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“Chirality” refers to the property that an object and its mirror image cannot overlap each other by
spatial rotation and translation. Chirality can be found in various research fields. Here we propose chi-
ral chaos and design a chiral chaotic device using whispering gallery mode resonators and tips, where
the routes to chaos exhibit pronounced chirality for two pumping directions. The mechanism underly-
ing chirality is that time-reversal symmetry of traveling-wave light fields is regulated by tips, and chaos
originates from the nonlinear optomechanical interactions. We propose metrics based on the Lyapunov
exponents to quantify the symmetry and chirality between routes to chaos. We show that the proposed
chiral chaotic device can be applied to achieve sensing with high sensitivity, a broad detectable range,
and strong robustness regarding phase and orientation randomness of weak signals. Our work provides
a promising candidate for on-chip sensing and may have applications in chaotic networks and chaotic

communications.
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L. INTRODUCTION

The concept of chirality has permeated many branches
of science, such as biological sciences [1], chemistry [2,3],
soft matter physics [4], particle physics [5], and optics
[6,7]. Over the past few decades, research on chiral behav-
iors has deeply fascinated researchers [4,8]. Considerable
efforts have been devoted to the study of chirality in light-
matter interactions [9,10], and the value of chiral products
and chiral devices generated from such efforts has been
widely recognized in relevant application areas. Repre-
sentative examples include enantiosensitive control [11],
optofluidic sorting of particles [12], negative refractive
index materials [13], and novel optical tools [14,15]. The
interactions between light and matter can occur in diverse
forms, including radiation pressure, scattering, emission,
and absorption. As the light intensity increases, many of
these interactions are accompanied by nonlinear effects
[16].

Chaos is a nonlinear phenomenon that can be observed
in most nonlinear systems. It describes certain dynamics
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that are extremely sensitive to initial conditions, and
has broad applications in engineering [17]. Recently,
research on chaos using radiation pressure—based non-
linear systems, i.e., optomechanical systems in which
optical and mechanical modes interact via radiation pres-
sure, has attracted widespread attention [18—21]. Various
radiation pressure—based systems provide ideal platforms
for studying nonlinear physics and chaos, e.g., whisper-
ing gallery mode (WGM) resonators, Fabry-Pérot cavi-
ties, and microwave optomechanical resonators [22]. A
series of intriguing chaotic phenomena in optomechani-
cal systems have been proposed and observed, including
intermittent chaos [23], nonreciprocal chaos [24], parity-
time-symmetry-breaking chaos [25], and anti-parity-time-
symmetry-breaking chaos [26]. Although chiral behaviors
and chaotic dynamics have been studied in nonlinear light-
matter interaction systems from multiple aspects, the inter-
section between chirality and chaos remains unexplored.
This intersection may advance the applications of chaos
and broaden chaos theory.

The development of microfabrication and nanofabrica-
tion techniques has enabled the miniaturization of chaotic
devices based on radiation pressure interactions to the
micron level [22]. This opens up new possibilities for
developing high-precision sensors [27-31] by the use
of these miniaturized nonlinear devices. Chaotic sensors
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work mainly by using an abrupt change in observables
before and after the order-chaos phase transitions [32—
34]. Such a working principle has the advantages of high
sensitivity, fast response, and good reliability, but its prac-
ticality is severely limited by the types of detected signals
[30]. For uncontrolled signals, e.g., mechanical displace-
ments with uncertain directions and optical signals with
random phases or frequencies, even if their amplitudes
exceed the critical threshold of order-chaos phase tran-
sitions, the corresponding observables may not exhibit
abrupt changes [35-37]. Thus, during the sensing pro-
cess, the response of chaotic sensors to certain signals
may become too weak to capture them accurately, result-
ing in false negative errors. These errors are difficult
to avoid and hinder the applications of chaotic sensors.
Based on the chirality in chaotic dynamics, we propose a
more efficient sensing principle that can reduce the occur-
rence of false negative errors and thus enhance chaotic
sensing.

In this paper, by our using coupled WGM resonators
as the controlled object and tips as controllers, we pro-
pose a controllable chiral chaotic device that supports both
optical and mechanical modes. The tips are nanoscale
probes made from optical fibers and are commonly used
for tuning the frequency, scattering, and dissipation of opti-
cal resonators [38]. Chaos in this device originates from
the nonlinear interactions between optical and mechanical
modes via radiation pressure. The device is pumped via
a tapered fiber with two ports. We find that for pumping
from two opposite ports of the tapered fiber, the corre-
sponding tip-controlled chaotic dynamics exhibit chirality
along the axis of the scattering phase ¢. We demonstrate
that the tip-controlled scattering phase ¢ between optical
modes can nontrivially regulate time-reversal symmetry of
the system, thereby inducing chiral chaos. To quantify the
degree of chirality and symmetry in chaotic dynamics, we
design metrics based on the Lyapunov exponents. Besides,
we propose a new sensing principle based on chiral chaos,
i.e., we construct the sensing window that is sensitive to
weak signals. Through a series of evaluations and compar-
isons, we demonstrate that the proposed sensing method
is superior to the conventional chaotic sensing method in
sensing performance.

This paper is organized as follows. In Sec. II, we intro-
duce the theoretical model to describe the proposed chiral
chaotic device and the Hamiltonian, and the correspond-
ing equations of motion are derived. In Sec. 111, the phase
diagrams corresponding to different pumping ports are
presented, and the chiral chaos phenomenon is shown.
Moreover, we propose two metrics and demonstrate how
to apply them to quantitatively characterize the degree of
symmetry and chirality between different routes to chaos.
In Sec. IV, we illustrate how to utilize the chiral chaotic
device to perform high-precision sensing, and demonstrate
its superiority. Finally, we summarize the main results, and

further discuss the potential applications and experimental
feasibility of the proposed device in Sec. V.

II. CHIRAL CHAOTIC DEVICE

As schematically shown in Fig. 1(a), the proposed chiral
chaotic device consists of a vibrating WGM microtoroid
resonator A and a nonvibrating WGM microtoroid res-
onator B. Thus, resonator A is an optomechanical system
[39,40], and resonator B is only an optical system. There
are surface defects in resonator A as schematically shown
in Fig. 1(a) as a protrusion. Two tips acting as Rayleigh
scatterers contact the rim of resonator B. To avoid non-
Rayleigh-scattering effects, we require that the effective
size of the fiber tips should be much smaller than the wave-
length of optical modes in resonator B. The two resonators
are coupled to each other via the overlapping evanes-
cent fields between the resonators [41]. The evanescent
fields are the electromagnetic fields that extend beyond the
physical boundaries of the resonators and decay exponen-
tially with the distance from the surface. We assume that
each resonator supports two counterpropagating optical
modes [42], i.e., the clockwise (CW) and counterclock-
wise (CCW) optical modes. dcw and Bcw are defined as
the annihilation operators for CW optical modes in res-
onator A and resonator B, respectively. accw and ]AJCCW
are defined as the annihilation operators for CCW optical
modes in resonator A and resonator B, respectively. We
further assume that acw and accw modes have the same
resonance frequency w, and damping rate «, and that bcw
and BCCW modes have the same resonance frequency wg
and damping rate y. The CW and CCW modes in res-
onator A can be coupled only to the CCW and CW modes,
respectively, in resonator B via the overlapping evanes-
cent fields. The mechanical mode in resonator A can be
described by the displacement operator g and the momen-
tum operator p with mechanical frequency €2 and damping
rate I'. We ignore the mechanical effects in resonator B
due to its relatively low quality factor and the suppres-
sion of mechanical oscillation caused by the contact of
the two tips. The nonlinear optomechanical interaction
[22] between the optical modes and the mechanical mode
in resonator A is written as hG(&ZW&CW + ‘A’J(F?CW&CCW)‘AL
with the single-photon optomechanical coupling strength
G = (wa/R) x /h/mS2, where R and m are the radius and
effective mass of resonator A, respectively. We also assume
that a tapered fiber with two ports is evanescently coupled
to resonator A. Thus, the pumping field can be applied to
the device through either port 1 or port 2. In the rotat-
ing reference frame with pumping field frequency w, the
Hamiltonian of the proposed chiral chaotic device is given
by (h=1)

H = Hy + Hom + H; + Hp, (la)
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Hy = Ap(alyacw + alewacew) + %(ﬁz +4%)
+ Ap(bloybew + blewbeew), (1b)
Hom = —G(alyicw + abewacew)d (1c)
By = —J (alywbeew + dfcwbew + Hee)
—(agwacew + [El€“blybeew + He),  (1d)

N ie (&EW —acw), pumping from port 1,
ic (&ECW — accw), pumping from port 2,

(le)

where Ay = wp — w, A = wp — W, f]o denotes the free
Hamiltonian of the vibrating mechanical mode in resonator
A and the optical modes in both resonators, and ﬁIOM
denotes the optomechanical interaction Hamiltonian for
the mechanical mode and the optical modes in resonator A.

The couplings between optical modes in the resonators
are illustrated in Fig. 1(b) and are described by the inter-
action Hamiltonian ;. Here, 5 denotes the backscattering-
induced coupling strength between CCW and CW modes
in resonator A caused by surface defects [43], |£]e" and
|Ele™ denote the complex scattering strength between
WGMs in resonator B caused by the two tips; the details
for the expressions of |£| and ¢ can be found in Appendix
A. In current experiments [44—46], |£| and ¢ can be
adjusted by one moving the fiber tips in three-dimensional
space or electroplating the surface of the tips with var-
ious materials. The green region in Fig. 1(c) shows the
range of scattering parameters |£| and ¢ achievable by
one varying the relative position (i.e., the spatial phase
difference B in resonator B) and geometric scale of the
two tips. J represents the coupling strength between the
resonators, which is determined by the effective distance
between the resonators. Besides, through a tapered fiber,
in which the tapered region of the tapered fiber surrounds
a stronger evanescent field that couples to the optical
mode in resonator A, the monochromatic pumping field
with frequency w can be applied to the optical modes in
resonator A, as shown schematically in Fig. 1(a) and in
Eq. (1e). The interaction Hamiltonian between the optical
mode in resonator A and the pumping field applied through
either port 1 or the port 2 is described via the Hamilto-
nian Hp, where & describes the coupling strength between
the optical mode and the pumping field. Under the cur-
rent experimental conditions [38,44,46], the positions of
the resonators, the tapered fiber, and the tips can be pre-
cisely controlled by nanopositioning translation stages and
other methods. Thus, J, |£], and ¢ can be flexibly adjusted
within a wide range, and the proposed device is highly
controllable.

Dynamics of the chiral chaotic device are described by
the Heisenberg equations of motion. For the convenience

0 A — S O,
acw 1 dcew :
05
&
@[] S
|§|e+i«p -0.5
b Tips b
( CCW CW) =1
‘Vi " 5 10 15
|€le™" l€1/€2
FIG. 1. (a) The proposed chiral chaotic device, where an

optomechanical resonator A is coupled to an optical resonator
B, and two tips acting as Rayleigh scatterers contact the rim of
resonator B. Here, each resonator supports CW and CCW opti-
cal modes. Through the overlap of evanescent fields of optical
modes, the CW and CCW modes in resonator A are coupled
to the CCW and CW modes, respectively, in resonator B. Res-
onator A also supports a mechanical mode, which interacts with
the optical modes via radiation pressure. Additionally, resonator
A has with a protrusion on its rim, which indicates the surface
defects. The tapered fiber with two pumping ports is evanescently
coupled to resonator A. (b) Loops composed of optical modes
and the interactions among them. (c) Under common experimen-
tal conditions, the ability of the tips to tune the scattering strength
|| and scattering phase ¢ (see Appendix A for details). Green
and gray regions show achievable and unachievable parameter
ranges, respectively.

of solving them, we replace all operators with their expec-
tation values, i.e., 0 = (0) = o, where 0 represents any
operator. Moreover, in the limit of large photon num-
bers, we apply the semiclassical approximation to ignore
the correlations between optical and mechanical modes
[47,48]. Then the equations of motion can be obtained as
(we use pumping from port 1 as an example)

acw = (—iA% — K)acw + inaccw + iJbcew + €, (2a)
accw = (—iA% — K)accw + inacw + iJbew, (2b)

g=Qp, p=—-q+G(acw|*+ laccw!?) — Tp,
(2¢)
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bew = (—iAp — y)bcw + ilE|e“beew + iJacew, (2d)
beew = (—iAg — y)bcew + ilE|le “bew + iJacw, (2€)

with A% = Ax — Gg, i.e., the resonance frequency of opti-
cal modes in resonator A is modulated by mechanical
oscillations.

ITII. CHIRAL CHAOS AND ITS METRICS

We now numerically solve the equations of motion, i.e.,
Egs. (2a)+2e), to obtain the dynamics of the system. To
simplify the discussion, we normalize all frequency scales
to the mechanical oscillation frequency €2 and extend the
timescale to T = Qt. Moreover, in all figures, we discard
the initial transient state t/2mw € [0,4096]. Figures 2(a)
and 2(b) depict the phase diagrams of the device for pump-
ing from port 1 and port 2, respectively. The green, red,
and black regions in the phase diagrams correspond to
the device working in the self-induced-oscillation, period-
doubling-bifurcation, and chaotic regimes, respectively. In
optomechanical systems, self-induced oscillation occurs
when the optical radiation pressure force provides suffi-
cient energy to overcome mechanical damping; this results
in sustained periodic oscillation of the mechanical mode.
As the parameters vary, the system can undergo period-
doubling bifurcations, a type of transition in which stable
oscillatory states evolve into more complex states with
doubled periods. The cascade of such bifurcations can
ultimately lead to chaos, a state that exhibits extreme sen-
sitivity to initial conditions and unpredictable long-term
behavior [20,21]. Different regimes in the phase diagrams
are classified on the basis of the maximal Lyapunov expo-
nent Amax (for chaos, A > 0; for order, A, < 0) and the
frequency spectrum of the mechanical oscillations [50,51].
Thus, it is clear that the sign of A,y is enough to estab-
lish if a system is chaotic or not chaotic. Figures 2(a) and
2(b) show that these two phase diagrams are chiral along
the ¢ axis. With the continuous increase of ¢ from —m to
7, the transition process between the ordered regime and
the chaotic regime for pumping from port 2 is the reverse
of that for pumping from port 1. We point out that by one
tuning |&| and ¢, which corresponds to one adjusting the
fiber tips, the working state of the chiral chaotic device
can be flexibly switched. The structure properties of the
bifurcation diagrams in Figs. 2(c) and 2(d) show that chi-
ral chaos can be induced by one tuning the scattering phase
@. As illustrated in the lower panels in Figs. 2(c) and 2(d),
the value distributions of A, on the ¢ axis, especially the
position of periodic windows in the chaotic regime, also
provide evidence to support this conclusion. We note that
the two phase diagrams exhibit no chirality along the |&]
axis; therefore, |£] is not the key factor to achieve chiral
chaos (more details can found in Appendix B).

Physically, the chiral chaotic dynamics in Fig. 2 shows
that the time-reversal symmetry of the device is regulated

by ¢. As illustrated in Fig. 1(b), photons hopping along two
reverse loops accumulate opposite net phases, i.e., hopping

along the 100p aCCW — bCW —> bCCW —> aCW —> &CCW
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FIG. 2. (a),(b) Phase diagrams of the device for two different

pumping directions, where (a),(b) correspond to pumping from
port 1 and port 2, respectively, as shown in Fig. 1(a) and Eq. (1e).
The green, red, and black regions represent the self-induced-
oscillation, period-doubling-bifurcation, and chaotic regimes,
respectively. (c),(d) Bifurcation diagrams (upper panels) of the
mechanical oscillation amplitude versus ¢, and the correspond-
ing maximal Lyapunov exponent A, spectra (lower panels),
in which the dash-dotted black lines mark An. = 0. (c),(d)
correspond to pumping from port 1 and port 2, respectively.
The insets in (c) present the phase-space trajectories of the
light intensity Iy (s = |acw|® + |accw|?) in resonator A, where
¢1 = —0.27 (chaos) and ¢, = —0.187 (order). The insets in
(d) show the chaotic sensing principle O — M, and the false
negative error O — O'. (e),(f) The chirality C and symme-
try S between the dynamics in (a),(b). For given |&|, the two
chaotic dynamics correspond to ¢ € [—m, ] in (a),(b); for given
¢, the two chaotic dynamics correspond to |£]/ 2 € [2.5,3.8]
in (a),(b). The parameters are as follows [22,49]: Q@ =27 x
20 MHz, Ap/Q = Ap/Q=-05, 8/Q=58x10% J/Q =
2,y/Q=5G/Q=5x107%7/Q=015T/Q=5x 1073,
k/Q =0.25,in (c),(d), ||/ 2 = 3.
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and the reverse loop accw — dcw — lA)CCW — 13CW —
accw, they accumulate the net phases —¢ and ¢, respec-
tively. Applying the gauge transformation and the time-
reversal transformation [52,53], we find that once ¢ # Z,
where Z denotes an arbitrary integer, the light fields in
the device no longer have time-reversal symmetry (see
Appendix C). Moreover, the net hopping phase indicates
the existence of a static optical gauge field, which can be
equivalent to a magnetic field for photons [54,55]. The
gauge field has nontrivial effects on the working states of
the device [56], e.g., regulation of time-reversal symmetry
of the entire device. To demonstrate this, we calculate the
steady-state light intensities in the device. For simplicity,
we show only the light intensities (/; = Iafjwl2 + |aSCCW|2)
in resonator A, which can be written as

I3, = g(Asl* + In + Fe|?), pumping from port 1,

I3, = g(IAA? + In + Fe™|),  pumping from port 2,
3)

in which the specific expressions for g, A A, and F can be
found in Appendix D. Then, we obtain the light intensity
difference in resonator A generated by pumping from two
different ports, i.e.,

813 = Iy, — I3, = g(In + Fe¥|? — [n+ Fe™ %), (4)

We can find that for the trivial gauge phase, i.e., ¢ = Z,
I3, =13, and 83 =0, while for the nontrivial gauge
phases, i.c., ¢ # Z, the value distribution of 813 on the
¢ axis exhibits chirality. One can verify that I} | = I},
and 8/3 = —4&I3, under the transformation of ¢ = —o,
which is the origin of chirality. For chaotic states, we can
define a similar light intensity difference 675. Although the
analytical expression for 875 is unobtainable [57], the ¢-
dependent chirality on /5 is the same as that on 873, as
shown in the numerical results in Appendix B.

We note that existing chiral parameters [58,59] are not
suitable for characterizing and quantifying the degree of
chirality in chaotic dynamics. To address this, we pro-
pose a new metric to quantify chirality. Besides the chi-
ral metric, we also propose the corresponding metric for
symmetry in chaotic dynamics. Both metrics are used to
describe related “geometric” properties between different
parameter-dependent evolution processes, e.g., routes to
chaos under different conditions. Combined with the maxi-
mal Lyapunov exponent Anax spectra, we provide geomet-
ric interpretations for both the chirality and the symmetry.
As schematically illustrated in Fig. 3, the two parameter-
dependent evolution processes are reflected in the A«
spectra as two curves (red and blue curves). Thus, the geo-
metric symmetry and geometric chirality between the blue

and red curves can be regarded as the symmetry and chiral-
ity (equivalent) between the corresponding two parameter-
dependent evolution processes, respectively. We empha-
size here that the value of Ap,x i1s extremely sensitive to
the changes in parameters of the nonlinear differential or
map equations, e.g., Eqs. (2a)—(2¢), and is also related to
the algorithms [60,61]. The sign (i.e., + or —) of A,y 1S
opposite for the ordered (A, < 0) and chaotic (Apax >
0) regimes, which shows excellent distinguish ability, as
shown in Fig. 3.

To quantitatively characterize the degree of symmetry
and chirality between different routes to chaos, we design
the following metrics based on the Lyapunov exponents.
We first define x as the parameter condition under which
the system is in state U with the maximal Lyapunov expo-
nent An.. If we assign N such parameter conditions to
set {x;} according to certain rules, then we can obtain a
parameter-dependent evolution process {U;} of the sys-
tem and the corresponding parameter-dependent maximal
Lyapunov exponent spectrum {A' .}, i=1,2,...,N. We
emphasize that we are specifically discussing Lyapunov
exponent spectra based on parameter-dependent evolution
processes, rather than those based on time-dependent evo-
lution processes. For an N-element parameter-dependent
maximal Lyapunov exponent spectrum, the index i corre-
sponds to the ith parameter. Similarly, we create another
N-element condition set {y;}, and obtain the corresponding
parameter-dependent evolution process {¥;} and the maxi-
mal Lyapunov exponent spectrum { Aﬁnax}, i=12,...,N.
For the symmetry metric S, to quantify the “geomet-
ric symmetry” between the two N-element parameter-
dependent maximal Lyapunov exponent spectra, we com-
pare elements with symmetric indices in the two spectra,
i.e., the symmetry pair (i,7). For the chirality metric C,
to quantify the “geometric chirality” between the two
N-element parameter-dependent maximal Lyapunov expo-
nent spectra, we compare elements with mirror image
indices in the two spectra, i.e., the chiral pair (i, N — i+
1). Then the metrics S and C can be defined as

N

N S ] + [ Al
N . s
C=1-— l Z p‘inax - A%axl_"_” ) (6)
N = Ml + AR

Our definition of the metrics S and C provides a continu-
ous measure in the range [0, 1]. Moreover, we emphasize
that for S and C, the signs (i.e., + or —) of {A! .} and
{A!,} are crucial, while their specific values are also
important. Such metrics imply that we regard chaos and
order as two completely opposite or completely asym-

metrical states, but do not make further distinctions. This
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(a) 541 b §=0
: 0

FIG. 3.

LR UL

Geometric interpretations for the metrics S and C. All the red and blue curves represent N-element parameter-dependent

maximal Lyapunov exponent spectra. The dash-dotted black lines represent An,x = 0, and the green and cyan regions separated by
them represent the chaotic regimes (Amax > 0) and the ordered regimes (Anax < 0), respectively. In all panels, the red and blue curves
represent the A, spectra for the corresponding extreme cases, i.e., S and C reach 0 or 1. In (b), two different types of blue curve are
labeled as “(1)” and “(2),” both of which satisfy the requirement of being completely asymmetrical (S = 0) with respect to the red
curve on the left. In (d), two different types of blue curve are labeled as “(1)” and “(2)”, both of which satisfy the requirement of being
completely achiral (C = 0) with respect to the red curve on the left. Here, the arrangements of the red and blue hands at the bottom

indicate the structural features of the corresponding S or C.

means that all ordered states (e.g., self-induced oscillation
and period-doubling bifurcations) are completely asym-
metric to all chaotic states (e.g., chaos, hyperchaos, and
intermittent chaos [57]). The metrics S and C integrate
sign-based classification with parameter-dependent max-
imal Lyapunov exponent spectra, providing a quantitative
approach to measuring chirality and symmetry in chaotic
dynamics.

We now clarify the basic working principles underly-
ing the two metrics: (1) If the two parameter-dependent
evolution processes exhibit the same properties under two
different sets of parameter conditions, i.e., the distributions
of chaotic states and ordered states are exactly the same,
then the two sets of conditions are regarded as equivalent,
and the corresponding two evolution processes are ideally
symmetrical. (2) If the two parameter-dependent evolution
processes are mirror images of each other under two dif-
ferent sets of parameter conditions, i.e., the distributions
of chaotic states and ordered states are chiral [see Figs.
2(c) and 2(d) or Appendix B], then the two sets of condi-
tions are regarded as “enantiomers” and the corresponding
two evolution processes are ideally chiral. The values of
Cand S, i.e., the value distributions of {1 } and {Al },
reflect the chirality and symmetry between {U;} and {V;}.
As shown in Fig. 3(a), if the two parameter-dependent evo-
lution processes are ideally symmetrical, i.e., U; = V;, then
A= AL (the red and blue curves are exactly the same)
and S = 1. In contrast, as shown in Fig. 3(b), if the two
parameter-dependent evolution processes are completely
asymmetrical, i.e., the states of U; and V; are completely
opposite (one is ordered and the other is chaotic), then
Dd(AL) # P(ALL ) and S = 0, where ®(X) is the Heav-
iside function [for X > 0, ®(X) = 1; for X < 0, d(X) =
0]. We note that the condition for § = 1 is stricter than that
for S = 0.

For the parameter-dependent evolution process
described by the red curve in Fig. 3, there exists only one
type of evolution process that is ideally symmetrical with
it, i.e., the blue curve in Fig. 3(a), while there exists a series
of evolution processes that are completely asymmetrical
with it, e.g., the blue curves (1) and (2) in Fig. 3(b). Simi-
larly, as shown in Fig. 3(c), if the two parameter-dependent
evolution processes are ideally chiral, i.e., U; = Vy_i41,
then A\, = ANl and C = 1. In this special case, for
the evolution process described by the red curve, there
exists only one evolution process, i.e., the blue curve in
Fig. 3(c), that is ideally chiral with it. For the special case
C = 0, the two parameter-dependent evolution processes
{U;} and {V;} are completely achiral, i.e., one of U; and
Vy—iy1 1s ordered and the other is chaotic, which means
that ®(AL, ) # @(AN 1), where ®(X) is the Heavi-
side function. As shown in Fig. 3(d), there exist many
blue curves that are completely achiral with the red curve.
Therefore, the condition for C = 1 is stricter than that for
C = 0. For general cases, C € (0,1) and S € (0, 1) denote
the average degree of chirality and symmetry between
parameter-dependent evolution processes, respectively.

We apply the metrics S and C to describe the chirality
and the symmetry between the chaotic dynamics in Figs.
2(a) and 2(b). As shown in Fig. 2(e), the ¢-dependent chi-
ral order-to-chaos transition processes (i.e., for given |&],
¢ € [—m,m]) show strong consistency with the value of
C, i.e., C = 1. Moreover, the relation between the S curve
and |£| is consistent with the structural characteristics of
the two phase diagrams. From Figs. 2(a) and 2(b), we
find that when |£|/Q > 3.4 and |£]|/ 2 < 2.7, the chaotic
regimes in the phase diagrams are very narrow, and the
distributions of the ordered regimes are relatively symmet-
rical on the ¢ axis. Therefore, the symmetry between the
two parameter-dependent evolution processes on the ¢ axis
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is relatively high, as indicated by the value of S illustrated
in Fig. 2(e). For 2.7 < |§|/ Q2 < 3.4, the chaotic regimes
and the ordered regimes are intertwined on the ¢ axis,
and thus the symmetry between two evolution processes
decreases. The value of S is also small in this region, e.g.,
S =0.26 for the representative point |£|/2 = 3.1. The
|& |-dependent order-to-chaos transition processes (i.e., for
given ¢, |€|/ Q2 € [2.5,3.8]) on the phase diagrams can also
be accurately described by the S curve and the C curve.
It is obvious that Figs. 2(a) and 2(b) show poor chiral-
ity along the |&| axis. Therefore, for any given ¢, C < 1,
as illustrated in Fig. 2(f). Moreover, for the trivial gauge
phase, i.e., ¢ = Zmw, where Z denotes any integer, the
two parameter-dependent evolution processes along the |&|
axis are symmetrical (the system maintains time-reversal
symmetry). The value of S also accurately reflects this
phenomenon. As shown in Fig. 2(f), for the representative
pointp = 0,5 = 1.

IV. CHIRAL CHAOS FOR SENSING

We observe that the steplike rise or drop in Figs. 2(c)
and 2(d) corresponds to the order-chaos phase transition,
which can be verified via the power spectra of light fields in
experiments [21,62—64]. As illustrated in the insets in Fig.
2(c) and the transition process O — M in Fig. 2(d), near
the critical point, even a small perturbation §¢ may induce
an abrupt change in the working state of the device, e.g.,
8¢ = @2 — @1 = 0.027 in Fig. 2(c). In the phase space, if
the trajectories exhibit limit-cycle characteristics (i.e., dis-
crete orbits), then the corresponding working states are
ordered, e.g., ¢, = —0.18x; if the trajectories are inter-
twined, forming a variety of solid ribbon structures in the
phase space, then the corresponding working states are
chaotic, e.g., ¢; = —0.27. Such phenomena have poten-
tial applications in high-precision sensing [30]. However,
the orientation randomness of the perturbation ¢, i.e.,
positive deviation §¢ > 0 (denoted by +3¢) and negative
deviation §¢ < 0 (denoted by —d¢) is random, and may
result in false negative errors in conventional chaos-based
sensing, as shown in the O — O’ error in Fig. 2(d). These
errors seriously limit the detection efficiency and success
rate of conventional chaos-based sensing.

In our chiral chaotic device, the order-to-chaos transi-
tion processes or period-doubling bifurcation cascades no
longer fully overlap for different pumping ports, as shown
by the red and blue curves in Fig. 4(a). It is obvious that the
two transition processes show chirality on the ¢ axis, and
there is a certain distance between the corresponding two
transition boundaries, e.g., the black-dashed boxes in Fig.
4(a). Therefore, we can construct a series of stable sensing
windows. When the device works in the sensing window,
the detection of a weak signal can be achieved by one split-
ting it into two signals, which are alternatively switched to
the two ports. In this case, we find that the working state
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FIG. 4. (a) Maximum magnitude of the light intensity in res-

onator A (we define I max = max{|acw (t)|?> + |accw(t)|?}) ver-
sus ¢, where |£|/ 2 = 3. The red and blue curves represent the
results of pumping from port 1 and port 2, respectively. Here,
the properties of the right and left sensing windows within the
black-dashed boxes are identical, and the right one is enlarged
for the convenience of observation. The width of the windows is
determined by the equivalent distance between two phase tran-
sition boundaries generated by pumping from port 1 and port 2,
i.e., the width of the green strip. (b),(c) Tunability of the sens-
ing window half-width D and center position P. F represents the
working point of the device. Other parameters are the same as
those in Fig. 2.

of the device is sensitive only to the strength (i.e., |§¢]|) of
the perturbation §¢, regardless of its deviation orientation.

The performance of the sensing window depends mainly
on its half-width D, center position P, and working point
F. Here we investigate the performance of the right sensing
window in Fig. 4(a). The left and right sensing windows
are chiral along the ¢ axis and share identical properties.
The selection of F* depends on the detection requirements
and is independent of D and P. Moreover, as shown in
Figs. 4(b) and 4(c), the values of D and P can be tuned
via the parameters J, |£|, and ¢. By the application of
nanopositioning translation stages, various parameters of
the device can be precisely controlled [44,65]. Therefore,
the sensing windows in the device proposed have excel-
lent tunability. By comparing the effects of |£| and J on
the windows in Figs. 4(b) and 4(c), we find that J plays a
dominant role. This suggests that the variation of the dis-
tance between the two resonators is suitable as a coarse
tuning method, while fiber tips are suitable as fine-tuning
knobs. According to the expected detection accuracy and
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the value of D, we further divide the types of sensing win-
dows and their application fields: (1) Narrow windows,
with small D values, are suitable for sensitive sensing. The
narrower the window, the higher the sensitivity that can
be achieved. (2) Broad windows, with large D values, are
suitable for threshold alarms [66,67]. The D value can be
adjusted according to the specific threshold requirement.
The equivalent distance between F’ and P is also an impor-
tant parameter in determining the sensitivity of sensing
windows, which can be regulated via tips, as shown in Fig.
4(c). In this paper, we concentrate on how to control the
phase transition boundaries that construct the sensing win-
dow. Therefore, we discuss only the tunability of the center
position P and the half-width D of the sensing windows,
rather than the magnitude of changes in physical quanti-
ties, such as light intensity difference, before and after the
phase transition.

The sensing windows on the ¢ axis can be generalized
to other parameter planes. We now focus on the sensing
windows constructed on the (¢, w) plane, where ¢ and w
denote the amplitude and frequency of the pumping field.
In Appendix E, we show that the half-width D and cen-
ter position P of the sensing windows can be continuously
tuned over a wide range. We assume that a detected sig-
nal with frequency w + dw and amplitude d¢ (e < ¢) is
applied to the device via a tapered fiber. Therefore, the total
input field becomes Eiy = €40tCOS(wT + byot), in Which

Erot = V€2 + 862 + 2e8¢ cos(SwT + 6),

Sesin(dwt + 0) (7
g+ Secos(Swt +6) |’

Oiot = arctan[

et and Oy are the equivalent amplitude and additional
phase, where 6 is the initial phase difference between the
pumping field and the detected weak signal. More details
are provided in Appendix E. To demonstrate the sensing
performance, we now classify the sensing results into two
categories, i.e., failure and success, on the basis of the fol-
lowing two criteria: (1) An order-to-chaos phase transition
is induced. (2) The amplitudes of physical quantities (e.g.,
light intensities and mechanical oscillation amplitudes) are
significantly changed. If both criteria are met after the
weak detected signal is introduced, then we consider this
a success; if both criteria are not met, we consider this a
failure.

We take the detection of a monochromatic optical sig-
nal as an example to demonstrate the performance of
the sensing windows. More complicated detected signals,
e.g., signals with a certain bandwidth or background noise
[7,68,69], will be discussed in follow-up work. We first
consider the special case where the detected signal is in
resonance with the pumping field, i.e., Sw = 0, and the
main results are shown in Figs. 5(a)-5(d). As illustrated
in Fig. 5(a), for the conventional sensing proposal using

the order-to-chaos phase transition [33], its effectiveness is
strongly affected by the value of 6. Here, a large region of
sensing failure (the yellow region) can be observed on the
(8¢, 60) plane. However, 6 cannot be known a priori in the
actual sensing process, and is affected by various uncon-
trollable mechanisms [70,71]. This will inevitably lead to
failure in some cases. Therefore, the corresponding success
rate is low (the upper limit is 50%), as shown by the solid
gray curve in Fig. 5(d). Compared with the conventional
sensing principle, the chiral chaos—based sensing princi-
ple (for more details, see Appendix E) exhibits stronger
robustness regarding 6. As shown in Fig. 5(b), for given
@, e.g., o/m = 0.505, by one using a sensing window, the
region of sensing success (the blue region) can be sig-
nificantly expanded. The orange-dotted curve in Fig. 5(d)
shows that the sensing success rate is increase by chiral
chaos. If we optimize the selection of ¢, i.e., tune the
sensing window, the sensing success rate can approach
100%. For example, if ¢ /7 = 0.5, as shown in Fig. 5(c)
and the red-dashed curve in Fig. 5(d), the sensing success
rate reaches 99.6%, which means that the false negative
errors generated by the randomness of 6 are suppressed
effectively.

If w # 0, the effective detectable range of §w, which is
defined as the continuous range of dw for sensing success,
is an important indicator for evaluating the performance of
sensing proposals [66]. Figure 5(e) shows a serious flaw
of the conventional chaos-based sensing proposal, i.e., the
effective detectable range is very narrow. We find that a
series of sensing success regions show a striplike struc-
ture and are not connected to each other, which results in
the effective detectable range, i.e., the blue region, being
only a few megahertz. As illustrated in Fig. 5(f), the chi-
ral chaos—based sensing proposal using a sensing window
shows great advantages in this aspect. By the use of a
sensing window, the striplike sensing success regions are
connected to form large continuous regions. Therefore, a
detectable range of tens of megahertz can be achieved. By
one regulating the chiral chaos, i.e., optimizing the selec-
tion of ¢, as shown in Fig. 5(g), the effective detectable
range for ¢/m = 0.5 can exceed 100 MHz. We empha-
size that in practical applications the detectable range is
also affected by the bandwidth of the pumping field. The
sensing success rates in Fig. 5(h) also intuitively demon-
strate the superiority of the chiral chaos—based sensing
proposal. Our optimized sensing proposal (the red-dashed
curve) consistently outperforms the conventional proposal
(the solid gray curve). Moreover, our proposal allows the
tuning of the chiral parameter ¢ to control the sensing win-
dows (D and P), thereby optimizing sensing performance
for specific scenarios. It is not easy to achieve such adapt-
ability and tunability for the conventional chaos-based
sensing proposal.

We further analyze these results. As shown in Eq. (7),
if 8w = 0, then 6 controls the enhancement (&; > €) or
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FIG. 5. (a),(e) Performance of the conventional chaos-based

sensing proposal, which is obtained by one inputting the pump-
ing field and weak detected signal from port 2. (b),(c),(f),(g)
Performance of the chiral chaos—based sensing proposal using
sensing windows. Al represents the change in the maximum
light intensity in resonator A before and after the weak signal
is introduced. Here, yellow and blue regions indicate sensing
failure and success, respectively. We define the sensing success
rate as the proportion of successful sensing events to the total
events, for weak signals with given amplitude de¢. The sens-
ing success rates from (a)-c) and (e)}«g) are shown in (d),(h),
respectively, in which solid gray, orange-dotted, and red-dashed
curves correspond to (a),(e), to (b),(f), and to (c),(g), respec-
tively. The parameters are as follows: (a)«(d) dw = 0, (e)}~(h)
0/m = 0.5 and 2 = 27 x 20 MHz, (a),(b),(e),(f) ¢/7 = 0.505,
(¢),(g) ¢/ = 0.5. More details on the sensing windows can be
found in Appendix E.

attenuation (g,; < €) of the pumping field. This implies
that the upper limit of the success rate is only 50% for the
conventional proposal, since the order-to-chaos transition
can follow only one route (a specific direction), no matter
how the detected signal is input. However, for the chiral
chaos—based sensing proposal using sensing windows [see
Fig. 4(a) or Fig. 9 in Appendix E], the situation changes

dramatically. By the splitting of the signal into two signals,
which are alternatively switched to the two ports, the order-
to-chaos transition through a sensing window can proceed
along two opposite directions. This means that the theo-
retical upper limit of the sensing success rate approaches
100%.

For §w # 0, O affects mainly the initial conditions. The
modulation of the pumping laser field by the weak signal
is nonmonotonic, i.e., &t and 6y, vary periodically, and
the period is controlled by dw, as shown in Eq. (7). Thus,
the working state of the device undergoes the chaos-order
transition during half the time, while it holds the current
state for the other half. The final effect induced by a weak
signal depends on the structure of the chaotic attractors and
initial conditions [37,72]. For chiral chaos, the structures
of the attractors corresponding to the two pumping ports
are inconsistent, resulting in more attractors gathered in the
sensing window. Therefore, the effective detectable range
of the chiral chaos—based sensing proposal is broader than
that of the conventional chaos-based proposal.

V. DISCUSSION AND CONCLUSIONS

We propose and study chiral chaos via optomechanical
systems. The chiral chaos phenomena are demonstrated
through phase diagrams, bifurcation diagrams, Lyapunov
exponents, etc. We develop metrics based on the Lyapunov
exponents to quantitatively characterize the symmetry and
chirality in chaotic dynamics.

By using the sensing windows constructed through
chiral chaos, we show that the false negative errors
plaguing conventional chaotic sensing can be effectively
overcome. The controllable sensing windows in the param-
eter plane are applicable to different application scenarios,
while maintaining the inherent advantages of nonlinear and
chaos-based sensing. Moreover, under certain conditions,
the effective detectable range of chaos-based sensing is
also greatly broadened via the sensing windows. The pro-
posed chiral chaotic device is sensitive to (1) the relative
spatial distance between components, such as the distance
between the resonators and the distance between the tips;
(2) the polarizability of the tips, which is influenced by
factors such as the material, size, and shape; and (3) the
surrounding medium environment. Thus, the device may
find applications in environmental quality monitoring and
mechanical displacement sensing.

In current experiments, high-quality WGM resonators
with mechanical modes already have a mature fabrication
process [73,74]. The required quality factors are Qx =
4 x 107 for resonator A and Qg = 2 x 10° for resonator
B. The diameters of both microtoroid resonators are in the
range of 4060 wm, with a mode volume of 200 wm? for
the optical modes. The tips are made of silica, and the tip
surface can be electroplated with various materials, such
as chromium, to increase the regulation ability of the tips
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[42]. These specifications are achievable with current fab-
rication technologies [75—78]. Moreover, the optomechan-
ical interactions via radiation pressure in resonator A can
be tuned by secondary etching [79]. The coupling param-
eters between optical modes can be precisely regulated
with the use of nanopositioning translation stages and fiber
tips [65,80]. Thus, our proposal is feasible under current
experimental conditions for optomechanical systems. With
the rapid progress of the study of quantum information
processing, many physical systems are being developed
to have radiation-pressure-type nonlinear interactions. For
example, in superconducting quantum circuits, radiation-
pressure-type nonlinear interactions between microwave
fields and mechanical resonators can be realized [81,82].
Surface acoustic waves [83] can also be coupled to other
mechanical vibrations via radiation-pressure-type interac-
tion [84]. Thus, our proposal may also be applied to these
physical systems.
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APPENDIX A: DETAILS ON THE CHIRAL
CHAOTIC DEVICE

1. Tip-induced coupling between optical modes

The electric field distribution in resonator B is given by

E(r,7) = E(r)e ¥ (hewe™™ + beewe ™*F + Hoe.),

_ th A~
Er) = | 2SOVBf(r)e(r),

where wp and Vp represent the resonance frequency and
quantization volume of WGMs in resonator B, &y denotes
the vacuum permittivity, Ecw and IA%W (ECCW and @ECW)
denote the annihilation and creation operators for the CW
mode (CCW mode) in resonator B, k (—k) represents the
wave vector of the CW mode (CCW mode), and é(r) and
f(r) denote the unit vector of the electric field direction
and the cavity-mode function at position r. The two fiber
tips contact the rim of resonator B at r; and r;, causing
them to be polarized by the evanescent fields, which can
be described as

(AT)

P(ri,?) = eoiE(r1,1), P(ry,0) = goxaE(ry, 0, (A2)

where x; and x; represent the polarizability of tip 1 and
tip 2, respectively. By using the dipole approximation

and the rotating-wave approximation, and considering the
backscattering processes with strength &, induced by sur-
face defects, we can write the interaction energy between
CW and CCW modes as

i

1. ~ 14 N “
—5 P00 B0 — SR 0 B0 + T
= —hIE|(€“blybeew + € “hewbley)

— hé (IAJ(T;WIA?CW + i’zcwl;CCW)a (A3)

in which

wp [X1/2(r) + xaf 2 (r)e ]
2V ’

AVO = —héo(@zwéccw + [;CWBECW)’

s_ B [ X1/ 2(r) + xof 2(r2)]
N 2Vs '

|§le* = & +

(A4)

Note that the dipole-dipole interaction has been ignored
due to the sufficient distance between the fiber tips. With-
out loss of generality, we assume that r; is the coordinate
origin. n is the azimuthal order corresponding to the wave
vector K, i.e., the number of wavelengths in the perime-
ter of resonator B, § is the frequency shift of the optical
modes induced by the two tips, and § is the spatial phase
difference between the two tips. According to the current
experimental conditions [65,75], as illustrated in Fig. 6(a),
we calculate the achievable range of §.

2. Tip-induced broadening on optical modes

Besides inducing couplings between optical modes, the
two tips also result in additional linewidth broadening on
the optical modes. The Hamiltonian of the optical modes
coupled to the reservoir modes can be expressed as

H = howp (Z’EWBCW + B:ICW[;CCW) + Z FLCL)‘&I&‘
N

_ Z hes [j)gwasei(krk)w, Bl it tom H.c.] ’
Ls

(A5)

where ¢, and EZ denote the annihilation and creation
operators of the sth reservoir mode with frequency ws,
respectively, and g, = xif (r;)v/wpws/4V Vyac €1 - € rep-
resents the coupling strength between the optical modes
and the sth reservoir mode induced by tip / positioned at
r;, where €, and V,,. denote the unit vector and the quan-
tization volume of the sth reservoir mode, and €; denotes
the unit vector of WGMs. Then the Heisenberg-Langevin
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(a) 8 as a function of the geometric scale (effective radius) of the two tips. (b) |¢|e

+i© as a function of the geometric scale

(effective radius) and relative position of the two tips, where the green and gray regions represent the achievable and unachievable
ranges. (c) y; as a function of the geometric scale (effective radius) of the two tips. The following parameters are used in all the figures:
n? =3.9,n =39, Q=27 x 20 MHz, f(r;) =f(r2) = 0.3, Vg = 200 pm’, v = 3 x 10® m/s, wp = 27 x 193 THz, B € [-7, 7],

Ry € [20,80] nm, and R, € [20, 80] nm.

equations can be obtained as

BCW = _ia)BBCW + Z'Zglﬂse'sei(ky_k).rl, (A6)
Ls
beew = —iwgbeew + i Zgl,sései(kﬁk)'r’ , (A7)
Ls
é's - _iwsas + izgl,s I:Z;CWe_i(kS_k).rl
!
+ becwe 0] (A8)

bew (1) = bew (e ¥,

Further processing Eq. (A8) through formal integration, we
obtain

t
0

&s(H) = &5(0)e™ ™" + iz Qs / [gcw(t/)e—t(ks—k)»r,
!

¥ Deew(@) e—i(ks+k)-r1:| oiost=1) gy (A9)
To simplify the following discussion, we now separate the

slowly varying and rapidly oscillating contributions of the
CW and CCW modes

Substituting Egs. (A9) and (A10) into Egs. (A6) and (A7), we can rewrite Egs. (A6) and (A7) as

. t
bew(t) = —Y g, / [bcw(f/) + beew()e K™ ]
Ls 0

. t
beew(H) == _ gl / [bccw (') + bew (1)< ]
Ls 0

where the coupling terms between the CW and CCW
modes at different positions induced by the reservoir have
been ignored. The fluctuation operators associated with
¢,(0) are ignored in the following, since they have no effect
on the mean-value equations ({¢;(0)) = 0). If we assume
that the reservoir modes are closely spaced in frequency,

beew(®) = becw (e ™, (A10)

e_i(ws_wB)(t_t,)dt/ + i Z glS&S(0)e—i(wx—wB)tei(ks‘_k)'rl’ (Al 1)
Ls

efi(wS,wB)(tft')dt/ + i ZglS&S(O)e*l’(ws*wB)l‘ei(ks‘H()'l'l, (A12)

Ls

then the following substitution relation holds:

2 Vvac
2mv)3

2w T 00
/ de / sin(0)d6 / w*dws, (A13)
0 0 0

ZS:—>
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where we have set the optical fields to be polarized along
the z axis, 6 and ¢ describe the polarization direction of the
reservoir field in the spherical coordinate system, and v is
the velocity of light in the medium surrounding resonator
B. Combining Eqgs. (A11)~+(A13), we get the tip-induced
broadening on the CW and CCW modes as

l;cw(t) = —yibew(t) — 1£1€€bcew (D),

B B o (A14)
beew(?) = —ybcew(t) — |¢]e Chew (),
in which
_ wp [XH ) + x32 ()]
n= 12703 V3 ’
47242 242 +i2np (AL5)
vio @R X)) + 33 (r)e P
gl = 12703 V3 '

If we further ignore the shape details of the tips and treat
them as spheres, then the polarizability x of the tips can
be expressed as x; = 47 R} (n} — 1)/(n? + 2), in which R,
and n; denote the effective radius and the refractive index
of the sphere scatterer, which is used to simulate the tip
/. With the use of specific parameters, we calculate the
achievable ranges of |¢]e*'® and y;, as shown in the green
regions in Figs. 6(b) and 6(c). Moreover, Eqgs. (A4) and

(@ xi0® (b xi10®
16 ) " 14

) S A ()
2 &
g g
= =1
) o)
- -
) &
0 195}
0 2 4 6 0 2, 4 6
v/Q v/Q
FIG. 7.

(A15) state that § and |&|e*™ are proportional to R}, but ¥,
and | ¢ |e*'® are proportional to R?. Therefore, for the small-
scale tip, i.e., R; < Ap, where A denotes the resonance
wavelength of resonator B, {|£]e*, 8} > {|¢]e*™®, p}, as
illustrated in Figs. 6 and 1(c).

APPENDIX B: DETAILS ON CHIRAL CHAOTIC
DYNAMICS

In experiments, the working states of the device can be
detected by the temporal evolution, power spectrum, and
phase-space trajectories of the intracavity light field [21].
Therefore, we present them all in Fig. 7. For pumping from
port 1, as illustrated in Figs. 7(a), 7(e), and 7(i), I5 exhibits
significant irregularities in the time domain, and its motion
trajectories are intertwined, forming a variety of solid rib-
bon structures in the phase space. Moreover, the frequency
spectrum of /5 appears continuous. These phenomena indi-
cate that the proposed device is working in a chaotic state,
which means that even if the equations of motion are deter-
ministic, we cannot accurately predict the future working
state of the device.

However, if we switch the pumping port from port 1
to port 2 and keep other the conditions unchanged, the
working state of the device will change dramatically. As
shown in Figs. 7(b) and 7(j), /s shows the characteristics

() x10®
14
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= 2
2 k=
= e
et el
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G N
= @
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(a)~«(d) Time-domain evolution of the total light intensity I in resonator A (here Iy = |acw|*> + |accw|?) for pumping

from port 1 (red) and port 2 (blue), under different parameter conditions. The scattering phases in the two regions demarcated by the
green-dotted and gray-dotted curves are ¢/ = 0.755 and ¢ /7 = —0.755, respectively. (e}-(h) Corresponding phase-space trajecto-
ries. (i)~1) Corresponding frequency spectra. Considering the current fabrication techniques for WGM resonators [19,22], the other
parameters chosen here are 2 = 27 x 20 MHz, G/Q =5x 107>, T/Q =5 x 1073, A5/ Q = —0.5, Ag/Q = —0.5, n/Q = 0.15,
J/Q=2,|E|/2=2329,k/Q2=025y/Q=>5ande/Q = 5.8 x 10%.
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of periodic oscillations, which can be observed more intu-
itively from the frequency spectrum. Obviously, discrete
peaks occur only at integer multiples of Q2. Although the
trajectories in the phase space appear somewhat disorga-
nized, the limit-cycle characteristics can still be discerned,
as illustrated in Fig. 7(f). These phenomena indicate that
the device is working in an ordered state. In summary, the
Lorentz reciprocity of the device has been broken (except
for some special cases, which are discussed in detail later),
and the same conclusion can be drawn from Figs. 7(c),
7(d), 7(g), 7(h), 7(k), and 7(1).

Another important finding is that if the hopping phase is
transformed from ¢ to —¢ after switching of the working
port, then the dynamics of the device remain unchanged
[compare Figs. 7(a), 7(b), 7(e), 7(f), 7(i), and 7(j) with
Figs. 7(c), 7(d), 7(g), 7(h), 7(k), and 7(1)]. To show this
phenomenon more intuitively, we present the bifurcation
diagrams of the mechanical oscillation amplitude (versus
@) under two pumping conditions in Figs. 8(a) and 8(b).
Here, we count the number of bifurcations to distinguish
different working states [17,20]. More specifically, in the
bifurcation diagram, one point, multiple points, and infi-
nite points represent the self-induced oscillation, period-
doubling bifurcations, and chaotic states, respectively. A
noteworthy phenomenon is that no matter which port is
pumped, the device can be switched between regular and
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FIG. 8. Bifurcation diagrams of the mechanical oscillation
amplitude for pumping from port 1 (red) and port 2 (blue), under
different parameter conditions. For (a), (b), |£]/2 = 3, and the
insets show enlarged views; for (c), A = wp — @ = wp — w,
e/Q=54x10% |E]/Q2 =35, and ¢/ = 0.5; for (d), ¢/m =
0.5 and |£]|/ Q2 = 10; the other parameters are the same as in
Fig. 7.

chaotic states by one changing the parameter ¢. However,
such switching processes are not completely independent
for different pumping ports. From comparison of the dia-
grams in Figs. 8(a) and 8(b), it can be intuitively found that
they satisfy chiral symmetry on the g-axis, which is even
more evident in the two insets. Thus, we conclude that the
device supports a chiral chaotic working state.

Moreover, it is worth noting that in certain parameter
regions, the chaotic states can appear only in one specific
pumping direction. To more intuitively demonstrate this
nonreciprocal chaotic state, we present the representative
results in Figs. 8(c) and 8(d), which demonstrate that the
response of the device to external pumping with frequency
w and amplitude ¢ also depends on the pumping port. As
illustrated in the red parts in Figs. 8(c) and 8(d), for pump-
ing from the port 1, tuning of @ and ¢ can control the
device to operate in the desired regime, either chaotic or
regular. However, after switching of the pumping port,
as illustrated in the blue parts in Figs. 8(c) and 8(d),
the device is restricted to working in the regular regime,
which means that all chaotic phenomena are unavailable.
Similar nonreciprocal behaviors exist in other parameter
regions. Therefore, the chiral chaotic device designed can
be applied to realize multiple types of nonreciprocal sig-
nal modulation, which indicates its potential applications
in communication networks and information processing.

APPENDIX C: DETAILS ON GAUGE
TRANSFORMATION AND TIME-REVERSAL
SYMMETRY

Physically, the chirality in chaotic dynamics originates
from the regulation of time-reversal symmetry of CW and
CCW modes by the two fiber tips. We now demonstrate
this from the perspective of gauge transformation. Accord-
ing to the standard analysis method, if the device maintains
time-reversal symmetry, the Hamiltonian A satisfies the
following transformation relation: @4~ = A, where ©
is the antiunitary and antilinear time-reversal operation.
Moreover, the transformation relations for the optical and
mechanical operators under time reversal read

OacwO®! = e¥acw, Oacew®! = e®acew, (C1)
Obcew®™! = e®beew, (C2)
007" =4, (C3)

@bcw®_l = 6193 bcw,

OpO~ = —p + Vv,

in which 6;, 6,, 65, 64, and ¥ denote the linear gauge
phases. One can easily verify that, by using the gauge
phases, the following relations are always satisfied:
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Oliydcw + aeyacew)dO ™" = @lyacw + dtewcew)d, (C4)
@(&ZW&CW + &Ecv\/flccw)é)_1 = &(T;W&cw + &Ecw&ccw, (C5)
@(ZA?I;WZ;CW + Z;I;CWZ;CCW)é_l = Z;Z;Wl;cw + l;z;cwl;ccw, (C6)
OP*+gH07 ' =p>+§ for Vi (g) = 0. (C7)

However, this is not the case for interactions between the optical modes. According to Egs. (C1) and (C2), we can obtain

the following transformation relations:

@(&(T;wgCCW + &cwiﬂécw)@71 = ei(ergl)&zjwl;ccw + €' 7e4)acwi72(;w, (CB)
Ol cwbew + acewbig) 07! = @ =25T U bew + P acewbly s (C9)
O @l ywacew + ewaltoy)O~! = € @Mal acew 4+ @O P acwad oy (C10)
O blybecw + e “hewbliey) O = @B 0hT beew + B H O beywbl . (C11)
Therefore, the gauge phases required for the Hamiltonian  Egs. (2a)~(2¢) can be rewritten as
to satisfy the time-reversal transformation relation must
meet the following conditions: 0 = (—iA} = K)agy + inagey + ifbgey + 1, (D)
0 = (—iA} — K)agey + inagy + ifbey + &2, (D2)
Oy — 60 =217y, 03— 0, =2n7,, 0= (—iAp —y)bey + "|5|el¢b§;cw +iJagew,  (D3)
0y — 0y =273, 03— 04+ 20 =217y, (€12) 0 = (—ilAg — Y)bicw +illle by + iJagy,  (D4)
0 = —Qqs + G(lagw > + latewl®),  ps =0. (D5)

where 7, Z,, Z3, and Z4 denote arbitrary integers. Fur-
ther processing Eq. (C12), we can obtain the condition
for the system to maintain time-reversal symmetry, i.e.,
¢ = nZ, where Z denotes an arbitrary integer. This indi-
cates that the net hopping phase ¢ acquired by photons
during the tip-induced backscattering processes can also
be applied to control the working states of the chiral
chaotic device. For nontrivial ¢, i.e., ¢ # nZ, as illus-
trated in Egs. (C8)~Cl11), its value is opposite for the two
reverse loops. The value of ¢ for the loop accw — IA)CW —
l;ccw — acw — accw 1s exactly the opposite of that for
the reverse loop accw — dcw — IA)CCW — i)CW — dccw,
as illustrated in Fig. 1(b). This is the underlying reason for
the chirality of the two chaotic dynamics of the device cor-
responding to the two opposite pumping directions on the
@ axis.

APPENDIX D: DETAILS ON THE STEADY-STATE
LIGHT INTENSITY DISTRIBUTIONS

Although the analytical expressions for chiral chaos are
unavailable, we can analytically obtain the light inten-
sity distributions under the steady-state condition, which
also reveal the origin of chirality. For the steady state,

Solving the above equations, we get the following results:

82(77 +F€_iw) + Sle

o = i : — (D6)
ow A% — (n + Fem#)(y + Fei)
s e+ Fe?) + eA
deew = —lm - i — i\’ (D7)
A% — (1 + Femi#)(n + Fei¥)
b J|£j|e"<"a§;W +J(Ag — iy)a%cw (D8)
oW (Ap —iy)? — [EJ2 ’
s J|Eleap oy +J (A — iy)agy, (D9)
cew (Ap —iy)? — |EJ? ’
G S 2 s 2
ps=0, ¢gs= §(|acw| + |accw| ), (D10)
in which
- G . _ F(Ap—iy)
An = An = & (g + lagewl?) — ik T%_—|
J2
e | |sz| y
(Ap —iy)? — |€]
(D11)

Thus, the steady-state light intensities in resonator A
I3 (I3 = laty|* + laicw!?) corresponding to pumping
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from port 1 and port 2 can be expressed as

Iy, = g(|AaP + In + Fe|?),  pumping from port 1,
I, = g(|AA> 4 In + Fe™*|?), pumping from port 2,
(D12)
in which
2
= |Zi _ (7’] _'_Fe_j(p)(n +Feig0)|2'

g (D13)

Considering that G is much smaller than €, i.e., G < €,
we can ignore the term G?(|ay|* + |abcw!?)/ 2 in the
following discussion.

Similarly, the steady-state light intensities in resonator
B I§ (I = |biy|* + |bowl?) corresponding to pumping
from port 1 and port 2 can be obtained, but their specific
forms are too cumbersome to list here. Moreover, for the
convenience of comparison, we further define

SIy =I5, — I3, = g(ln + Fe¥” — [n+ Fe %)
(D14)

as the steady-state light intensity difference in resonator A
generated by pumping from different ports. Obviously, if
time-reversal symmetry holds, i.e., ¢ = 7Z, where Z is an
arbitrary integer, then Ili,l = Ig,z and 813 = 0; however, if
time-reversal symmetry is broken, i.e., ¢ # 7Z, one can
casily verify that I3 | = I}, and 81} = —4I} under the
transformation of ¢ = —¢. Such a transformation relation
reveals the chirality of the system dynamics on the ¢ axis.

Finally, it is noteworthy that the steady-state solu-
tion predicts several other useful working states of the
device. For example, scattering caused by surface defects
can be greatly suppressed by one properly selecting the
parameters, which is essential for constructing robust com-
munication channels. As illustrated in Eq. (D7), when

H= ‘ o
i[é‘ + Sgefl(éwr+9)] agew

where a rotating frame at frequency w and the rotating-
wave approximation have been applied.

For more intuitive comparison, we now use the sensing
results obtained by pumping from port 2 of the device to
simulate the performance of the conventional chaos-based
sensing proposal. Note that switching the pumping port has

i[s + 886‘“‘““””] &EW —i [8 + 886“‘”’””] acw,

_ i[s + 88ei(5wt+9)] &ECW,

n+ Fe'¥ — 0, the CCW mode in resonator A will be
greatly suppressed for pumping from port 1. Similarly,
when n + Fe™ — 0, as shown in Eq. (D6), the CW mode
in resonator A will be greatly suppressed for pumping
from port 2. We note that in the proposed device, by the
use of nanopositioning translation stages and fiber tips,
J, vy, n, k, |€], and ¢ can be continuously tuned over a
wide range. Therefore, the conditions n + Fe'¥ — 0 and
n + Fe™ — 0 are both achievable. More discussion on
this aspect is beyond the scope of this work and will be
conducted in the future.

APPENDIX E: DETAILS ON CHIRAL CHAOS FOR
SENSING

The core of the chiral chaos—based sensing principle lies
in constructing the appropriate sensing window. Below, we
take the detection of a monochromatic optical weak signal
as an example to demonstrate the performance of the sens-
ing window. More complicated cases, e.g., weak signals
which are not monochromatic or embedded in the back-
ground noise, will be discussed in follow-up work. The
specific form of the monochromatic weak signal is

s(t) = decos[(w+ dw)Tt + 6], de = __foPs
- ’ TV (w+8w)’

(ET)

in which de, w + dw, and p; are the amplitude, frequency,
and power of the weak signal, respectively, w and ¢ (¢ >
d¢) are the frequency and amplitude of the pumping field,
respectively, 6 and Sw represent the initial phase differ-
ence and the detuning between the signal and the pumping
field, respectively, «( is the taper-resonator coupling rate,
and T = Qt is the extended timescale. To simplify the dis-
cussion and facilitate experimental verification, we assume
that the weak signal is directly loaded into the pumping
field. Then the equivalent Hamiltonian is (A = 1)

umping from port 1,
pumping p (E2)
pumping from port 2,

(

no effect on the sensing performance of the conventional
reciprocal chaotic sensor; however, for the chiral chaotic
sensor, the situation is different. By using the sensing
window, we superimpose the contributions from the two
pumping ports to obtain the final sensing result (success or
failure), as shown in Fig. 4.
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(a),(b) Phase diagrams of the device in the selected parameter regions, where (a),(b) correspond to pumping from port 1 and

port 2, respectively. Green, red, and black regions denote self-induced-oscillation, period-doubling-bifurcation, and chaotic regimes,
respectively. The cyan region denotes a special type of chaotic regime, i.e., the sensing window regime. In this regime, the device
works in the chaotic state, no matter from which port the pumping is applied. Moreover, a perturbation with strength §¢ may induce
the chaos-order transition, when the device works in the sensing window regime. The parameters are as follows [22]: Ay = Ag = A,
e =0,¢/m =0.5, and |£]/ Q2 = 5, with the other parameters being the same as in Fig. 2.

Before testing, we first construct an appropriate sensing
window on the (g, w) plane. We point out that the sensing
windows do not appear in isolation, and they will present a
continuous sensing window regime in phase diagrams. As
shown in Fig. 9, the two phase diagrams of the device cor-
responding to the two different pumping ports are different.
Therefore, we can construct sensing window regimes on
phase diagrams. In such regimes, the working state of the
device is sensitive only to the strength of the weak signal,
and the sensitivity will not be affected by the randomness
of certain parameters in the detected signals. For exam-
ple, the cyan region shown in Fig. 9 is a sensing window
regime.

For the cyan region, the device operates in the chaotic
state, no matter from which port the pumping is applied.
In addition, for the resonance (§w = 0) or near-resonance
(bw/w « 1) weak signals with amplitude |§¢|, even if the
value of 0 is random, the working state of the device can
still undergo a chaos-to-order transition. If 6 € (0,7 /2),
the chaos-to-order transition can be induced for pumping
from port 2; if 6 € (;r/2, ), the chaos-to-order transition
can be induced for pumping from port 1. As illustrated in
the bidirectional arrows in Fig. 9, each vertical parameter
stripe in the cyan region can be constructed as a sens-
ing window. The half-width D and the center position P
of the sensing windows are determined by the upper and
lower boundaries. It is obvious that the distance between
the upper and lower boundaries of the cyan region varies
slowly (without abrupt changes). Therefore, the parame-
ters of the sensing windows can be adjusted smoothly over
a wide range. This indicates that the application fields of
the sensing window regimes are broad. Narrow windows
are suitable for sensitive sensing, while wide windows are

suitable for threshold alarms [66]. In Fig. 5, the sensing
window regime constructed on the (&, w) plane is the cyan
region in Fig. 9, and the working point F is selected as
e/ = 54887 and A/ Q = 0.5598.
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