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Recent attempts have been made to convert the broadband solar spectrum into filtered light, for the
purpose of boosting the efficiency of a planar solar cell. By developing a thermodynamic model, the
rigorous efficiency limits of the optically boosted solar cells are presented, which are achievable in
principle with a piecewise function of the front emissivity or the energy-redistribution lifetime.
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Efficiencies of single-junction solar cells are restricted
by the Shockley-Queisser (SQ) limit [1], mainly originating
from the sub-band-gap nonabsorption loss and the above-
band-gap thermalization loss [2]. Approaches that attempt
to bypass this limitation, including intermediate-band cells
[3], hot-carrier solar cells (HCSC) [4], and multijunction
cells [5] are based on the development of more advanced
photovoltaic devices. On the other hand, spectral modifi-
cation of the incident sunlight, including up-conversion
[6] and down-conversion [7], can provide efficiency
improvement on an existing single-junction solar cell.
In fact, one can view the up- and down-conversion

approaches as the optical analogs of the intermediate-band
cell and the multiple-exciton-generation (MEG) cell [8],
respectively. A three-level up-converted solar cell can
increase the photocurrent by absorbing photons with
energies close to half of its band gap. Similarly, a three-
level down-converted solar cell increases the photocurrent
by splitting photons with energies twice its band gap into
two. Just like their electrical analogs (e.g., the MEG cell),
if we continuously increase the incident photon energy,
these approaches have discontinuous (e.g., steppinglike)
spectral responses (quantum efficiencies). This indicates
that while they both provide potential improvement over
single-junction solar cells, a large fraction of losses is still
unavoidable even in principle.
To bypass the losses incurred in standard up- and

down-conversion, recent attempts have been made on a
lossless conversion from the broadband solar spectrum to
near-monochromatic radiation. Such radiation spectrally
matches the band-gap energy of a single-junction cell, thus
ideally reducing both losses (i.e., sub-band-gap and above-
band-gap losses) to zero. This approach was represented by
closely related concepts, either the thermophotovoltaic
converter [9–11] with filter [12] or the optical analog of
HCSC [13]. Unlike up- and down-conversion, an optical
bandpass filter (e.g., distributed Bragg reflector) is required
to narrow down the energy exchange between the converter

and the underlying photovoltaic cell within a near-
monochromatic spectral region. This filter corresponds to
the electrical energy-selective contacts employed in
HCSCs, which is essential in order to minimize entropy
generation during the extraction of carriers [14].
While the narrow bandpass filter placed between the

converter and the photovoltaic cell (Fig. 1) is required in
order to reduce the entropy generation associated with their
energy exchange, it also imposes a restriction on the
number of far-field optical modes that are available to
carry the photon flux. Unless the converter and the cell is
optically coupled in the near-field regime (air gap ≲
wavelength) [15], the emitter side has to have a larger
surface area than the absorber side [2] in order to achieve a
reasonably large number of optical modes towards the
photovoltaic cell. Both options are not desirable, as near-
field coupling requires an integrated design, while asym-
metric surface areas do not match the planar geometry of
conventional solar cells [12]. The question has been raised
concerning the efficiency limit of a planar solar cell boosted
by a lossless optical converter in the far-field regime.
In this work, a thermodynamic approach has been

proposed, resulting in rigorous efficiency limits of optically
boosted planar solar cells. The previous work on the
optically coupled photovoltaic system [6,7,12,13] always
assumes photon fluxes in both thermal and chemical

FIG. 1. Schematic diagram of the far-field coupled converter in
the front configuration (a) and the back configuration (b). The
bandpass filter modifies the respective emissivity function, ζðwÞ
or κðwÞ, to a narrow rectangular window.*yu.feng@unsw.edu.au
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equilibrium. In addition, there is a lack of consideration on
the thermodynamic details of the actual conversion process.
In contrast, the model proposed in this work has fixed these
deficits by adopting nonequilibrium photon statistics and
taking into account the energy and entropy flows during the
optical conversion. As a result, the efficiency limits
provided in this work are completely rigorous, and are
accessible at least in principle.
Two geometrical configurations are presented in Fig. 1

[13] which place the lossless converter at the front and at
the back of the cell, respectively. Following the assumption
adopted in the well-known SQ model [1], the single-
junction solar cell is regarded as a blackbody (for energies
above the band gap w0). In the front configuration
[Fig. 1(a)], the condition of energy conservation leads toZ

∞

0

εðwÞEscðwÞdwþ
Z

∞

w0

ζðwÞEpcðwÞdw

¼
Z

∞

0

εðwÞEcsðwÞdwþ
Z

∞

0

ζðwÞEcpðwÞdw; ð1Þ

equation where εðwÞ and ζðwÞ denote the front and rear
emissivities (between 0 and 1) of the converter, as functions
of the photon energy w. In practice, they can be modified
with photonic crystals. Esc and Epc represent the respective
energy fluxes from the Sun and from the photovoltaic cell
towards the converter, while Ecs and Ecp are the reverse
fluxes. If assigning

εðwÞ¼
�
κðwÞ w≤w0

0 w>w0

ζðwÞ¼
�
0 w≤w0

κðwÞ w>w0

; ð2Þ

then Eq. (1) includes the back configuration as its special
case, where κðwÞ is the emissivity of the converter in the
back configuration [Fig. 1(b)]. Therefore, unless otherwise
stated, only the front configuration will be discussed in the
following content.
Spatial nonuniformity (e.g., temperature gradient) in the

opticalconverteroccursonly ifdifferentpartsof theconverter
have limited interactions. In theextremecase, conductiveand
convective heat exchange do not exist; thus, different parts
function as independent converters. The spatially distributed
parameters, e.g., local temperature and local contributions to
emissivities, optimized with respect to maximum efficien-
cies, must have the same values which, on the other hand,
eliminate any spatial nonuniformity. Therefore,we conclude
that the limiting efficiency figures can be obtained by
considering spatially uniform converters only.
To convert the broadband solar spectrum into narrow-

band light, the rear emissivity of the converter is nonzero
only within a narrow-emission energy window (filtering),
from w0 − Δ=2 to w0 þ Δ=2 (Fig. 2). For photons within
this range, the condition of energy conservation gives

½ðε0 þ ζ0Þn0 − γε0nsðw0Þ�Δ ¼
Z

∞

0

Fðw;w0Þdw; ð3Þ

where ε0 and ζ0 are the front and rear emissivities at the
photon energy w0, i.e., ε0 ¼ εðw0Þ and ζ0 ¼ ζðw0Þ. Δ
denotes the width of the energy window. It is assumed that
the variations of emissivities within the emission window
are negligible. Statistical occupation functions ncðwÞ and
nsðwÞ are for the respective photon populations in the
converter and from the Sun, while n0 ¼ ncðw0Þ is the
photonic occupation at energy w0. γ ¼ C=Cm is the con-
centration ratio C normalized to its maximum value Cm.
For planar cells, Cm ¼ 46 200 [6].
In Eq. (3), Fðw;w0Þ ¼ 4c−1w−1

0 g−1ðw0ÞEðw; w0Þ, which
denotes the spectral flux density Eðw;w0Þ of the total
amount of photon energy redistributed from the energy
level w to the emission energy w0, normalized by the
product of w0, speed of light c, and the optical density of
states gðw0Þ. From integration over the whole energy range
(except the narrow emission window), the rate of photon
generation inside the window appears at the right side of
Eq. (3). For energies outside the window, the condition of
energy conservation leads to

εðwÞ½γnsðwÞ − ncðwÞ� ¼ ðw0=wÞ3Fðw;w0Þ; ð4Þ

where the factor ðw0=wÞ3 originates from the ratio of
w0gðw0Þ to wgðwÞ.
Suppose at the temperature of the converter TC, photons

with the energy w0 have a chemical potential μ0, i.e., its
occupation n0 is given by the Bose-Einstein distribution
functionNðw0; βC; μ0Þ. The redistribution of photon energy
from an energy level outside the emission window w to the
energy right at the window w0 implies change on the
photon number, thus incurring variation on the total free
energy. Statistically, a spontaneous process implies a
reduction of free energy, i.e., ΔGjT¼T0

< 0. This relation
imposes an inequality on the chemical potentials:
pμðwÞ > qμ0, where p and q are the numbers of involved
photons before and after the conversion, while μðwÞ and μ0
denote the chemical potential of photons at the energy
levels w and w0, respectively. In conjunction with the
energy conservation condition pw ¼ qw0,

FIG. 2. Schematic of thermodynamic model and notation.
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μðwÞ > μ0
w
w0

: ð5Þ

This requirement is equivalent to an inequality for the
photon distribution function at an arbitrary energy level w
outside the emission window,

ncðwÞ > ½ðn−10 þ 1Þw=w0 − 1�−1: ð6Þ

To account for this thermodynamic directionality, a
positive-valued lifetime λðwÞ is introduced, allowing for
the net energy transfer being expressed by

Fðw;w0Þ ¼
ncðwÞ − ½ðn−10 þ 1Þw=w0 − 1�−1

λðwÞ : ð7Þ

We further examine the physical implication of Eq. (7)
by substituting a thermally equilibrated photon distribution,
i.e., ncðwÞ ¼ Nðw; βC; μÞ. If the chemical potential μ is
positive, the spectral density of energy redistribution
Fðw;w0Þ is positive for w < w0 (photon fusion) and
negative for w > w0 (photon multiplication). This situation
is inverted with a negative μ. This implies that only one
type of optical conversion (either up-conversion or down-
conversion) can happen if the photons in the converter are
in thermal equilibrium, while the chemical potential of
photons determines which type of conversion occurs.
With semiconductor converters, a change of the photon

number is usually delivered by impact ionization or its
reverse Auger process. A positive photon chemical
potential (μ > 0) corresponds to a positive splitting of
the quasi-Fermi-levels (of respective carriers), which favors
the Auger recombination, while μ < 0 gives rise to a net
rate of carrier (and hence photon) multiplication. This
directionality is consistent with the thermodynamic
deduction used here.
In Eq. (7), the lifetime λðwÞ characterizes the rate of

energy transfer between two energy levels w and w0. If
λðwÞ → ∞, photons at these two levels do not interact
at all. The other extreme case is λðwÞ → 0, in which the
conversion (from w to w0) happens fast enough to maintain
these photons in chemical equilibrium.
Originating from the two energy balance equations,

Eqs. (3) and (4), we will solve the emitted energy flux
towards the photovoltaic cell and then optimize the
physical parameters for a maximum conversion efficiency.
The first step is to denote the rear-emitted energy flux by X,
which is equal to the product of the rear emissivity ζ0, the
photon population n0, and the width of the emission
window Δ, i.e., X ¼ ζ0n0Δ. Then we express the
right-hand side of Eq. (3) by Y, which has a physical
interpretation of the total energy flux that is redistributed
from other energy levels into the emission window. This
transforms Eq. (3) into the following form:

X ¼ γε0ζ0
ε0 þ ζ0

nsðw0ÞΔþ ζ0
ε0 þ ζ0

Y: ð8Þ

To express Eq. (4) in terms of the rear-emitted energy
flux X and the redistributed energy flux Y, we first solve the
photon distribution function ncðwÞ by substituting Eq. (7)
into Eq. (4),

ncðwÞ ¼½ðn−10 þ 1Þw=w0 − 1�−1½εðwÞλðwÞw3w−3
0 þ 1�−1

þ γεðwÞλðwÞnsðwÞ½εðwÞλðwÞ þ w−3w3
0�−1: ð9Þ

Then we substitute Eq. (9) into Eq. (4) and integrate the
spectral flux density of redistributed energy Fðw; w0Þ over
the whole spectrum (except the narrow emission window).
According to the definition of the rear-emitted flux X, we
replace n−10 by ζ0Δ=X and obtain

Y ¼
Z

∞

0

γnsðwÞ − ½ðζ0Δ=X þ 1Þw=w0 − 1�−1
λðwÞ þ ε−1ðwÞw3

0=w
3

dw: ð10Þ

Equations (8) and (10) imply that the rear-emitted flux X
and the redistributed flux Y are two interrelated variables.
Equation (8) provides a monotonically increasing function
X ¼ xðYÞ, while Eq. (10) gives rise to a monotonically
decreasing function Y ¼ yðXÞ. To maximize the rear
emission X, both functions need to be parametrized for
their maximal outputs.
The maximum function value of xðYÞ [Eq. (8)] is reached

when the rear-side emissivity ζ0 is equal to unity. In the
following content, unless otherwise stated, ζ0 is fixed at
one. Now consider the partial derivative of xðYÞ to the
front-side emissivity ε0 with Y substituted by x−1ðXÞ,

∂xðYÞ
∂ε0

����
Y¼x−1ðXÞ

¼ 1

ε0 þ 1
½γnsðw0ÞΔ − X�: ð11Þ

Equation (11) shows that the optimal value of ε0 depends
on the relative values of the rear emission X and the
concentrated solar radiation (within the emission window)
γnsðw0ÞΔ. If X ≥ γnsðw0ÞΔ [or n0 ≥ γnsðw0Þ, equiva-
lently], the derivative is nonpositive, and xðYÞ reaches
its maximum value when ε0 ¼ 0. Physically, the front
emission has to be quenched; otherwise, it causes a greater
amount of loss than the extra energy gain from absorption.
On the other hand, if X < γnsðw0ÞΔ the optimal value of
the front emissivity ε0 is equal to one.
The lifetime function λðwÞ and the emissivity function

εðwÞ are both optimized by maximizing the function of
energy redistribution yðXÞ [Eq. (10)]. If the numerator of
the integrand in Eq. (10) is positive, the optimal values are
λðwÞ → 0 and εðwÞ ¼ 1. While with a negative numerator,
the maximum function value is reached when λðwÞ → ∞ or
εðwÞ ¼ 0. Unless the normalized concentration ratio γ
reaches unity (i.e., under full concentration), the numerator
is in fact a monotonically increasing function with respect
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to the photon energy w. We assume a critical value wc
exists, which equals the numerator to zero. Therefore the
numerator is positive if and only if w > wc.
It is noted that Eq. (4) does not explicitly include

redistributed energy fluxes between two arbitrary levels
w1 and w2, both of which are outside the emission window.
Here we will prove that this exclusion does not affect the
calculation of limiting efficiencies. Without loss of
generality, we suppose an inequality between the energy-
normalized chemical potentials of photons at the two
levels: μ1=w1 > μ2=w2. Following the thermodynamic
argument adopted in Eq. (5), the net energy transfer is
fromw1 to w2, i.e., Fðw1; w2Þ > 0. Accordingly, we modify
the flux of energy redistribution, from Fðwi; w0Þ to
F�ðwi; w0Þ (i ¼ 1, 2), to maintain the validity of the energy
balance equations (3) and (4):

F�ðw1; w0Þ ¼ Fðw1; w0Þ þ Fðw1; w2Þ;
F�ðw2; w0Þ ¼ Fðw2; w0Þ − Fðw1; w2Þ: ð12Þ

According to the optimization strategy that follows
Eq. (10), for each energy level wi (i ¼ 1, 2), the optimal
redistribution lifetime is either zero [λðwiÞ → 0 if
μi=wi > μ0=w0] or infinity [λðwiÞ → ∞ if μi=wi <
μ0=w0]. In the latter case, photons at energywi are decoupled
from the emittable photons at w0, and thus in Eq. (10) the
integrand atwi has no contribution to the integral.As a result,
if both μ1=w1 and μ2=w2 are below μ0=w0, the energy
exchangebetweenw1 andw2 doesnot affect theperformance
of the converter at all, and therefore can be safely excluded.
Alternatively, we have μ1=w1 > μ0=w0, given the

assumption that μ1=w1 > μ2=w2. Under optimization, this
condition always yields a zero lifetime for the redistribution
process between w1 and w0, i.e., λðw1Þ → 0. As a result,
photons at w1 and w0 are kept in chemical equilibrium, i.e.,
μ1=w1 → μ0=w0. This, on the other hand, leads to
μ2=w2 < μ0=w0, allowing a reversed energy transfer from
w0 back to w2, i.e., Fðw2; w0Þ < 0. Because of the
directionality of energy transfer between w1 and w2

[Fðw1; w2Þ > 0], Eq. (12) modifies Fðwi; w0Þ to
F�ðwi; w0Þ while it conserves the original signs.
Therefore, the energy exchange between w1 and w2

can be implicitly included in Eq. (7) by modifying the
positive-valued lifetimes λðw1Þ and λðw2Þ accordingly.
Now let us find the upper boundary of the optical

conversion efficiency, which is defined as the ratio of
the rear emitted power to the incident power. It is noted that
the rear emission X is always smaller than the fully
concentrated solar power nsðw0ÞΔ filtered by the emission
window, as otherwise Eq. (10) would result in a strictly
nonpositive Y, which forbids other energy levels feeding
energy into the emission window. Following Eq. (11), this
inequality results in optimal values of the front and rear
emissivities under the maximum concentration (γ ¼ 1):
ε0 ¼ ζ0 ¼ 1. This implies a symmetric radiation from the

front and rear sides within the emission window, and thus
the optical conversion efficiency

ηo≜ w3
0X

γ
R
∞
0 w3nsðwÞdw

< 50%: ð13Þ

To illustrate the limiting efficiencies under lower con-
centrations (γ < 1), two scenarios will be discussed.

(I) Constant functions of lifetime λðwÞ and front emis-
sivity εðwÞ: λðwÞ≡ 0 and εðwÞ≡ 1.

(II) Optimal functions of lifetime and emissivity: λðwÞ
and εðwÞ are piecewise functions (excluding func-
tion values at the emission window) with threshold
at wc: λðwÞ ¼ ∞ or εðwÞ ¼ 0 for w < wc, while
λðwÞ ¼ 0 and εðwÞ ¼ 1 for w > wc.

In case I, photons with all energies are in both thermal
and chemical equilibrium. The converter is capable of
absorbing the whole spectrum of sunlight and converting it
into near-monochromatic light immediately. In this case,
the maximum optical conversion efficiency is below 50%,
irrespective of the concentration ratio γ, the emission
energy w0, and the window width Δ.
To prove this, we need to consider only the case that

X ≥ γnsðwÞΔ, in which the optimal value of the front
emissivity within the emission window ε0 is equal to zero
according to Eq. (11). In fact, if the rear emission X is
smaller than the filtered sunlight γnsðwÞΔ, the optical
conversion efficiency ηo is always below 50%, as a result
of symmetric radiation [Eq. (13)]. Now substituting ε0 ¼ 0,
ζ0 ¼ 1, λðwÞ≡ 0, and εðwÞ≡ 1 into Eqs. (8) and (10),
Eq. (13) is transformed to a function of X,

ηoðXÞ ¼
�
1þ

�
AðXÞ
X

�
w0

�
−1
; ð14Þ

AðXÞ≜
Z

∞

0

α3dα
ΓαðXÞ − 1

>
Z

∞

0

α3Γ−αðXÞdα; ð15Þ

where ΓðXÞ≜Δ=X þ 1. The latter integration in Eq. (15)
has the explicit solution 6½lnΓðXÞ�−4. For X > 0,
6X−1½lnΓðXÞ�−4 has a minimum value of 1.26=Δ; thus,

ηoðXÞ < ð1þ 1.26w0=ΔÞ−1: ð16Þ

Taking into account that the emission window is suffi-
ciently narrow, its linewidth Δ needs to be much smaller
than its center energy w0, resulting in an optical conversion
efficiency ηo < 44%.
We thus conclude that case I (whole-spectrum conver-

sion) is unable to convert more than half of the total
incident power into near-monochromatic light. On the other
hand, case II (optimal configuration) can give rise to a
significant efficiency improvement. Two possibilities are
allowed, either with a piecewise emissivity function εðwÞ or
with a piecewise lifetime function λðwÞ. In the former case,
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the converter does not absorb or emit any photons below
the critical energy level wc. In this case, sub-wc photons are
kept in equilibrium with the emittable photons with
energies close to w0. In contrast, in the latter case the
converter can absorb photons below wc, while their energy
cannot be redistributed to the emission energy level w0. As
a result, sub-wc photons accumulate in the converter, until
the reemission towards the Sun balances the absorption.
Thus, a nonequilibrium distribution is established between
the sub-wc and above-wc photons [Fig. 3(b)].
Shown in Fig. 3(a), an ultimate upper boundary (dashed

curve) of the optical conversion efficiency ηo can be
obtained in a similar way to Eq. (16), except that in case
II it is a function of the concentration ratio γ. It is noted that
this boundary cannot be reached even in principle, as the
derivation is based on strict inequalities, Eqs. (15) and (16).
Calculated by solving the rear emission X from Eqs. (8) and
(10), the maximum efficiencies that are achievable in
principle for Δ ¼ 0.001, 0.01, and 0.1, respectively, are
illustrated by the solid curves in Fig. 3(a). In all the curves,
the maximum efficiencies drop quickly with the concen-
tration ratio γ due to an increase of the fraction of energy
lost by reemitting back to the sky.
Figure 3(b) demonstrates the emission-energy depend-

ence of the limiting efficiencies for a fixed-emission
linewidth (0.01 eV). The optimal emission energy is found
to be between 0.1 and 1 eV, and is blueshifted when
increasing the concentration ratio. Restricted by the narrow
emission window, no efficiency enhancement (over the SQ
limit) can be provided to crystallized silicon solar cells
(w0 ¼ 1.12 eV), while low-band-gap cells can still greatly
benefit from the optical converter.
In Fig. 3(b), the threshold (dash-dotted curve) of the

optical efficiency ηo, from which enhancement of the
overall photovoltaic efficiency over the SQ limit is pos-
sible, is calculated based on the assumption that the
radiation from the photovoltaic cell Epc is negligible
[Fig. 1(a)]. In reality, this radiation is reabsorbed and
recycled by the converter, then contributing to the energy
flux Ecp, emitted towards the cell. To account for this
contribution to the overall current, Eq. (8) is reformed to

X ¼ ζ0Y
ε0 þ ζ0

þ ε0ζ0γnsðw0Þ þ ζ20nðw0;Trm; qVÞ
ε0 þ ζ0

Δ; ð17Þ

where nðw0;Trm; qVÞ is the Bose distribution function of
photons emitted from the photovoltaic cell, at the room
temperature Trm, and with an elevated chemical potential
qV. The J-V characteristics of the optically boosted cell are
then expressed by

J ¼ w−1
0 ½X − ζ0nðw0;Trm; qVÞΔ�: ð18Þ

Calculated from Eqs. (17) and (18), the boosted photo-
voltaic efficiencies under unconcentrated sunlight are

illustrated in Fig. 3(c). In the front configuration, a strong
improvementover theSQlimitappears,especiallyforawider
windowwidth. This is because a narrowwindow restricts the
rear emission (optical “resistive” loss). It is noted that the

(a)

(b)

(c)

unconcentrated

unconcentrated

FIG. 3. (a) the ultimate limit of optical conversion efficiency as
a function of the concentration level (dashed curve) and the
achievable optical efficiency limits for each emission window
width (solid curves). (b) Optical conversion efficiency for non-
dissipative converters (Δ ¼ 0.01 eV); the critical energy wcðw0Þ
is plotted as a dashed line for unconcentrated sunlight. The
photon distribution ncðwÞ that gives the maximum ηo
(w0 ¼ 0.22 eV, ηo ¼ 79%) is plotted in the right subfigure.
(c) Unconcentrated photovoltaic efficiency boosted by nondissi-
pative optical converters. The band gap of the solar cell matches
the photon energy emitted from the converter w0. Δ ranges from
0.01 to 0.1 eV for both configurations. The back configuration
provides only marginal enhancement over the SQ limit.
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efficiency can drop if the emissionwindow is toowide, as the
entropy generation caused by radiative energy transfer
between the converter and the cell relies on the window
width [12]. In thebackconfiguration [Fig. 1(b)], themarginal
efficiencyenhancementshowninFig.3(c) iscalculatedusing
a similar formulation, except that the total redistributed
energy flux, Eq. (10), is integrated from 0 to w0 instead.
In practice, the maximum efficiencies shown in Fig. 3

(solid curves) can be obtained by isolating sub-critical-
energy (sub-wc) photons from the whole conversion proc-
ess. This can be accomplished by adding a high-pass filter
at the front side of the converter. On the contrary, the above-
critical-energy (above-wc) photons should be completely
absorbed and converted to emittable photons immediately.
In semiconductors, this requirement is fulfilled by ultra-
fast elastic scattering (including intraband processes) and
radiative recombination.
In conclusion, the optical converter is able to boost the

planar solar cell efficiency well beyond the SQ limit.
However, this cannot be achieved by a whole spectrum
conversion, which is capable only of converting less than
50% of the incident power. Instead, the optimal configu-
ration allows only for conversion of photons above a
critical energy level. With an emission window width of
0.01 eV, the maximum optical conversion efficiency drops
with the concentration ratio, from 79% under 1 sun down to
18% under 100 sun. With the same window width, the
1-sun photovoltaic efficiency can reach 45% with an
optimal band gap of around 0.33 eV.
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