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Superoptimal charging of quantum batteries via reservoir engineering: Arbitrary
energy transfer unlocked
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Arbitrary energy transfer is only feasible in nondissipative charger-battery systems; in realistic pro-
cesses, however, energy dissipation prevents this. In this work, we introduce a novel charging technique
in which the coherent charger-battery interaction is replaced by a dissipative interaction via an engineered
reservoir. We demonstrate that exploiting the collective effects of the engineered reservoir allows for addi-
tional optimization, giving rise to an optimal redistribution of energy. This not only significantly enhances
the efficiency of the charging process but also remarkably enables the quantum battery to accumulate
unlimited energy—limited only by the natural energy scale of the device. This phenomenon cannot occur
in conventional charger-battery schemes. The article unveils the intricacies of built-in detuning within the
context of a shared environment, offering a deeper understanding of the charging mechanisms involved.
These findings apply naturally to quantum circuit battery architectures, suggesting the feasibility of effi-
cient energy storage in these systems. The superoptimal charging mechanism offers a practical avenue for
boosting the capacity of the battery through charger-battery configurations.
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I. INTRODUCTION

The role of energy transfer is of primary importance
in industry. In recent years, significant research has been
devoted to examining how to efficiently facilitate energy
transfer between two quantum systems by means of a
direct interaction between them in various contexts such as
quantum heat engines, quantum thermal logic gates, quan-
tum thermal transistors, quantum switches, and quantum
batteries [1-10]. Quantum batteries, a concept introduced
in Ref. [11], represent a cutting-edge advancement in the
field of energy transfer and storage, leveraging the prin-
ciples of quantum mechanics to potentially revolutionize

energy capture and storage in quantum devices [4,7,8,11—

20]. Unlike traditional batteries, quantum batteries use
quantum phenomena such as entanglement, coherence and
correlations [7,8,12,21-24] to facilitate energy storage pro-
cesses that could surpass the limitations of conventional
systems. We refer the reader to Refs. [13,14,18,25-47] for
the newest developments in the field. In particular, Ref.
[48] introduced a setting in which a battery is coupled to
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a charging laser pulse through another quantum system—a
charger—with the aim of improving charging properties.

While these contributions have significantly advanced
our understanding of quantum batteries, the search for
enhanced efficiency drives us to explore new avenues for
improving energy storage, most notably boosting its ener-
getic efficiency and power. A novel approach to optimizing
the efficiency of quantum battery charging leverages reser-
voir engineering to induce nonreciprocity [49—61] which,
as recently shown, can significantly boost energy trans-
fer to the battery [62]. Reservoir engineering, a crucial
technique in quantum technology, involves the deliber-
ate design and manipulation of a system’s interaction
with its environment to achieve specific quantum states or
dynamics [49,58-61].

In this work, we identify a scenario in which reservoir
engineering lifts a fundamental limitation of dissipative
charger-battery systems (see Fig. 1). In conventional quan-
tum battery charging processes, unlimited energy transfer
is impossible unless the system is entirely free from dissi-
pation, as dissipation typically limits the amount of energy
that can be stored. Here, we demonstrate that by employing
reservoir engineering to establish a dissipative interaction,
this restriction can be overcome by allowing the quan-
tum battery to accumulate unlimited energy. We begin

© 2025 American Physical Society
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FIG. 1. Schematic representation of the charging process. A
quantum charger 4 coherently interacts with a quantum bat-
tery B with a coupling rate J. Both the charger and the battery
decay into a shared reservoir at the decay rate I', establishing an
effective dissipative interaction between them. A laser field with
amplitude F is used to supply energy to the charger. Here, «, and
kp describe the local damping rates of each mode.

by showing that optimal charging for any charging pro-
cess is achieved by optimizing the characteristics of the
external energy source for a given charging device, which
is governed by a built-in detuning of the charger-battery
structure. We then show that the engineered shared reser-
voir allows for further optimization of the charging process
over the internal structure of the charging device (the
parameters of the coupling with the engineered reservoir),
resulting in superoptimal charging. Generally, creating
coherent interaction is more challenging than designing
broadband lossy systems. Finally, we show that superop-
timal charging allows for the energy of the battery in the
charger-battery setting to exceed that of the battery directly
coupled to the external laser (with no charger mediat-
ing the process), providing justification for charger-battery
configurations [48]. This research opens up new avenues
for exploring chiral and topological properties in systems
making use of dissipative coupling.

II. QUANTUM BATTERY MODEL

Figure 1 shows a schematic of the system in a charger-
battery configuration [48], including a harmonic oscillator
serving as the charger with a resonance frequency of w,
and a local damping rate «,. This charger interacts with
another mode acting as the battery, characterized by a
frequency of w; and a damping rate ;. The coherent inter-
action between the charger and the battery is described by
J = |J|e®. An external classical drive with frequency w;
and amplitude F provides energy to the charger during the
charging process. The Hamiltonian describing this driven
bipartite system AB can be written, in the rotating frame
with respect to wy, as

H=Hp+ H;. (1)
The Hamiltonian Hp is given by Hyp = H, + Hp + Hiy,
where H, = Aa'a (h = 1) and H, = Ab'b represent the

free Hamiltonians of the charger and the battery, respec-
tively. Here, a (b) and a' (b") are the annihilation and
creation operators of the charger (battery), and A = w; —
w denotes the local detuning of the input laser beam from
the optical charger resonance frequency. For simplicity, we
assume that the charger and the battery are in resonance,
1.e., w, = wp = w. The interaction Hamiltonian, Hy, is
described as Ja'h + J*ab", and the term H;, = F(e®a +
e~ "qT) accounts for the laser field applied to the charger
for feeding energy into the system (under the rotating-
wave approximation [63]). As we construct our charging
system AB, the built-in eigenfrequencies of the Hamilto-
nian H,p are established as w1 = w £ |J| (see Appendix
A'1). This, in turn, creates a built-in detuning of A, =
+|J|, where the subscript in indicates its built-in origin.
This suggests that in a nondissipative charging process, to
optimize energy transfer to the battery, the detuning of the
external field A should be equal to this built-in detuning
Ajy. This phenomenon will be rigorously proved in the fol-
lowing sections. In addition, we also consider a dissipative
interaction between the charger and the battery, mediated
by their mutual coupling to a shared reservoir characterized
by a coupling rate of I". This interaction is realized by adi-
abatically eliminating the reservoir’s degrees of freedom.
From a practical perspective, the shared reservoirs could be
an additional damped cavity or a waveguide [51,64]. The
dynamics of the system can be described by the Lindblad
master equation [51]

p = —ilH,p] + I'D:[p] + kaDalp] + ks Dslp]l,  (2)
where Dp[-]=0- 0" — %{OTO, -} represents the dissipa-
tive superoperator resulting from the coupling to the reser-
voirs. It is the second term in Eq. (2) that represents the
dissipation of both modes into the shared reservoir, result-
ing in dissipative coupling between the two modes. Here,
I' corresponds to the rate at which a photon is absorbed
and emitted by the common reservoir due to this coupling,
while z = p,a + ppb, with p, and p;, following the normal-
ization condition |p,p}| = 1. The latter two terms account
for local damping of each of the modes due to their cou-
pling ports to the surrounding environment [51,65], with
k. and kj; being the rates of the corresponding excitation
and relaxation processes. As we are going to explore, in
the presence of dissipation, the optimal detuning is no
longer the built-in detuning but also includes corrections
depending on the type of dissipation.

We define the internal energy of each subsystem as
E; = a)tr[,o,-iTi] with i = a,b [66]. Given the assumption
of zero temperature for all reservoirs, the states of subsys-
tems remain pure if the initial state of the entire system is
a pure product state [67]. This, in turn, implies that all the
internal energy of the battery can be extracted as ergotropy
[68]. Therefore, in the following, we will only discuss the
internal energies of the battery and the charger.
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III. OPTIMAL CHARGING

The local dynamics of the system are described by a
set of differential equations of motion for the evolution of
the first and second moments (see Appendix A 2), and the
energy of the charger and the battery in the steady state are
calculated as

AF*Kpp
= , 3
1TITA,$) — Kal? ®
4F*J (I
. J (T, a) @

T TG, ) — K

where Gy = 4A%+ (T + k)%, K= A +i(Ty,
+ ka)) QA +i(Ty + k), J(x,0) =4lJ|> +x* — 4|
JlxcosO, and o + ¢ = /2. From Egs. (A19)H(A23) of
Appendix A 2, we can see that 7 (x, 0) effectively incorpo-
rates the interactions facilitating energy transfer between
the charger and the battery, while KC;; describes processes
restricting energy transfers, such as energy dissipation or
detuning. We first start the analysis by examining the con-
ventional quantum battery scenario (the absence of the
shared reservoir), which is achieved by setting I' = 0. We
select the initial states of both the charger and battery to
be ground states. It is worth mentioning here that since
the evolution of the system in our work is Markovian,
the energy of the final state is invariant for various ini-
tial states. In the ideal charging process, in which there
are no local dissipations (i.e., k, = k; = 0), by optimizing
Ep over A, we find that the optimal detuning equals the
built-in detuning: Ay, = Ajy. In fact, in the case A = Ay,
we have J (T, ¢) = K, which gives rise to unlimited
energy transfer to the battery. This phenomenon of unlim-
ited energy transfer indicates the crucial significance of
the built-in detuning Aj,; however, in realistic charging
processes, local dissipations are inevitable. Therefore, for
nonzero local dissipation rates «,), optimizing Ep over A,
the optimal charging process results in

K2
Aopt = :I:V Aizn - ?a (5)

where k2 = k2 + k7. Note that in this case, arbitrary
(unlimited) energy transfer to the battery is not feasible
even if the battery is perfectly insulated, i.e., k, = 0. This
is because the dissipation on the charger, «,, still causes
the energy of the battery to saturate after some time. This
can be seen from the denominator in Eq. (4) which takes
the form |4J% — (2A + ik,)(2A + ikp)[*. This is always
greater than zero due to the imaginary terms resulting from
local dissipation rates k(). It is also worth mentioning that
Eq. (5) implies that in an experiment, one needs to measure
the dissipation rates to perform the optimal charging pro-
cess. In Fig. 4, we plot the time evolution of Ep(#) for the

2

optimal charging procedure (dashed blue line). Addition-
ally, in Fig. 4, we illustrate E () for a nonoptimal detuning
case (green solid line) by taking A = 0, to underscore the
substantial influence of optimal detuning on the charging
process.

It is worth mentioning that Eq. (5) implies the important
fact that the charging laser field comprehensively perceives
not only the coherent interaction J, but also energy dump-
ing to the local baths. The interactions with the baths show
their effects via the dissipation rates k). Therefore, in
presence of local dissipations, k is in fact the correction to
the built-in detuning Ay, (a fact overlooked in our earlier
work [18]). In other words, the optimal detuning is influ-
enced by the entirety of the interactions. We also notice
that in the conventional scenario A, depends only on the
strength of the coherent interaction, and not on its phase ¢.

IV. SUPEROPTIMAL CHARGING

Here we demonstrate that replacing the coherent inter-
action with the shared reservoir allows for significant
outperformance of the optimal conventional charging pro-
cess. In Appendix A3 we also show that the simple
addition of the common reservoir to the scheme does not
offer a straightforward advantage. To better understand the
mechanism, we first provide insight into the microscopic
dynamics underlying the concept of superoptimal charg-
ing by examining the master equation [Eq. (2)] and then
introduce our approach aimed at surpassing the optimal
conventional charging strategy discussed in the previous
section. Equation (2) may be recast as follows:

/5 = _i[Ha ,0] + (Fa + Ka)Da[IO] + (Fb + Kb)Db[p]
+'Dlp] + T'Djlpl, (6)

where T'; =T'|p;|> with i=a,b and D{[]=:x -y —
%{xTy, -}. Equation (6) implies that the shared reservoir
dissipator D.[p] from Eq. (2) in practice affects the charg-
ing process in two distinct manners: firstly, via ', D,[p],
it causes energy dissipation of the charger and the bat-
tery into the shared reservoir at rates I', and ', respec-
tively; secondly, via "Dy [p], it facilitates energy exchange
between the charger and the battery at rate I". Therefore,
I'D)[p] provides a dissipative interaction between the
charger and the battery, paving the way for more transfer
of energy. Notably, even with the direct coherent coupling
turned off (J = 0), energy exchange still remains feasible
through the shared reservoir with rate I'. Note that in quan-
tum optics, the same generator of the form Eq. (6) is also
used to explain the phenomenon of collective resonance
fluorescence [69].

A comparison between the two charging scenarios, the
dissipative and the coherent one, will be performed while
keeping the parity I' = 2|J| between the coupling rates.
This ensures comparable instantaneous charging power in
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both approaches, as suggested by the equations of motion
[see Egs. (A19)+(A23) in Appendix A 2]. Here, the trans-
fer of energy from the charger to the battery is governed
by the strength of interaction J and a factor of absorp-
tion/emission photon rate from the common reservoir I'/2,
respectively. Under the constraint of comparable instanta-
neous charging power, we will show that higher levels of
energy in the battery can be achieved due to the dissipative
coupling. As a further justification, we add that we actu-
ally expect designing and operating dissipative broadband
lossy systems to be easier than the coherent setups.

The solution for dissipation-assisted charging is
obtained by setting J = 0 in the equations of motion. From
Egs. (3) and (4) it can be shown that in this scenario, the
optimal detuning is zero, Ay, = 0 [see also Eq. (A16)
of Appendix A 1]. In Fig. 2, we present a plot depicting
the battery energy for I' = 0.4,/ = 0, and Ay, = 0, com-
paring it with the optimal conventional scenario in which
|/] = 0.2. Clearly, dissipative charging does not provide
any advantage. We should stress that in Fig. 2 and the
subsequent figures, energy is plotted against J¢, where the
scaling factor J is taken from the conventional scenario.

As we show below, leveraging the structure brought
about by the engineered reservoir, we are able to optimize
the process by manipulating the relative values of I'y).
Examining the equations of motion, we see that changing
', and I', by altering p, and p; can affect the energy of the
charger and the battery. Defining the ratio y = |p,|?/|ps|?,
we then have I',/ I, = y. Now, rewriting Egs. (3) and (4)
as functions of y, we find that both the total energy of the
entire setup and the energy of the battery are optimized
for y = /k,/Kkp, while the energy of the charger reaches
its maximum in the limit y — 0. We see that the essence
of the optimization is to properly reflect the imbalance
between the local dissipation strengths x,) in the ratio of
Papy- Consequently, we will refer to this as a superopti-
mal charging process in a scenario with a shared reservoir
optimized in this way. The corresponding superoptimal
stationary energies are given by

s _ 4F? (F + 4/KaKb)2

ot = , (7
A,sup-opt Kg (ZF + m)z
< A2 F?
B,sup-opt — 22 (8)
KqKp (ZF + «/KaKb)
s 4F? (kakcy + 2T kp/Kakp + T2 (kg + k) ©)
sup-opt K2k, (2T + Jiarep)

where the superscript S denotes the presence of the shared
reservoir and § = E4 + Ejp denotes the total energy within

the entire system. As a direct result of the optimization,
we observe a significant increase in the total energy of
the system &5 (see Appendix A 4). This indicates that the
optimization helps to preserve more energy in the charger-
battery system against the dissipation. Furthermore, the
second intriguing result, as detailed below, is that opti-
mization not only enhances the total energy within the
entire system but also allows for channeling, in the most
efficient way, the energy into the battery B. It is worth not-
ing that the zero optimal detuning in superoptimal charging
is in fact another advantage of the superoptimal configu-
ration since it is experimentally more convenient. In the
conventional optimal charging protocol, one needs to mea-
sure the interaction coupling J and the local dissipation
rates k() to compute the optimal detuning for performing
the optimal charging process; in contrast, for the superop-
timal configuration, one simply needs to match the laser
field frequency with that of the charger, making the process
significantly easier for experimentation.

As shown in Fig. 3(a), applying further optimization
through manipulation of I, in the charging process
causes Eisup_opt to be substantially lower than E gy,
emphasizing again the significant benefits of having an
engineered reservoir in the charging process. At the same
time, as shown in Fig. 3(b), we can observe that the super-
optimized energy of the battery Eg’sup_opt (solid red line)
significantly surpasses the optimal conventional energy
Ep opt. This further justifies the name superoptimal charg-
ing process, since it outperforms the optimal conventional
charging process. Comparing Fig. 2(a) with Fig. 3(a) and
Fig. 2(b) with Fig. 3(b), the remarkable phenomenon that
we observe is the redistribution of the total energy within
the entire system due to optimization, with a notable
increase in energy in the desired location—namely, the
battery B.

The most significant result of our work is as follows.
In conventional settings, whenever there is dissipation in
the charging system, it becomes impossible to transfer an
arbitrary amount of energy to the battery; the energy trans-
fer is limited by the dissipation, even if the battery itself
is perfectly insulated from dissipation (i.e., k;, = 0). As
can be observed from Eq. (4), dissipation on the charger
side alone (k, # 0) is sufficient to prevent unlimited energy
transfer to the battery. This restriction is remarkably lifted
using reservoir engineering. The optimization freedom
provided by reservoir engineering allows for this remark-
able phenomenon, as demonstrated in Eq. (8). By insulat-
ing only one of either the charger or the battery, it becomes
possible to transfer an arbitrary amount of energy to the
battery. This implies that as long as the battery remains
connected to the charger, it continues to accumulate more
and more energy over time. In other words, superopti-
mal charging unlocks the arbitrary energy transfer (see
Appendix A 5 for further details). We stress that the redis-
tribution gap caused by the engineered shared reservoir
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FIG. 2. Energies of (a) the charger E4 and (b) the battery Ep vs Jt for the optimal conventional scenario and the shared-reservoir-
assisted scenario. In the conventional scenario, we have F = 0.1 and |J| = 0.2. In the shared-reservoir-assisted scenario, F = 0.1,
J=0,T"=04,p, =1, and p, = 1. In both procedures, we have «, = 0.05 and «, = 0.01, and the corresponding optimal detuning

Agpt.

Gy = Eg’sup_opt — Epopt is always positive (see Appendix
A 6 and Appendix A 7 for further discussion).

We shall briefly discuss other features of the dissipa-
tive charging method. Dissipative charging has less sta-
bility with respect to detuning deviations as compared
to conventional coherent charging (see Appendix A 8 for
details).

We conclude with providing a positive answer to a
question about the justification for adding a charger to
intermediate between the battery and the charging field.
Through a detailed study (see Appendix A9) we show
that replacing the coherent charger-battery interaction with
a dissipative one enables higher levels of energy to be
stored in the battery, as compared to direct charging, thus
unlocking the benefits of the charger-battery configuration.

V. SUMMARY AND OUTLOOK

In this work, we investigate the protocol for unlocking
arbitrary energy transfer in a dissipative charger-battery
system. We begin by optimization of the external energy
source (its frequency) by examining the built-in detunings

(a)

10 /_/""'
81/ g
4 I‘ - E.»’l.upt
I3
(2J J - Ej.sl]p opt
0 50 100 150 200

FIG. 3.

of the charging setup. We then move to setups that intro-
duce an engineered reservoir into the charging processes.
Our investigation reveals that replacing the coherent inter-
action with a dissipative interaction via an engineered
shared reservoir not only reproduces the same optimal
charging outcomes but also allows for further optimiza-
tion over the internal structure of the charging device
(the parameters of the coupling with the engineered reser-
voir), giving rise to superoptimal charging. As a result, we
observe that not only does the total energy within the entire
system attain a higher value in the steady state, but also
that a beneficial redistribution of energy occurs within the
charger-battery system, with a notable increase of energy
in the desired location—namely, the battery—presenting
a significant advancement in quantum battery charging.
This advantage is observable even in the transient regime.
Above all, we show that the ultimate advantage of an engi-
neered reservoir lies in its ability to facilitate arbitrary
energy transfer to the battery, which is impossible in con-
ventional charging processes. Therefore, we conclude that
the superoptimal charging, achieved through careful opti-
mization of the engineered reservoir, paves the way for

(b)

18 4
15 1
5 121
= 9
6 4
3 1 - Eg.sup—opt
01 , : : :
0 50 100 150 200

Energies of (a) the charger £4 and (b) the battery E vs Jt for the optimal conventional scenario and the shared-reservoir-

assisted scenario. Here, QQ(B) quantifies the redistribution gap caused by the engineered shared reservoir. For the conventional

scenario, we have F = 0.1 and |J| = 0.2. For the shared-reservoir-assisted scenario F = 0.1, J =0, T’ = 0.4, p, = (k./x3)'/*, and
Py = (kq/kp)~"/*. In both procedures, we chose «, = 0.05 and «; = 0.01, and the corresponding optimal detuning Agpt.
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transformative developments in high-performance energy
solutions, in particular in charger-battery configurations.
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APPENDIX

1. Global View Analysis

To have a global understanding of the dynamics of the
charging process, we rewrite the system Hamiltonian as
H = wsa’a+ wpb'™d + (Ja'b + J*bTa) + F(e“ta
+ el (A1)

in the properly selected basis, which depends on the value
of J. We introduce supermode the operators

a+e®b
C.= : A2
+ ﬁ ( )
— &%p
c =2"°¢ (A3)

with eigenfrequencies wy = w %+ |J|, which satisfy the
commutation relations [C,,C_] = [a,b] = 0 and [CL, Cl]
= [a,a'] = [b,b] = 1. We make C. depend on the phase
of the coupling J = |J|e’®. From Egs. (A2) and (A3), we
have

(A4)

(AS)
and hence we obtain
H=A+)C.Ci+(A—I)CLC.

+—(

F iwpt —iwpt T
+—<eLC_+e LC,).
V2

eithC++€_ithC1>

(A6)

At the same time, the master equation given in Eq. (2) of
the main text can be rewritten as

p = —ilH,p] + I'D:[p] + «k.D:,[p] + ks D-,[p], (AT)

where

za = p, Cr4py C-, (A8)
with pd = \%,pg = \/LE based on Eq. (A4),

zp =1 plCatpyC-, (A9)

with p? = e7*/\/2, p? = —e7* //2 based on Eq. (A5),
and
Ci+C. . Ci—C
+ pre™
N

— =p,CitpC-.
(A10)

Z = Pa

In the basis defined by pZ = (p, + e pp)/+/2 and p; =
(Pa — € ®py)//2, it is evident that the local dissipators
D, and Dy, expressed in the basis of @ and b, consistently
translate into the global dissipators D., and D, in the new
basis. Conversely, by setting p, = £p,e~*, we ensure that
the dissipator D,, which is global in the basis of a and b,
becomes local in the basis of C+ and C_.

To formulate the equations of motion in the basis of
C; and C_, weintroduce . = —p.(p;), e = —pi(pg) =
—%, and p, = —pl(p))* = % Subsequently, leveraging
the linearity of the master equation and accounting for
the adjusted amplitudes F' associated with both degrees of
freedom, we arrive at

d(Cy) _ _TlpaP + 552 + 2A+ 1D
e 2 +
r % Kp — K4 .F
; <5uz T )<C_>—zﬁ, (All)
d(C.) _ TIpjl + =3 +2i(A — D e
d 2 N
(L= ) o it an
2“/2 4 + l\/z’ ( )
d(c' c,) co o Ka KB\ 4
—a —(F|Pa| + )(C+C+)
r Kp — Kq
+2m{<5@+ ”4 )(CL(L)}
F
—2~s{ﬁ<c+>}, (A13)
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dictcy Lo Kt KB\
S = (T + e
', kp—ky F
ol (G + 252 )
(F
—2Ns{ﬁ<c_>}, (A14)
d(CLC)  TUpiP + i) + ka + 0 — 4ilJ] e
e 2 T
r Kp — Kg +
(G 27 e

+i£(C)
N

By selecting ¢ = 0, the expressions for p; and p; become
P = (P +py)/~2 and p; = (pa — py)/~/2. Specifically,
when p, = p;, we obtain p? = p, and p; = 0, resulting in
n: = 0. Referring to Eq. (A14), this implies that the global
mode C_ experiences a decoherence-free evolution con-
cerning the shared reservoir, mimicking a scenario with
no shared reservoir. Conversely, by choosing ¢ = m, it is
the global mode C, that experiences a decoherence-free
evolution concerning the shared reservoir.

For ¢ # 0, the correction to the built-in detuning is
more complicated due to the presence of the shared
reservoir:

(A15)

Aopt = -

where
K =:36|J|T'cosep (I'y + Ty + k4 + kp),
M= 61/2< (8AZ —2r% — T2 — 2
—2FaKa — Kﬁ — ZFbeK§)3
12
— 216A2T2 (I, — Ty — kq — kp)? cOS 4)2) .
(A18)

Setting I' = 0, we obtain the optimal detuning given in Eq.
(5) of the main text.

2. Charging Dynamics

The local dynamics of the system are described by
exploiting the master equation [Eq. (2) in the main text].
The evolution of the first and second moments is given by

d{a) _ Tat+k,+2iA . - r )

e a—UR <J+ luz) (b) — iF,
(A19)

db)  Tp+xp+2iA a———

” — > (b)—l(J +in 2><a>5
(A20)

T

d“;t“) (T + k) aTa) — 290 {i (J + m%) W)I

—2F3{{a)}, (A21)

6'3 (8AZ —2I'* —T'2 — '} — 2Tuky — k2 — 2Tk — K7) (K — M)*/3 AlG
2 x 623K —M)'/3 2 x 623(K — M)1/3° (A16)
[
d(b'b) ;
7 =—(Tp +«p) (b'D)
(A17) .
+ 20 {i (J — i”LE) (a*b>} , (A22)
d{a’b) Catka+To+u, - , .r
— _ b _ * *
dr 2 @by =i\ J"+in

x (a'a) +i (J* — iu*%) (b'b) + iF (b),

(A23)
where u = —ppp* and I'; = T'|p;|*> with i = a, b. The sym-
bols % and I indicate the real and imaginary parts,
respectively.

The structure of the above equations explains why the
significant enhancement reported in Ref. [62], which is
based entirely on nonreciprocity, is only valid when the
detuning is zero. This is because the nonreciprocity effect
relies on cancellation of the second term in Eq. (A21),
blocking backward energy flow. As a result, the laser
field effectively “sees” only the charger and not the entire
charger-battery system. Therefore, as the detuning deviates
from zero, the benefits of nonreciprocity diminish, and in
fact, the detuning negatively impacts the charging process.

3. Mixed approach

We now move to the crucial question of the paper: can
the presence of an engineered shared reservoir enhance
the optimal conventional charging process? Let us first
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consider adding the engineered shared reservoir to the
charging process by setting I" # 0. In this case, Eg’opt
is obtained by optimizing E5 over the detuning in the
stationary limit. We derive the optimal detuning to be
again close to the built-in detuning Aj,, with more con-
voluted corrections due to interactions with both local and
shared reservoirs (see Appendix A 1). In this case, Ay
also depends on the interaction phase ¢. As illustrated
in Fig. 4, adding the shared reservoir does not provide a
straightforward advantage over the optimal conventional
charging process; however, there is another way to exploit
the engineered shared reservoir, which we outline below.

4. Total Energy Comparison: Before and After
Optimization

Typically, the charger-battery setup is considered from
the perspective of the battery, which we control and can
extract energy from, and which is more isolated than the
charger: «; < k,; however, for the purpose of fully char-
acterizing the model, we also analyze the effects of the
optimization on the total energy and the energy of the
charger, which can be extracted if operational control is
established over these systems.

Replacing the coherent interaction J by the shared reser-
voir with dissipation rate I' and then performing the opti-
mization offers a significant change in both the overall and
local energies of the system. In Fig. 5, the total energy
of the system &5 in the steady state before (blue line) and
after (red line) the optimization are illustrated. As can be
seen, a significant increase is observed due to the opti-
mization. Therefore, optimization preserves more energy
in the charger-battery system against dissipation. From
Egs. (7)+9) of the main text, we can observe the following
relationships (since I' > «,, kp):

F? F?

EAsu—ot%_
»,SUp-op Kg’

EBsu -opt
,SUp-op! KaKb’

and Ets;up-opt ~ F2(4K2b + Kq) .
KZkp

These equations indicate that when k, — 0, both E gup-opt
and &pqup-opt increase faster than Epgup.ope. Conversely,
when «j, — 0, both Ep gpopt and &g gup-opt increase faster
than £ gup-opt. Therefore, if the goal were solely to increase
the total energy of the system, reducing the dissipation of
the charger would be more effective; however, if we aim
to boost both the total energy and the proportion of energy
transferred to the battery, it is more advantageous to reduce
the dissipation of the battery.

Moreover, looking at Eqgs. (7)«9) of the main text,
we see that Epgp.ope remains unchanged when «, and
kp are swapped, whereas Egup-opt and &g sup-opt d0O noOL.
Since we aim not only to maximize energy transfer

EB‘opt

_ S
EBM\up—opt
......... mr
EB

FIG. 4. Optimal energy of the battery in the conventional
procedure (dashed blue line) and the shared-reservoir-assisted
procedure (solid red line) vs Jt. The superscript S denotes the
presence of the shared reservoir. Here, we have |J| = 0.2, x, =
0.05, and «; = 0.01, and for the shared-reservoir-assisted proce-
dure, I' =04, p, = pp =1, and ¢ = 0, 7. In both procedures,
we selected the corresponding optimal detuning Ay The green
dotted line, representing the nonreciprocal procedure at A = 0
from Ref. [62], is plotted to highlight the significant impact of
optimal detuning on the charging process.

but also to improve the efficiency of the charging pro-
cess—specifically, by increasing the amount of energy
transferred while minimizing the energy left in the
charger—it is more economical to decrease the battery
dissipation rather than that of the charger.

In Fig. 6, we plot the energies of the charger, battery, and
the entire system versus time for two cases: k, = 0.05 and
kp = 0.01 [Fig. 6(a)], and x, = 0.01 and «;, = 0.05 [Fig.
6(b)]. In both cases, we set /' = 0.1 and I' = 0.4; how-
ever, in general, when «;/k, exceeds a certain threshold,
there is no advantage to superoptimal charging compared
to optimal charging. But the beneficial aspect is that super-
optimal charging is never worse than optimal charging
(e, Gy = 0). In Fig. 7, we plot G for two cases:
k. = 0.01 [Fig. 7(a)] and x, = 0.05 [Fig. 7(b)]. In both
cases,wesetJ =02, F=0.1andI" = 0.4.

FIG. 5.

Plots of £° and &3

opt

mized p, = pp = 1, and for &

vs T. For &5, we have the opti-

ont» We have p, = (ka/icp)'/* and

Py = (ka/kp) "%, In both cases, we have Aqy = 0, k, = 0.05,
and x, = 0.01.
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120 P =
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= % // Egbup—opl
3 60 // ......... Efi.sup—opt
= v o
30 / A,sup-opt
é
g
0 ' T T
0 100 200
It/2

_ S
EB.sup—opt

S
E A,sup-opt

FIG. 6. Energies of the charger, battery, and the entire system vs time for two cases: (a) k, = 0.05 and x; = 0.01, and (b) «, = 0.01

and «;, = 0.05. In both cases, we set F = 0.1 and I" = 0.4.

5. Arbitrary Energy Transfer

The most significant result of the present paper is as
follows. In conventional settings, whenever there is dis-
sipation in the charging system, it becomes impossible to
transfer an arbitrary amount of energy to the battery. The
energy transfer is limited by dissipation, even if the battery
itself is perfectly insulated from dissipation (i.e., k5 = 0).
Dissipation on the charger side alone (x, # 0) is sufficient
to prevent unlimited energy transfer to the battery. This
can be clearly shown using Eq. (4) of the main text by
substituting I' = 0 and A

64F2)?
(16J2 — (kp — ka)?) (kp + Ka)?

EB,opt = (A24)

Nonetheless, when operating in the nonzero detuning
regime, we made a surprising discovery: this restriction
can be lifted using reservoir engineering, by creating
a dissipative interaction. The optimization freedom pro-
vided by reservoir engineering allows for this remarkable
phenomenon, as demonstrated in Eq. (8) of the main text:

4F212

—KaKb (2 N ’;_Z> (A25)

EB,sup-opt =

By insulating only one of either the charger or the battery, it
becomes possible to transfer an arbitrary amount of energy

to the battery. This implies that as long as the battery
remains connected to the charger, it continues to accumu-
late more energy over time. In other words, superoptimal
charging unlocks the arbitrary energy transfer. In Fig. 8§,
we have plotted the energy of the battery versus time for
both the conventional optimal scenario [Fig. 8(a)] and the
superoptimal scenario [Fig. 8(b)]. In the conventional opti-
mal scenario, we set J = 0.2, while in the superoptimal
scenario, we use A = 0.4. In both cases, we have fixed
F =0.1,k, = 0.05, and x;, = 0. We believe that this result
holds significant promise for advancing quantum battery
technology.

6. Positivity of Gy,

As illustrated in Fig. 3 (in the main text), to quantify
the redistribution gap caused by the engineered shared
reservoir, we also defme the qugntity G = ES (B).sup-opt —
E 4(3)0pt- As we are interested in the energy of the battery,
we focus on

4
(ka + kp)* ((kq — Kp)? — 4T2)

Gy = 4T°F? (

1
4 )
Kk (2T + \/Kakp)

<b> S 1 T o AEeon
401 — ABEy.
i 30 1Ty | eea- grB
Q0 20 1
<1 101
07222
~10 ——
0.5 1.0

FIG. 7. Plots of AE.n, AEg4ss, and QQ(B) vs kp: (a) k, = 0.01 and (b) «, = 0.05. In both cases, we set J = 0.2 (for conventional
optimal charging), F/ = 0.1, and I' = 0.4 (for superoptimal charging).
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O N = O o

0 100 200

Jt

FIG. 8.

60 -
5 401
=
20 1
01; : :
0 200 400
T't/2

Plots of energy of the battery vs time for different scenarios when the battery is perfectly insulated («;, = 0): (a) conventional

optimal charging and (b) superoptimal charging. In both cases, we set k, = 0.05, F = 0.1, and J = 0.2 (for the conventional scenario),

and I' = 0.4 (for the shared-reservoir-assisted scenario).

and observe that in settings characterized by a significant
difference in local dissipation rates x, and «p, this func-
tion is positive. This is attests to the charging scenarios
in which we observe a guaranteed advantage of shared
reservoir over coherent couplings.

7. Robustness against Detuning

The more we deviate from the optimal detuning, the
worse the outcome. The interesting point to notice is
that the conventional configuration is more robust against
detuning deviation. The energy of the battery in the super-
optimal configuration changes dramatically as we deviate
from the optimal detuning, which is zero. In Fig. 9, we plot
the energy of the battery for both the conventional [Fig.
9(a)] and superoptimal scenarios [Fig. 9(b)]. In both cases,
we set k, = 0.05, k, = 0.01, F =0.1, and J = 0.2 (for
the conventional scenario), and I' = 0.4 (for the shared-
reservoir-assisted scenario). In both plots, the solid green
lines represent the corresponding optimal detunings.

8. Varying Interaction Strengths

In the conventional scenario, by varying J, in Eq. (4) of
the main text, two distinct peaks appear in the energy of

the battery when A = +,/A? — «2/8, which aligns with

—
™
=

EB/W

the condition given by Eq. (5) of the main text. Addition-
ally, increasing I' can result in greater energy transfer, but
this comes at the expense of longer charging times. This is
because a higher I" also leads to more dissipation, as evi-
dent from Eq. (8). To illustrate this, we provide two plots
in Fig. 10 that confirm these observations.

Figure 10(a) illustrates the stationary Ep versus J and
A in the conventional charging process, and Fig. 10(b)
represents the stationary Ep in the superoptimal charg-
ing process as a function of I' and A. In both cases, we
set FF = 0.1, k, = 0.05, and k;, = 0.01. Notably, the initial
peak in Fig. 10(a) occurs because as J approaches zero, the
optimal detuning also approaches zero. This peak happens
at the cost of longer charging times; therefore, decreasing
J in the conventional scenario is somehow equivalent to
increasing I in the superoptimal charging process.

9. In defense of charger-battery setups

The advantages we have established are significant
enough to address the motivational issues behind charger-
battery charging settings. Specifically, Ref. [48] considered
a separation of the charging setup into a charger, whose
role is to receive energy from the laser drive, and a bat-
tery, whose role is to store the energy, coupled to the
charger. The battery, while coupled coherently to the noisy

FIG. 9. Plots of the energy of the battery Ep vs time for various detunings: (a) conventional optimal charging and (b) superoptimal
charging. In both cases, we set k, = 0.05, x, = 0.01, F = 0.1, and J = 0.2 (for conventional scenario), and I' = 0.4 (for shared-
reservoir assisted scenario). In both plots, the solid green lines represent the corresponding optimal detunings.
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FIG. 10. Energy of the battery vs time for both scenarios: (a) conventional charging and (b) superoptimal charging. In both cases,
we set k, = 0.05, x, = 0.01, F = 0.1, and J = 0.2 (for the conventional scenario), and I' = 0.4 (for the superoptimal scenario).

charger, can be much more isolated in experimental imple-
mentations, and therefore experience much smaller energy
dissipation. Nonetheless, in Ref. [70], the authors pointed
to the lack of operational benefit of using this extended set-
ting compared to the simple model of a battery interacting
directly with the laser field.

This problem, and the role of superoptimal charging in
solving it, is illustrated in Fig. 11. Three charging scenar-
ios are presented there: direct coupling of the battery to
the laser [Fig. 11(a)], a charger-mediated setting with the
charger coherently coupled to the battery [Fig. 11(b)], and
a charger-mediated setting with the charger dissipatively
coupled to the battery [Fig. 11(c)]. We ask the following
question: can we obtain higher energies in the stationary
state of the battery if we include a charger to intermedi-
ate between the laser and the battery? In this procedure,
we keep the dissipation rate « of the party interacting with
laser constant, and we allow for smaller values of the dis-
sipation rate k; of the battery in the extended scenario to
account for its better isolation from the surroundings.

(a) B

=]

F,A E =

-

-

(b) 4 B (© 4 B
[ ] ] - -
F,A — E—= F,A - =
“8vs. <8 =
Ry 4

Shared Reservoir

FIG. 11. Three charging scenarios: (a) direct coupling of the
battery to the laser, (b) charger-mediated setting, with charger
coherently coupled to the battery, and (c) charger-mediated set-
ting, with charger dissipatively coupled to the battery. In (b),(c),
the presence of system A4 (charger) isolates the battery and
assures smaller dissipation k) < k.

We compare stationary energies achieved with the
extended scenarios of Fig. 11(b) Ep [given by Egs. (4)
and (5) of the main text] and Fig. 11(c) Eg’sup_opt (given
by Eq. (8) of the main text) with the stationary energy of
the scenario of Fig. 11(a):

g 4F?
single-batt = — 5
g Kg ’

(A26)

and obtain

AE o, = EB,opt - Esingle—batt

— 4F? 477 — i
B (k4 Kkp)? (42 — (K —Kkp)?) k27

(A27)
AEgiss = Eg,sup_opt - Esingle-batt
(e )
kp (204K /K,
_ b (2T -+ /Rp) ' (A28)

K2

We plot these functions for typical parameter settings in
Fig. 12. As shown, with sufficient isolation of the bat-
tery (i.e., sufficiently small «;), the superoptimal charg-
ing process is significantly more efficient than the direct
charging scenario. In fact, in the limit of perfect iso-
lation of the battery, the superoptimal charging allows
for unbounded values of energy stored lim,, .o AEqiss =
oo, while the energy in the coherent setting is bounded:
limy, 0 AEcon = 4F%/(4J% — k?). The charger-mediated
setting with coherent coupling is beneficial only in the
regime of extremely small «;; therefore, the extension of
the noisy single-battery system via the superoptimal setting
effectively allows for creating a charged battery system
with energy not bounded by the dissipation on the origi-
nal charger. As can be seen from Fig. 12 in general, when
Kp/Kk, exceeds a certain threshold, there is no advantage
to superoptimal charging compared to optimal charging;
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FIG. 12. Advantage in stationary energy of the battery B in
the extended scenarios [corresponding to Figs. 11(b) and 11(c)]
compared to the single-battery scenario [Fig. 11(a)], expressed
through AFE., and AFEgs, respectively, for various dissipation
rates kp. For scenario (a), we choose F' = 0.1; for (b), we have
F=0.1,J =0.2,and I" = 0; and for (c), we select F = 0.1,J =
0, and I" = 0.4, and the optimized values p, = (k,/x3)"/* and
Py = (ka/Kkp)~"/*. In all scenarios, we choose k = 0.05 and the
corresponding optimal detuning A, We have lim,, .o AEgiss =
00 and AE,,,(0) = 0.016.

however, the important point is that superoptimal charging
is never worse than optimal charging, i.e., G}z > 0 (see
Appendix A 4 for further details).

We conclude the characterization of superoptimal charg-
ing with a remark about the transient behavior of this
charging method. The effective coupling strength of the
dissipative interaction depends entirely on the value of I'
[see Eq. (6) of the main text]. Therefore, while the superop-
timal scenario for more isolated batteries relies on reduced
I'y (as implied by reduced «; via y = /k,/kp), the limit
lim,, .o does not impose divergent times for reaching a
given value of the energy of the battery. Consequently, the
advantage of superoptimal charging over the single-battery
setting can be observed within the same time scales, and it
therefore offers a significant practically achievable boost in
capacity of quantum batteries.
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