide. Furthermore, we study the interaction between
two qubits mediated by a quantized multimode SAW in a
piezomagnetic strip waveguide.

The paper is organized as follows. In Sec. II, for com-
pleteness of the paper, we first give a brief summary of
the acoustic wave equations and boundary conditions in
a general piezomagnetic medium, and derive the typical
Rayleigh-type SAW in a piezomagnetic strip waveguide.
In Sec. III, we resort to the canonical quantization method
to derive the quantum theory of a SAW in a piezomagnetic
strip waveguide and discuss the zero-point fluctuation of
the quantized SAW. In Sec. IV, the interaction between
several typical magnetic quantum systems and a quantized
single-mode SAW in a strip waveguide is studied; and the
coupling strengths of the magnetic quantum systems to
a quantized single-mode SAW at single-phonon level are
compared and summarized. As further applications, in Sec.
V, we study the information transfer and entanglement
between two superconducting qubits mediated by SAW
phonons in a piezomagnetic waveguide. A discussion of
our study is presented in Sec. VI. Finally, the conclusion
is given in Sec. VII. For conciseness and completeness

(a) (b) (c)

FIG. 1. (a) Schematic illustration for the (top) converse piezo-
magnetic effect and (bottom) piezomagnetic effect. (top) The
external magnetic field B′ results in the mechanical strain S and
the alignment of magnetic moments inside the medium. (bottom)
The mechanical strain S and the alignment of magnetic moments,
produced by the externally applied force F , leads to the gener-
ation of magnetic field B′. The relation between the magnetic
field B inside the medium and the magnetic field B′ outside the
medium is determined by the magnetic boundary condition in
Eq. (5). (b) Schematic illustration for the normal stresses (solid
arrows) and shear stresses (dashed arrows) acting on a unit cube.
(c) Schematic illustration for the deformation of the (top) normal
strains Sjj and (bottom) shear strains Sjj ′ (j ′ �= j ) of a unit cube.

of the paper, detailed derivations are provided in the
Supplemental Material [62].

II. CLASSICAL SAW IN A PIEZOMAGNETIC
MEDIUM

Within a piezoelectric medium, mechanical displace-
ments or strains would induce electric fields via the piezo-
electric effect. In a similar manner, within a piezomagnetic
medium, mechanical displacements or strains would lead
to the generation of magnetic fields via the piezomagnetic
effect, as schematically shown in Fig. 1(a). In this section,
for the completeness of the studies, we summarize several
main results for classical SAWs in a strip waveguide made
of a piezomagnetic medium.

A. Acoustic wave equations in a piezomagnetic
medium and boundary conditions

In the following, we limit our discussion to the case of
linear piezomagnetic coupling, which determines the basic
properties of SAWs. In a general piezomagnetic medium,
the propagation of acoustic waves is described by the cou-
pled constitutive equations that connect the mechanical
vibration and magnetic field as follows [57,58]

Tij = CijklSkl − qkij Hk,

Bi = μikHk + qijkSjk.
(1)

Here, the first subscript of the stress tensor Tij denotes
the direction of the force exerted on the area under con-
sideration, and the second one denotes the outward-going
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normal direction of the area on which the force is exerted,
as schematically shown in Fig. 1(b). Each subscript can be
1, 2, or 3, which denote the x, y, or z direction, respec-
tively; Bi is the magnetic induction along the xi direction;
Cijkl, qkij , and μik represent the elastic stiffness, piezo-
magnetic, and magnetic permeability tensors, respectively;
and Sjk = (∂uj /∂xk + ∂uk/∂xj )/2 is the component of the
strain S determined by the mechanical displacements uj
and uk that are, respectively, along the xj and xk directions,
as schematically shown in Fig. 1(c). Finally, Hk denotes
the magnetic field strength H along the xk direction.
Here, the magnetic field Hk = −∂ψ/∂xk is determined
only by the magnetic potential ψ under the quasistatic
approximation [59,63], wherein the piezomagnetic cou-
pling between acoustic and electromagnetic waves is neg-
ligible in comparison with the effect of piezomagnetic
stiffening.

The equation of motion of particle displacement in a
solid without body force is given by [1,3,58]

ρ
∂2ui

∂t2
= ∂Tij

∂xj
, (2)

where ρ denotes the mass density of the medium. The mag-
netic induction B is described by the Maxwell equation, as
follows [64]:

∇ · B = 0. (3)

Here, we consider that the surface z = 0 of the piezo-
magnetic medium is stress-free. That means the three
components of stress exerted on the surface z = 0 vanish,
i.e.,

T13 = T23 = T33 = 0. (4)

The magnetic induction B must be continuous across the
surface of the medium [64], i.e.,

B3(z → 0+) = B3(z → 0−). (5)

B. Rayleigh-type SAW in a cubic piezomagnetic strip
waveguide

The Rayleigh-type SAW, which stands as a typical
SAW [3,13,66,67], contains a longitudinal vibration and
a transverse vibration, with a phase difference of π/2
between them. Hereafter, by taking a strip waveguide
made of a piezomagnetic medium as an example, we con-
sider the traveling-wave Rayleigh-type SAW propagating
along the [110] direction of a cubic piezomagnetic mate-
rial for convenience. Thus, the ansatzes of the mechanical
displacements are given as (see Sec. I of the Supplemental

Material [62])

ux′ =
∑

k

ux′,k =
∑

k

U′
ke−kqzei(kx′−ωkt),

uz =
∑

k

uz,k =
∑

k

iWke−kqzei(kx′−ωkt).
(6)

Here, k = 2π/λk denotes the wave number of the SAW
with wavelength λk;

∑
k denotes the summation over all

allowed values of k range from negative infinity to pos-
itive infinity; ux′,k and uz,k denote the components of the
mechanical displacement, with amplitudes U′

k and Wk; q is
a dimensionless complex parameter related to the decay of
the SAW into the bulk; and ωk = kv denotes the frequency
of the SAW, with propagation velocity v. It should be noted
that ux′,k/

√
2 = u1,k = u2,k is the displacement component

along the redefined direction x′ = (x1 + x2)/
√

2, perpen-
dicular to another redefined direction y ′ = (x2 − x1)/

√
2.

Here, x′ corresponds to the [110] direction of the crystal.
Specifically, we further take a cubic sample of terfenol-

D [65], which can be considered as a piezomagnetic mate-
rial under a weak driving field [65,68–72], as an example
to further discuss the mechanical displacement and mag-
netic potential. By including the normalization condition
for the ansatz in Eqs. (6) and the detailed structure of
the piezomagnetic medium, we obtain the solutions of
mechanical displacements in the waveguide as follows (see
Sec. II of the Supplemental Material [62])

ux′,k = 2U0,k cos(kqβz + θ)e−kqαzei(kx′−ωkt),

uz,k = −2iU0,k|γ | cos(qβkz + θ + ξ)e−kqαzei(kx′−ωkt),
(7)

where the normalization constant U0,k will be further
discussed in Sec. III D. The parameters qα and qβ are,
respectively, the real and imaginary parts of the dimen-
sionless complex parameter q. Here, qα characterizes the
decay of the SAW into the bulk. The parameters |γ | and ξ
are determined by, respectively, the amplitude and argu-
ment of the complex ratio between the transverse and
longitudinal mechanical displacements. The parameter θ is
determined by the dimensionless complex parameter q and
the complex ratio between the transverse and longitudi-
nal displacements. Detailed expressions of the parameters
|γ |, ξ , and θ can be found in Sec. II of the Supplemental
Material [62].

In terms of the mechanical displacements in Eqs. (7),
by solving the coupled equation in Eq. (3) and considering
the magnetic boundary condition in Eq. (5), we obtain the
solution for the magnetic potential in the waveguide given
as (see Sec. II of the Supplemental Material [62])

ψ =
{∑

k iψ0,kFk(z)ei(kx′−ωkt), z ≥ 0,∑
k iψ0,kFk(z = 0)ekzei(kx′−ωkt), z < 0.

(8)
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(a) (b) (c)

0.0

FIG. 2. The spatial distribution of (a) the longitudinal mechan-
ical displacement ux′ ,k, (b) the transverse mechanical displace-
ment uz,k, and (c) the magnetic potential ψk for a SAW with
wavelength λk. The other parameters are ρ = 9.06 g/cm3, C11 =
55 GPa, C12 = 43 GPa, C44 = 12 GPa, q31 = −45 N/A m,
q33 = 90 N/A m, and μ11 = 6.283 µN/A2.

Here, ψ0,k = q33U0,k/μ11 is the amplitude of the magnetic
potential; Fk(z) = 2Ae−kqαz cos(kqβz + θ + τ)+ A3e−kz

describes the depth scale on which the magnetic potential
of SAW decays into the bulk; and A and A3 are param-
eters related to the amplitude of the magnetic potential,
while τ is a parameter related to the argument of the mag-
netic potential. Detailed expressions for the parameters A,
A3, and τ can be found in Sec. II of the Supplemental
Material [62].

According to the parameters for terfenol-D given in
Table I, the parameters in the solutions of the mechani-
cal displacements in Eqs. (7) and the magnetic potential
in Eqs. (8) are calculated as v = 1005 m/s, qα = 0.4288,
qβ = 0.5378, θ = 1.0700, |γ | = 1.4116, ξ = −2.1401,
A = 0.8437, τ = 1.9172, and A3 = 1.0370. In order to
study the properties of the Rayleigh-type SAW in a piezo-
magnetic medium, the dependence of the mechanical dis-
placements and magnetic potential on the spatial positions
x′ and z is shown in Fig. 2. It is found that both the mechan-
ical displacements and magnetic potential decay rapidly
along the +z direction, and their corresponding amplitudes
approach zero near a depth of one wavelength. That is,
the energy of the SAW is confined to near the surface of
the medium. For the mechanical displacement of the SAW,
there exists a phase difference π/2 between the longitu-
dinal and transverse components, as shown in Figs. 2(a)
and 2(b). Thus, for any particle within and near the sur-
face of the medium, as the SAW propagates, it undergoes
elliptical motion in the vicinity of its equilibrium position.

TABLE I. Density, elastic, piezomagnetic, and magnetic per-
meability properties for the material terfenol-D [65].

ρ C11 C12 C44 q31 q33 μ11

(g/cm3) (GPa) (GPa) (GPa) (N/A m) (N/A m) (µN/A2)

9.06 55 43 12 −45 90 6.283

Also, there is a phase difference π/2 between the longitu-
dinal mechanical displacement and the magnetic potential,
as shown in Figs. 2(a) and 2(c). Note that the properties
exhibited here are similar to those of a Rayleigh-type SAW
in a piezoelectric medium [1–3,13].

III. QUANTIZATION OF A SAW IN A
PIEZOMAGNETIC WAVEGUIDE

We have obtained the solutions for the mechanical dis-
placement and magnetic potential for a classical Rayleigh-
type SAW in a piezomagnetic waveguide. Let us now
apply the canonical quantization method [60,61] to achieve
the quantization of a SAW in a piezomagnetic waveg-
uide. To show the quantization process clearly, here we
take a Rayleigh-type SAW in a cubic piezomagnetic mate-
rial, terfenol-D, which was mentioned in Sec. II B, as an
example to derive more detailed expressions. Here, it is
worth pointing out that the employed canonical quantiza-
tion method [60,61] is also applicable to the quantization
of arbitrary types of SAWs in piezomagnetic materials.

A. Lagrangian of a SAW

The Lagrangian of a SAW propagating in a piezomag-
netic medium is written as

L = EK − EP, (9)

where EK and EP denote, respectively, the kinetic energy
and potential energy terms given as

EK =
∫

1
2
ρ
∂u
∂t
∂u∗

∂t
dV, (10)

EP =
∫

1
2
(S · T − H · B) dV. (11)

In terms of the generalized coordinates ux′ , uz, and ψ , the
detailed expressions of the kinetic energy and potential
energy terms are given as follows:

EK =
∫

1
2
ρ

[
∂ux′

∂t
∂u∗

x′

∂t
+ ∂uz

∂t
∂u∗

z

∂t

]
dV,

EP =
∫

1
2

[
C′

11

(√
2 ∂ux′

∂x1

)2

+ C44

(
∂ux′

∂x3
+

√
2 ∂uz

∂x1

)2]
dV

+
∫

1
2

[
C11

(
∂uz

∂x3

)2

+ 2C12

√
2 ∂ux′

∂x1

∂uz

∂x3

]
dV

−
∫

1
2

[
μ11

(√
2 ∂ψ
∂x1

)2

+ μ11

(
∂ψ

∂x3

)2]
dV

−
∫ (

q31

√
2 ∂ux′

∂x1

∂ψ

∂x3
+ q33

∂uz

∂x3

∂ψ

∂x3

)
dV. (12)
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B. Canonical coordinates and canonical momenta of
the SAW

For the Rayleigh-type SAW, there exists a phase differ-
ence π/2 between ux′ and uz, as well as between ux′ and ψ .
If ux′ , uz, and ψ are chosen as the canonical coordinates,
such a phase difference would lead to noncommutation
between different coordinates. Therefore, ux′ , uz, and ψ
are a set of generalized coordinates rather than canonical
coordinates.

In our study, quantization of the SAW is achieved
via the canonical quantization method [60,61], which
uses canonical coordinates and canonical momenta. For a
given system, the canonical coordinates and corresponding
canonical momenta are not unique, but they are required to
satisfy the equations of motion and the fundamental Pois-
son bracket relations. Therefore, we consider transforming
the generalized coordinates ux′ , uz, and ψ to new coordi-
nates, such that the new coordinates commute with each
other in the Lagrangian.

The spatial derivatives of the mechanical displacements
and magnetic potential are given in terms of themselves as
(see Sec. III of the Supplemental Material [62])

∂ux′(r)
∂x1

=
∑

k>0

kg(1)k uz,k(r),
∂ux′(r)
∂x3

=
∑

k>0

kg(2)k ux′,k(r),

∂uz(r)
∂x1

=
∑

k>0

kg(3)k ux′,k(r),
∂uz(r)
∂x3

=
∑

k>0

kg(4)k uz,k(r),

∂ψ(r)
∂x1

=
∑

k>0

kg(5)k ux′,k(r),
∂ψ(r)
∂x3

=
∑

k>0

kg(6)k ψk(r),

(13)

where the term (r) denotes the spatial term of the gener-
alized coordinates. The summation

∑
k>0 is over allowed

values of the k range from zero to positive infinity. To find
the canonical coordinates transformed from the general-
ized coordinates ux′ , uz, and ψ , we substitute Eqs. (13) into
Eqs. (12). Thus, the kinetic energy and potential energy
terms can be rewritten as

EK =
∫ ∑

k>0

1
2
ρ

(
∂ux′,k
∂t

,
∂uz,k

∂t

) (
∂u∗

x′,k
∂t

,
∂u∗

z,k

∂t

)T

dV,

EP =
∫ ∑

k>0

1
2

k2(ux′,k, uz,k,ψk)Gk(z)(ux′,k, uz,k,ψk)
TdV,

(14)

where Gk(z), given in Sec. III of the Supplemental Material
[62], is the quadratic-form coefficient matrix constructed
according to Eqs. (13).

To eliminate the cross terms of coordinates in the poten-
tial energy term in Eqs. (14), we take the orthogonal matrix

Q(1)
k to diagonalize Gk(z) such that

λ
(1)
k ≡ diag(λ(1)1,k , λ(1)2,k , λ(1)3,k)

= Q(1)T
k Gk(z)Q

(1)
k , (15)

where Q(1)
k is constructed via the eigenvector of the

quadratic-form coefficient matrix Gk(z). The eigenvalue
λ
(1)
j ,k is the root of the secular equation det(Gk(z)− λI) = 0,

with the identity matrix I. Therefore, the potential energy
term in Eqs. (14) is written as

EP =
∫ ∑

k>0

1
2

k2X (1)T
k Q(1)T

k Gk(z)Q
(1)
k X (1)

k dV, (16)

where X (1)
k = [Q(1)

k ]−1(ux′,k, uz,k, ψk)
T denotes the coordi-

nates transformed from the generalized coordinates ux′,k,
uz,k, and ψk via the orthogonal matrix Q(1)

k . However,
we note that X (1)

k is not the expected canonical coordi-
nate since the transform Q(1)

k would lead to cross terms of
coordinates in the kinetic energy term. That is,

EK =
∫ ∑

k>0

1
2
ρ

[
∂X (1)

k

∂t

]T

Yk(z)

[
∂X (1)

k

∂t

]
dV, (17)

where Yk(z), given in Sec. III of the Supplemental Mate-
rial [62], is constructed from the matrix Q(1)

k but is not a
diagonal matrix.

Hence, it is necessary to further consider the coordinate
transform via the orthogonal matrix Q(2)

k , which ensures
that no cross terms of transformed coordinates exist in both
the kinetic energy and potential energy terms. Thus, we
can construct the orthogonal matrix Q(2)

k via the normalized
eigenvector of [λ(1)k ]−1Yk, that is,

λ
(2)
k ≡ diag(λ(2)1,k , λ(2)2,k , λ(2)3,k)

= Q(2)T
k [λ(1)k ]−1YkQ(2)

k , (18)

where λ(2)j ,k is the root of the secular equation det([λ(1)k ]−1

Yk(z)− λI) = 0. Therefore, the transformation from gen-
eralized coordinates to canonical coordinates is given as

Xk(r) = [Q(2)
k ]−1[Q(1)

k ]−1

⎛

⎝
ux′,k(r)
uz,k(r)
ψk(r)

⎞

⎠

= Uc
0,k

⎛

⎝
x1,k(z)
x2,k(z)
x3,k(z)

⎞

⎠ e−ikx′ + c.c., (19)

where Uc
0,k denotes the normalization constant of canon-

ical coordinates, which is determined by the zero-point
fluctuation of the SAW and will be discussed in Sec. III D.
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Under the transformations [Q(1)
k ]−1 and [Q(2)

k ]−1, the
kinetic and potential energy terms can be written in
quadratic form. Correspondingly, the Lagrangian is given
in canonical coordinates as

L =
∑

k>0

∫
1
2
ρ

(
∂Xk

∂t

)T

λK
k

(
∂Xk

∂t

)
dV

−
∑

k>0

∫
1
2

k2X T
k λ

P
k Xk dV. (20)

Here, Xk = (X1,k, X2,k, X3,k)
T denotes the canonical coor-

dinate; Xj ,k = X (+)
j ,k + X (−)

j ,k is the component of the canon-
ical coordinate, with the positive frequency term X (+)

j ,k =
Uc

0,kxj ,k(z)e−i(kx′−ωkt) and the negative frequency term
X (−)

j ,k = Uc
0,kxj ,k(z)ei(kx′−ωkt); and λK

k ≡diag(λK
1,k, λK

2,k, λK
3,k)

= Q(2)T
k YkQ(2)

k and λP
k ≡ diag(λP

1,k, λP
2,k, λP

3,k) = Q(2)T
k Q(1)T

k

Gk(z)Q
(1)
k Q(2)

k are the coefficient matrices. Thus, in terms
of the canonical momentum Pk = ∂L/∂(∂Xk/∂t), the
Hamiltonian of a classical SAW is written as (see Sec. III
of the Supplemental Material [62])

HSAW =
∑

k>0

3∑

j =1

[
λK

j ,k

P2
j ,k

2M
+ λP

j ,k
Mk2

2ρ
X 2

j ,k

]
, (21)

with the mass M = ∫
ρ dV. Here, we point out that the

above detailed expressions for quantization of a SAW are
also applicable to Rayleigh-type SAWs in cubic piezomag-
netic materials, whose nonzero components of the elastic,
piezomagnetic, and magnetic permeability tensors are the
same as (but different in detailed values from) those of
terfenol-D shown in Table I.

C. Quantization condition

In the above discussion, we have derived the canon-
ical coordinates, canonical momentum, and Hamiltonian
of a classical SAW in a piezomagnetic waveguide. In this
subsection, we will introduce the quantization condition
to achieve the quantization of the SAW. We assume that
the canonical coordinates X̂k and the canonical momen-
tum P̂k′ satisfy the communication relation [X̂k, P̂k′] =
i�δkk′ . By introducing the creation and annihilation opera-
tors b̂†

k = X̂j ,k/(2X (+)
j ,k )− iP̂j ,k/(2Mωkλ

P
j ,kX (+)

j ,k ) and b̂k =
X̂j ,k/(2X (−)

j ,k )+ iP̂j ,k/(2Mωkλ
P
j ,kX (−)

j ,k ), one arrives at the
canonical coordinate in quantization form as

X̂k = Uc
0,k

⎛

⎝
x1,k(z)
x2,k(z)
x3,k(z)

⎞

⎠ b̂†
ke−i(kx′−ωkt) + H.c. (22)

Here, b̂†
k and b̂k obey the standard bosonic commutation

relations [b̂k, b̂†
k′] = δkk′ and [b̂k, b̂k′] = [b̂†

k , b̂†
k′] = 0. Cor-

respondingly, we have the canonical momentum given in
quantization form as

P̂k =
∫

iωkρ Uc
0,k

⎛

⎝
λK

1,kx1,k(z)
λK

2,kx2,k(z)
λK

3,kx3,k(z)

⎞

⎠

× [b̂†
ke−i(kx′−ωkt) − H.c.] dV. (23)

Thus, the Hamiltonian of the SAW is written as

ĤSAW =
∑

k>0

�ωk(b̂
†
k b̂k + 1

2 ). (24)

By taking the inverse transformation of canonical coor-
dinates, i.e., (ûx′,k(r), ûz,k(r), ψ̂k(r))T = Q(1)

k Q(2)
k X̂k(r), we

can obtain the generalized coordinates given in quantiza-
tion form as

⎛

⎝
ûx′
ûz

ψ̂

⎞

⎠ =
∑

k>0

U0,k

⎛

⎝
Ux′,k(z)
Uz,k(z)
�k(z)

⎞

⎠ b̂kei(kx′−ωkt) + H.c.

(25)

with the coefficients Ux′,k(z), Uz,k(z), and �k(z) given as

Ux′,k(z) = 2e−kqαz cos(kqβz + θ),

Uz,k(z) = −2i|γ |e−kqαz cos(kqβz + θ + ξ),

�k(z) = i
q33

μ11
[2Ae−kqαz cos(kqβz + θ + τ)+ A3e−kz].

(26)

Here, the relation between the normalization constant U0,k
of the generalized coordinates in Eq. (25) and the nor-
malization constant Uc

0,k of canonical coordinates in Eq.
(22) is determined by the coordinate transformation in Eq.
(19). It is clear that Eq. (25) corresponds to the quantized
traveling-wave SAW (propagating along the +x′ direction)
in the waveguide. We note that the SAW resonator can be
formed by fabricating two reflecting gratings on the sur-
face of the piezomagnetic medium, and the corresponding
quantization of the SAW in resonators can also be derived
in a similar way as for the waveguide by considering the
normalization condition.

D. Zero-point fluctuation of a quantized single-mode
SAW

We know that the zero-point fluctuation of a quantized
single-mode SAW play an important role in the study
of the interaction between quantum systems and a quan-
tized single-mode SAW via the magnetic field induced
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by the piezomagnetic effect. In analogy to cavity quan-
tum electrodynamics [73], here we consider a semi-infinite
box, with a finite lateral width L in the x′-y ′ plane and
infinite length in the z direction, to determine the zero-
point fluctuation of a quantized single-mode SAW. Thus,
the normalization constant U0,k of generalized coordi-
nates, which corresponds to the zero-point fluctuation of
mechanical displacement, is determined by the energy
of a single-mode SAW phonon. Following the coordi-
nate transformation given in Eq. (19) and the generalized
coordinates given in Eq. (25), one can determine the nor-
malization constant Uc

0,k of the canonical coordinate in Eq.
(19) accordingly. Here, the expression of Uc

0,k is not given
since it is too complicated. In addition, it should be noted
that the above method for determining the zero-point fluc-
tuation is appropriate to arbitrary types of SAWs in general
piezomagnetic materials.

Specially, for a Rayleigh-type SAW in the cubic piezo-
magnetic material terfenol-D (as given in Sec. II B), the
corresponding normalization constant of generalized coor-
dinates is calculated as U0,k 
 (8.71 × 10−22/L) m2 (see
Sec. IV of the Supplemental Material [62]). Correspond-
ingly, in terms of Eqs. (1), (25), and (26), the components
of the induced magnetic field with wave number k at the
surface (z = 0) are written in quantization form as (see
Sec. IV of the Supplemental Material [62])

B̂x′,k(z = 0) = Bzp
x′,kb̂kei(kx′−ωkt) + H.c., (27)

B̂z,k(z = 0) = iBzp
z,kb̂kei(kx′−ωkt) + H.c., (28)

where the corresponding zero-point fluctuations Bzp
x′,k and

Bzp
z,k are given as

Bzp
x′,k = 2kU0,kq33

[
A cos(θ + τ)+ A3

2

]
, (29)

Bzp
z,k = 2kU0,kq33[qα|γ | cos(θ + ξ)+ qβ |γ | sin(θ + ξ)]

+ 2kU0,kq33[Aqα cos(θ + τ)+ Aqβ sin(θ + τ)]

+ 2kU0,kq33

[
q31

q33
cos(θ)+ A3

2

]
. (30)

In Fig. 3, we give the zero-point fluctuations of the
induced magnetic fields corresponding to a quantized
single-mode SAW with wave number k versus the lateral
width L and frequency ωk of the SAW. Here, the lateral
width L is taken to be L = 1–100 µm, which is within the
width range of the SAW waveguide in existing research
[74–76]. It is shown that a smaller lateral width L and
higher frequency ωk allow larger zero-point fluctuation of
the magnetic field to be obtained, which would strengthen
the coupling between quantum systems and a single-mode
SAW via the magnetic field induced by the piezomagnetic
effect. Specifically, we find that the zero-point fluctuation

(a) (b)

FIG. 3. The zero-point fluctuations (a) Bzp
x′ ,k and (b) Bzp

z,k of the
magnetic field induced by the piezomagnetic effect versus the lat-
eral width L and the frequency ωk of the SAW. Other parameters
are the same as those in Fig. 2.

of magnetic fields can reach about 1 µT for L = 1 µm and
ωk/2π = 10 GHz. In such a case, for a mechanical dis-
placement that differs from the magnetic field by a factor
kqijk, its corresponding zero-point fluctuation is about 1 fm.

IV. COUPLING BETWEEN MAGNETIC
QUANTUM SYSTEMS AND A QUANTIZED

SINGLE-MODE SAW IN A PIEZOMAGNETIC
WAVEGUIDE

In the above discussion, we have described a quantized
SAW in a waveguide made of a piezomagnetic medium.
Different from the SAW in a piezoelectric medium, the
SAW in the piezomagnetic medium allows direct manip-
ulations of magnetic quantum systems via the magnetic
field induced by the piezomagnetic effect. A SAW is usu-
ally designed to operate in the frequency range from tens
of megahertz to several gigahertz. We note that a supercon-
ducting circuit, ferromagnetic magnon, and defect center
in diamond are typical solid-state magnetic quantum sys-
tems (with magnetic moments), which can operate within
the domain of microwave frequency.

Without loss of generality, we now study the coupling
between these quantum systems and a quantized single-
mode SAW at the single-phonon level (i.e., the coupling
between these quantum systems and a single-mode SAW
phonon) in a piezomagnetic waveguide. Moreover, as
schematically shown in Fig. 4(a), in order to excite the
SAW in a waveguide [74–76] made of a piezomagnetic
medium, an alternative way is to fabricate an interdigital
transducer (IDT) on the piezomagnetic waveguide, with a
layer of piezoelectric film deposited between the IDT and
the piezomagnetic waveguide [53].

In the following study of this section, we take the
quantized Rayleigh-type SAW in the cubic piezomag-
netic material terfenol-D, which was described in Sec.
III D, as an example to estimate the coupling strengths
between these quantum systems and a quantized single-
mode SAW. Here, we point out that these quantum systems
can also be coupled with other types of SAWs in a general
piezomagnetic medium.
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(a) (b)

(d) (e)

(c)

FIG. 4. (a) Schematic illustration for exciting a SAW in a piezomagnetic waveguide, where the IDT is fabricated on the piezomag-
netic waveguide, with a layer of piezoelectric film deposited between the IDT and the piezomagnetic waveguide. (b)–(e) Schematic
illustrations for coupling the (b) fluxonium qubit, (c) transmon qubit, (d) ferromagnetic magnon, and (e) defect center in diamond with
the quantized SAW in a one-dimensional piezomagnetic waveguide via the magnetic field induced by the piezomagnetic effect. The
superconducting qubits are deposited on the surface of the waveguide, while the ferromagnetic film and diamond film are suspended
above the waveguide.

A. Superconducting qubit circuits and their couplings
to the SAW

Superconducting qubit circuits based on Josephson
junctions are macroscopic quantum systems, which have
advantages such as flexibly designed and tunable sys-
tem parameters, long decoherence time, as well as the
capability of interfacing with other quantum systems [32–
36,77,78]. It is well known that a superconducting qubit
loop interrupted by Josephson junctions is very sensitive
to the magnetic field [79–82]. We here take the fluxo-
nium [83–86] and transmon [87–90] qubits as examples to
study their couplings to a quantized single-mode SAW in
a piezomagnetic waveguide via the magnetic field induced
by the piezomagnetic effect.

1. Coupling of a quantized single-mode SAW to a
fluxonium qubit

We first study the coupling between a fluxonium qubit
and a quantized single-mode SAW in a piezomagnetic
waveguide. As schematically shown in Fig. 4(b), the flux-
onium qubit, which contains a superconducting loop inter-
rupted by a Josephson junction and a big linear inductor,
is coupled to the SAW via the magnetic field induced by
the piezomagnetic effect. Thus, the Hamiltonian of the sys-
tem (see Sec. V of the Supplemental Material [62]) in
which the fluxonium qubit is coupled to a quantized single-
mode SAW in the piezomagnetic waveguide is written as
(hereafter, we take � = 1 for simplicity)

Hfx = ωfxâ†
fxâfx − EC

12
(âfx + â†

fx)
4 + ωkb̂†

k b̂k

+ (igfxâ†
fxb̂k + H.c.). (31)

Here, ωfx = 2
√

2ECEL + (EJ + EL)
√

EC/2EL is the
plasma-like frequency; â†

fx and âfx are the creation
and annihilation operators of the fluxonium qubit;
gfx = −2π 4

√
2EC/EL ELBzp

z,kS/�0 is the coupling strength

between the fluxonium qubit and a quantized single-mode
SAW via the magnetic field induced by the piezomagnetic
effect; EC, EJ , and EL denote the capacitive, Josephson, and
inductive energies of the fluxonium qubit, respectively;�0
is the magnetic flux quantum; Bzp

z,k denotes the zero-point
fluctuation of the induced magnetic field along the z direc-
tion as given in Eq. (30); and S denotes the effective loop
area of the qubit that the induced magnetic field threads.
Correspondingly, the transition frequency between the two
lowest-energy states of the fluxonium qubit is given as
ω10 = ωfx − EC. Equation (31) shows that the fluxonium
qubit is linearly coupled to a quantized single-mode SAW
in the waveguide via the magnetic field induced by the
piezomagnetic effect.

2. Coupling of a quantized single-mode SAW to a
transmon qubit

We now study the coupling between a transmon qubit
and a quantized single-mode SAW in a piezomagnetic
waveguide. As schematically shown in Fig. 4(c), the trans-
mon qubit, which contains a superconducting loop inter-
rupted by two Josephson junctions, is coupled to the SAW
via the magnetic field induced by the piezomagnetic effect.
Thus, the Hamiltonian of the system (see Sec. VI of
the Supplemental Material [62]) in which the transmon
qubit is coupled to a quantized single-mode SAW in the
piezomagnetic waveguide is given as

Hts = ωtsâ
†
tsâts − EC

12
(âts + â†

ts)
4 + ωkb̂†

k b̂k

+ gts(âts + â†
ts)

2(b̂k − b̂†
k)

2. (32)

Here, ωts = 4
√

ECEJ denotes the Josephson plasma fre-
quency; â†

ts and âts are the creation and annihila-
tion operators of the transmon qubit; the parameter
gts = −2π

√
ECEJ (πBzp

z,kS)2/2�2
0 is the coupling strength

between the transmon qubit and a quantized single-mode
SAW via the magnetic field induced by the piezomagnetic
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effect; and EC, EJ , and EL denote the capacitive, Josephson,
and inductive energies of the transmon qubit, respectively.
Correspondingly, the transition frequency between the two
lowest-energy states of the transmon qubit is given as
ω10 = ωts − EC. Equation (32) shows that, different from
the fluxonium qubit, the transmon qubit is quadratically
coupled to a quantized single-mode SAW via the magnetic
field induced by the piezomagnetic effect.

3. Coupling strength between a quantized single-mode
SAW and superconducting qubits

In Figs. 5(a) and 5(b), we choose different lateral widths
L to display the coupling strengths in Eqs. (31) and (32) of
the fluxonium and transmon qubits with a quantized single-
mode SAW versus the loop area S of the qubit. Here, the
frequency of the SAW is taken to be resonant with the tran-
sition frequency between the two lowest-energy states of
the fluxonium and transmon qubits in Figs. 5(a) and 5(b),
respectively. It is found that, with the decrease of L or the
increase of S, the coupling strength can be enhanced sig-
nificantly. Therefore, in the case of superconducting qubits
that are coupled to a single-mode SAW via the magnetic
field, designing phononic devices with small lateral widths
or qubit circuits with large loop areas would be necessary
to achieve strong coupling strength.

Furthermore, we point out that, besides the linear cou-
pling, a single-mode SAW in a piezomagnetic waveguide
can interact with a superconducting qubit via quadratic
coupling. This is different from the quantized single-mode
SAW in a piezoelectric waveguide, which typically inter-
acts with a superconducting qubit via linear coupling. In
the present models, the linear coupling or quadratic cou-
pling arises from the intrinsic properties of the qubits.
Thus, when resorting to a specially designed superconduct-
ing qubit circuit, one could enable the interaction between
the qubits and SAW via other types of nonlinear cou-
plings. This would enable more potential applications in
quantum sensing, quantum communication, and quantum
computing, e.g., precision measurement [91,92], quantum
gates [93,94], generation of nonclassical states [95,96],
mechanical cooling [97,98], and parametric conversion
[99,100].

In the above study, we simply assume that the effect
of the magnetic field induced by the SAW on the super-
conductivity of the superconducting qubit is negligibly
small. And also, the superconducting qubit might be cou-
pled to the SAW in the piezomagnetic waveguide through
flip-chip bonding technology [37,101,102] to minimize
the effect of the piezomagnetic waveguide on the super-
conductivity and coherence of the qubit. Correspondingly,
for a distance d between the superconducting qubit and
the surface of the piezomagnetic waveguide, the coupling
strength between the fluxonium (transmon) qubit and a
quantized single-mode SAW reduces to gfxe−kd (gtse−kd).

That means that the presence of the distance d would lead
to variation of the coupling strength between the qubit and
the SAW, as shown in Figs. 5(c) and 5(d). Generally, a
large distance corresponds to weaker coupling for a given
qubit. For different qubits, their coupling strengths with the
SAW are different even if the distance d is the same. For
example, it is found that, with the increase of d, the cou-
pling strength between the transmon qubit and the SAW
decreases more rapidly, as compared with that between the
fluxonium qubit and the SAW.

B. Coupling of a quantized single-mode SAW to
ferromagnetic magnons

The magnon [103,104] is the spin-wave quantum in
magnetically ordered systems. A ferromagnet, which is a
typical example of a magnetically ordered system, is well
known for its rich properties, e.g., large magnetization,
long decoherence time, magnetostriction, and nonlinear-
ity [103–112]. These properties mean that ferromagnetic
magnons have promising applications in quantum sen-
sors, quantum communication, and quantum transduction
[50–53,104,109]. Here, we study the interaction between
ferromagnetic magnons and a quantized single-mode SAW
in a piezomagnetic waveguide.

Note that the magnetic potential of SAW decays expo-
nentially in the space above a waveguide made of a
piezomagnetic medium. To achieve coupling between the
ferromagnetic magnon and a quantized single-mode SAW
in a waveguide via the magnetic field induced by the piezo-
magnetic effect, we consider the system composed of a
piezomagnetic waveguide and a ferromagnetic film sus-
pended above the waveguide, as schematically shown in
Fig. 4(d). Here, we focus on the case of low excitation
for a large number N of ferromagnetic spins, that is, the
mean excitation number of spins is much smaller than the
total number of spins [104]. Then, the interaction Hamil-
tonian, between a single Kittel-mode magnon (generated
via spatially uniform magnetization of spins) [104,106]
and a quantized single-mode SAW in the piezomagnetic
waveguide, is written as (see Sec. VII of the Supplemental
Material [62])

Hfm = gfmm̂†b̂k + H.c. (33)

Here, gfm = (1 − i)
√

Nγf Bzp
x′,ke−kd/2

√
2 denotes the cou-

pling strength between a single Kittel-mode magnon and
a quantized single-mode SAW via the magnetic field
induced by the piezomagnetic effect; γf is the gyromag-
netic ratio; d is the distance between the film and the
surface of the waveguide; and m̂† and m̂ are the creation
and annihilation operators of the magnon. As shown in
Fig. 5(e), for the typical ferromagnetic material nickel
with operation frequency ωf /2π = 3 GHz and gyromag-
netic ratio γf /2π 
 30.59 GHz [105], when we take the
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(a) (c) (e)

(b) (d) (f)

FIG. 5. (a),(c) The coupling strength between the fluxonium qubit and a quantized single-mode SAW via the magnetic field induced
by the piezomagnetic effect versus (a) the loop area S or (c) the distance d for different lateral widths L. (b),(d) The coupling strength
between the transmon qubit and a quantized single-mode SAW via the magnetic field induced by the piezomagnetic effect versus
(b) the loop area S or (d) the distance d for different lateral widths L. (e),(f) The coupling strength between (e) a single ferromagnetic
Kittel-mode magnon or (f) a defect center and a quantized single-mode SAW via the magnetic field induced by the piezomagnetic effect
versus the distance d for different lateral widths L. The parameters are chosen as follows. (a),(c) Fluxonium: EC/2π = EL/2π = 1 GHz,
EJ /2π = 3 GHz, ωk/2π = 4.66 GHz, and (a) d = 0 and (c) S = 1000 µm2. (b),(d) Transmon: EC/2π = 100 MHz, EJ /2π = 10 GHz,
ωk/2π = 3.9 GHz, and (b) d = 0 and (d) S = 1000 µm2. (e) Ferromagnetic magnon: γf /2π = 30.59 GHz, ωk/2π = 3 GHz, and
N = 100. (f) Defect center: γc/2π = 28 GHz and ωk/2π = 2.87 GHz. Other parameters are the same as those in Fig. 2.

distance d = 0.1 µm, lateral width L = 1 µm, and spin
number N = 100, the coupling strength between a sin-
gle Kittel-mode magnon and a quantized single-mode
SAW with frequency ωk = ωf is estimated as |gfm|/2π 

16.73 kHz. The results indicate that a smaller lateral width
L for the SAW device and a smaller distance d between the
SAW device and the ferromagnetic film would contribute
to achieve strong coupling strength.

Additionally, we note that when the ferromagnetic film
is deposited on the surface of an elastic medium, the prop-
agation of a SAW through the film would generate elastic
strain, allowing one to drive the magnetization dynamics of
the ferromagnetic magnons via the magnetoelastic interac-
tion [50–53]. Here, it is found that, when the ferromagnetic
magnons are coupled to SAW via the strain induced by
the piezomagnetic effect, one can achieve the interac-
tion between ferromagnetic magnons and the SAW via
both linear and nonlinear magnetomechanical couplings
simultaneously (see Sec. VII of the Supplemental Material
[62]). This would offer promising applications in quan-
tum sensing [113,114] and storage of quantum information
[115,116].

Moreover, the above discussion focuses on the cou-
pling between ferromagnetic magnons and a SAW via
the magnetic field or the strain induced by the piezomag-
netic effect. We point out that, in a model consisting of
ferromagnetic and piezomagnetic materials, the interlayer
exchange coupling [117–119] that arises from the interac-
tion between two spins in two different layers of magnetic

materials may also contribute to the coupling between
the ferromagnetic magnons and the SAW in the piezo-
magnetic medium. This type of coupling has been widely
used in nonreciprocal transmission [120,121], tailored
magnon-phonon coupling [122,123], and magnetic mem-
ory [124,125]. Therefore, the use of interlayer exchange
coupling would enable further development of our present
magnon-phonon quantum system.

C. Coupling of a quantized single-mode SAW to defect
centers in diamond

The defect center in diamond [126], which is con-
sidered as a spin, can operate at room temperature and
has long decoherence time. Thus, it provides a promis-
ing platform for quantum memory, quantum communica-
tion, and quantum sensors [26–28,72,126–131]. Different
from previous studies involving the interaction between
electromagnetic fields at telecommunication wavelength
[128–130] or SAWs in a piezoelectric medium [26–28],
here we focus on the domain of microwave frequency to
study the coupling between defect centers and SAW in a
piezomagnetic medium.

Similarly, the coupling between defect centers and SAW
can be realized via the magnetic field induced by the piezo-
magnetic effect. As schematically shown in Fig. 4(e), we
consider the system composed of a piezomagnetic waveg-
uide and the defect centers contained in a diamond film
that is suspended above the waveguide. Correspondingly,
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the interaction Hamiltonian in which a single defect center
is coupled to a quantized single-mode SAW in the piezo-
magnetic waveguide is written as (see Sec. VIII of the
Supplemental Material [62])

Hcm = gcmσ+b̂k + H.c. (34)

Here, gcm = (1 − i)γcBzp
x′,ke−kd/2

√
2 is the coupling

strength between the single defect center and a quantized
single-mode SAW, with the gyromagnetic ratio of defect
center γc; and σ+ and σ− are the ladder operators of the
defect center. Typically, for the nitrogen-vacancy (N-V)
center with transition frequency ωc/2π = 2.87 GHz and
gyromagnetic ratio γc/2π 
 28 GHz [126], when we take
L = 1 µm and d = 0.1 µm, the coupling strength between
a single N-V center and a single-mode SAW phonon
with frequency ωk = ωc is about |gcm|/2π 
 1484 Hz, as
shown in Fig. 5(f). Similar to the case of the coupling
between a ferromagnetic magnon and a SAW, smaller lat-
eral width L for the SAW device and smaller distance d
between the SAW device and the defect center would be
better to obtain strong coupling strength.

Moreover, we note that, besides the electric and mag-
netic fields, the defect centers can be controlled via strain
using electromechanical or optomechanical systems [132–
136]. Thus, in our present model, when the diamond film
is deposited on the surface of a piezomagnetic waveguide,
one can manipulate the defect centers using the SAW via
both the magnetic field and the strain induced by the piezo-
magnetic effect (see Sec. VIII of the Supplemental Material
[62]). Specifically, for the typical strain-driven N-V cen-
ter [132], its maximum coupling strength with a SAW via
the induced strain is estimated as gcs/2π ∼ 100 Hz for
a lateral width L = 1 µm. That means that the coupling
strength of the N-V center with the strain is much smaller
than its coupling strength with the magnetic field, which is
in agreement with previous studies [13,131].

D. Discussions about coupling strengths

In the above, we have studied the coupling between
solid-state magnetic quantum systems (i.e., superconduct-
ing qubit, ferromagnetic magnon, and defect center in
diamond) and a single-mode SAW phonon in a waveguide
made of a piezomagnetic medium. We note that for these
systems used as qubits, each of them has its own features,
and their couplings to the SAW phonon are also differ-
ent from each other. For comparison, we summarize the
operating temperature, operating frequency, coupling type,
decoherence rate, and coupling strength to the single-mode
SAW phonon via the magnetic field in Table II.

The superconducting qubit, which operates at low
temperature (∼ 10 mK), can interact strongly with the
single-mode SAW phonon since the coupling strength
(∼ 0.01 Hz–100 MHz) can be stronger compared to the

decoherence rate (∼ 0.01 MHz). Thus, a SAW in the piezo-
magnetic medium offers an alternative way for the individ-
ual manipulation of superconducting qubits via the mag-
netic field induced by the piezomagnetic effect. In contrast,
compared with the superconducting qubit, the ferromag-
netic magnon and defect center have smaller decoherence
rates (∼ 1 Hz–10 kHz) and operate at higher temperature
(∼ 1–300 K). However, a sample of ferromagnetic mate-
rials with high spin density [53,105,111] (or a sample of
diamond with many defect centers [28,134,137,138]) is
required to achieve coherent manipulation of these col-
lective spins. Besides the magnetic field, the ferromag-
netic magnons (or defect centers in diamond) can interact
with the SAW via the strain induced by the piezomag-
netic effect. Therefore, a SAW in a piezomagnetic medium
provides an alternative way for the manipulation of ferro-
magnetic magnons or defect centers via the magnetic field
or strain induced by the piezomagnetic effect.

We would like to point out that the above studies focus
on the case of a traveling-wave SAW in a waveguide,
whose amplitude is uniform in space. Thus, the corre-
sponding coupling strength is independent of the locations
of the magnetic quantum systems. However, in the case of
a standing-wave SAW in a resonator, which will be studied
in our future work, the amplitude of the SAW is space-
dependent, and thus the coupling strengths of the magnetic
quantum systems to the SAW are also space-dependent.
We also note that the wavelength of the SAW (∼ 1 µm in
our present studies) is comparable to the size of a single
superconducting qubit (∼ 1–100 µm) [32–36] or a sam-
ple (∼ 10–100 µm) containing many ferromagnetic spins
[53,105,111] or defect centers [28,134,137,138]. There-
fore, these magnetic quantum systems cannot be consid-
ered as point particles when they are coupled to a SAW in
a piezomagnetic resonator.

V. QUBIT- QUBIT INTERACTION MEDIATED BY
A MULTIMODE SAW PHONON IN A

PIEZOMAGNETIC WAVEGUIDE

In the previous section, we studied the couplings
between several typical magnetic quantum systems and a
single-mode SAW phonon in a piezomagnetic waveguide.
In fact, when a magnetic quantum system is coupled to
a SAW in a waveguide, it would simultaneously interact
with multiple modes of SAW phonons in the waveg-
uide. In this section, by taking into account a quantized
Rayleigh-type SAW in the cubic piezomagnetic material
terfenol-D (described in Sec. III D) and the superconduct-
ing fluxonium qubit as examples, we further study the
distant interaction between two identical qubits mediated
by multimode SAW phonons in a piezomagnetic waveg-
uide. In the following study, the transition frequencies
ω10 of the two qubits are taken as ω10/2π = 4.66 GHz
according to the parameters of Fig. 5(b). To characterize
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TABLE II. Basic properties of typical magnetic quantum systems [34–36,78,104,105,126,131], along with comparisons of coupling
strengths between these systems and a quantized single-mode SAW in a piezomagnetic waveguide. Other parameters are the same as
those in Figs. 2 and 5 except L = 1–100 µm, S = 100–1000 µm2, and d = 0.1–1 µm.

Qubits Fluxonium Transmon
Nickel for ferromagnetic

magnon
N-V center for
defect center

Operating temperature ∼ 10 mK ∼ 10 mK from ∼ 1 K to room
temperature

room temperature

Operating frequency ω/2π 1–5 GHz 1–5 GHz 0.1–5 GHz 1–5 GHz
Coupling type either electric or

magnetic
either electric or

magnetic
either magnetic or

strain
either electric,

magnetic, or strain
Decoherence rate �/2π of

single qubit
∼ 0.01 MHz ∼ 0.01 MHz ∼ 1 kHz–10 kHz ∼ 1 Hz–1 kHz

Coupling strength g/2π
between single qubit and
SAW (in waveguide) via
magnetic field

∼ 10 kHz–100 MHz ∼ 0.01 Hz–10 MHz ∼ 10 Hz–10 kHz ∼ 1 Hz–1 kHz

such interaction, we focus on the dynamical evolutions of
population and entanglement of the two qubits.

A. Dynamical equations of population and
concurrence

As schematically shown in Fig. 6, the SAW phonons in
a one-dimensional waveguide are coupled to two super-
conducting fluxonium qubits at positions x′ = x′

a and x′ =
x′

b, respectively. Here we focus on the single-excitation
properties of the system. Thus the evolutions of the two
qubits are given as (see Sec. IX of the Supplemental
Material [62])

∂

∂t
αA(t) = −�0αA(t)− �0eiθTαB(t − T)�(t − T), (35)

∂

∂t
αB(t) = −�0αB(t)− �0eiθTαA(t − T)�(t − T), (36)

where αA(t) and αB(t) are the probability amplitudes of
the qubit A and qubit B, which are excited to their first-
excited states |1〉A and |1〉B by the SAW phonons. The
parameter θT = ω10T represents the phase that results from
the propagation of the SAW, with the transition frequency
ω10 between two lowest-energy states of each qubit and
the delay time T = |x′

b − x′
a|/v between the two qubits. In

addition, �(t − T) is the Heaviside step function; and �0
is the decay rate from the qubit to the SAW waveguide,

FIG. 6. Schematic illustration for coupling two distant super-
conducting fluxonium qubits mediated by multimode SAW
phonons in a one-dimensional waveguide via the magnetic field
induced by the piezomagnetic effect.

while other decay rates of the qubit have been neglected.
Thus, the population evolutions of the two qubits are calcu-
lated as PA(t) = |αA(t)|2 and PB(t) = |αB(t)|2. Equations
(35) and (36) also show that the SAW waveguide results
in decays of the two qubits and induces the interaction
between the two qubits.

To quantify the entanglement of the two qubits, here
we resort to the concurrence [139,140], derived from the
reduced density matrix in the basis {|1A, 1B〉, |1A, 0B〉,
|0A, 1B〉, |0A, 0B〉}. Thus, the time evolution of the concur-
rence C(t) is given as (see Sec. IX of the Supplemental
Material [62])

C(t) = 2|αA(t)αB(t)∗|, (37)

where the probability amplitudes αA(t) and α∗
B(t) are

obtained by solving the dynamical equations (35) and (36).

B. Time-delay interaction of two qubits

In the present model, the time-delay effect due to the
propagation of the SAW in the waveguide is essential
in the interaction between the two qubits. Thus, we first
choose different delay times T to study the population
evolutions of the two qubits in Fig. 7. In the following
discussion, we consider the initial condition that the qubit
A (qubit B) is in the excited (ground) state. As shown
in Fig. 7(a), at the time 0 ≤ t < T, qubit A decays expo-
nentially, while qubit B remains in the ground state. This
is because the SAW phonons, generated by the decay of
qubit A, have not yet propagated to the position of qubit
B. At the time T ≤ t < 2T, qubit B is excited and then
decays exponentially, while qubit A remains in the ground
state. This can be interpreted as follows: qubit B is excited
by the SAW phonons generated by qubit A, but the SAW
phonons generated by the decay of qubit B have not yet
propagated to qubit A due to the delay time. As time t
goes on, more energy is transferred to the SAW phonons
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0.0 0.8 1.6
0.0

0.5

1.0
 PA

 PB

0.0 0.8 1.6 0.0 0.8 1.6

(a) (b) (c)

 (μs)t  (μs)t  (μs)t

FIG. 7. The population evolution of the two qubits when the
delay time is taken as (a) T = 0.1 µs, (b) T = 0.2 µs, and
(c) T = 0.3 µs. Other parameters are ω10/2π = 4.66 GHz and
�0/2π = 100 MHz.

in the waveguide, which ultimately leads to the decay of
time-delay Rabi oscillation between the two qubits. Here,
we note that, with the increase of the delay time T, the
time required for SAW phonons to propagate between the
two qubits is increased accordingly, and thus the decay of
Rabi oscillation becomes slower, as shown in Figs. 7(b)
and 7(c).

In addition to the delay time, the decay rate �0 of the
qubit also plays a crucial role in the population evolutions
of the two qubits. This is primarily because the decay rate
�0 determines the time for the energy to be transferred
from the qubit to the SAW phonons in the waveguide. We
show the population evolutions of the two qubits for dif-
ferent decay rate �0 in Fig. 8. In the case of �−1

0 � T, as
shown in Fig. 8(a), the decay time of the qubit is much less
than the delay time. Thus, before the SAW phonons gen-
erated by qubit A (qubit B) propagate to qubit B (qubit
A), qubit A (qubit B) decays rapidly to the waveguide.
As the decay rate decreases, e.g., �−1

0 = T, as shown in
Fig. 8(b), the decay of the qubit becomes slower. Thus,
before qubit A (qubit B) decays completely to the waveg-
uide, qubit B (qubit A) is excited by the SAW phonons
that are generated by qubit A (qubit B). Specifically, in the
case of �−1

0 � T, as shown in Fig. 8(c), the decay time
of the qubit is much larger than the delay time. In such
a case, before qubit A (qubit B) decays completely to the
waveguide, the phonons generated by qubit A (qubit B)
would be partly reflected back to qubit A (qubit B) by
qubit B (qubit A). The reflected phonons interfere with

0.0 0.8 1.6
0.0

0.5

1.0
 PA

 PB

0.0 0.8 1.6 0.0 0.8 1.6

(a) (b) (c)

 (μs)t  (μs)t  (μs)t

FIG. 8. The population evolution of the two qubits when the
decay rate to the SAW waveguide is taken as (a) �0/2π =
100 MHz, (b) �0/2π = 10 MHz, and (c) �0/2π = 1 MHz. Other
parameters are the same as those in Fig. 7 except T = 0.1 µs.

the phonons generated by the decay of the qubit, which
ultimately results in a portion of the energy being trapped
within the two qubits.

From Fig. 8(c), one can see that the decay of the two
qubits to the waveguide is highly dependent on the interfer-
ence between the phonons generated by qubit A (qubit B)
and the phonons reflected by qubit B (qubit A). As shown
in Eqs. (35) and (36), such interference is determined by
the phase θT = ω10T with a period π . When the transi-
tion frequency ω10 of the qubit is given, the interference is
determined by the delay time T. To clearly illustrate such
interference, we study the population evolutions of the two
qubits for different phase θT for given frequency ω10/2π =
4.66 GHz under the condition �−1

0 � T = θT/ω10, i.e., the
decay time of the qubit is much longer than the delay time.

When qubit A (qubit B) decays into the waveguide,
qubit B (qubit A) can be considered as a mirror [35,141–
143], which leads to the standing wave for the SAW
phonon with frequency ωk = ω10. For the phase θT = π/2,
as shown in Fig. 9(a), each qubit is located at the antin-
ode of the standing wave [141–143], which results in the
enhancement of the decay of the qubit to the waveguide.
As the phase θT varies from π/2 to π , each qubit is no
longer located at the antinode of the standing wave, and
thus the decay of the qubit becomes slower, with, for exam-
ple, θT = 3π/4, as shown in Fig. 9(b). Specifically, for the
phase θT = π , as shown in Fig. 9(c), each qubit is located
at the node of the standing wave [141–143], which leads to
the suppression of the decay of the qubit to the waveguide.

Moreover, we point out that the phase θT = ω10T with
period π would also have an effect on the entanglement
of the two qubits. In Fig. 10, we still focus on the con-
dition �−1

0 � T and choose different phase θT to show
the evolution of the concurrence with time t for given
frequency ω10/2π = 4.66 GHz. It is shown that the entan-
glement of the two qubits reaches a maximum C 
 0.2
rapidly when both qubits are excited at time t with T <

t < 2T < �−1
0 with given frequency ω10/2π = 4.66 GHz.

When the phase θT is taken as θT = π/2, as considered
in Fig. 9(a), the enhanced decay of the qubit would lead

0.0 0.8 1.6
0.0

0.5

1.0
 PA

 PB

0.0 0.8 1.6 0.0 0.8 1.6

(a) (b) (c)

 (μs)t  (μs)t  (μs)t

FIG. 9. The population evolution of the two qubits when the
relative phase between the two qubits is taken as (a) θT = π/2,
(b) θT = 3π/4, and (c) θT = π . Other parameters are the same
as those in Fig. 7 except T = 0.1 µs + mod(θT,π)/ω10 and
�0/2π = 1 MHz, with mod(θT,π) denoting the remainder of θT
divided by π .

034013-13



CHEN, WANG, SONG, and LIU PHYS. REV. APPLIED 23, 034013 (2025)

0.0 1.0 2.0
0.0

0.1
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 (μs)t  (μs)t  (μs)t

FIG. 10. The concurrence of the two qubits when the relative
phase between the two qubits is taken (a) θT = π/2, (b) θT =
3π/4, and (c) θT = π . Other parameters are the same as those in
Fig. 9.

to the rapid disentanglement of the two qubits, as shown
in Fig. 10(a). When the phase θT varies from π/2 to π ,
the enhancement of the decay of the qubit is modified,
and thus the decay from entanglement to disentanglement
becomes slower, as shown in Fig. 10(b) with, for example,
θT = 3π/4 as considered in Fig. 9(b). In particular, when
the phase θT is taken as θT = π , as considered in Fig. 9(c),
the suppressed decay of the qubit would ultimately result
in steady entanglement with the concurrence C 
 0.19, as
shown in Fig. 10(c).

VI. DISCUSSION

In our present models, the magnetic quantum systems
used as qubits (e.g., N-V center, magnon, and various
superconducting qubits) are coupled to the SAW phonons
via the magnetic field or stain induced by the piezomag-
netic effect, and thus the information on SAW phonons
can be detected by the qubits. That means that, when
external disturbances (e.g., magnetic field, strain, or tem-
perature) are applied to the piezomagnetic medium, one
could realize qubit-mediated sensors with SAW phonons
in the piezomagnetic medium. By controlling the interac-
tion between the qubits and the SAW phonons, one can
prepare various nonclassical states (e.g., squeezed state or
entangled state) of the SAW phonons to achieve precision
measurement. Therefore, our studies would provide new
ways for quantized SAW-based sensing.

Furthermore, besides the magnetic quantum systems
discussed in our present studies, a quantized SAW in
a piezomagnetic medium can also be coupled to other
quantum systems, such as quantum dots [29–31], chiral
molecules [144,145], and waveguides [74,146,147]. Thus,
a quantized SAW in a piezomagnetic medium provides an
alternative way for the integration of different quantum
systems, and may have potential applications in quantum
communication and quantum computing.

Generally, in a magnetomechanical material that
involves coupling between magnetic field and mechani-
cal vibration [148–151], there exists not only the (linear)
piezomagnetic effect, which dominates in the case of a
weak driving field, but also the (second-order nonlinear)
magnetostrictive effect, which becomes significant in the

case of a strong driving field. In our present study, we focus
on the case of a weak driving field and assume that the
magnetostrictive effect is negligibly small. Thus, our dis-
cussions are limited to linear piezomagnetic coupling, and
the derivations are based on the linear constitutive equa-
tions in a piezomagnetic medium with negligibly small
magnetostrictive effect.

However, in the case of a strong driving field, the dis-
cussions should consider both the linear piezomagnetic
coupling and nonlinear magnetostrictive coupling, and
the derivations require the nonlinear constitutive equa-
tions [148] in a general magnetomechanical medium with
both piezomagnetic and magnetostrictive effects. In such
a case, depending on the intrinsic properties of the mate-
rial, crystal orientation, and external perturbations (e.g.,
magnetic field), the simultaneously present piezomagnetic
and magnetostrictive effects could enhance or counteract
each other [149–151]. This would lead to the enhance-
ment or reduction of the magnetic field and mechanical
vibration, and thus has applications in signal processing
[152–155]. Therefore, the generation of SAWs under both
the piezomagnetic and magnetostrictive effects, as well
as the couplings between a SAW and quantum systems
via these two effects, is also an important and interest-
ing issue, which will be further studied in our future
work.

Additionally, we would like to remark that our present
study is limited to linear piezomagnetic coupling. Thus, we
take terfenol-D, which is considered as a piezomagnetic
material (under a weak driving field) in many theoreti-
cal and experimental studies [65,68–72], as an example to
derive more detailed expressions on the quantum theory
of SAWs in a piezomagnetic medium, e.g., the approxi-
mate value of the zero-point fluctuation for the SAW and
the coupling strengths of the SAW to several magnetic
systems. However, detailed expressions for the quantized
SAW in other piezomagnetic materials, e.g., uranium diox-
ide [149], can also be derived with the given material
parameters.

We would also like to emphasize that we study an ideal
case where all dampings of SAW phonons are neglected.
In practice, both acoustic and magnetic dampings [156–
158] are important to the propagation of SAW phonons
in a piezomagnetic waveguide. We note that the damping
of the piezomagnetic material terfenol-D, which depends
on the external perturbation [159–161], is usually con-
sidered to be large [162–164]. Thus, in order to ensure
a SAW propagating free from damping over a chip-scale
distance, a piezomagnetic material with low damping
(perhaps yttrium iron garnet, Mn3Sn, or uranium diox-
ide) would be a better choice for the fabrication of the
waveguide. We also mention that these damping effects on
the SAW can be theoretically resolved according to quan-
tum theory [165,166] by introducing external degrees of
freedom, which are coupled to the SAW.
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VII. CONCLUSIONS

In conclusion, we have studied the quantum theory of
SAWs in a piezomagnetic medium by resorting to the
canonical quantization method. Based on the theory of
the classical SAW, which is obtained by solving the wave
equation in a general piezomagnetic medium, we derive
the Hamiltonian of the quantized SAW in a strip waveg-
uide made of a piezomagnetic medium, and give the quan-
tization expressions for the mechanical displacement and
magnetic field induced by the piezomagnetic effect. Based
on this, we study the interaction between several typical
magnetic quantum systems (i.e., superconducting qubits,
ferromagnetic magnons, and defect centers in diamond)
and a quantized single-mode SAW in a piezomagnetic
waveguide at the single-phonon level. It is found that the
intrinsic properties of a SAW in a piezomagnetic medium
enable it to interact with these magnetic systems via the
magnetic field or strain induced by the piezomagnetic
effect. This is very different from the SAW in a piezoelec-
tric medium, which is coupled to quantum systems via the
electric field or strain induced by the piezoelectric effect.

Furthermore, we study the interaction between two
qubits mediated by multimode SAW phonons in a piezo-
magnetic waveguide. The results show that the interaction
between two qubits depends strongly on the delay time,
the decay of the qubit, and the phase due to the propaga-
tion of the SAW between the two qubits via the waveguide.
This leads to the time-delay Rabi oscillation, energy trap-
ping within the qubits, and steady entanglement between
the two qubits. We mention that the coupling strength
between the magnetic quantum systems and the quantized
single-mode SAW in the piezomagnetic waveguide is not
strong at the single-phonon level. To achieve strong cou-
pling, a SAW resonator fabricated on the surface of the
piezomagnetic medium needs to be further explored.
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