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Not so long ago, thermoelectricity in superconductors was believed to be possible only by breaking
explicitly the particle-hole (PH) symmetry. Recently, it has been theoretically predicted that a supercon-
ducting tunnel junction can develop bipolar thermoelectric phenomena in the presence of a large thermal
gradient owing to nonequilibrium spontaneous PH symmetry breaking. The experimental realization of
the thermoelectric Josephson engine then followed. Here, we give a more extended discussion and focus
on the impact of the Josephson contribution on thermoelectricity modulating the Cooper pairs’ transport in
a double-loop superconducting quantum interference device. When the Cooper pairs’ current prevails on
the quasiparticle one, the Josephson contribution short circuits the junction thereby screening the thermo-
electric effect. We demonstrate that the thermoelectric generation due to the pure quasiparticle transport is
phase independent, once Josephson contribution is appropriately removed from the net current measured.
At the same time, we investigate an additional metastable state at /' ~ 0 determined by the presence of
the Josephson coupling, which peculiarly modifies the hysteretic behavior of our thermoelectric engine
realized. At the end, we also discuss how the current-voltage characteristics are affected by the presence

and

of multiple thermoelectric elements, which improve the generated output power.
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I. INTRODUCTION

After more than a century after the discovery of
superconductivity, electronic transport in low-temperature
superconductors still represents a very active research
field. Superconducting circuits are promising candidates
for the realization of quantum computers [1,2], and play a
crucial role also in fast electronics [3] and quantum sensing
[4]. These applications exploit the temperature dependence
of the superconducting properties (the kinetic inductance,
the resistance, and the superconducting gap A), and the
nonlinear current-phase relation of the Josephson effect
[5], which is ubiquitous in weak-link structures connect-
ing two superconductors [6]. In fact, superconducting-
based platforms also represent valuable resources for
heat-management purposes [7], including on-chip cool-
ing [8] and phase-coherent modulation of heat currents
[9]. Recently, superconductors have been strongly recon-
sidered for thermoelectricity [10—18], i.e., for the direct
conversion of a thermal gradient into an electrical power.
At a first glance, thermoelectric effects and the supercon-
ducting state are competing for different reasons. First,
the thermoelectric currents, associated with single-particle
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excitations known as Bogoliubov quasiparticles, are typ-
ically screened by the dissipationless motion of Cooper
pairs. Thus, in bulk superconductors, thermovoltage would
be either vanishing or not detectable, as first established in
early times [19,20]. Second, a strong contribution to ther-
moelectric effects is associated with deviations from the
particle-hole (PH) symmetry, which typically character-
izes normal metals and superconductors [21]. Asymmetry
between the transport of particles and holes is crucial in the
linear response regime, i.e., for voltage /" and temperature
bias 57, which are small with respect to the mean thermal
energy. Indeed, a perfect PH symmetry in a two-terminal
system, characterized by a fully reciprocal current-voltage
(I-V) characteristics I(V,8T) = —I(—V,8T) [22], implies
a zero charge current / for ¥ = 0 and, consequently, a zero
thermoelectric coefficient in the Onsager matrix. Despite
these limitations, superconductors possess some prerequi-
sites for strong thermoelectric phenomena. One of these
ingredients is the strongly energy-dependent quasiparticle
density of states (DOS) according to the Bardeen-Cooper-
Schrieffer (BCS) theory [23]. This potentiality has been
exploited in hybrid superconducting-ferromagnetic insu-
lator tunnel junctions, where the combination of the spin
filtering and the spin splitting of the BCS superconducting
DOS explicitly breaks the PH symmetry, leading to strong
thermoelectricity [11,12,24], thermophase [25] effects, and
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nonreciprocal /-V characteristics. Other strategies include
the identification of nonlocal effects [10,12,14,17,26-30]
and/or the use of topological materials [16,18,31-33].

A few years ago, thermoelectricity was theoretically
predicted in a superconductor-insulator-superconductor
(S11S,) tunnel junction with different superconducting
zero-temperature energy gaps (Ao > Agy) and vanishing
Josephson coupling [34,35]. Due to the PH symmetry of
superconductors, this thermoelectric effect is intrinsically
nonlinear requiring a large temperature gradient above a
threshold value. Large temperature gradients determine the
condition for a spontaneous breaking of PH symmetry
characterizing a bipolar thermoelectric effect: both polar-
ities of the generated thermovoltage are possible for a
fixed thermal and electronic configuration. In contrast with
other systems where opposite signs of the Seebeck voltage
are associated to a change of the electronic configuration,
in such a system no specific dominant charge carrier is
present a priori. Thus, the sign of the thermoelectric signal
can be externally selected, or even randomly triggered by
noise fluctuations [36].

The nonlinear thermoelectric effect can also be engi-
neered in different structures, such as a tunnel junction
composed by a BCS superconductor and a magnetized
superconductor S,,. As theoretically investigated, the latter
can be realized by exploiting the proximity of a supercon-
ductor with a ferromagnetic insulator [37]. In this case,
the effect is expected even for identical order parame-
ters (As = Ag,,), since the superconducting energy gap
in §,, is effectively reduced by the induced exchange
field. Moreover, the thermoelectric response of the junc-
tion involves also pure thermospin currents due to the
spin-split DOS.

The proof-of-principle experimental observation of the
bipolar thermoelectric effect in superconducting tunnel
junctions was very recently reported [38]. By integrat-
ing the tunnel junctions in a Josephson interferome-
ter, an effective and almost-complete suppression of the
Josephson coupling is achieved leading to a maximum
thermovoltage of Vy, ~ 150 uV at sub-Kelvin temper-
atures. The reported nonlinear Seebeck coefficient is
S = Vu/8T ~ 300 wV/K, which is almost the theoreti-
cal limit for an aluminium-based structure [35]. Notably,
it is roughly 10° times larger than the expected value
for aluminum in the normal state at the same temper-
ature. As an engine, this device delivers power of tens
of femtowatts to a resistive load kept at room temper-
ature. The demonstrated energy power density of the
thermoelectric engine is approximately 140 nW/mm?,
which is a few orders of magnitude smaller than the
best theoretical estimate for this device [35]. There-
fore, the best performances of the bipolar thermoelectric
engine were reached at the maximum suppression of the
critical current, where the Josephson coupling can be
neglected.

Here, we report a detailed experimental study of the
bipolar thermoelectric effect in Josephson junctions focus-
ing on how the Josephson contribution can affect the ther-
moelectric phenomena. To achieve this aim, we exploit a
double-loop superconducting quantum interference device
(DSQUID) to phase control the thermoelectric perfor-
mance. In particular, we discuss the interplay of three
main contributions: the quasiparticle current, which sus-
tains thermoelectricity, the Cooper pairs tunneling, which
is intrinsically reactive, and the Cooper pairs breaking
and recombination term. In agreement with the theoreti-
cal prediction [39], we observe that thermoelectricity could
survive to the simultaneous presence of the Josephson cou-
pling, until it is completely screened. At the same time,
we propose the analysis of the quasiparticle current sub-
tracted by the Josephson contribution, which highlights the
absolute negative conductance, a signature of the sponta-
neous PH symmetry breaking at small bias voltages not
yet reported so far. Furthermore, we develop a thermoelec-
tric engine investigating the metastable state introduced by
the Josephson component around V' ~ 0 that modifies the
hysteretic behavior of the device.

Besides their relevance in quantum physics, we expect
that our results will be pivotal for the development of
superconducting electronics [3], quantum technologies
[40—42], sensing [13], and energy harvesting [43,44].

The paper is organized as follows. We review the essen-
tial theoretical models for thermoelectricity in SIS, sys-
tems in Sec. II. After introducing the device fabrication
and the measurement setup used in Sec. III, we discuss
the quasiparticle current (Sec. IV A) and the supercurrent
contribution (Sec. IV B) at thermal equilibrium. Then, the
resulting thermoelectric effect is characterized by chang-
ing the thermal gradient and the temperature bath (Sec. V),
coming to describe the impact of Josephson coupling on
thermoelectricity (Sec. V A). The thermoelectric behaviour
of our device is summarized in Sec. V B by changing the
injection power, the magnetic flux, and the bath tempera-
ture. Then, the operation of the device as a heat engine and
its obtained performance are shown in Sec. VI, discussing
as well how Josephson coupling may affect the hystere-
sis loop of the bipolar thermoelectric engine activated by
a current bias (Sec. VIA). In Sec. VIB, we discuss the
possible application of the device as a current-controlled
superconducting memory. At the end, the implementa-
tion of n parallel junctions is theoretically investigated
taking into account thermal and structural nonidealities
(Sec. VII).

II. MODEL

In this work, the nonlinear thermoelectricity is based on
a standard SIS, Josephson junction. In the tunneling limit,
the charge current in a Josephson junction for a dc voltage
bias (V) is generally expressed as [5,45]
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IV, @) =1gp(Vy) + L;(Vy) sing + Line(Vy) cos g, (1)

where ¢ is the phase difference across the junction. The
three terms in Eq. (1) account for the quasiparticle current
(I4p), the Cooper pairs tunneling (/;), i.e., the Josephson
effect, and the interference contribution due to breaking
and recombination processes of Cooper pairs in the two
electrodes (i), respectively. In the presence of a voltage
bias V; across the junction, the phase evolves according
to the second Josephson equation ¢ = 2eV;/h, where e
and h are the elementary charge and the reduced Planck’s
constant, respectively. Thus, the phase-dependent terms
of Eq. (1) oscillate in time determining a time-dependent
voltage V; due to the circuital electronic components.
The result is a complex dynamic time-dependent behav-
ior, which, for simplicity, can be analyzed resolving a
system of coupled nonlinear time-dependent differential
equations in the adiabatic approximation [39]. This com-
plicated analysis can be conveniently neglected in the dc
regime, where the oscillating terms do not affect the charge
current average for low values of the critical current.

From a thermodynamic perspective, the quasiparti-
cle and the Josephson current are substantially different.
Indeed, /,, is associated with thermal excitations result-
ing in dissipation or power generation, and determining an
increasing of the entropy of the system. By contrast, the /;
term, which results finite even at zero bias [/; (V; = 0) =
1., with I.. the critical current], represents a purely reactive
contribution to the current determined by the equilibrium
superconducting ground state. Since the Josephson current
is able to short circuit the junction, it cannot be associated
with thermoelectric generation. Instead, the /i, (V) term
can exhibit thermoelectric behavior, but it can be neglected
due to the fast time dependence oscillation of the cos ¢
term, which averages to zero [39].

Therefore, the thermoelectric effects in such systems,
characterized in the dc regime, are driven mainly by the
first term of Eq. (1). In general, the quasiparticle current
can be expressed with the semiconductor modeling [23]:

“+00

Iy = deNy(e)N2(€ +eV[fi(e) — fale +eV))],

)

eRr —00

where Ry is the normal-state resistance, N; and f; (¢) are the
quasiparticle normalized DOS and the distribution in the
leadj (withj = 1,2), respectively. For BCS superconduc-
tors, N;(€) = [Re[(e +iy;)/,/(€ +iy;))> — A7]], where
A; is the temperature-dependent superconducting energy
gap, and y; is the Dynes parameter accounting for a
finite quasiparticle lifetime [46] (y = 0" in BCS theory).
In our case, when a thermal gradient is applied across
the junction, we work in the quasiequilibrium regime
[7,8], where the distribution functions can be written as

fie) =f (e, T;) = [exp(e/kpT;) + 117" with T; the elec-
tronic temperature of the j lead. Indeed, the electronic
temperatures of the two electrodes can be rather different
(Ty # T») and decoupled from the lattice phonons’ tem-
perature (7}), due to the weak electron-phonon interaction
at low temperatures and the superconducting nature of the
leads.

The quasiparticle transport can generate thermoelectric
power P = —1,,(V;)V; > 0 in the nonlinear regime; yet,
linear effects are vanishing due to the lead PH symme-
try Nj(e) = N;(—¢), resulting in I,,(Vy) = —1,(—=V)),
antisymmetric (reciprocal) in ¥, [38]. Moreover, the reci-
procity in such a system leads to the bipolarity of the
thermoelectric effect.

The sufficient conditions for this nonlinear thermo-
electricity are the asymmetry between the two zero-
temperature superconducting energy gaps (Ao > Aop)
and a suitable thermal gradient 77 2 Th A1/ A¢2, Where
the superconductor with the larger gap is the hot electrode
(Ty > T,) [34]. Since the reported effect is nonlinear, both
temperatures have to respect precise threshold conditions.
When all these requirements are fulfilled, the combina-
tion of the gapped DOS in the hot electrode (S;) and
the monotonically decreasing DOS in energy for € 2 Ag;
in the cold one (S,) results in a thermoelectric current
flowing in opposite direction with respect to the applied
voltage bias [34]. Moreover, the presence of thermoelec-
tricity is highlighted by the absolute negative conductance
(ANC) [1,,(V;)/V; < 0] in the low bias regime (el <
Ag,1 + Agp). The thermoelectric power is typically max-
imum for VJ = Vp(Tl,Tz) = [A](T]) — AQ(TQ)]/Q, i.e.,
when the singularities in the DOS of the two electrodes
are aligned, and called in the jargon “singularity-matching
peak.” Finally, the best thermoelectric performance is
expected to occur when the gaps’ ratio is ¥ = Aga/Ag; ~
0.2 — 0.5 [34].

I11. DSQUID FABRICATION AND
MEASUREMENT SETUP

In this section, we introduce the DSQUID based on three
parallel superconducting S11S, junctions, exploited as a
bipolar thermoelectric engine in the presence of a fixed
thermal gradient [Fig. 1(a)].

Our device is composed of an aluminum/copper (Al/Cu)
bilayer (S,, violet area), which overlaps in three points
with the central aluminum strip (S, red area), separated by
an Al oxide insulating layer (/). Meanwhile, two Al tun-
nel electrodes (P 2) lie under the Al island (orange area)
[Fig. 1(b)]. The two superconducting rings, formed by 51,
1, and S, constitute the DSQUID, while P, act as local
electron heaters.

The device is nanofabricated by a single electron-beam-
lithography (EBL) step, a three-angle shadow mask metals
deposition onto a Si wafer, covered with 300-nm-thick
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(a)

-~

FIG. 1. (a) A schematic of the bipolar thermoelectric heat
engine is shown, where S; is the hot Al superconducting elec-
trode (red block), S, is the cold Al/Cu superconducting bilayer
(blue block), and 7 is the insulating oxide barrier (gray block).
The thermally biased S;/S, structure is able to generate ther-
mopower in both polarity directions, thus leading to the pos-
sibility for a gearwheel to rotate clockwise or counterclock-
wise (green and violet arrows) for the same temperature gradi-
ent (bipolar thermoelectricity). (b) Experimental measurement
setup. The §11S, DSQUID in series with two Ry filters is supplied
by a voltage (V), and the pre-amplified (4) current I is then
measured via a multimeter. The thermal gradient across the struc-
ture is generated by injecting a power P, directly in S through
a bias voltage (V) applied to a pair of superconducting tunnel
leads (P 7). ®; and Py are the magnetic fluxes piercing the two
DSQUID rings.

thermally grown SiO,, through a suspended bilayer resist
mask, and in situ metal oxidation to create the tunnel
junctions. The evaporation and oxidation processes are
performed in an ultrahigh vacuum (UHV) electron-beam
evaporator with a base pressure of 10~!! Torr. During
the evaporation, at first, a 12-nm-thick aluminum film is
deposited for P, at an angle of 30° and, then, exposed
to 1 Torr of O, for 20 min to create the AlO, insulat-
ing layer (/). Successively, a 14-nm-thick aluminum island
(S1) is deposited at 0° and oxidized in 1 Torr of pure oxy-
gen atmosphere for 30 min to realize the tunnel junctions of
the DSQUID. In the end, a 14-nm-thick aluminum film and
11-nm-thick copper film are deposited at an angle of 30° to
form S, composing the rest of the interferometer. Indeed,
due to the inverse proximity effect [47—50], the thicknesses
of the two layers are crucial to determine the supercon-
ducting zero-temperature energy gap of S;. In particular,
a higher thickness of Copper reduces the zero-temperature
energy gap [51]. Thus, the AlCu bilayer allows us to obtain
Apg,1 > Agp.

Figure 1(b) reports a schematic electrical circuit of
the provided /;57 measurements with a colored sketched
SEM image. The measurements were performed in a fil-
tered He-He* dry dilution refrigerator (Triton 200, Oxford
Instruments) at different bath temperatures ranging from
30 to 650 mK. The two-wire transport measurements
are performed by applying a voltage bias (V) across the
SQUID through a floating source (GS200, Yokogawa)
and recording the current (/;5) with a room-temperature
current preamplifier (Model 1211, DL Instruments). A
thermal gradient between the two superconductors is estab-
lished by the power injected (Pj,) through the two heaters
by a battery-powered voltage source (SIM 928, Stanford
Research Systems) in the range Vy = 0 — 6.5 mV. More-
over, the magnetic flux through the two loops (® = &, +
@) of the DSQUID is provided by a superconducting
solenoid driven by a low-noise current source (GS200,
Yokogawa).

Below, we report the transport measurements as a func-
tion of the voltage bias applied across the device (V =
Vy + 2I;sRy), which corresponds to the sum of the volt-
age drop across the DSQUID (V) and the two RC filters
present on the lines of the dilution refrigerator (2/5Ry ). As
a consequence, the dc Josephson effect appears as a current
peak for small but nonzero voltage V (see Sec. IV A). The
relation between  and V; has been theoretically included
in the analysis of the experimental curves presented below.
This correction is negligible in the subgap region for
the characteristics of the superconductors composing the
DSQUID.

IV. CHARGE TRANSPORT AT THERMAL
EQUILIBRIUM

In this section, we analyze the charge transport in the
DSQUID at thermal equilibrium (Py, = 0). In this case,
the electronic temperatures of the two superconductors
are equal to the bath temperature (77 = T, = T3). In the
following subsections, we separately investigate the tem-
perature dependence of the current-voltage (/;5V) charac-
teristics of the device, and the phase dependence of the
DSQUID focusing on the Josephson contribution.

A. Characterization of the DSQUID parameters

Figure 2(a) reports the measured /;5/ characteristic at
base temperature (7, ~ 30 mK) for zero magnetic flux
(® =0). The device shows the typical current-voltage
evolution of a superconducting tunnel junction [23].
Indeed, the charge current is strongly suppressed in the
subgap region V < Vpax, where Viax = (Ao + Ag2)/e ~
300 'V, while for V' > V., the DSQUID shows Ohmic
behavior, I;5 & V/Ry [black dashed line in Fig. 2(a)].
The measured total resistance (R = 11 k) includes the
series of two RC filters in the cryostat measurement lines
(Rr = 1.1 k2) and the DSQUID normal-state resistance
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FIG. 2. Charge current in the DSQUID at thermal equilib-
rium (P, = 0) and zero magnetic flux (&, = ®z = 0). (a) The
current-voltage characteristic at the base temperature of the cryo-
stat (T, = 30 mK) is displayed. The black dashed line highlights
the Ohmic regime occurring for ¥ 2 0.6 mV. The dashed red
square indicates the subgap region displayed in (b), where the
Josephson current appears around ¥V = 0. (b) The subgap 5V
characteristics are reported for different values of the bath tem-
perature (7). In the inset, we highlight the quasiparticle peak
at ¥V, = [Ag,1 — Aoz]/e, due to the matching of the singularities
of the two superconducting DOSs, and the gap-threshold value
Vinax = [Ao,1 + Agp]/e.

(Rr = 8.8 k), resulting from the parallel of the three tun-
nel junctions. The dc Josephson current appears as a peak
around V' ~ 0 due to the two-wire measurement setup.
The subgap current is displayed in Fig. 2(b) for dif-
ferent values of 7. By increasing Tj, the supercurrent
is reduced, while the quasiparticle current strongly rises
due to thermal excitation. For 7, = 0.4 K, the quasiparti-
cle current clearly shows a nonmonotonic dependence in
the voltage bias over the Josephson peak, highlighted by
the rise of the singularity-matching peak V),, as defined
in the previous section [see inset of Fig. 2(b)]. In this
way, the zero-temperature values of the superconducting
energy gaps can be estimated from V), (7) and Viyax(T3)
[52], obtaining Ag; &~ 220 ueV and Ay =~ 80 peV. The
optimal values for the Dynes parameters can be extracted
from the same fitting (y; =2 x 1072Ag; and y, = 2 x
1072 A2, see Ref. [38] for details). Thus, the energy gaps’
ratio is » & 0.36, which is within the range of the best
thermoelectric performance expected for this device [34].
The evolution of the charge current as a function of
the temperature allows estimating the critical tempera-
ture (7.;) of the S; superconductor (with j =1,2). In
particular, 7,.; ~ 1.4 K is evaluated by considering the
complete reduction of V.., when even S; switches to
the Ohmic regime [red linear dependence in Fig. 2(b)].
Instead, the estimation of the critical temperature of the

bilayer (7, ~ 650 mK) can be deduced from the evolu-
tion of the Josephson current peak around V = 0, which
is suppressed with increasing 7} [53] [orange curve in
Fig. 2(b)]. It should be noticed that the ratio Ag/(kzTc2)
slightly deviates from the standard value predicted by the
BCS theory (agcs = 7 /e ~ 1.764, where yg is Euler’s
constant). This behavior is a probable consequence of
the superconductor-normal metal bilayer nature of S, (see
Supplemental Material of Ref. [38]).

The energy gap and the critical temperature of the super-
conducting probes (P; ), used as heaters, are extrapolated
from the current-voltage characteristic of P1S;/P, junc-
tions, and present values similar to those of S1: Agp =~
220 peV (not shown here). The total resistance of the
series connection of the two tunnel electrodes is Rrp =
51 k2. The sum of the gaps involved into the 75} charac-
teristic of P1IS11P; junction [Vinax = 2(Agp + Ags,)/e =
0.88 mV] determines the minimum voltage bias to be
applied across the tunnel probes to ensure heating of S,
corresponding to an injected power Py, > V2 /2Rrp =
10 pW.

B. Phase-dependent behavior of the DSQUID

The Josephson current flowing across the DSQUID can
be modulated by varying the magnetic flux piercing the
loops. In Fig. 3(a), the I;5V characteristics are shown
for different values of ®/®, (with &y = wh/e the mag-
netic flux quantum) leading to the supercurrent modulation
around the zero voltage. The maximum of the Josephson
current is deduced from the /;5) characteristics for each
value of the magnetic flux and reported in the DSQUID
interference pattern of Fig. 3(b). The minimum critical cur-
rent value reached [I.(®/Py = —0.33) ~ 7 pA, see the
inset of Fig. 3(b)] is 1.75%o of its maximum [/.(® = 0) =
4 nA, purple square]. This notable result helps to highlight
the quasiparticle contribution guaranteeing a clear mani-
festation of thermoelectricity in the presence of negligible
Josephson effect [39].

The double-loop interferometer, formed by three
Josephson junctions, is well described by the following
model, which assumes a sinusoidal current-phase relation
and considers the fluxoid quantization constraint. The crit-
ical current /. is a function of the magnetic fluxes through
the left and right loops (®,, ®r). Assuming a negligible
inductance of the rings and maximizing with respect to
the phase difference in the central Josephson junction, the
relation can be written as a function of ®/d, [54]:

L(®/®p) ]’ .
[TO] =1 —|—j§rj2 + 2rj cos[r(1 +ja) P/ Do]
4 2r r_cosQQu &/ dy), 3)
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FIG. 3. Flux modulation of the Josephson current at thermal
equilibrium (Pj, = 0). (a) The current-voltage evolution close
to zero bias for different values of the reduced magnetic flux
is reported. The critical current /. is modulated by the flux. (b)
The critical current is displayed as a function of the reduced
flux ®/®,, expressing the periodic interference pattern of the
DSQUID. Little bumps are present between two maximum
peaks. An enlargement of one minimum is shown in the left inset
reaching /. = 7 pA. (c) The theoretical model of the DSQUID
interference pattern is shown at base temperature. It is in good
agreement with the experimental data. (d) The critical current
normalized is shown as a function of the bath temperature. The
behavior follows the Ambegaokar-Baratoff relation (solid line).

where Iy is the critical current of the central junction,
ry = I /ly and r_ = Ir/I, are the normalized critical cur-
rents of the lateral junctions. The effective area differ-
ence between right and left loop geometry determines the
flux-asymmetry coefficient, thatis o« = (&, — dg) /(DL +
Dp).

The theoretical curve shown in Fig. 3(c) is in good
agreement with the experimental data, allowing us to
deduce precise device parameters. Indeed, ;. = 0.63 and
r_ = 0.65 satisfy the triangle inequality |r, —r_| < 1 and
ry +r_ > 1, justifying an excellent suppression of the
supercurrent. In this way, the double-loop interferometer
provides a more robust suppression of the supercurrent
with respect to the common approach with the single-loop
SQUID [55-57], even though the loops are not exactly
identical. As shown in the SEM image of Fig. 1(b), the
central junction area is larger than the lateral ones lead-
ing it to be less resistive (R; = 31.8 k2, Ry = 20 k<,
Rr = 30.7 k). In this way, the critical current, which
is inversely proportional to the tunnel resistance [6,58],

is higher in the central lead. Moreover, when /; > 0.5/
(with i = L, R), additional small bumps appear in the peri-
odic interference pattern. The flux-asymmetry coefficient
is low (o« = 0.003), since the two loops are designed with
the same nominal area [4; = 4> ~ 1.6 um?, see the SEM
picture of Fig. 1(b)].

The critical current normalized with respect to the max-
imum value reached 1./l decreases monotonically with
the bath temperature, as shown in Fig. 3(d). In particular,
we observe that the critical current completely disappears
around 7, = 650 mK, which is the critical temperature
value of the bilayer S,, and follows the Ambegaorkar-
Baratoff relation [53], reported by the solid line.

V. THERMOELECTRIC EFFECT

In this section, the main results on thermoelectricity
are shown and commented. Once fixed the magnetic flux
to minimize the critical current ®/®, = —0.33, we dis-
cuss the charge current that flows through the DSQUID by
changing Py, and 7.

In Fig. 4(a) the experimental /;5) characteristics (solid
lines) are shown for 7, = 30 mK at different values of
Pin heating S; through the tunnel probes. This heating
power determines an electronic temperature difference
between S| and S,, that is 77 > T,. For a comparison,
we also include the curve measured at P;, = 0 (black
dashed-dotted line).

In the subgap regime (¥ < 300 pueV), the standard dis-
sipative behavior [/;5(V)V > 0] is displayed for P, = 0.
The minimal value of the injected power to activate the
nonlinear thermoelectricity is Py, = 10 pW, owing to the
superconducting nature of the heaters, whose energy gap
determines the minimum voltage bias to be applied across
the tunnel probes to induce Joule heating in S;. Thus,
for Pj, = 10 — 400 pW an appropriate thermal difference
between the two leads is established (71 2 ThAg.1/Ao2
[35]), and a thermoelectric current is generated against the
voltage bias applied [/;5(V)V < 0]. When the input power
is too large (Py, > 400 pW), the I;5V characteristics return
being dissipative. The reason for this behavior could lie on
the consequent heating of the cold lead at higher injected
power: once reached the threshold value for the cold lead,
the system ceases to be thermoelectric, even though a large
thermal gradient is still applied across the junction.

Moreover, by increasing Py, also the residual critical
current is reduced, and the ANC, defined as I;5(V)/V < 0,
appears also around ¥ =~ 0 [35].

The antisymmetric (reciprocal) current obtained in the
voltage bias implies as well the bipolarity of the thermo-
electric effect. For a fixed thermal gradient, both polari-
ties of the thermovoltage could be generated across the
junction. This evidence is a direct consequence of spon-
taneous PH symmetry breaking, which stands out in our
system [34].
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FIG. 4. Charge current and thermoelectricity with power
injection (Pi, # 0) at the minimum Josephson coupling & =
—0.339. (a) The subgap 15V characteristics are shown for dif-
ferent values of Pj, (colored solid lines). For comparison, the
15V characteristic for P, = 0 is reported by the black dashed
line. The maximum thermoelectric current /i, and the See-
beck voltage Vy, for Py, = 10 pW are marked with a circle and
a square, respectively. (b) The theoretical /;5/ characteristics
(solid lines) limited to the subgap regime are shown in compari-
son with the experimental data (dashed lines) for different values
of the input power at base temperature. (c) Electronic temper-
ature calibration at 7, = 30 mK of the two leads (red for S,
and blue for S,) is displayed as a function of the input heating
power, computed through fitting of the current-voltage charac-
teristics. (d) The estimated temperature gradient (§7 = T, — T3)
is reported as a function of the injected power for different values
of T, b

Thus, the setup we are considering is intrinsically non-
linear. The main thermoelectric figures of merit that iden-
tify these curves are the maximum thermoelectric current
generated roughly at the matching peak /i (V},) (gray cir-
cle), and the thermovoltage Vy, (gray square), i.e., the
voltage drop across the tunnel junction when I;5(Vy,) = 0.

The experimental curves in the subgap regime measured
at the maximum suppression of the critical current (dashed
lines) are compared with the theoretical ones (solid lines)
in Fig. 4(b) by using the best-fit parameters for four val-
ues of Pj, shown at the base temperature. For simplicity,
our theoretical model [Eq. (2)] takes into account only
the quasiparticle current for a single S;/S, junction in the
subgap region [1,, (V, T, T»), for V' < Viax] neglecting the
Josephson contributions. The temperatures of the two leads
are the only free parameters of the out-of-equilibrium fit.
Indeed, the tunnel resistance, the temperature-dependent

gaps and the Dynes parameters are obtained in the equi-
librium analysis (7} = T» = T}) (more details are provided
in the Supplemental Material of Ref. [38]). The not-perfect
matching between the experimental data and the theoreti-
cal fit, especially at the current peak, is probably due to our
simplified model, and is discussed in Sec. VII.

Differently, in the presence of thermoelectricity (Py, =
10 — 400 pW), the calibration of two leads’ temperature is
extracted from the best fits as a function of the input power
[T\ (Pin), T>(Pim)], as reported in Fig. 4(c). The temperature
of S| monotonically increases from 650 to 930 mK for val-
ues of Pj, showing thermoelectricity. At the same time, 75
rises from 200 to 340 mK. The overheating estimated for
the cold lead is reasonable considering all thermal chan-
nels, that is the heat-current flowing from the hot reservoir
to the cold one and the electron-phonon scattering in S,.

Iterating this analysis for all /5 characteristics at dif-
ferent values of P;, and T}, we obtain the effective thermal
gradient between the two superconductors (§7 = 71 — T>),
as shown in Fig. 4(d). We note that the minimum ther-
mal gradient required to generate thermoelectric current
is around 450 mK at 7, = 30 mK. We observe that 6T
decreases by increasing T}, affecting the temperature con-
ditions for thermoelectricity at low heating powers. This
behavior can be ascribed to a sizeable change of the
electron-phonon thermalization in S; dependent on the
bath temperature. Moreover, the cold side starts to be
heated by the thermal current, which flows between the
two terminals.

The evolution of §7 affects the main thermoelectric
properties (|/w], |Vinl), shown in Fig. 5 as a function of Py,.
Indeed, by increasing 7) the thermoelectricity decreases
until its full suppression for 75 > 350 mK. This behavior
is opposite to the standard linear thermoelectricity, where
the performances are proportional to the temperature gra-
dient, due to the nonlinearity of the system. In particular,
the thermocurrent generated (|/,(V),)[) decreases nonlin-
early with Pj,, as displayed in Fig. 5(a). The maximum
current generated is 162 pA occurring for Py, = 10 pW at
T, = 30 mK. For low bath temperatures (7, < 0.47,, ~
260 mK), where A,(7) =~ Ay, the thermoelectric cur-
rent is maximum at Py, = 10 pW, when thermoelectric-
ity starts manifesting. Instead, for higher temperatures
(Tp = 0.4T, ), where A»(T) < Aoy, the maximum of [y, is
reached for higher input power (P, = 90 pW). This behav-
ior may depend on the exponentially damped electron-
phonon relaxation in S at low temperatures owing to the
presence of the superconducting energy gap [7,59,60].

In the same way, the dependence of the thermovoltage
[Vi| on Py, is displayed in Fig. 5(b) for different values
of Tp. At T, = 30 mK, the thermovoltage decreases mono-
tonically for Py, = 10 pW reaching a maximum value of
approximately 142 1V. This nonlinear behavior is in con-
trast with what is expected for the linear thermoelectricity,
where the thermoelectric voltage generally increases with
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FIG. 5. Thermoelectric figures of merit as a function of the
input power for different values of the bath temperature. (a) The
absolute value of the maximum generated thermocurrent. (b) The
absolute value of the Seebeck voltage. Solid lines are the the-
oretical values extracted from the fitting curves. (c) Nonlinear
Seebeck coefficient.

the thermal gradient, and, therefore, with the injected
power (Vy, o< 8T) [44]. The corresponding theoretical pre-
dictions [solid curves in Fig. 5(b)] are computed for two
bath temperatures (7, = 30 and 300 mK) by considering
the temperature calibration of the two leads. The curves are
in good agreement with the experimental results confirm-
ing once again the validity of the quasiparticle transport
model used.

In light of the experimental and theoretical analysis car-
ried out, we report in Fig. 5(c) the nonlinear Seebeck
coefficient (S = |V|/87T) as a function of P, at differ-
ent bath temperatures, which describes the magnitude of
the thermovoltage generated in response to a temperature
difference. Thus, |Vi| decreases monotonically with Pj,
while increasing 8T [see Fig. 4(d)]. Similarly, S is reduced
by increasing T,. The maximum value S ~ 308 uV/K
is 5 orders larger than the Seebeck coefficient for a nor-
mal metal at the same temperature [61,62]. Even for T}, =
300 mK, we still find huge nonlinear Seebeck coefficients
up to around 160 pV/K.

A. Impact of the Josephson effect on thermoelectricity

In this section, we explore how the Josephson coupling
impacts on thermoelectricity. In our device, the size of
the Josephson current can be controlled by an external
magnetic flux thanks to the double-loop geometry (see
Secs. [II-1V B).

Figure 6(a) displays the I;5) characteristics for dif-
ferent values of @, fixing the injection power where

@
0.9

| (nA)

_09 1 1 1 0 \.
-15 0 150 0 1.5
V (V) I,(nA)
FIG. 6. (a) I;sV characteristics for different values of ®/®,

with P, = 10 pW at the base temperature 7, = 30 mK. The
golden and the blue squares are referred to as the maximum of
the critical current and the thermoelectric current generated at
the peak, respectively. (b) The absolute value of the thermoelec-
tric current (blue squares) on the left axis, and the critical current
(golden squares) on the right axis are reported as a function of
the normalized magnetic flux. (¢) The maximum absolute value
of the thermoelectric current generated || as a function of the
maximum critical current /. is reported for the device D; ana-
lyzed in this work (colored squares), and another one D, (violet
circles), characterized in the Supplemental Material in Ref. [38].

the thermoelectric effect is maximum (P, = 10 pW). By
increasing the Josephson coupling with the magnetic flux
(in the range ®/®y = [—0.33, —0.24]), the absolute value
of the thermoelectric current |[;| decreases until it dis-
appears. Notably, Vy, turns out to be less sensitive to a
variation of @ until thermoelectricity is completely sup-
pressed. These behaviors are the results of the compe-
tition between Cooper pairs and quasiparticle tunneling.
Indeed, when the dissipationless Cooper pairs prevail on
the quasiparticle transport, thermoelectric phenomena are
suppressed. This interplay is confirmed in Fig. 6(b), where
the absolute value of the thermoelectric current at the peak
[/ (V)), blue squares] and the maximum of the critical cur-
rent (I., golden squares) are shown as a function of &.
These two currents display opposite trends: the thermo-
electric current is maximum when the Josephson current is
minimum. In particular, the thermoelectric behavior (I, <
0) starts manifesting for 7. < 800 pA, as highlighted by
Fig. 6(b). Therefore, thermoelectricity occurs when the
critical current is roughly 20% of its maximum value, in
reasonable agreement with theoretical predictions for an
aluminum-based tunnel structure [39].

Moreover, we can observe a linear dependence of the
thermoelectric current on the supercurrent, as shown in
Fig. 6(c). Indeed, by increasing the Josephson coupling
the dissipationless current rises the background of the
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total current [Eq. (1)]. The latter adds to the negative
thermoelectric contribution with the consequent linear
reduction of the thermoelectric peak. We compare the
experimental data extracted from the device so far inves-
tigated (D;, colored squares) with a secondary device
(D», violet circles) in Fig. 6(c). In summary, the presence
of the Josephson current is detrimental for thermoelec-
tricity, since even small values of the supercurrent can
effectively shunt the junctions thereby preventing the man-
ifestation of the thermoelectric current. These evidences
may suggest a relation between the two phenomena. The
Josephson coupling indirectly influences the magnitude of
the thermoelectric effect, and a relevant Josephson contri-
bution can totally hide thermoelectricity [39]. In reality, the
situation is more complex.

To prove the distinction between the two transport
channels and the independence of the quasiparticle com-
ponent from &, we can extract [, (V;) in the sub-
gap regime by subtracting the Josephson contribution
I;(Vy,®) to the thermoelectric curves Izs(V;, ®) [63].
Indeed, the measured currents can be considered as
the direct sum of the Josephson and the quasiparti-
cle contributions I;(Vy, T1,T,, ®) =1;,(Vy, T1, T, ®) +
1,,(Vy, T1,T7), where we made explicit the dependence
on the electronic temperature 7; relevant in the out-of-
equilibrium regime (7, # T, for Py, # 0). In the presence
of thermoelectricity, the determination of the Josephson
contribution is not straightforward.

For our goal, we assume a Josephson contribution
weakly dependent on the thermal gradient (7} > T, > Tp)
across the DSQUID, i.e., I;(V;, T1, T2, ®) ~ I;(V;, )7,
for small Py,. Differently, the quasiparticle current is sig-
nificantly affected by Pj,, and its sign changes in the pres-
ence of thermoelectricity. At thermal equilibrium (7} =
T, =T, for Py, =0), we expect the charge current to
be dominated by the Josephson contribution in the sub-
gap region [V; < (A(Tp) + Ay(Tp))/e], since the dis-
sipative quasiparticle current is exponentially suppressed
as oc e~ 201/®8Ty) for kT, <« Ag;. Thus, we approxi-
mate the Josephson contribution with the total charge
current measured at 7, =30 mK, ie., I;(V,,®)|r, =
Iis(Vy, ®)|z,. In this scenario, the pure quasiparticle cur-
rent, dependent on V; and &, is extracted as follows:
Ly Vi, T, T, @) = Lys(Vy, T1, T2, @) — Las(Vy, @)1, As
an example, the extracted pure quasiparticle current (pur-
ple line) at the base temperature and for ®/®y = —0.33 is
shown in Fig. 7(a). For a comparison, we display as well
the measured 75V characteristics used in the extraction:
the subgap charge currents for Py, = 10 pW (blue line)
and Py, = 0 (aquamarine line). In the subtracted curve,
we observe ANC at zero bias. This feature highlights the
“pure” quasiparticle contribution to the charge current,
since the subtraction procedure is supposed to remove
the Josephson component of the current. This result is
in full agreement with the prediction of the spontaneous

(a) (b)
200 v
P, (W)
10 I 0 [ 7
O -
—_ pure o I
é 0 i & [--Theo |
o 21 Vi
D/D, "
I\
-0.32 -0.33 .
—29% 160 00 ' 160
V(uv) V(uv)
FIG. 7. (a) The pure quasiparticle current (red line) extracted

from the difference between the current in the presence of a
small heating (Pj, = 10 pW, blue line) and the current in the
absence of a thermal gradient (aquamarine line, Py, = 0) at the
maximum suppression of the critical current are shown. (b) Pure
quasiparticle currents for different values of the magnetic flux are
compared. The dashed lines represent the best fitting curves at
low bias voltages following two different procedures. The black
dashed line is obtained by using the standard BCS DOS (7} =
690 mK and 7, =~ 50 mK are the fitting parameters obtained),
while the orange dashed line takes into account the inverse prox-
imity effect in the DOS (t5Ag,1 /7 = 0.15 is the fitting parameter
obtained).

PH symmetry-breaking theory [34]. Indeed, the adopted
subtraction procedure shows a useful signature of the spon-
taneous PH symmetry breaking even at low biases (V' = 0),
which, so far, was displayed only for finite voltage values
(I¥] = V,). Finally, the absolute value of the thermoelec-
tric current for V; ~ V), results slightly higher than the
measured values previously reported.

Our procedure is based on reasonable assumptions in the
different regimes, and can be validated by comparing the
1,5V characteristics for different ®.

Indeed, we observe a very good agreement between
the quasiparticle currents extracted for different values of
®, as shown in Fig. 7(b). This result highlights that the
magnitude of the Josephson contribution is modulated by
the magnetic flux, but the latter does not impact on the
quasiparticle contribution. Thus, thermoelectricity is not
affected by the flux variation, being the quasiparticle cur-
rent dependent only on the DOS of the superconducting
leads [34].

It is interesting to fit the pure quasiparticle contribution
with the theoretical model restricting to the low voltage
values and at the lowest value of the heating powers.
For V' < V, the pure quasiparticle curve can be fitted by
slightly changing the leads’ temperature, but fixing the
values of the Dynes parameter obtained from the previ-
ous calibrations. The result is in good agreement with the
experimental data, as shown by the dashed black line in
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Fig. 7(b). Notably, the fit is satisfactory even above the
singularity-matching peak values, which are not included
in the fit. By contrast, a difference in the amplitude of the
thermoelectric current appears in a narrow region around
the singularity-matching peak, where the renormalization
of the divergence predicted by the BCS theory might not
be accurately captured by the fit.

A possible explanation for the above difference can lie
in the deviation of DOS of the Al/Cu bilayer forming the
interferometer from the standard BCS result [48,51]. In
the bilayer, the two materials mutually change their DOS
once put in good electronic contact. In particular, the DOS
in both the N (Cu) and S (Al) layers is characterized by
a minigap, in our notation Agp, smaller than the super-
conducting energy gap of S (Ag) in the absence of the
proximizing N layer.

For typical thin films deposited through electron-beam
evaporation, such as in the present experiment, the DOS
can be computed by quasiclassical approach in the dif-
fusive limit, solving the Usadel equation. The DOS
of the bilayer sides (i = S,N) is given by N;(E,x) =
Re[cos(6;(E,x))] and depends on the pairing angles
0;(E,x), with E the energy and x the distance from the
bilayer interface.

We follow the analysis of Ref. [51], which can be
readapted also to our planar geometry. Since the film thick-
ness is much smaller than its coherence length, the pairing
angles and, consequently, the DOSs are independent of x.
Thus, we can compute the N;(E) by solving the coupled
Usadel equations [64] and substitute the N, (E) — Ns(E)
in Eq. (2). The Usadel equations depend on the bulk value
of the superconducting film (Ay) and two effective times
7; = 2e*v;d;RiA, wWhere v; is the electron density at the
Fermi level, d; is the film thickness of the bilayer side
i, Ryt and A are the resistance and the interface area
of the SN bilayer, respectively. In the strong coupling
limit (tsAg/h < 1), the superconducting gap is renormal-
ized by the inverse proximity effect such that Ay, ~ (1 +
Tv/Ts) "' Ag. If we assume that Ay =~ Ap,1, we can esti-
mate the ratio 7y /ts ~ 1.75 directly from the gap ratio of
the junction. This assumption is well justified by the fact
that the superconducting Al films used in S; and S, have
almost the same thickness and the same deposition condi-
tions. In this limit, Ng(£) depends only on one remaining
dimensionless parameter tgAg /h with & the Planck con-
stant, which expresses the strength of the inverse proximity
effect of the normal metal on the superconducting side of
the bilayer.

Therefore, a single-parameter fitting is computed with
respect to the coupling strength value t3A;/h fixing
the leads’ temperatures obtained in the dashed black line
of Fig. 7(b). The best-fit result is shown by the orange
dashed line for tsAg/h ~ 0.15, which is consistent with
the strong coupling limit assumed. As expected, the curve
shows a smoothened behavior in the thermoelectric peak

values. The curve displays also a slight change of the
matching peak position due to our estimation of ty/ts
value. This result convincingly shows that inverse prox-
imity effect adversely impacts on the thermoelectric peak
and demands further investigation of the issue for future
research.

B. Thermoelectric behavior at different bath
temperatures

In this section, we comment on the thermoelectric cur-
rent behavior as a function of the injected power and the
magnetic flux for different values of the bath temperature.

Figure 8 displays the minimum current measured
(Las,min) for positive voltage bias (V' > 0) as a function
of Py and ®/®( for four different bath temperatures
(b)~(e). The magnetic flux values are restricted around
the first minimum of the interferometer pattern for ¢ <
0 [Fig. 8(a)]. The green areas refer to the thermoelec-
tric current (negative current, i.e., IzsV < 0), while the
orange one to the dissipative current (positive current, i.e.,
I;sV > 0). The two different regimes are separated by a
white solid line that represents /;5 = 0 detected as the min-
imum of /;5V characteristics. In the ranges considered, we
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& —0.3f .
cl
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FIG. 8. (a) Critical current /. values corresponding to the con-

sidered magnetic flux interval in the color maps below are
emphasized in the green part of the curve. Color maps of the
minimum current /5 i, for ¥ > 0 as a function of the injected
power and normalized magnetic flux at (b) 7, = 30 mK, (c¢)
T, = 100 mK, (d) 7, = 200 mK, (e) 7 = 275 mK. Green zones
refer to the generated thermoelectric current, whereas orange
zones to the dissipative current. The white solid lines provide the
zero-current profile (Izsmin = 0) separating the thermoelectric
and dissipative regimes.
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can appreciate a sizable variation of the magnitude of ther-
moelectricity by changing Pj,, while we observe a smooth
change of it by varying ®. The maximum thermocurrent
is generated around ®/®; ~ —0.3, which corresponds to
the maximum suppression of the Josephson current. The
slight shift registered in @ axis with respect to the values
expressed so far is due to possible fluxon trapping.

The magnitude of the thermoelectric current, expressed
as |14s.min| (When Ijsmin < 0), lowers by increasing Py, till
its full suppression for P;, > 400 pW. Taking into account
the variation along the Pj, axis, we can note a smaller
thermoelectric current around ®/®y, ~ —0.2, where the
Josephson contribution is still sizeable.

Comparing the four panels of Fig. 8 from (b) to (¢), we
observe that the thermoelectric behavior is weakly depen-
dent on 7, < 150 mK. Then, a substantial reduction of the
effect is remarked by increasing the bath temperature until
T, =275 mK, above which thermoelectricity vanishes
completely (7 = 325 mK). The reason lies on heating
of the two superconductors and a consequent changing of
the thermal condition across the tunnel junctions, which
leads to the suppression of thermoelectricity in the device.
Moreover, we can note the shift of the maximum of the
generated current towards larger Py, by increasing 7. The
reason probably lies on the need of the system to require
more input power to establish an adequate thermal gradient
between S| and S, to generate thermocurrent at higher bath
temperature. In this context, if we consider the steady-state
thermal balance of the system, it reads Pj, = P._pns, +
Pg,_s, + Ps,, where P,_, 5, represents the power loss due
to the electron-phonon coupling in S;, while Pg,_gs, and
Pg, are the power losses toward S, and the tunnel probes,
respectively. In particular, the P,_yp, 5, term turns out to be
exponentially suppressed at low temperature, due to the
presence of the energy gap in the superconducting DOS
[60]. At sufficiently low temperatures 73, the electronic
temperature of S| can be somewhat different from that of
the lattice (i.e., 71 > Tpn,1 = Tj). Therefore, the electron-
phonon thermalization (P._pp.s,) increases by enhancing
the bath temperature and, consequently, a higher input
power is necessary in order to generate an appropriate
thermal gradient across the structure [7,59].

To summarize, two different issues seem to contribute to
the disappearance of thermoelectricity: the predominance
of the Josephson coupling, which short circuits the junc-
tions therefore hiding the effect, and the deviation from the
suitable thermal conditions required in order to obtain a
thermoelectric response of the system.

VI. THERMOELECTRIC ENGINE

In this section, we discuss a concrete application of
the thermoelectric element as a heat engine. We show an
intriguing consequence of the spontaneous breaking of the
PH symmetry in the device, which induces a hysteretic

behavior. In particular, we investigate the influence of the
Josephson coupling on the engine operation.

For this purpose, we connect in parallel the DSQUID
with a load resistor (R;), and we supply the whole sys-
tem with an external current source (/) [see the schematic
electric circuit displayed in Fig. 9(a)]. In this circuit, the
thermoelectric element is in series with the two RC fil-
ters’ resistances (Ry) of the cryostat measurement lines,
and V is the total sum of the voltage drop across them. Our
device is properly energized through two heating probes by
a floating circuit (V) to ensure a suitable thermal gradient
between the two superconductors, as previously discussed.
The output voltage (V) is then measured across the load
resistance. The electrical circuit can be resolved by the
following system of equations:

Iy =1 + Las(V)

V , 4
L )

R,

where [} and I;5(V) are the currents flowing through the
load and the DSQUID, respectively. Being a parallel cir-
cuit, the voltage across the resistance (V}) is equal to the
sum (V) of voltage drops across the RC filters and the ther-
moelectric element. Therefore, we can derive the relation
of the current flowing in the device as

14
Lis(V) = TR, +Ip. Q)

The current /;5(V) depends on the voltage developed
across the parallel V, and coincides with the I;5V char-
acteristic of the DSQUID previously investigated [see
Fig. 1(b)]. The load resistance determines the slope of the
load line (—1/R;), and the external current source /7, fixes
its intersections with the /;5 axis [see Fig. 1(b)]. We can
thus determine self-consistently the solutions of Eq. (5) as
a function of the current bias /,. As shown in Fig. 9(b),
resolving graphically this relation means to find the inter-
sections (colored circles) between the /;5) characteristic
and the load lines for each value of 7. The solutions (V) in
Fig. 9(b) correspond to the output voltage (V) measured
and reported in Fig. 9(c). It is worthwhile to note that the
equation can admit multiple solutions due to the nonmono-
tonic behavior of the thermoelectric curve. The system sets
the metastable solutions with positive differential conduc-
tance, dl;s/dV > 0; the other ones are electrically unstable
[35].

As a starting point in Fig. 9(b), we take into account
a load resistor of Ry =2 MQ (I, = 0, black solid line),
which crosses at zero-current bias the ;g characteris-
tic, measured at Py, = 10 pW and &/d, = —0.33. By
changing the current bias the load-line sweeps the whole
thermoelectric characteristic (dashed colored lines). Link-
ing all the intersections, we can obtain the hysteresis curve
as the one measured and shown in Fig. 9(c).
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FIG. 9. (a) Schematic electrical circuit of the parallel connec-
tion between the thermoelectric element (SEM picture) and the
load resistor (R;), supplied with a current generator (/). The
thermal gradient across the thermoelectric element is guaranteed
by a floating voltage source (V). The output voltage generated
(V1) is measured across the load resistance. [; and /;5 are the
currents that flow in R; and the DSQUID, respectively. (b) The
1,5V characteristic (at Py, = 10 pW and ®/®y = 0.33) is crossed
by load lines with R;, = 2M Q2 by changing the bias current (the
intercept with /5 axis). The colored circles are the intersections
between the load line and the I,V characteristic of the device,
yielding the solutions of Eq. (5). The red and yellow arrows cor-
respond to the switch on of the heat engine. On the right, the 7,
values corresponding to the intercept with /5 axis are reported in
gray. (c¢) The hysteretic behavior obtained from the output volt-
age is shown as a function of the bias current. The red and yellow
curves correspond to the switch on of the heat engine starting
from the (/, V1) = (0,0) (green circle). The voltage values gen-
erated in the absence of the critical current /, = 0 are V7, (red
circles). (d) The I;sV characteristic where the critical current is
not strongly suppressed (with Pi, = 10 pW and &/ P, = —0.27)
is shown. The orange line corresponds to the solutions given by
the intersections of the load lines with metastable state deter-
mined by the Josephson contribution. (e) The hysteretic cycle
presents a step around V;, = 0 due to the supercurrent that flows
in the DSQUID for those values of the injected bias current.

At the beginning, for [, =0, the system stays in
(Ip, V1) = (0,0) in a metastable state [see Fig. 9(c)], which
corresponds to the central green solution in Fig. 9(b).

This metastable state is determined by a small residual
Josephson contribution, which traps the system around
V' 22 0. By injecting a positive (negative) current bias, the
system is moved through red positive (yellow negative)
voltage values [see Fig. 9(c)], crossing the residual dis-
sipationless Josephson current in Fig. 9(b). Continuing to
increase the absolute value of [ in Fig. 9(c), the system
jumps on the thermoelectric region and moves towards the
dissipative region of the /;5V characteristic. In contrast, by
decreasing I, the system remains trapped in the thermo-
electric regime, and it is able to generate a nonzero output
voltage =V, (I, = 0) even in the absence of an external
bias current, which corresponds to the red circle solutions
appearing in Figs. 9(b) and 9(c). The thermoelectric gen-
eration is sustained even when [, changes sign, until it
reaches the thermoelectric peak at [, = —100 pA. By fur-
ther increasing |/,| the devices cannot support anymore
thermoelectricity, and the system switches to the other dis-
sipative branch of the hysteresis loop [see Fig. 9(c)], which
corresponds to the dissipative side of the /;5/ characteris-
tic at I < 0 [Fig. 9(b)]. In the same way, the other branch
of the hysteresis curve is obtained by reducing (in module)
the current bias back to zero.

For a sizeable Josephson current contribution (i.e., for
1. =325 pA at &/ Py = —0.27), the situation is qualita-
tively different [see Fig. 9(d)]. After sweeping the I;5V
branch for positive voltage until reaching the thermoelec-
tric peak [aquamarine line in Fig. 9(d)], the load line
crosses the negative peak of the Josephson contribution
around V ~ 0 [orange line in Fig. 9(d)]. These solutions
correspond to the orange step around »; = 0 in the hys-
teresis cycle [Fig. 9(e)]. The higher the Josephson contri-
bution, the larger the stability range around V' ~ 0 in the
hysteresis loop. The system continues to be able to sustain
two metastable states (£)7) at [, = 0 also in the presence
of a sizeable Josephson contribution underlying once again
the bipolarity of the effect.

These metastable states can take the role of voltage lev-
els of a thermoelectric memory element controlled by a
bias current [65] (see Sec. VI B for more details).

A. Phase-dependent engine performance

Let us now focus on the output power generated by
the thermoelectric engine without any external bias cur-
rent (I = 0) by tuning the Josephson contribution. We fix
the values of the heating power, and compare the output
generated for different load resistances.

In the previous section, we introduce the explanation of
the hysteresis curves in the absence and the presence of
the Josephson contribution. In the first case, i.e., working
where the supercurrent is maximally suppressed, we can
observe a reduction of the width and the height of the hys-
teresis loop by increasing the injected power until we close
completely the cycle [left image of Fig. 10(a)]. Indeed, the
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FIG. 10. (a)Hysteresis behavior of the V' (I;) characteristic by

changing the heating power (left), and the magnetic flux (right).
The color code is reported for understanding the subsequent pan-
els. The output power delivered to the load resistor as a function
of the magnetic flux for different values of the injected power
and zero current bias: (b) R, =1 MQ, (¢) R, =2 MQ, (d)
R, =3MQ, (e) R, = 10 MQ.

thermoelectric element ceases to generate an output power
when thermoelectricity disappears. In the second case,
moving away from the point of the maximum suppression
of the supercurrent, the Josephson contribution increases,
and, consequently, the steps around V; = 0 enlarge until
achieving full suppression of the hysteresis [right image of
Fig. 10(a)]. As a matter of fact, when the Josephson current
in the device is too large, the thermoelectric phenomena are
not visible.

We want now to compare the output power (P, =
V2/R;) generated at [, = 0 as a function of three main
parameters: the injected heating power, the magnetic flux,
and the load resistance. By fixing ® and R;, we note that P,
decreases by increasing the input power in all four panels
of Figs. 10(b)—10(e). These results are consistent with the
intensity reduction of the thermoelectric peak, and its shift
towards lower voltage when increasing Pi,. The maximum

output power (P, = 25 fW) is obtained for Py, = 10 pW,
and, clearly, for the minimum resistance allowed.

On the other hand, by fixing Py, and R;, the output
power is almost constant by varying &, until the super-
current starts to screen the thermoelectric generation, as
predicted in Ref. [39]. This behavior remarks the weak
dependence of the thermovoltage [V, = V(I = 0)] on
@, until thermoelectricity is displayed. Indeed, as previ-
ously observed, tuning the supercurrent leads to a sizeable
variation of the thermoelectric peak intensity, but weakly
affects the position of the Seebeck voltage. Therefore, both
the thermovoltage and the generated power remain almost
constant.

Lastly, we wish to comment on how P; changes by
changing R;. By increasing the load resistor [see from
Figs. 10(b)—10(e)], the range of magnetic flux and injected
power where power generation is present are ever wider.
The reason lies in the smaller slope of the load line
(—1/Ry) that permits crossing the thermoelectric peak
even when the thermoelectric current is significantly
reduced by an unfavorable thermal condition, or screened
by a sizable Josephson contribution. Thus, the slope of the
load line is crucial for the operation of the thermoelectric
engine. In particular, for small values of R;, the load line
never intercepts the thermoelectric peak. Indeed, the min-
imum value of the load resistance that can be supported
by the junction is Ry min = V), /I (V) = 0.8 M, and no
power can be generated if R, < Ry min-

B. Bipolar thermoelectric memory

A possible application of the bipolar thermoelectric
Josephson engine is the implementation of a current-
controlled bipolar thermoelectric superconducting mem-
ory cell [65]. Normally, superconducting memories are
based on the manipulation of the magnetic flux through
a superconducting ring [66—69], which is used to switch
between different memory states. Here, we exploit the
spontaneous particle-hole symmetry breaking in out of
equilibrium to codify a thermoelectric memory state. The
fundamental building block of the memory cell is com-
posed of a parallel connection between the thermoelectric
element energized by a thermal gradient and a load resistor
(Rr). An external current generator constitutes the writ-
ing and erasing element, arranged to inject a bias current
(Ip) into the parallel connection. The output states can be
read out across the resistive load. The circuital scheme
is the same reported in Fig. 9(a). At a given temperature
difference applied across the thermoelectric element, two
logic states [Vf and V7, as discussed in Fig. 9(c)] can
be stored by the memory cell, even when the bias cur-
rent is set to zero. The values of the memory levels are
determined by the load resistance lying between the match-
ing peak and the thermovoltage (V, < |Vzc| < V). The
distance between the two output voltage states is slightly
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tunable with the thermal injection power, as shown in
the left image of Fig. 10(a). The thermoelectric memory
can switch between two states (V; <> V) by applying
Iy larger than |Iy|, as displayed in Figs. 9(b) and 9(c). In
addition, the sign of the current determines the sign of the
metastable state that is codified.

As previously discussed, in the presence of the Joseph-
son coupling an additional metastable state of the memory
cell around V =~ 0 is possible, and it can be tuned thanks to
the phase control provided by the double-loop SQUID. If
the critical current of the junction is negligible with respect
to Iy, this metastable state is limited around V ~ 0, and
the bias current needed to change state (trapping current)
is likewise small. Indeed, starting from /' = 0 the mem-
ory cell remains trapped in this metastable state until the
intrinsic thermal current fluctuations or an external driv-
ing current are able to overcome the trapping current.
When the critical current is bigger, the hysteretic cycle is
deeply modified, and the bias current needed to switch to
the another memory state is larger. Taking into account
this phenomenology, we envision two different operating
regimes: the saturation regime and the threshold value
regime. In the saturation regime, the continuous injection
of I determines the memory state. Once the output voltage
VLH ~ has been reached and the injected current is reset to
zero, the superconducting memory remains locked in the
last logic state. The threshold regime can be obtained only
when the residual Josephson component of the junction is
large enough to determine a third metastable state around
V'~ 0. In such a case, a current pulse bigger than the trap-
ping current is exploited to unbalance the junction, which
spontaneously moves into one of two possible logic states.
Indeed, the current pulses can trigger the output state jump-
ing from ¥, = 0 to one of the two metastable states (VLH ).
Therefore, the bipolar thermoelectric memory is able to
encode a logic state into an output voltage across the resis-
tive load by exploiting the thermoelectric effect, generated
in the presence of a predetermined thermal gradient. This
implies that the memory based on our superconducting
thermoelectric element is necessarily volatile. Indeed, it
continuously needs to be energized by a thermal gradient
to keep the stored information. It is worthwhile to note
that the thermal gradient could be determined not neces-
sarily by an external source, but also employing the heat
dissipated by electrical circuit on chip.

A useful quantity to mention is the electrical capac-
itance of the junction. Indeed, we demonstrate that for
a very small capacitance the shot noise in the junction
can trigger spontaneous changes of the memory cell [36].
Instead, a bigger capacitance determines a slow switching
time of the junction, and consequently, in the writing and
erasing speed. A rough estimation of the switching time
may be given by v = RyC with C the electrical capaci-
tance of the junction. By supposing realistic values of Ry
and C of the junctions, we expect a frequency between

1-10 GHz for writing and erasing speed. In conclusion,
this volatile memory can find application in quantum and
classical computation by reusing the otherwise wasted heat
dissipated in electrical components of these circuits into
available logic states able to store information.

VII. IMPACT OF INHOMOGENEITY OF
MULTIPLE JUNCTIONS ON THE
THERMOELECTRIC RESPONSE

As broadly discussed in Sec. IV B, the double-loop
SQUID geometry of our device is used to maximally
reduce the Josephson coupling even in the presence of
unwanted asymmetries between the junctions. Hereinafter,
we investigate the role of inhomogeneities of the tunnel
junctions that could potentially affect the thermoelectric
behavior of the interferometer.

In our device, the voltage drop across the three parallel
S11S; tunnel junctions is the same, while the currents flow-
ing through each of them are inversely proportional to the
tunnel resistance. Thus, the parallel connection enhances
the generated thermoelectric current resulting from the
sum of each junction contribution.

Here, we theoretically discuss a hypothetic device com-
posed by # different S, 1S, junctions labeled with the index
I ={1,...n}. For the sake of clarity, we assume that they
are totally independent from each other, despite what hap-
pens in our device where the three tunnel junctions share
the same superconductors. The specific /th junction is
characterized by a normal-state resistance RY, a zero-

temperature energy gap Agj. , and an electronic temperature

7}(41), where j = 1, 2 is the lead index within each junction.
Thus, the total current in the parallel configuration can be
written as

[tot = Zlqp (R(l)a Ag’)]’ Az)l’)za Tgl)a Tél)a VJ)’ (6)
l

where the expression for /,, is given by Eq. (2). For sim-
plicity, we analytically address the dependence of the cur-
rent on the variation of a single parameter. In the simplest
case, we can consider only the variation of the tunnel resis-
tance (1, oc 1 /R%.), concluding that /i, is proportional to
the parallel resistance of all junctions 1 /Rt = ) ;1 /R(Tl).

A different approach is required when we take into
account another parameter Y different from the resistance.
For n > 1, we can replace the summation in Eq. (6) with
an integral over the inhomogeneous parameter Y

ot = /dYP(Y)qu(Y, "), (7

where P(Y) is the distribution function, and 1, (Y, V)
is the current through a single junction. For a large
number of junctions, the probability distribution takes

014074-14



PHASE CONTROL OF BIPOLAR THERMOELECTRICITY...

PHYS. REV. APPLIED 19, 014074 (2023)

a Gaussian form due to the central limit theorem, i.e.,
P(Y) = (/2m03) " exp[— (Y — Y)?/20}], with Y, o} the
mean and variance of the stochastic variable, respectively.
When two or more parameters fluctuate simultaneously,
the case can be generalized to a multivariate distribution
by replacing ¥ — f/, where ¥ = (Ao, -, T2) represents the
vector of all varying parameters of the junction. Conse-
quently, P(Y) becomes the probability distribution. When
the parameters present a very small variation, they can be
treated as independent variables P(Y) ~ P(Ao,) - - - P(T7).
In general, a small Gaussian distribution of the fluctu-
ating junction parameter is expected to smooth the /;5V
characteristics.

In order to discuss the effect of the junctions inho-
mogeneity on the /;sV characteristics, it is convenient to
simplify the system by considering only two junctions.
Therefore, we adapt Eq. (6) by fixing the phenomenolog-
ical Dynes parameter for the two superconductors at the
values previously found, and assuming a BCS DOS for the
superconducting bilayer.

We start by considering first of all only the variation of
the temperature of the hot lead (TY) with [/ = % the junc-
tion index). Figure 11(a) reports the comparison between
three thermoelectric curves. We simulate a single junction

- — onedJ T,=650 mK T,=230 mK r=0.36
(a) (b) (c)
O v |} O
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+ 50 |
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FIG. 11. Comparison of the thermoelectric peaks are shown in

the subgap regime for positive voltage at the minimum thermal
gradient required. The current generation obtained simulating a
single Josephson junction is reported by the black dashed line
(T = 650 mK, 7, = 230 mK, and » = 0.36). The colored solid
lines refer to the parallel between two S;IS; tunnel junctions
simulating: (a) a thermal difference between the two hot leads
(ATIi = +50 mK, red line and ATIi = £100 mK, orange line),
(b) a thermal difference between the two cold leads (AT2i =
450 mK, blue line and AT2i = +70 mK, light blue line), (c) a
difference between the superconducting energy gaps in the two
leads (Ar* = 40.02, green line and Ar* = 40.04, light green
line). The average values of 7 and 7, are extracted from the
thermometers’ calibration, and the » value from the experimental
data.

with 77 = 650 mK (black dashed line) and two examples
with two parallel junctions, which have a temperature of
Tii) = T1 £ 50 mK (red line) and £100 mK (orange line),
respectively. The shift of the thermoelectric peak is due to
the expected change in the BCS gap A;,(7,) dependent
on the lead temperature variation.

Similarly, we can consider a variation of the temperature
of the cold lead. In Fig. 11(b), we show the thermoelec-
tric curves assuming the temperature of the two junctions
to be Téi) = T, £ 50 mK (blue line) in the first case, and
470 mK (light blue line) in the second case, respectively.
The mean value considered is 7, = 230 mK, which corre-
sponds to the cold-temperature lead for a single junction
(black dashed line). We can observe a reduction of the
thermoelectric peak driving the total current of the device
in the dissipative regime, when the cold-lead temperature
is too high. In this case, the thermopower can be totally
suppressed, as predicted also in Ref. [35].

Instead, in Fig. 11(c) we show what happens by chang-
ing the zero-temperature energy gap of the two hot leads.
We suppose a variation of the gaps’ ratio of & =r 4+
0.02 (green line), and » £ 0.04 (light green line) with
respect to the mean value of 0.36 for a single junction.
In this last case, we observe an additional bump appear-
ing on top of the main thermoelectric peak. This situation
was shown to be present also in Ref. [38], where for high
input powers some I 5V characteristics presented such an
additional shoulder. This feature present in the experiment
might thus be ascribed to a gap inhomogeneity between the
junctions composing the interferometer.

Inhomogeneity in the junction parameters could par-
tially account for the mismatch between the experimental
data and the theoretical modeling for V'~ V), [Fig. 4(b)].

It is worthwhile to emphasize that a similar analysis can
be carried out as well with tunnel junctions connected in
series, where thermoelectricity can still occur due to the
intrinsic bipolarity of the phenomenon, and current con-
servation [35,38]. In such a case, the total voltage drop
occurring across the junctions series is the sum of all volt-
age drops occurring across each single junction. Since the
current flowing in each junction is not monotonic in the
voltage bias, a more complex nonlinear analysis is required
to solve the problem. Therefore, a full numerical solu-
tion is not shown here, since it is not so relevant for our
experiment.

In conclusion, we show that the presence of inhomo-
geneities in the parameters characterizing the different
junctions composing the system may affect the thermoelec-
tric response of the whole device.

VIII. CONCLUSIONS

Asreported in Ref. [38], we demonstrate that in the pres-
ence of a large thermal gradient, thermoelectricity is gen-
erated in a structure composed by three S;/S; Josephson
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tunnel junctions arranged in a parallel configuration and
forming a double-loop superconducting quantum inter-
ference device. The bipolar thermoelectric effects shown
here are the result of a spontaneous particle-hole symme-
try breaking, which is predicted to occur in a supercon-
ducting tunnel junction where two superconductors with
different energy gaps are kept at different temperatures
[34,35]. Our interferometer setup has allowed suppression
of the Josephson coupling present in the structure up to a
large extent, thereby getting a maximum thermovoltage of
approximately +150 uV for 67 ~ 400 mK. In addition,
when connected in parallel to a generic load resistor, the
bipolar thermoelectric engine can deliver an electric out-
put power up to approximately 25 fW, which corresponds
to a sizable power density of 140 nW/mm?.

Moreover, the phase tunability of the thermoelectric
effect allows a phase-coherent control of the engine perfor-
mance. In particular, the thermoelectric current and output
power can be tuned by changing the magnetic flux pierc-
ing the interferometer loops. Here, we have investigated
the impact of the Josephson contribution on thermoelec-
tricity. Notably, we observe a robust effect likewise. The
thermoelectric phenomena associated to the quasiparticles’
transport are indirectly influenced by the Josephson contri-
bution, which completely short circuits the junctions when
it is too large. In particular, we demonstrate the phase
independence of the thermoelectric effects by removing
the Josephson contribution from the measured thermoelec-
tric current-voltage characteristic. This result underlines
that the thermoelectric production in a dc system is to be
ascribed only to the quasiparticle term determined by the
phase-independent DOS of the two leads. Moreover, the
quasiparticle curves, where the Josephson component is
substracted, display the negative differential conductance
at low voltage values, which is a clear signature of the
spontaneous symmetry breaking. Furthermore, we demon-
strate by using Usadel equation formalism that the inverse
proximity effect could be not negligible and reduces the
maximal thermocurrent at the matching peak.

In the same way, we prove the engine operation by
varying the Josephson coupling for fixed values of the tem-
perature difference between the two superconductors. In
particular, we show that the Josephson contribution intro-
duces an extra metastable state at V' =~ 0, affecting the
hysteretic loop and extending the applicability domain of
the device. In addition, we investigate a possible applica-
tion of the bipolar thermoelectric Josephson engine, as a
thermoelectric superconducting memory cell. At the end,
possible sources of inhomogeneity due to structural dif-
ferences between the three tunnel junctions are discussed.
Thermal gradients, and different zero-temperature energy
gaps have been considered. Homogeneous heating along
the S strip is not so obvious. A thermal gradient may be
created across the heated superconductor influencing dif-
ferently the three junctions at the overlap, which could

show different tunnel resistances. As a consequence, also
the cold leads may suffer from this thermal inhomogene-
ity since they are not thermally isolated. It is not simple to
identify which parameters are the main cause of the small
discrepancy between the experimental data and the the-
oretical prediction, thus further investigations have to be
carried out.

Finally, a possible implementation of the bipolar ther-
moelectric Josephson engine is envisioned, which exploits
the parallel connection of »n thermoelectric elements so
to increase the total generated thermocurrent and output
power.

Our prototypical superconducting thermoelectric device
might find direct application in quantum technology [40—
42] through the implementation of engines, power gen-
erators, electronic devices [3], memories [65], radiation
sensors [13], and switches. The presence of the Joseph-
son contribution could be used as an on-off switch for
thermoelectricity in such tunnel junctions, thereby allow-
ing a phase-coherent control of the system at subkelvin
temperatures. Yet, the above described bipolar thermo-
electric effect is expected to occur as well in several
thermally biased physical systems, which are characterized
by an intrinsic PH symmetry, and where the hot and cold
electrodes possess a gapped and monotonically decreas-
ing density of states, respectively [34]. For this reason,
our study is pivotal for groundbreaking investigations of
nonlinear thermoelectric effects in a number of different
solid-state systems ranging from semiconductors and low-
dimensional electronic materials [70] to high-temperature
superconductors and topological insulators.
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