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A scalable and programmable quantum computer holds the potential to solve computationally inten-
sive tasks that classical computers cannot accomplish within a reasonable time frame, achieving quantum
advantage. However, the vulnerability of the current generation of quantum processors to errors poses
a significant challenge towards executing complex and deep quantum circuits required for practical
problems. Quantum error-correction codes such as stabilizer codes offer a promising path forward for
fault-tolerant quantum computing; however, their realization on quantum hardware is an on-going area of
research. In particular, fault-tolerant quantum processing must employ logical gates on logical qubits with
error suppression with realistically large size codes. This work has implemented a transversal controlled-
NOT (CNOT) gate between two logical qubits constructed using the repetition code with flag qubits, and
demonstrated error suppression with increasing code size under multiple rounds of error detection and
correction. Our results conducted on IBM quantum devices through cloud access show that despite the
potential for error propagation among logical qubits during the transversal CNOT gate operation, scaling
the code distance as we increase the number of physical qubits from 21 to 39 and 57 can suppress errors,
which persists over ten rounds of error detection and correction. Our work establishes the feasibility of
employing logical CNOT gates alongside error detection on a superconductor-based processor using current

generation quantum hardware.
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I. INTRODUCTION

Noisy intermediate-scale quantum (NISQ) [1] devices
consist of several dozen to a few hundred noisy physical
qubits accessible through various quantum processor plat-
forms, such as superconductors [2,3], trapped ions [4,5]
and neutral atoms [6]. Despite the potential of quantum
processors to transcend classical computers in computa-
tional capabilities [3], solving practical problems by inter-
preting results from complex quantum circuits remains
challenging due to errors. To obtain reliable results, it
is crucial to limit errors below a target error rate [7],
which can be achieved by constructing a fault-tolerant
quantum computer with logical qubits and gates protected
against errors by quantum error-correction codes, such as
those provided by stabilizer codes [§—10]. Stabilizer codes
allow the implementation of arbitrarily accurate quan-
tum computation, provided that the error rate per physical
qubit gate is kept below a certain acceptable threshold
value [11-13].
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Significant advances in the development of quantum
devices have enabled the field of quantum error correction
to shift from purely theoretical analysis to hardware bench-
marking, with several recent demonstrations reporting the
principles and realization of stabilizer codes employing
various structures, such as the repetition code [14—17],
surface code [18—22], and color code [23,24]. Experimen-
tal results have shown that, by increasing the number of
physical qubits, a logical qubit can be constructed on quan-
tum devices offering tolerance against errors with feedback
based on detected errors over several rounds of the error-
detection circuit, also known as a syndrome extraction
circuit [15,16,18]. However, for practical quantum com-
puting, it is essential to demonstrate the implementation
and scaling of logical gates on logical qubits [25]—a feat
that has not been fully achieved yet.

Amongst multiqubit logical operations, the implementa-
tion of a two-qubit logical controlled-NOT (CNOT) gate on
quantum hardware will be an essential step towards achiev-
ing universal quantum gate set [26—30] and fault-tolerant
quantum computing. One approach to realizing the logi-
cal CNOT gate is by performing a transversal CNOT gate
[31-34]. Table I summarizes previous studies investigat-
ing the performance of multilogical qubit gates including
the transversal CNOT gate on real quantum devices [35—40],
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TABLE L.

Lists of various error-correction demonstrations with logical gates. Quantum error-correction codes are denoted as

[[n, k,d]], where n, k, and d represent the number of data qubits, the number of logical qubits, and the distance. Codes that can
protect against either X or Z errors are denoted as [n, k, d]. The table indicates the number of syndrome extraction rounds, the hard-
ware type, and error suppression achievement by increasing the size of the code block. Additionally, the table specifies the type of
logical transversal gates utilized. The number of syndrome rounds refers to the number of implemented rounds of a subroutine quantum
circuit that measures all eigenvalues of defined stabilizers across all logical qubits.

Reference Year Structure Logical gates Error suppression Syndrome Hardware
via code scaling rounds modality
[35] 2022 [[7,1,31] CNOT No Zero Trapped ion
[36] 2022 [[5,1,3]], CNOT No Single Trapped ion
[[7,1,3]] (Quantinuum)
[37] 2023 [18,3,2]] (074 No Zero Trapped ion (IonQ)
cCz Superconductors (IBM)
[38] 2023 [[9,1,311-49, 1, 711, CNOT, CZ, Yes Single Neutral atom
[18,3,2]] cCz (QuEra)
[39] 2024 [[7,1,3]], CNOT Yes Single Trapped ion
[[12,2,4]] (Quantinuum)
[40] 2024 [[4,1,21H[16, 1,4]] CNOT No Six? Superconductors
(IBM)
This work 2024 [3,1,31H7,1,7] CNOT Yes Ten Superconductors
(IBM)

#We count the syndrome extraction rounds including the circuit used in initializing logical qubits.

noting that all of these studies have been reported within
the last couple of years, indicating that the research on
multiqubit logical gate implementation is still emerging.
These studies have implemented multilogical qubit entan-
gled states, like the logical Bell state, with a primary focus
on evaluating their performance in terms of state prepa-
ration. Furthermore, previous experimental literature has
explored quantum teleportation at the logical qubit level
using transversal CNOT gates [41], or estimating the aver-
age fidelity per logical CNOT gate [42]. However, none
of these papers have demonstrated error suppression of
the logical CNOT gate with multiple cycles of syndrome
extraction circuits through scaling up the code block size.
Therefore, investigating the performance of a logical CNOT
gate and demonstrating the possibility of error suppression
while tracking errors on real quantum computers remains
an open question in the NISQ era.

In this work, we design a quantum memory experiment
to assess the effectiveness of a transversal logical CNOT
gate, including multiple rounds of a syndrome extraction
circuit. To evaluate the performance of a transversal CNOT
gate, we prepare two logical qubits using the repetition
code with flag qubits [16]. The quantum memory exper-
iment consists of multiple rounds of syndrome extraction
circuits, with the transversal CNOT gate placed between
these rounds. We utilize auxiliary qubits to implement
the transversal CNOT gate and map the structure onto a
heavy-hexagon configuration. Our demonstrations are per-
formed on the ibm_sherbrooke and ibm_torino
quantum devices [43], which support structures ranging
from 21 to 57 physical qubits, as illustrated in Fig. 1.
We collect sampled data from the devices by executing

the designed quantum circuit and then use a decoder to
correct the final states of the two logical qubits. Logi-
cal error rates are computed by the expectation values of
the logical Pauli gates known as the infidelity. Our results
demonstrate that although error propagation among logical
qubits can occur with the transversal CNOT gate, increasing
the number of physical qubits can suppress errors by bit-
or phase-flip error detection and correction on one of the
IBM quantum processors. The error suppression remains
consistent across ten cycles of the syndrome extraction
circuit.

The paper begins by explaining the repetition code,
which utilizes flag qubits, along with its syndrome extrac-
tion circuit. Next, we illustrate the transversal CNOT gate
employing auxiliary qubits between two logical qubits,
detailing its structure and discussing the quantum mem-
ory experiment for sampling data on the devices. Subse-
quently, we present a syndrome graph for error correction
in the sampled data. Additionally, we visualize errors using
a correlation matrix based on the data. As a result, we
demonstrate the logical error probability of the transversal
CNOT gate as a function of the number of physical qubits
and the rounds of the syndrome extraction circuit. Finally,
we summarize our findings and conclude.

II. METHOD
A. Repetition with flag qubits

Physical qubits used in stabilizer codes can be cate-
gorized as data and syndrome qubits. While data qubits
are used to encode quantum information, syndrome qubits
detect errors. Stabilizer operators can be defined based
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FIG. 1. Mapping the structures for d = 7 onto IBM’s hard-
ware. The transversal gate is designed to implement the logical
CNOT gate on two logical qubits: the logical control (sky blue
area) and the target qubit (purple area). Each logical qubit has
data, flag, and syndrome qubits corresponding to the blue, gray,
and red dots, respectively. The structure can be mapped onto
IBM’s quantum hardware (127 physical qubits) for different dis-
tances d € {3, 5, 7}, corresponding to structures with 21, 39, and
57 physical qubits including auxiliary qubits for implementing
the transversal CNOT gate.

on the Pauli operators of data qubits, and a syndrome
extraction circuit is built using these stabilizers [44—47].
Additionally, flag qubits can be employed in the syndrome
extraction circuit [48,49]. An additional flag qubit can be
introduced to detect multiqubit errors in the data resulting
from a single fault during the execution of the syndrome
extraction circuit [23,35,36,41], or to address hardware
limitations in connectivity [S0—54], such as IBM’s heavy-
hexagon quantum hardware structure [2].

We construct a logical qubit using the repetition code
with flag qubits. A single logical qubit consists of data,
syndrome, and flag qubits, depicted in Fig. 1. All dots rep-
resent physical qubits; these include blue, red, and gray
dots corresponding to data, syndrome, and flag qubits. The
data and syndrome qubits are alternately placed but phys-
ically segregated, with a flag qubit filling the gap between
them. The data qubits are encoded in the quantum state
of a single logical qubit. Their state carries the observable
information of interest and is subject to change through a
logical gate. On the other hand, flag and syndrome qubits
detect errors that may affect the state of data qubits. When
the number of data qubits is d, known as a distance for the

repetition code, the structure requires d — 1 syndrome and
2(d — 1) flag qubits.

Protecting a logical qubit against errors requires a stabi-
lizer group constructed by a series of the Pauli operators
of data qubits. The stabilizer group constrains the state
of the data qubits to a logical state (]i);) and enables
the detection of errors that could lead the state to deviate
from the logical state. The logical Pauli operators X1, 721)
commute with all stabilizers. Hence, the logical Pauli oper-
ators change the state of the logical qubit without causing
an error. A simple way to define them is by applying
Z (X) operators on all data qubits, thereby implementing
the logical Z (X)) gate.

In Fig. 1, the stabilizers can be defined by the Z Pauli
operators of a pair of neighbor data qubits as Z;Z; |, where
i denotes a data qubit number. When a logical qubit con-
tains three data qubits, the logical qubit can be protected
from a bit-flip error and defined in the logical states (]0); =
[000), [1); = [111)). The logical Pauli operators are cho-
senas X, = X1 XoX; and Z, = Z,Z,7Z5. In our work, we use
X stabilizers to prepare the logical state in the X basis,
which can detect and correct phase-flip errors that cause
changes in its logical state. More details of the X stabiliz-
ers can be found in Appendix C 1. It is worth noting that
the repetition code can correct only one type of error by the
chosen stabilizer group, for example, correcting phase-flip
errors with X stabilizers or correcting bit-flip errors with Z
stabilizers.

A quantum circuit subroutine known as a syndrome
extraction circuit detects errors in a logical qubit. The syn-
drome extraction circuit is designed and performed based
on the stabilizers. The syndrome extraction circuit using
Z stabilizers is constructed as in Fig. 2(b). First, syn-
drome qubits are prepared as |+) through the application
of Hadamard gates, and flag qubits are initialized as |0)
(T = 1,2). Secondly, each physical qubit is involved in a
two-qubit gate configuration with its neighbor qubit, and
the gates are applied according to a particular sequence in
parallel. Two-qubit gates are only implemented between
a single physical qubit and its nearest adjacent qubit at a
hardware level (7' = 3-6). Finally, we measure every flag
and syndrome qubit in the Z basis (7 = 7, 8). The syn-
drome extraction circuit can be repeated multiple times,
and the outcomes are mapped to a binary vector (a syn-
drome) that can be used as input to a decoder algorithm.

In the absence of errors, the measurement outcomes
from flag and syndrome qubits after syndrome extraction
circuits are all “0” bits, consistently yielding the same val-
ues across multiple rounds. In this case, the syndrome is a
zero vector. However, each component operation, includ-
ing measurements, the initialization to the |0) state, as well
as the one- (H) and two- [CNOT and controlled-Z (CZz)]
qubit gates, are susceptible to errors during execution on
quantum devices. Depending on the errors that occur as
a quantum device executes syndrome extraction circuits,
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FIG. 2. Quantum memory experiment with the transversal CNOT gate. (a) A quantum circuit used for sampling data in the case of a
21-physical-qubit structure is depicted. The quantum circuit has five steps. First, two logical qubits are encoded via data qubit initial-
ization. (b) Secondly, the syndrome extraction circuit is implemented R times for each logical qubit with eight steps. The subroutine
circuit creates interaction between data qubits and flag and syndrome qubits to detect errors from their measurement outcomes. Each
subroutine circuit measures Z stabilizers and that of measuring X stabilizers can be implemented by changing from CZ to CNOT gates,
detailed in Appendix C2. (c) Next, the transversal CNOT gate is executed with three physical CNOT gate layers employing auxiliary
qubits. The CNOT gates are applied only between data qubits from two logical qubits and the auxiliary qubits between them. (d) While
physical qubits undergo a physical CNOT gate, an X or Z Pauli gate can propagate from one physical qubit to another. Subsequently,
another R rounds of the syndrome extraction circuit are considered. Finally, every data qubit is measured in the Z basis.

they flip the measured outcomes of either flag or syn-
drome qubits, changing them from |0) to |1) or vice versa.
If measured outcomes of qubits are flipped compared to
the previous round and have odd parity, it is considered a
detection event resulting in a “1” bit in the syndrome [14].
Depending on the errors that occur during the execution of
quantum gates, the syndrome maps onto a corresponding
binary vector.

B. Quantum memory experiment

The transversal CNOT gate is applied to two logical
qubits: a logical control and a target qubit. The two logi-
cal qubits are prepared with the repetition codes employing
flag qubits. In Fig. 2(a), the sky blue and purple boxes
represent the logical control and target qubits. Each log-
ical qubit has three data qubits, and the same number of
auxiliary qubits (orange circles) is shared.

The quantum memory experiment with the transversal
CNOT gate proceeds as follows. First, we encode the two
logical qubits by initializing data qubits in either the Z
or X basis depending on the given logical states. We pre-
pare both logical qubits to be initialized in the same basis.

Second, we implement R rounds of the syndrome extrac-
tion circuit corresponding to the basis of the logical qubit,
following the quantum gate sequences shown in Fig. 2(b)
for each logical qubit, as discussed in Sec. Il A. Next, we
use auxiliary qubits and apply the transversal CNOT gate.
Following the execution of the transversal CNOT gate, we
perform the syndrome extraction circuit for R rounds. In
total, the syndrome extraction circuit is executed 2R times.
Finally, we measure all data qubits in the Z basis. The
structure for the transversal CNOT gate can be mapped
onto the heavy hexagon structure and implemented on
an IBM device. When each logical qubit consists of d
data qubits, the structure requires 3d + 6(d — 1) physi-
cal qubits, including data, syndrome, flag, and auxiliary
qubits.

The method for implementing the transversal CNOT gate
is to execute a physical CNOT gate between locally corre-
sponding data qubits. The physical CNOT gate is executed
with the data qubit from the logical control qubit serv-
ing as the control qubit and the data qubit from the other
logical qubit serving as the target qubit. The transversal
CNOT gate implements the physical CNOT gate within each
pair of grouped data qubits directly. Figure 2(a) shows
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two data qubits, the closest from each logical qubit, and
the execution of a series of physical CNOT gates for the
transversal CNOT gate in parallel. However, owing to the
heavy hexagon structure of IBM hardware, the data qubits
from each logical qubit are not the nearest neighbors but
have a physical qubit between them. To circumvent this
issue, a physical qubit is used as an auxiliary qubit to
enable paired data qubits to interact for the transversal
CNOT gate.

To implement a transversal CNOT gate, three physical
CNOT gates are applied. Figure 2(c) shows the sequence
of quantum gates for implementing the transversal CNOT
gate, specifying the order of physical CNOT gates. First,
we initialize an auxiliary qubit as |0) (7 = 1). Next, we
apply the physical CNOT gate by choosing a data qubit of
the logical control qubit as a control qubit and the aux-
iliary qubit as a target qubit (7' = 2). Another physical
CNOT gate is applied between the auxiliary qubit and a
data qubit of the logical target qubit (7 = 3). The data
qubit of the logical control qubit and the auxiliary qubit
are selected for the control and target qubits, and we exe-
cute the last physical CNOT gate (7 = 4). The auxiliary
qubit is partially traced out after the physical CNOT gates
have been implemented. In the demonstrations, we leave
the auxiliary qubits idling without applying any further
quantum gates or measurements after implementing the
CNOT gates for the transversal CNOT gate. The state of
the two data qubits after the series of quantum gates is
the same as that resulting from the direct execution of a
physical CNOT gate between them ideally [40,54]. Imple-
menting the three layers of physical CNOT gates employed
for the transversal CNOT gate on the data qubits from
two logical qubits, the gates within each layer are applied
in parallel.

When a physical CNOT gate is applied, a physical Pauli
operator can be transferred, as shown in Fig. 2(d). For an
X gate on the control qubit before the physical CNOT gate,
the resulting circuit is equivalent to X gates applied to both
the control and target qubits after the CNOT gate (red line).
Conversely, if the gate occurs on the target qubit, it remains
isolated and does not affect the other qubit (orange line).
In the case of a Z gate on the control qubit, there is no
gate propagation (pink line), whereas the gate on the target
qubit can lead to two Z gates applied to both qubits after
the CNOT gate (purple line).

The transversal CNOT gate is designed with a series of
physical CNOT gates and enables the propagation of X or
Z gates between each paired data qubit. Hence, the logical
Pauli operators (X, Z; ) formed using the Pauli operators of
data qubits transversally follow the same gate propagation
rules as their physical-level counterparts during the execu-
tion of the transversal CNOT operation at the logical level.
However, a bit- or phase-flip error on a data qubit before
the transversal CNOT gate can introduce an additional error
on the interacted data qubit. In other words, the transversal

CNOT gate also allows for the propagation of errors among
the logical qubits.

Correlated errors can arise and lead to ambiguity in cal-
culating a correction operator by a decoder. This occurs
not only because of errors within quantum hardware as
it executes a quantum circuit [22,55,56], but also due
to error propagation between two logical qubits through
the transversal CNOT gate [30,38,40,57]. Throughout this
paper, we use the term “gate-flow errors” to refer to errors
caused by the transversal CNOT gate, distinguishing them
from correlated errors inherent to the quantum hardware.

C. Syndrome graph

As we collect the data by running a quantum memory
experiment on a quantum processor, we get the corre-
sponding measured outcome of physical qubits based on
errors that occurred as it is executed. The outcome can
be mapped on the binary vector, a syndrome, considering
space and time. The syndrome is calculated by check-
ing the parity using the outcomes of each case sample as
input. A detection event, resulting in a “1” syndrome bit,
occurs when the measurement outcomes of a syndrome
extraction circuit involving flag and syndrome qubits differ
from those of the previous extraction circuit and have odd
parity [16].

An error that produces two detection events can be cate-
gorized into four types: space, time, space-time, and gate-
flow errors. Any arbitrary error can be decomposed into
a combination of these error categories [58]. Figure 3(a)
shows corresponding bit-flip errors in a syndrome extrac-
tion circuit using Z stabilizers, where blue, red, green,
and orange boxes correspond to space, time, space-time,
and gate-flow errors, respectively. The hexagon boxes with
letters correspond to o and B for time errors, y for a
space error, 6 for a space-time error, and ¢ for a gate-
flow error in Figs. 3(a) and 3(b). A time error occurs
when errors impact a syndrome or flag qubit, while other
error types affecting data qubits differ based on when and
where the error occurs within a subroutine of a quantum
circuit.

Figure 3(b) illustrates how the measurement outcomes
of flag and syndrome qubits change due to these catego-
rized errors. The figure provides an example of outcomes
from multiple rounds of syndrome extraction circuits,
organized according to their execution times, with three
data qubits for each logical qubit. A space error affects
neighboring syndrome qubits horizontally, while a time
error results from an error during the preparation of syn-
drome or flag qubits, causing outcome changes vertically.
There is another type of error, the space-time error. The
edge corresponds to an error that generates a pair of out-
come changes diagonally during two-qubit gates in a syn-
drome extraction circuit on a data qubit. The case when an
error spreads from one to the other logical qubit produces
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FIG. 3. Syndrome graph for two logical qubits considering the transversal CNOT gate. (a) Errors can be categorized into four types:

space (red box), time (blue box), space-time (green box), and gate-flow errors (orange box). The letters within the hexagon boxes
are assigned to each of these errors: « and g for time errors, y for a space error, § for a space-time error, and € for a gate-flow
error. These errors are depicted within a syndrome extraction circuit for a distance of 3. (b) An example showcases the outcomes of
syndrome extraction circuits using 21 physical qubits, where an error can influence the outcomes of syndrome or flag qubits, affecting
neighboring qubits horizontally, vertically, or diagonally. Additionally, a gate-flow error affects two syndrome qubits on both logical
qubits. (¢) The syndrome graph for the d = 5 structure with 2R rounds of syndrome extraction using Z stabilizers is depicted. The
horizontal and vertical axes represent the space of the syndrome nodes (S1, S2, S3, and S4) and syndrome rounds (SR). The logical
CNOT gate is executed at SR = R + 1, resulting in a total of 2R + 1 syndrome rounds. Each logical qubit produces four syndrome
nodes per syndrome round. Edges represent the correlations due to the four categorized errors (space, time, space-time, and gate-flow
errors). A space error on the boundary of each logical qubit connects with the boundary except on the logical control qubit before the

transversal CNOT gate has been executed.

a gate-flow error. A gate-flow error produces outcome
changes on syndrome qubits from both logical qubits. Two
affected syndrome qubits due to a gate-flow error locally
correspond to each logical qubit.

We utilize a syndrome graph to decode errors and eval-
uate the performance of the transversal CNOT gate across
multiple rounds of the syndrome extraction circuit. A syn-
drome graph is a two-dimensional graph where each node
and edge represents a syndrome bit or error, with the
weight of each edge corresponding to the error probability
[59—-61,65]. The syndrome graph is constructed by con-
sidering the four categorized errors, enabling us to decode
errors and calculate a correction operator.

Figure 3(c) depicts the syndrome graph for a case where
the syndrome extraction circuits are applied 2R times, fea-
turing a structure comprising five data qubits for the Z
basis of each logical qubit. The graph consists of two
regions: a logical control and a target qubit. The horizon-
tal and vertical axes represent space and time, respectively.
During each syndrome round, every logical qubit generates
four syndrome bits: S1, S2, S3, and S4. Every syndrome
bit is obtained by checking the parity with the measured
outcomes of physical qubits while respecting their posi-
tion and time within the code. Parameter SR implies a
syndrome round in the graph obtained by comparing two
consecutive results of syndrome extraction circuits. The
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syndrome extraction circuits used in the quantum memory
experiment are depicted as gray boxes, showing their rel-
ative implementation timing concerning syndrome rounds.
The transversal CNOT gate is implemented at the time
SR = R + 1. Executing the syndrome extraction circuits
for R rounds both before and after the transversal CNOT
gate results in a total of 2R + 1 syndrome rounds. These
include the first and last temporal boundaries, where we
consider the state of initial and final measured data qubits.
An edge represents an error that produces two detection
events on the connected syndrome nodes by the edge.
Each edge corresponds to one of the categorized errors
in the syndrome graph. The edges in the logical control
qubit, before the transversal CNOT gate is applied, as shown
in Fig. 3(c), differ from those in the logical target qubit.
Specifically, the space and space-time edges connecting to
the boundary syndrome nodes of the logical control qubit
are omitted. This is because the way we handle errors in
logical control and target qubits leads to different error
combinations in the syndrome graph. For example, if an
error in the logical control qubit propagates to the logi-
cal target qubit, it can produce up to four detection events.
The interpretation of these errors depends on how the four
detection events are decomposed into two categories: (1)
gate-flow errors and (2) local errors (space and space-time
errors). The edges connecting to the boundary syndrome
nodes of the logical control qubit in the syndrome graph are
primarily decomposed using gate-flow errors rather than
local errors, which lead to the omission of some possible
combinations in the syndrome graph. The weight of each
edge in a syndrome graph corresponds to its error probabil-
ity, calculated based on the error rates of individual single-
and two-qubit gates according to the hardware specifica-
tions. We consider a circuit-level noise model as detailed
in Appendix D 1. These calculations are performed using
the Stim software package [64].

It is important to note that error propagation occurs only
when an error happens within a time no later than the
execution of the transversal CNOT gate. Therefore, error
propagation occurs only when an error happens within a
time no later than time SR = R + 1 corresponding to the
execution of the transversal CNOT gate. As a result, all gate-
flow errors connect syndrome nodes before SR = R + 1
on the logical control qubit and the syndrome nodes on
the logical target qubit at SR = R + 1. A space error on
boundary data qubits of a logical qubit without error prop-
agation produces only one detection event, necessitating a
connection to the boundary [14—16].

Logical qubits preserve data qubit information by
detecting errors through the measured outcomes of syn-
drome and flag qubits from the syndrome extraction circuit
and decoding them for error correction. We utilized the
minimum weight perfect matching (MWPM) algorithm to
rectify errors based on the outcomes obtained from the syn-
drome extraction circuits and the corresponding syndrome

graph [14,62,63]. Given a sample obtained by conducting
a quantum memory experiment on a device, we recovered
the measured final data qubits using a correction opera-
tor that most likely cancels errors using the Pymatching
algorithm [65,66].

III. RESULTS

The state of two logical qubits can be denoted as
Wevr), = 1¥e), ® [¥r),, where [¥c), and [7); rep-
resent the states of logical control and target qubits.
When the logical qubits are in the Z basis, the
state can be one of four computational basis states
{|00);,101);,]10); ,]11);}. Since a logical X opera-
tor can propagate from the logical control qubit to
the logical target qubit through the transversal CNOT
gate, these logical states should be transformed into
{|00);,101);,|11),,]10),} after passing the quantum
memory experiment. In the case of the logical qubits in the
X basis, a logical Z operator can be propagated reversely.
The logical states {|++);, |[+—);,|—+);,|——);} ideally
change to {|++);,|——);,|—+);,|+—);} following the
logical cNOT gate. The demonstrations were performed
with a total of eight possible initialized two-logical-qubit
states in Z (X') basis for both logical qubits: four states in
the Z basis ({|00);,01);,|11);,]10),}), and four states in
the X basis ({|++)z, [+—=)z.|—+)r,|——)1}). We collect
10° samples by conducting quantum memory experiments
on a quantum device for each round and initial state with
the giskit PYTHON package [67]. A single round of the syn-
drome extraction circuit took approximately 1.9 and 4.1 s
on ibm_torino and ibm_sherbrooke, respectively.

Based on detection events, error patterns that include
gate-flow errors can be seen through a correlation matrix.
The correlation matrix can be plotted with the probability
of errors as a function of the labels of syndrome nodes,
i and j, corresponding to an edge connecting the two
syndrome nodes in the syndrome graph. Each error proba-
bility (p;;) can be calculated as follows from the sampled
data [15]:

by — 1(1_ | Alg) — (b)) )
Y2 (1= 2(x;) — 2() + 40e) () )
(1)

While (x;) and (x;) are the probabilities of the detection
event at ith and jth syndrome nodes, (x;x;) is the proba-
bility of two detection events at the same time. The corre-
lation matrix is symmetric since p; = p;;. We set negative
values to zero to enhance visibility and clarity in the visual-
ization. The detection event probabilities, from the demon-
strations on ibm_torino and ibm_sherbrooke, for
each syndrome node respecting both time and space, are
provided in Appendix E 3.

Figure 4 shows the correlation matrices for the
case of the structure comprising 39 physical qubits
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FIG. 4. Correlation matrices for the syndrome nodes (1lbm_sherbrooke). The two logical states, the logical control and target
qubits, are initialized in the Z(X) basis, and each one has five data qubits. The data are obtained by sampling the quantum memory
experiment 103 times for both (a) |00), and (b) |+-),, with 2R = 10 rounds of the syndrome extraction circuit. The axes represent the
11 blocks corresponding to syndrome rounds for a logical qubit, with each block displaying four syndrome nodes (S1, S2, S3, and S4)
arranged according to their locations within the code. A pixel represents the error probability that generates a “1” syndrome bit on the
corresponding ith and j th syndrome nodes. Parameter SR corresponds to the syndrome round, and the transversal CNOT gate has been
executed at SR = 6. The probabilities of space, time, space-time, and gate-flow errors are visually represented by red, blue, green, and
orange dotted lines, respectively. The color bar is truncated to 0.2 and 0.05 to enhance the visibility. Figure 9 in Appendix E 2 shows

the same graph without truncation.

and 2R = 10 rounds of the syndrome extraction circuit
both before and after the transversal CNOT gate. We
show the correlation matrices obtained with data from
ibm_sherbrooke, while the equivalent figures using
data from ibm_torino employing 57 physical qubits
are available in Appendix E 2. The figure shows the cor-
relation matrices for both the X and Z bases with labeled
syndrome nodes. We assign new labels to the number of
syndrome nodes, using i//d as the time index and %d as
the space index for each logical qubit, where i is the node
number. Each correlation matrix can be divided into four
regions depending on where i and j are: a pixel (7,7 ) that
can belong to (1) the logical control qubit, (2) the log-
ical target qubit, or (3),(4) the correlation region where
i and j are in different logical qubits. There are 11 syn-
drome rounds, with each round producing four syndrome
bits for every logical qubit. The transversal CNOT gate

is performed at SR = 6 following the five rounds of the
syndrome extraction circuit.

There are spatial or temporal errors within each logical
qubit region in the correlation matrix in Fig. 4 for the log-
ical qubits in the (a) Z or (b) X basis. While measurement
errors (time error) correspond to the pixels at (i + 4, 7), data
qubit errors (space error) are represented by the pixels at
(i,i + 1). Space-time errors can be seen in the pixels at
(i,i + 5). These errors are shown with blue, red, and green
diagonal dotted lines, respectively. While the probabilities
of space-time errors are relatively lower than other types
of errors, time errors show the high error probabilities
among the categorized errors for all cases. This matches
the hardware specifications, where the dominant errors are
readout errors.

The pixels representing space errors at SR = 6 are
notably highlighted with high error probabilities after
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decrease for both X and Z error cases.

executing the transversal CNOT gate. Based on the type
of errors that are detected by logical qubits, the highly
visible values are located at either the logical control or
target qubit. For example, the error probabilities of data
qubits in the logical target qubit at SR = 6 are relatively
high, in Fig. 4(a), where the logical qubits consider bit-
flip errors. Conversely, regarding the Z errors in Fig. 4(b),
spatial errors in the logical control qubit at SR = 6 occur
more frequently than at other times and spaces. From the
perspective of the affected logical qubit, it is because addi-
tional errors are introduced from not only the other logical
qubit through the transversal CNOT gate but also auxiliary
qubits used to perform the transversal CNOT gate.

A gate-flow error can be seen in the area within a
correlation between the logical control and target qubits.
The gate-flow errors are visible in the correlation matrix
in distinct ways, depending on the type of error and
whether they are bit- or phase-flip errors. Gate-flow errors
indeed exhibit conspicuous error probabilities, particularly
at specific syndrome rounds. Notably, in Fig. 4, at SR = 6,
we observe this phenomenon prominently in the (a) log-
ical target or (b) control qubit. Diagonal lines represent
the dominance of gate-flow errors. These diagonal pixels
represent the two syndrome nodes located at the same posi-
tions in each logical qubit, exhibiting strong correlation
mainly due to error propagation while respecting spatial
constraints. Additionally, notable correlations exist with
locally neighboring syndrome nodes. This phenomenon
suggests that the execution of the transversal CNOT gate

can result in gate-flow errors, causing temporal corre-
lations between syndrome nodes. Bluvstein et al. [38]
demonstrated strong correlations with the stabilizers of two
logical qubit blocks due to error propagation. However,
the key difference lies in the number of syndrome extrac-
tion circuits. We not only show strong correlations due to
gate-flow errors, but also highlight the existence of long
temporal correlations between syndrome nodes by execut-
ing multiple rounds of a syndrome extraction circuit before
the logical CNOT gate.

To evaluate the performance of the transversal CNOT
gate, we compute the logical error rate (per), referred to
as infidelity. This is determined by the expectation values
of the logical Pauli operators for two logical qubits that
yield a 41 eigenvalue for the ideally error-corrected final
logical qubit states, following the methodology described
in Ref. [35]. Appendix E 4 provides more details on cal-
culating logical error rates. We consider the 2R rounds of
the syndrome extraction circuits (R rounds before and R
rounds after the logical CNOT gate) and correct errors using
the decoder. We obtain logical error rates for structures
with distances of 3 and 5, requiring 21 and 39 physi-
cal qubits on ibm_sherbrooke, respectively. Despite
the device’s structure allowing for a mapping distance
of 7, the presence of broken edges between physical
qubits in a specific region, which means that two physical
qubit gates have an error rate of 1, makes it challenging
to execute quantum circuits, as shown in Appendix F,
Fig. 24. Additionally, we evaluate the performance of
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the transversal CNOT gate on ibm_torino for struc-
tures comprising 3, 5, and 7 data qubits per logical qubit.
Demonstrations are performed for each round, consider-
ing initial states for both the Z and X bases. Logical error
rates are evaluated for each device based on collected
samples.

Figure 5 shows the logical error rates averaged across
all four states in Z (X) basis, along with their standard
deviations. More details about the logical error rate results
for each logical qubit state are provided in Appendix E 4
along with their simulated results using Stim. The log-
ical error rates of the transversal CNOT gate are plot-
ted as a function of the structure size and the num-
ber of syndrome extraction circuits for each device. The
results demonstrate a reduction in the average logical
error probabilities as the code size increases when the
transversal CNOT gate is executed with syndrome extrac-
tion circuits. This trend remains consistent across all
rounds of syndrome extraction circuits. Notably, among
the selected physical qubits for demonstrations, the aver-
age error rates of two-qubit gates on ibm_torino are
higher than those on ibm_sherbrooke, whereas the
average readout error rates on ibm_sherbrooke are
higher than on ibm_torino. More details can be found
in Appendix E 1. Furthermore, according to the correlation
matrices in Appendix E2, ibm_torino has experienced
more correlated errors, which inherently occur as the real
device executes a quantum circuit, such as leakage errors
[56]. Given that readout and correlated errors are the pre-
dominant source of errors, these device properties may
contribute to higher logical error rates on ibm_torino
compared to ibm_sherbrooke.

The gap in logical error rates between different structure
sizes diminishes as the number of rounds of a syndrome
extraction circuit increases. Notably, this phenomenon is
particularly pronounced in the results from ibm_torino.
This trend could be attributed to the increased rounds of
syndrome extraction per logical CNOT gate, which may
introduce greater ambiguity in the correction operator
calculated by the decoder owing to gate-flow errors [57].

IV. CONCLUSIONS AND DISCUSSIONS

The scalability of fault-tolerant quantum computers con-
structed with stabilizer codes relies on the potential of error
suppression achieved by increasing the size of their code
block. This property must be demonstrated in both log-
ical qubits and gates during error correction. However,
demonstrating error suppression of a logical CNOT gate
with multiple rounds of error correction remains an open
question in the NISQ era.

In this study, we evaluated the performance of the
logical CNOT gate with multicycle syndrome extraction cir-
cuits both before and after the gate ({R =1,2,3,4,5}),
for a total 2R rounds, and compared their effectiveness

across different sizes (d € {3,5,7}). We prepared logi-
cal qubits using the repetition code with flag qubits and
implemented the logical CNOT gate using physical CNOT
gates transversely, leveraging auxiliary qubits. We per-
formed demonstrations on the IBM quantum machines
ibm_sherbrookeand ibm_torino. The results show
that despite the emergence of gate-flow errors caused by
the transversal CNOT gate, which creates long temporal cor-
relations, increasing the number of physical qubits on IBM
quantum processors suppresses errors. Furthermore, error
suppression persists during multiple rounds of the syn-
drome extraction circuit. Additionally, we also performed
demonstrations on ibm_brisbane, another IBM hard-
ware platform. We observed lower logical error rates as
we increased the code size from three data qubits to seven
per logical qubit by correcting bit-flip errors. However,
in contrast, when correcting phase-flip errors, the logical
error rates with seven data qubits were higher than those
with three and five data qubits. Further details are given in
Appendix E 4.

It is important to note that the repetition code is unable to
rectify both types of errors (bit and phase flips) simultane-
ously. Furthermore, additional flag qubits in the repetition
code may lower the effectiveness of the distance that is
closely related to the number of correctable errors [16].
However, this study primarily focused on investigating
the transversal CNOT gate with varying structure sizes,
detecting errors multiple times, and demonstrating error
suppression through increased code size. Therefore, the
study showed that the transversal CNOT gate can be exe-
cuted while correcting one type of error on real quantum
hardware.

This work highlights an additional source of error (gate-
flow errors) arising not only from the noisy quantum
gates themselves, but also from the method of creating
entanglement between logically encoded qubits by imple-
menting a transversal CNOT gate. This implies that a
stabilizer code capable of correcting both bit- and phase-
flip errors will experience bidirectional error propaga-
tion, which could adversely affect its performance: bit-
flip errors will propagate from the control logical qubit
to the target logical qubit, while phase-flip errors will
propagate in the reverse direction. While the transversal
CNOT gate has been designed to cause fewer gate-flow
errors by only interacting locally between correspond-
ing data qubits of two logical qubits, these errors can
still negatively impact logical qubits during execution on
quantum hardware. This issue has also been discussed in
Refs. [38,40,57].

Cain et al. [57] addressed the challenge of reducing
detrimental effects by employing a decoder that utilizes a
hypergraph for decoding complex errors resulting in more
than two detection events. Furthermore, they investigated
how the performance of a series of logical gates changes
with varying numbers of syndrome extraction circuits per
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FIG. 6. Quantum memory experiment for sampling |——),; with 21 physical qubits. Each node represents the physical qubits with
blue, red, orange, and gray nodes corresponding to data, syndrome, auxiliary, and flag qubits. The quantum circuit consists of five steps:
initialization, two syndrome extraction rounds, transversal CNOT gate, and measurement. The horizontal line represents each step, and
the vertical line corresponds to the sequence of gates and time. When physical qubits are inactive and undergoing free evolution, the

color of the node is filled white.

entanglement between pairs of physical qubits [71]. For
example, ibm_sherbrooke and ibm_brisbane use
the ECR pulse as their basis gate, enabling the construction
of physical CNOT and CZ gates using single-qubit and ECR
gates. Conversely, ibm_torino uses CZ gates to achieve
quantum gate universality.

The hardware specifications, including the relaxation
time (T1) and coherence time (T2) of each physical qubit,
are listed in a calibration table. The calibration table data
for an IBM quantum processor can be accessed via the
cloud. This table also provides error rates for both single-
and two-qubit gates, as well as for qubit measurements.
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All physical qubit gates, except for the virtual Z gate
(Rz), require a specific execution time, which is detailed in
the calibration table. Periodically, this calibration table is
updated with new values. Each dataset in this work is ana-
lyzed using the corresponding device’s calibration table
to assess logical error rates, taking into consideration the
completion time of each demonstration.

Table II presents the implementation duration for
demonstrations on each hardware platform, along with
gate times and median error rates for physical gates. The
calibration table is derived from demonstrations utilizing
21 physical qubits with 2R = 10 rounds of a syndrome
extraction circuit. Among real quantum hardware plat-
forms, ibm_torino stood out with the shortest gate
time and the lowest median error rate for its two-qubit
gates; however, it had the highest median readout errors.
In contrast, ibm_sherbrooke demonstrated the short-
est time required and the lowest median readout errors for
qubit measurements, while 1bm_brisbane required the
longest time for qubit measurements.

APPENDIX B: QUANTUM CIRCUIT
OPTIMIZATION

We utilized the PYTHON library giskit and transpiled cir-
cuits to execute the quantum circuits on the device. To
optimize the quantum circuits and obtain results, at the
hardware level, we employed the following methods.

(1) Dynamic decoupling method (XXXX). The method
involves allowing free evolution of data qubits while syn-
drome and flag qubits are being measured. However, this
can lead to idling errors for the data qubits. To mitigate
this, we apply the dynamic decoupling method to all data
qubits, minimizing their idling error [72].

(2) Conditional reset gate. After each round of the syn-
drome extraction circuit, flag and syndrome qubits are
initialized to |0). To efficiently achieve this, we use con-
ditional reset gates that incorporate conditional bit-flip
operations based on the measured outcomes immediately
after qubit measurements, reducing the resetting time [51].
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FIG. 7. Syndrome graphs with the types of edges for the structure with 39 physical qubits. The logical control and target qubits
are enclosed within the blue and purple open boxes. The axes represent the space of the syndrome bit and the time of the syndrome
round (SR). The figure is the case where the syndrome extraction is implemented five times, producing 11 syndrome rounds. The
transversal CNOT gate is implemented at SR = 6 and depicted as the filled purple box. Every node corresponds to the syndrome bit
arranged by their location and time. Edges represent (a) time, (b) space, (c) space-time, and (d),(e) gate-flow errors and they have their
weights corresponding to their error probabilities. The black dot represents the virtual syndrome node, used to display the S errors on
the boundary of the logical qubit. The decoder considers gate-flow errors connecting one syndrome node, located on the logical (d)
target or (e) control qubit before the transversal CNOT operation, to a syndrome positioned on the other logical qubit at SR = 6. These
scenarios correspond to cases where the logical qubits are initialized in Z (X') basis states.
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TABLE III.

Calibration table values for 21 physical qubits used for demonstrations (1bm_sherbrooke). The values obtained from

the calibration table correspond to |00); with ten rounds. The table lists the properties of physical qubits for the d = 3 structure selected
within the hardware. These include T1 and T2 times, as well as error rates of the readout and single- (SQ) and two-qubit (TQ) gates.
More than one two-qubit gate can be implemented and their error rates are listed accordingly.

Qubit T1 (ps) T2 (ws) Readout error rate SQ gate error rate TQ gate error rate

0 242.56 282.67 0.0109 0.000 15 [0.0053, 0.0078]

1 339.82 195.64 0.0092 0.000 14 [0.0053, 0.0058]

2 61.36 74.59 0.0071 0.000 54 [0.0162, 0.0058, 0.0061]
3 3493 274.39 0.0132 0.000 14 [0.0058, 0.0061]

4 472.45 124.04 0.0159 0.000 18 [0.0058, 0.0071, 0.0107]
5 120.51 130.06 0.0081 0.000 36 [0.0102, 0.0107]

6 313.28 207.58 0.009 0.000 14 [0.007, 0.0102, 0.0077]
7 185.15 183.28 0.0053 0.000 17 [0.006, 0.0077]

8 437.75 359.17 0.0071 0.000 19 [0.006, 0.0085, 0.0074]
9 90.06 34.51 0.01 167 0.000 35 [0.0078, 0.008]

10 208.48 60.85 0.0119 0.000 19 [0.0071, 0.0082]

11 268.68 125.12 0.0511 0.000 52 [0.0085, 0.0077]

12 149.35 267.64 0.028 33 0.00021 [0.008, 0.008]

13 218.14 30.84 0.0094 0.00043 [0.0101, 0.008]

14 419.31 254.69 0.0073 0.000 13 [0.0101, 0.0057, 0.0088]
15 381.73 174.45 0.0175 0.000 15 [0.0057, 0.0079]

16 192.67 56.09 0.0278 0.00031 [0.0082, 0.0079, 0.008]
17 386.96 13.18 0.0568 0.01038 [0.008, 0.0051]

18 292.84 95.83 0.0048 0.00027 [0.0041, 0.0084, 0.0051]
19 242.84 300.14 0.0222 0.00021 [0.0041, 0.0052]

20 178.56 95.54 0.0142 0.000 17 [0.0077, 0.0096, 0.0052]

(3) ALAP scheduling. We utilize the “as late as possi- |—); = |— — —)). The logical Pauli operators for the logi-

ble” (ALAP) scheduling method to optimize the timing
of physical qubit gates at the hardware level, ensuring
efficient execution of quantum circuits [67].

APPENDIX C: SAMPLING PROCESS

A quantum memory experiment is designed to evalu-
ate the transversal CNOT gate, incorporating either X or
Z syndrome extraction circuits based on the logical qubit
basis. The data were sampled by collecting outcomes from
the syndrome and flag qubits for each round of the syn-
drome extraction circuit, including the final states of the
data qubits. We conducted sampling 10° times for all cases,
encompassing different distances, numbers of syndrome
extraction circuits, and initial states.

1. X stabilizers

When the state of the logical qubit is in the Z basis, we
employ Z stabilizers, as detailed in the main text. How-
ever, we can also consider the state of the logical qubit
in the X basis by utilizing the phase-flip code with flag
qubits to correct Z errors. The stabilizers for the X basis
are defined using the X Pauli operators of neighboring
data qubits, represented as X;X;, |, where i denotes the data
qubit number. For example, when a logical qubit consists
of three data qubits, it can be protected from phase-flip
errors and defined in the logical states (|+);, = |+ + +),

cal qubit are selected similarly to when using Z stabilizers.
Single- and two-qubit gates are organized in the same
sequence as for Z stabilizers, with the exception that the
two-qubit gates between data qubits and their neighbor-
ing flag qubits are physical CNOT gates instead of CZ gates.
Hadamard gates are utilized for initializing data qubits or
measuring their final state in the Z basis.

2. Quantum memory experiment

Figure 6 depicts the quantum circuit for sampling the
data with the |——); structure with one round (R = 1) of
the syndrome extraction circuit considering X stabilizers,
before and after the logical CNOT gate. The circuit can be
divided into five steps as follows.

(1) Initialization. The logical control qubit, which com-
prises the three data qubits, and the other is the logical
target qubit, consisting of the rest of the data qubits.
Every data qubit is initialized as |—) by applying X and
Hadamard gates. Hence, two logical qubits are initialized
as [——).

(2) Syndrome extraction rounds. Data qubits undergo a
syndrome extraction circuit considering X stabilizers. At
the last round of the syndrome extraction circuit before the
transversal CNOT gate, we initialize auxiliary qubits while
measuring flag and syndrome qubits.
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Hardware specifications of physical qubits with colormaps and bar charts (1bm_sherbrooke). The graph with subplots

shows the physical qubits’ specification of the structure in (a) d = 3 and (b) d = 5, with the |00), state. Each node and edge correspond
to the physical qubit and connectivity of a two-qubit gate (ECR). The error rates of the readout and two-qubit gate are displayed with
colors. The subplot next to every node shows T1 and T2 times corresponding to their physical qubit. The average T1 and T2 times are
plotted as the black lines on the left and right sides. Their values can be seen on the subplot of the Oth physical qubit. The background
of a subplot is colored corresponding to the error rate of the single-qubit gate.

(3) Transversal CNOT gate. The transversal CNOT gate
is applied to two logical qubits. Physical CNOT gates are
employed between a data qubit from the logical control
qubit and its closest auxiliary qubit in the structure. The
physical CNOT gates are applied to grouped physical qubits
to implement the transversal CNOT gate, as described in the
main text.

(4) Syndrome extraction rounds. Another round of the
syndrome extraction circuit is executed to measure syn-
drome and flag qubits for tracking errors in the system.

(5) Measurement. Finally, we measure all data qubits in
the Z basis using Hadamard gates before the measurement.

3. Syndrome

Execution of noisy syndrome extraction circuits results
in a binary vector determined by their outcomes. In the
absence of errors, both syndrome and flag measurements
are deterministic, and hence the product of measure-
ment outcomes is also deterministic [64]. A syndrome is
designed to be a zero vector when no errors are present
in the system. The observation of a 1 bit in the syndrome

indicates the presence of an error, and these 1 bits enable
a decoder to identify the most likely correction opera-
tor based on their locations. Depending on the stabilizer
group, bit- or phase-flip errors involving flag qubits result
in a 1 bit in the syndrome. The repetition code with Z
stabilizers can detect X errors, resulting in 1 bits in the
syndrome, but it cannot detect Z errors. Conversely, the
code with X stabilizers can track Z errors. We employ the
same parity check process described in Ref. [16] for two
logical qubits in the structure, producing the corresponding
syndrome to rectify errors.

APPENDIX D: DECODING PROCESS

1. Circuit-level noise model

Each physical qubit gate is susceptible to errors. The
noisy gate can be decomposed into its ideal gate and
error channels. We employ a uniform depolarizing error
channel simplified with Pauli operators. When the error
rate p is derived from the calibration table for a basis

024074-15



KIM, SEVIOR, and USMAN

PHYS. REV. APPLIED 23, 024074 (2025)

(a) (b)
£ 025 &
3 3
o o
@ ©
< <
~ @ ~ ©
% i 020 x =
- 8 =
£ 2 £ 2
9] [}
_8 - _8 -
c 0.15 <
9] 9}
€3 £5
oS © 3
5T 5T
I<rs} 23
t >
= 010 25
o o
19 (]
© ©
= 9
[ (=2
S r0.05 S
1121372751617 8191011 T12131415161718191011
Logical control qubit Logical target qubit

4. Syndrome node index i

S11S21S3184
Syndrome rounds (SR)

PINE PN BRI BEE B R re

Logical control qubit
1 2 3 4 ) 5 6 7 8 9 1011
n n " n | |

aalas

i

i

SRS b e
Logical target qubit

0.25
= |
—q
=
—3
o 3
CE
~7 0.20
© 3
LE
=
™ 3
! 0.15
—3
|
-
=
—
o]
3 L0.10
~3
© 3
LE
<3
™3 r0.05
o~
iy
1'2 3‘4‘5‘6‘7‘8‘9‘10‘11 1‘2‘3‘4‘5‘6‘7‘8‘9‘10‘11
Logical control qubit bogical target qubit

Syndrome node index i

0.06
0.16
— ]
— 4
0.14 o7 0.05
—J
2 .3
0.12 273
ELE 0.04
0.10 °~1
5 3
€ -1 [} .
0.08 g3 et it il il 0.03
T o
— < 4
0.06 2 4 0.02
— ™M
0.04 ~7
El 0.01
0.02 ‘_'AVH'vvv'Hv'vvv'vvv'vvv'Hv'vvv'vvv'vvv'vvv
123456 7 8 91011
0.00 Logical target qubit 0.00

FIG. 9. Correlation matrices for the syndrome nodes (1bm_sherbrooke). The two logical states, the logical control and target
qubits, are initialized in the Z(X) basis, and each one has seven data qubits. The data are obtained by sampling the quantum memory
experiment 103 times for both (a) |00), and (b) |[4+-);, with 2R = 10 rounds of the syndrome extraction circuit. The axes represent the
11 blocks corresponding to syndrome rounds for a logical qubit, with each block displaying six syndrome nodes arranged according to
their locations within the code. A pixel represents the error probability that generates a “1” syndrome bit on the corresponding ith and
j th syndrome nodes. Parameter SR corresponds to the round of the detection event, and the transversal CNOT gate has been executed
at SR = 6. The probabilities of space, time, space-time, and gate-flow errors are visually represented by red, blue, green, and orange

dotted lines, respectively.

gate, we implement the circuit-level noise model using the
depolarizing error model as follows.

(1) The uniform Pauli error channel, characterized by
Px,Py, and pz, satisfies the condition py = py = pz = p/3
and occurs following an ideal single-qubit gate.

(2) The uniform Pauli error channel is applied to two
qubits, excluding the identity operator (/ ® I), follow-
ing the ideal two-qubit (CNOT) gates. The probability of
each Pauli error from (X, Y, Z, I}®%/{I ® I} is p/15. Addi-
tionally, two-qubit depolarization error channels are indi-
vidually employed before and after the two-qubit gates,
respecting their corresponding single-qubit gate error rates
in the calibration table [16]. When a device uses an ECR
pulse as a basic gate, we use the same error channel for a
CZz gate as a physical CNOT gate. However, if the device can
operate a CZ pulse at the hardware level, we only consider
the two-qubit depolarization error channel.

(3) An X error channel with probability p is introduced
before the measurement and after the reset gate.

(4) When a physical qubit is inactive and undergoes
free evolution, it encounters the uniform Pauli error chan-
nel for a single qubit with the probability of the error being
p, the idling error rate from the calibration table.

We adopt the above circuit-level noise model to calcu-
late weights for each edge and construct a syndrome graph
using the Stim code [64]; the syndrome graph is used for
decoding errors using the Pymatching algorithm [65,66].

2. Syndrome graph

Figure 7 displays the syndrome graphs for the structure
with five data qubits and 11 syndrome rounds, where the
horizontal and vertical axes represent space and time. The
graph can be divided into two regions: the logical control
and target qubits. The region for the logical control qubit is
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FIG. 10. Correlation matrices for the syndrome nodes (ibm_brisbane). The two logical states, the logical control and target
qubits, are initialized in the Z(X) basis, and each one has seven data qubits. The data are obtained by sampling the quantum memory
experiment 103 times for both (a) |11), and (b) |——);, with 2R = 10 rounds of the syndrome extraction circuit. The axes represent the
11 blocks corresponding to syndrome rounds for a logical qubit, with each block displaying six syndrome nodes arranged according to
their locations within the code. A pixel represents the error probability that generates a “1” syndrome bit on the corresponding ith and
Jj th syndrome nodes. Parameter SR corresponds to the round of the detection event, and the transversal CNOT gate has been executed
at SR = 6. The probabilities of space, time, space-time, and gate-flow errors are visually represented by red, blue, green, and orange

dotted lines, respectively.

enclosed within the open blue box, while that of the other
logical qubit is enclosed within the open purple box. Each
logical qubit has four syndrome nodes (S1, S2, S3, and
S4) per syndrome round (SR). The syndrome graphs are
the same, with the only difference being the type of edge.
Edges in the graph correspond to four types (space, time,
space-time, and gate-flow errors) of errors that produce
a pair of corresponding syndrome nodes to have detec-
tion events. We depict the categorized errors in Figs. 7(a),
7(b), 7(c), and 7(d) for the logical qubits that are initialized
as |++);. Notably, the correlated edges can differ in two
ways depending on what error type we consider. Hence, the
gate-flow errors for the Z basis (]00);) are also depicted in
a different way to those of the X basis in Fig. 7(e). This
is because, when the logical qubits are in the X basis, a
Z error can propagate from the logical target qubit to the
logical control qubit; the opposite holds for the Z basis
with an X error.

A virtual syndrome node is introduced to consider an
error that produces an odd number of detection events,
especially in the case of a space error on the boundary
data qubit of the logical control qubit in Fig. 7(b). How-
ever, when a space error occurs before the transversal
CNOT gate on the boundary data qubit of the logical tar-
get qubit, the virtual node is unnecessary. This is because
the error will propagate to the other logical qubit and pro-
duce another detection event, resulting in an even number
of detection events being considered as a gate-flow error.
The locally corresponding syndrome nodes are connected
by a gate-flow error. Gate-flow errors are only connected
with syndrome nodes on the logical (d) target or (e) con-
trol qubit at the time SR = 6 when the logical gate has
been executed depending on the basis of the logical qubits.
Since errors propagate only when the transversal CNOT
gate is implemented, no gate-flow errors are considered
after the gate. This is attributed to the Pauli operators’

024074-17



KIM, SEVIOR, and USMAN

PHYS. REV. APPLIED 23, 024074 (2025)

0.40
(a) (b)
a
= 035
S o E
o © o
@ 030 ®©
S 2
~c O ~ ®
53 o
T § < 025 T 8
SEom = 8\
v 9 [«
el — kel
o — ]
S = t0.20 €
[} i ()
€2 g 5
o5 o © 3
T - o
B2 wi. to.15 © =
c 5 = So
>‘b ~ 3, >‘b
e v c
8 8
n
— to.10 —
e 8
o ™M 3. o
3 N7 3
il bl - H I [0.05
1'2'374"57617'8"91011[1./2"3"4"516'7"8"9"1011]
Logical control qubit bogical target qubit o
yndrome node index i — 080
S11S21S31S41851S6 o3
Syndrome rounds (SR) =E ™
TR
5o B
ER oy
T © 3 x
B~ ;-
— i3 o
© E b
o 3 o
61 Qé .
33 &
~ 3 I
l—'E l}.
T T T T VL T T T T T
123 456 7 8 91011

Logical target qubit

FIG. 11.

0.40

0.35

0.30

0.25

123456 789101141 2 3456 78 91011

r0.20

r0.15

r0.10

r0.05

1'2"'3"4"s16"'718"9"1011[1/2"3"4"'5'6'7"8" 911011
Logical control qubit Logical target qubit
Syndrome node index i

0.30 E
o3 0.20
'-‘4
0.25 2o g
=} m‘
o®3 = ms e 0.15
0.20 S~
£~ e o
c aF N R
015 S e ."I;.r.l"“."l' o Ll
' = 3 0.10
9«
(=) 4
0.10 S m
~ 0.05
0.05 -
172'3'4'5'6'7'8'91011
0.00 Logical target qubit 0.00

Correlation matrices for the syndrome nodes (1bm_torino). The two logical states, the logical control and target qubits,

are initialized in the Z(X) basis, and each one has seven data qubits. The data are obtained by sampling the quantum memory exper-
iment 10° times for both (a) |11); and (b) |——),, with 2R = 10 rounds of the syndrome extraction circuit. The axes represent the 11
blocks corresponding to syndrome rounds for a logical qubit, with each block displaying six syndrome nodes arranged according to
their locations within the code. A pixel represents the error probability that generates a “1” syndrome bit on the corresponding ith and
j th syndrome nodes. Parameter SR corresponds to the round of the detection event, and the transversal CNOT gate has been executed
at SR = 6. The probabilities of space, time, space-time, and gate-flow errors are visually represented by red, blue, green, and orange

dotted lines, respectively.

propagation rule that has been demonstrated in the main
text.

Each edge is assigned a weight based on the probability
of the corresponding error, with a lower weight indicating a
higher probability. When calculating a correction operator
based on the syndrome, edges with lower weights are more
likely to be chosen as correction operators to rectify errors.
The figures are generated by considering the calibration
table and using the Stim code considering the circuit-level
noise. The weights of time errors have relatively lower
values than those of other errors. In Fig. 7, these weights
are calculated and displayed based on the calibration
table of ibm_sherbrooke. Depending on what physical
qubit we use, the higher the measurement error rates in the
hardware specification, the lower the weight. The weights
of gate-flow errors exhibit the largest gap between the
highest and lowest values among the error types. The edges
in the first syndrome round have relatively lower values

compared to other syndrome rounds. This could be because
not only the data qubit’s idling error and errors during the
syndrome extraction circuit, but also initialization errors
on the data qubit affect it.

APPENDIX E: RESULTS
1. Selected physical qubits

Table III presents details such as the number of physical
qubits, T1, T2, and error rates for gates, including single-
and two-qubit gates in the case of ibm_sherbrooke.
These details are relevant to our quantum memory exper-
iment utilizing |00); with 21 physical qubits. The average
values of T1 and T2 are 264.4 and 159.1 ws, respectively.
The average error rate for measurement gates is 0.017,
while for single-qubit gates, it is 0.00073, and for two-
qubit gates, it is 0.0072. The same values for other devices
are available in Appendix F.
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FIG. 12. Correlation matrices for the syndrome nodes obtained using Stim (1bm_sherbrooke). The two logical states, the logical
control and target qubits, are initialized in the Z(X') basis, and each one has seven data qubits. The data are obtained by sampling the
quantum memory experiment 10° times for both (a) |00), and (b) |++),, with 2R = 10 rounds of the syndrome extraction circuit. The
axes represent the 11 blocks corresponding to syndrome rounds for a logical qubit, with each block displaying four syndrome nodes
arranged according to their locations within the code. A pixel represents the error probability that generates a “1” syndrome bit on the
corresponding ith and j th syndrome nodes. Parameter SR corresponds to the round of the detection event, and the transversal CNOT
gate has been executed at SR = 6. The probabilities of space, time, space-time, and gate-flow errors are visually represented by red,

blue, green, and orange dotted lines, respectively.

Figure 8 illustrates the specifications of the selected
physical qubits for the |00); structure with distances 3
and 5 on ibm_sherbrooke. The same figures for other
devices can be seen in Appendix F. Each node and edge
in the figure represents a physical qubit and its connec-
tivity with neighboring physical qubits, indicating possi-
ble direct two-qubit gate operations. The color of each
node and edge corresponds to its readout error rate and
two-qubit gate error rate, with brighter regions indicating
higher error occurrence. Additionally, the average val-
ues of T1 and T2 among the selected physical qubits are
depicted on the subplot corresponding to the Oth physi-
cal qubit. These values are represented as black lines on
the left and right axes, with red and blue bars indicat-
ing T1 and T2 of the physical qubit, respectively. The
background of the subplots displays the error rate of the
single-qubit gate. Subplots for other physical qubits also
show their T1, T2, and error rate of the single-qubit gate. It
is observed that, when more physical qubits are used, error

rates for readout tend to increase. Furthermore, while the
average error rates of two-qubit gates on ibm_torino
were 0.0066 and 0.0095 for distances 3 and 5, respec-
tively, those on ibm_sherbrooke were higher at 0.0072
and 0.011. However, the average readout error rates on
ibm_sherbrooke were 0.017 and 0.02, which are lower
than those on ibm_torino at 0.02 and 0.024.

2. Correlation matrices

There are two methods to label the number of syndrome
nodes: (1) labeling the nodes based on space first, and (2)
labeling the nodes based on time first instead of space.
We consider labeling the syndrome nodes for the logi-
cal control qubit first, followed by the logical target qubit
in Fig. 4 of the main text. Figure 9 shows the same
data as that without truncation. Figures 10 and 11 present
correlation matrices derived from sampled data obtained
from different hardware platforms, ibm_brisbane and
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Correlation matrices for the syndrome nodes obtained using Stim (ibm_torino). The two logical states, the logical

control and target qubits, are initialized in the Z(X') basis, and each one has seven data qubits. The data are obtained by sampling the
quantum memory experiment 10° times for both (a) [11); and (b) |——),, with 2R = 10 rounds of the syndrome extraction circuit. The
axes represent the 11 blocks corresponding to syndrome rounds for a logical qubit, with each block displaying six syndrome nodes
arranged according to their locations within the code. A pixel represents the error probability that generates a “1” syndrome bit on the
corresponding ith and jth syndrome nodes. Parameter SR corresponds to the round of the detection event, and the transversal CNOT
gate has been executed at SR = 6. The probabilities of space, time, space-time, and gate-flow errors are visually represented by red,

blue, green, and orange dotted lines, respectively.

ibm_torino, respectively. Each matrix corresponds to
demonstrations performed with initial states (a) |11); and
(b) |——);. In this setup, a logical qubit comprises seven
data qubits, necessitating a total of 57 physical qubits for
the structure with ten rounds of a syndrome extraction
circuit (2R). They show high error probabilities, particu-
larly for time errors. Moreover, the probabilities of space
errors on either the logical control or target qubits are sig-
nificantly influenced by the basis of the logical qubits.
The X (Z) errors on the logical target (control) qubit
before the logical CNOT gate propagate to the other log-
ical qubits, resulting in gate-flow errors, which can be
seen in the figures. Strong correlations are observed at
specific times, notably at SR = 6, between two logical
qubits from the perspective of the affected logical qubit
due to gate-flow errors. Overall, these correlation matrices
demonstrate similar patterns of correlations as observed

in the results from both actual devices and the classi-
cal simulator. It is worth pointing out that in the results
from ibm_brisbane, the correlation matrix with the
X basis shows high error probabilities in the correlation
region at SR = 6 for both logical qubits. It could be related
to the biased errors during the execution of the logical
CNOT gate. Additionally, we obtain the correlation matri-
ces for ibm_sherbrooke and ibm_torino using the
classical simulator (Stim) with the same error rate as the
hardware, as displayed in Figs. 12 and 13. We observed
that the correlations between two logical qubits from the
simulated results align with the results from the quantum
hardware, but show relatively low error probabilities.
Figures 14 and 15 illustrate correlation matrices
obtained by labeling the syndrome nodes based on time
before space in the axes of the correlation matrices from
ibm_sherbrooke and ibm_torino. In Fig. 14, each
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FIG. 14. Correlation matrices for the syndrome nodes (1bm_sherbrooke). The syndrome nodes are labeled based on time before
space. The two logical states, the logical control and target qubits, are initialized in the Z(X) basis, and each one has five data qubits.
The data are obtained by sampling the quantum memory experiment 10° times for both (a) |00); and (b) |[++);, with 2R = 10 rounds
of the syndrome extraction circuit. The axes represent the four blocks corresponding to syndrome nodes for a logical qubit, with each
block displaying 11 syndrome rounds arranged according to their locations within the code. A pixel represents the error probability that
generates a “1” syndrome bit on the corresponding ith and j th syndrome nodes. The syndrome nodes are labeled first based on time,
and then on space. Parameter SR corresponds to the round of the detection event, and the transversal CNOT gate has been executed
at SR = 6. The probabilities of space, time, space-time, and gate-flow errors are visually represented by red, blue, green, and orange

dotted lines, respectively.

logical qubit consists of five data qubits, with four spa-
tial syndrome bits per logical qubit. These syndrome bits,
labeled S1, S2, S3, and S4, correspond to their positions in
the code. It is important to note that each S1 from the two
logical qubits corresponds locally within the perspective of
each logical qubit. The same correspondence applies to the
other syndrome bits (S2, S3, S4). The syndrome extraction
circuit is performed ten times, with the corresponding syn-
drome having 11 syndrome rounds (SR). Hence, the axes
represent the four blocks corresponding to syndrome nodes
for a logical qubit, with each block displaying 11 syn-
drome rounds arranged according to their locations within
the code. The transversal CNOT gate is implemented in
the middle of the syndrome extraction rounds (SR = 6),
allowing for the observation of the correlation between the
two logical qubits, as depicted in the figures. In the case
of ibm_torino shown in Fig. 15, the only difference

is the number of data qubits per logical qubit, which is
seven.

In Fig. 14, strong correlations are observed between the
logical control and target qubits, particularly when the log-
ical CNOT gate is introduced. Additionally, each syndrome
bit from one logical qubit, including nearest-neighbor
syndrome bits, shows correlations with the locally corre-
sponding syndrome bit from the other logical qubit. These
correlations signify error propagation affecting the logical
state and are represented differently depending on the type
of errors, reflecting the propagation of Pauli operators. On
the other hand, a noticeable high in the error probability is
observed for specific syndrome bits, such as (a) S2 or (b)
S3, at the logical target qubit. Although these errors can
be decomposed into consecutive time errors, their actual
nature may vary, including leakage or correlated errors.
These differences contribute to higher overall logical error
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Correlation matrices for the syndrome nodes (ibm_torino). The syndrome nodes are labeled based on time before space.

The two logical states, the logical control and target qubits, are initialized in the Z(X') basis, and each one has seven data qubits. The
data are obtained by sampling the quantum memory experiment 10° times for both (a) [11); and (b) |——),, with 2R = 10 rounds
of the syndrome extraction circuit. The axes represent the six blocks corresponding to syndrome nodes for a logical qubit, with each
block displaying 11 syndrome rounds arranged according to their locations within the code. A pixel represents the error probability that
generates a “1” syndrome bit on the corresponding ith and j th syndrome nodes. The syndrome nodes are labeled first based on time,
and then on space. Parameter SR corresponds to the round of the detection event, and the transversal CNOT gate has been executed
at SR = 6. The probabilities of space, time, space-time, and gate-flow errors are visually represented by red, blue, green, and orange

dotted lines, respectively.

rates. These properties are also observed in Fig. 15 except
for the regions where syndrome bit S2 is related.
Intriguingly, there is another type of error that causes
low performance of the transversal CNOT gate. Particularly
in the region related to syndrome bit S2 within the results
obtained from ibm_torino, most of the pixels behave
differently, specifically showing 0 values. This indicates
that they have negative values according to Eq. (1). These
errors in syndrome bit S2 were also observed across var-
ious distance structures and different rounds within the
region where using the same physical qubits. These obser-
vations suggest that errors occurring during the execu-
tion of quantum circuits on the device primarily manifest
locally. This localized error behavior, particularly around
syndrome bit S2, highlights challenges inherent to quan-
tum processors that warrant further investigation. We hope
that our demonstration will accelerate studies addressing

these challenges, including understanding and mitigating
inherent errors in quantum processors, which should be a
key focus of ongoing research for a fault-tolerant quantum
computer.

3. Detection probability

The probability of a detection event can be calculated
by the ratio of how many times a syndrome bit is observed
as a detection event in each syndrome round (SR) and
the number of trials. Figure 16 illustrates the probabilities
of detection events obtained from ibm_sherbrooke
as a function of syndrome rounds and syndrome node
labels for the d =5 structure on the (a) Z (]00);) or
(b) X (]4++),) basis. The blue and red lines represent
the detection event probabilities for the logical control
and target qubits, respectively. The logical CNOT gate is
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FIG. 16. Probabilities of a detection event on each syndrome node over rounds (1bm_sherbrooke). The data are obtained from
the demonstration with initial states (a) |00); and (b) |[4+4); with 2R = 10 syndrome extraction rounds. The probability of the syn-
drome node being the detection event over time is plotted as a function of syndrome rounds. The number of syndrome rounds is 11 and
steps of the quantum memory experiment can be seen based on the syndrome rounds. The transversal CNOT gate is executed at SR = 6.
The red (blue) lines correspond to the probabilities of the syndrome bits of the logical control (target) qubit. The syndrome bits are
labeled S1, S2, S3, and S4 according to their locations within the code. The number of samples is 10° to calculate the probabilities for
each case.

applied after five rounds of syndrome extraction circuits,  increase is attributed to the use of auxiliary qubits in
which is SR = 6. In the case of X errors, they propagate  implementing the transversal CNOT gate, which introduces
from the logical control qubit to the logical target qubit,  the possibility of errors associated with these auxiliary
whereas for Z errors, the propagation occurs in the oppo-  qubits during the application of the logical CNOT gate.
site direction. Notably, the detection event probabilities = Consequently, the detection event probabilities for syn-
for all syndrome bits on the logical target (control) qubit ~ drome nodes on both logical qubits with Z (X) stabi-
increase significantly when the logical qubits are in the  lizers increase, reflecting the impact of gate-flow errors.
Z (X) basis at SR = 6. Furthermore, the probabilities for It is also similarly observed from ibm_torino except
syndrome bits on the other logical qubit also temporally  for the S2 syndrome bit with inherent errors, as shown
increase when the logical CNOT gate is implemented. This  in Fig. 17.
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node being the detection event over time is plotted as a function of syndrome rounds. The number of syndrome rounds is 11 and steps
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red (blue) lines correspond to the probabilities of the syndrome bits of the logical control (target) qubit. The syndrome bits are labeled
S1, 82, S3, S4, S5, and S6 according to their locations within the code. The number of samples is 10° to calculate the probabilities for
each case.
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4. Logical error rates

Demonstrations are performed with rounds of the
corresponding syndrome extraction circuit, initializing
the logical qubits in four different states for each
basis. Here, |V cY¥r), = |¥c)r ® |Y¥r), denotes the prod-
uct state of logical control (|¥¢);) and target (|y¥7);)

qubits. For example, when using Z stabilizers, the
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computational states of two logical qubits can be pre-
pared as {|00);,|01),,]10),,]|11);}. Applying the log-
ical CNOT gate to these states transforms them into
{]00), ,101), ,|11);,]10),}, respectively. Similarly, for
the X basis, the initial states are prepared as one
of {|[++).,l+—)r,I—+)r,|——).}, which change to
{|++>L s |__)L s |_+>L s |+_>L}9 respectively.
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FIG. 19. Bar charts showing the logical error rates (ibm_torino). The logical qubits initialized in the (a) Z or (b) X basis,
calculated based on data sampled 10° times for each case using the quantum memory experiment. The logical error rates are displayed
as a function of distances and the number of rounds of the syndrome extraction circuit. The logical errors for distances 3, 5, and 7
are plotted noncumulatively across the syndrome rounds. The state of the logical qubits can be prepared as one of four states for each

basis. Subfigures illustrate the case for a certain initial state.
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Logical error rates (pe;;) are calculated as infidelity (1 —
Fycyr), where Fy, . is the fidelity when the output state
is |Weyr); after the logical CNOT gate has been executed.
After decoding errors and correcting the two logical qubit
states, the fidelity of the corrected logical qubits is com-
puted using the logical qubits’ Pauli operators [35]. For
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FIG. 21. Logical error rates (1bm_brisbane). The code considers (a) X errors with Z stabilizers or (b) Z errors with X stabilizers.
To assess the logical error rates, the MWPM decoder is used. The blue (red), green (purple), and orange (black) lines correspond to
structure sizes of 21, 39, and 57 physical qubits correcting X (Z) errors, respectively. The lines are obtained by sampling the quantum
memory experiment 103 times on brisbane. The average logical error rates for four basis states are depicted with their standard
deviations as a function of the number of syndrome extraction circuit rounds, and structure size. As the number of physical qubits
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TABLE IV. Calibration table values for 21 physical qubits used for demonstrations (ibm_brisbane). The values obtained from
the calibration table correspond to |00); with ten rounds. The table lists the properties of physical qubits for the d = 3 structure selected
within the hardware. These include T1 and T2 times, as well as error rates of the readout and single- (SQ) and two-qubit (TQ) gates.
More than one two-qubit gate can be implemented and their error rates are listed accordingly.

Qubit T1 (ps) T2 (ws) Readout error rate SQ gate error rate TQ gate error rate

0 248.48 368.92 0.0133 0.000 17 [0.0137, 0.0048]

1 264.36 317.35 0.0132 0.000 14 [0.0048, 0.0041]

2 284.58 306.75 0.008 0.00038 [0.0087, 0.0041]

3 216.28 67.9 0.0065 0.00019 [0.0051, 0.0087]

4 430.15 78.68 0.008 0.000 15 [0.0051, 0.0051, 0.0053]
5 330.82 290.9 0.0137 0.00028 [0.0067, 0.0053]

6 318.33 183.28 0.0136 0.000 18 [0.0086, 0.0067, 0.0051]
7 271.58 287.72 0.12 0.000 18 [0.005, 0.0051]

8 308.95 262.67 0.0134 0.00011 [0.005, 0.0032]

9 226.93 41.98 0.0148 0.00049 [0.0137,0.0136]

10 493.14 381.62 0.0202 0.000 13 [0.0051, 0.0085]

11 373.5 177.92 0.0068 0.00019 [0.0074, 0.0032]

12 227.92 60.3 0.0083 0.000 38 [0.0079, 0.0136, 0.0082]
13 363.33 81.61 0.0131 0.000 18 [0.0051, 0.0082]

14 254.07 186.99 0.0081 0.00031 [0.0095, 0.0051, 0.0062]
15 238.31 156.11 0.0166 0.000 34 [0.0095, 0.0076]

16 139.01 91.39 0.0278 0.00028 [0.0076, 0.0155, 0.0085]
17 307.58 261.39 0.0529 0.000 55 [0.0155, 0.0055]

18 249.95 245.07 0.0066 0.000 15 [0.0045, 0.0074, 0.0055]
19 274.84 16.84 0.0172 0.00027 [0.0045, 0.0056]

20 174.69 202.76 0.0082 0.000 19 [0.0056, 0.0074, 0.011]

TABLE V. Calibration table values for 21 physical qubits used for demonstrations (1bm_torino). The values obtained from the
calibration table correspond to |00),; with ten rounds. The table lists the properties of physical qubits for the d = 3 structure selected
within the hardware. These include T1 and T2 times, as well as error rates of the readout and single- (SQ) and two-qubit (TQ) gates.
More than one two-qubit gate can be implemented and their error rates are listed accordingly.

Qubit T1 (ps) T2 (ws) Readout error rate SQ gate error rate TQ gate error rate
0 142.71 116.51 0.085 0.000 53 [0.0044, 0.0083]
1 132.53 35.6 0.0143 0.000 65 [0.0082, 0.0044]
2 127.68 203.37 0.0382 0.00037 [0.0082, 0.0164]
3 204.95 136.37 0.0077 0.00021 [0.0164, 0.0044]
4 135.37 25.33 0.0393 0.00067 [0.0063, 0.0079, 0.0044]
5 242.65 76.18 0.015 0.00021 [0.0063, 0.0044]
6 124.4 187.37 0.02167 0.000 17 [0.0062, 0.0029, 0.0044]
7 38.45 45.24 0.0321 0.002 13 [0.0062, 0.0071]
8 205.84 157.08 0.0315 0.00024 [0.0049, 0.0071, 0.0023]
9 232.22 128.96 0.0126 0.00022 [0.0034, 0.0083]
10 3242 45.8 0.0131 0.000 87 [0.0085, 0.0079]
11 248.0 160.5 0.0117 0.0002 [0.0046, 0.0023]
12 215.6 122.98 0.0282 0.000 33 [0.0053, 0.0034]
13 263.96 194.63 0.0172 0.00038 [0.0053, 0.0176]
14 160.04 214.99 0.0129 0.000 16 [0.0024, 0.0176, 0.0043]
15 174.22 200.89 0.0102 0.000 18 [0.0042, 0.0024]
16 164.92 150.59 0.017 0.000 32 [0.0042, 0.0085, 0.0085]
17 23.84 22.13 0.0243 0.00117 [0.0085, 0.0068]
18 219.47 64.31 0.0163 0.00027 [0.0033, 0.0029, 0.0068]
19 265.79 111.69 0.0119 0.000 32 [0.0045, 0.0033]
20 158.13 187.47 0.0143 0.00019 [0.0045, 0.0086, 0.0046]
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FIG. 22. Hardware specifications of physical qubits with colormaps and bar charts (ibm_brisbane). The graph with subplots
shows the physical qubits’ specification of the structure in (a) d = 3, (b) d = 5, and (c) d = 7 with the |00), state. Each node and edge
correspond to the physical qubit and connectivity of a two-qubit gate. The error rates of the readout and two-qubit gate (ECR) are
displayed with colors. The subplot next to every node shows T1 and T2 times corresponding to their physical qubit. The average T1
and T2 times are plotted as the black lines on the left and right sides. Their values can be seen on the subplot of the Oth physical qubit.

The background of a subplot is colored corresponding to the error rate of the single-qubit gate.

Fy = %(1 — (ZLC) - (ZLT) + (Zf ZLT))- (E4) same process can be applied to the logical qubits in the
X basis when dealing with the phase-flip code with flag

The fidelity calculations involve measuring the expecta-  qubits:
tion values of logical Pauli operators. Specifically, (Z5),
(zI, and (ZFZT) represent the expectation values of the
logical Z operator on the logical control qubit, the logi-
cal target qubit, and both logical qubits, respectively. The Fi_ = %(1 + (XLC) — (XLT ) — (X,
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FIG. 23. Hardware specifications of physical qubits with colormaps and bar charts (1bm_torino). The graph with subplots shows
the physical qubits’ specification of the structure in (a) d = 3, (b) d =5, and (c) d = 7 with the |00), state. Each node and edge
correspond to the physical qubit and connectivity of a two-qubit (Cz) gate. The error rates of the readout and two-qubit gate are
displayed with colors. The subplot next to every node shows T1 and T2 times corresponding to their physical qubit. The average T1
and T2 times are plotted as the black lines on the left and right sides. Their values can be seen on the subplot of the Oth physical qubit.
The background of a subplot is colored corresponding to the error rate of the single-qubit gate.

F_,= 411(1 — X9+ —xxn,  (E7 obtained from ibm_sherbrooke. The reduction in log-

) c T CuT ical errors regardless of the initial state and basis is

Fo_ =71 = (X)) = (X)) + X0 X0)). (E8)  observed when more physical qubits are utilized. However,

we observe that logical errors for the X basis are higher

Figure 18 displays the logical error rates for four states  than those for the Z basis across all syndrome extrac-
with noncumulative bar charts across the syndrome rounds, tion rounds. However, the d = 5 structure exhibits a lower
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FIG. 24. Connectivity of ibm_sherbrooke. Each node and edge correspond to a qubit and its connectivity with other nearest-
neighbor qubits, respectively. The edges highlighted in orange represent the connections where the two-qubit (ECR) gate has an error
rate of 1. In contrast, other edges, indicated in purple, have error rates lower than 1.

logical error rate than the d = 3 structure for all cases.
The same figure obtained from ibm_torino is shown
in Fig. 19. Even though, in some cases, the larger struc-
ture does not have lower logical errors than the smaller
one the trends of logical error rates across all syndrome
extraction circuit rounds indicate the error suppression
overall. This could be attributed to the inherent errors
in the S2 syndrome bit region that has been covered in
Appendix E 3.

Figure 20 shows the logical error rates as a function
of the number of syndrome extraction circuits and the
code distance, obtained from the classical simulator (Stim)
for ibm_torino and ibm_sherbrooke. The structure
with more physical qubits has a lower logical error rate
for all syndrome circuit rounds. As we increase the num-
ber of syndrome extraction circuit rounds, the logical error
rates increase for both bases regardless of devices and dis-
tance. This is attributed to the increase in the possibility
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of gate-flow errors, which may lead to ambiguity for a
decoder when calculating a correction operator due to
correlated errors.

Figure 21 presents results obtained from ibm_
brisbane. When the logical qubits are prepared in the
Z basis, the logical error rates notably decrease as we
increase the number of physical qubits. However, while
there is a decrease in logical error rates between d = 3
and d = 5, the d = 7 structure exhibits higher logical error
rates across the syndrome extraction rounds than that of
the d = 5 structure. It could be related to the biased errors
during the execution of the logical CNOT gate, as discussed
in Appendix E 2.

APPENDIX F: FURTHER FIGURES

We performed the demonstrations on April 23, 2024,
using the ibm_brisbane device and on April 23 using
the ibm_torino device. In this section, we present the
calibration tables for these demonstrations for the d = 3
structure in Tables IV and V, as well as the hardware spec-
ifications of physical qubits across different code distances
(d=1{3,5,7}) in Figs. 22 and 23, respectively. Further-
more, Fig. 24 illustrates the infeasibility of certain two-
qubit gates on ibm_sherbrooke, which prevented the
embedding of the proposed quantum memory experiment
with the d = 7 structure.
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