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In future storage rings, precise control of the electron-beam phase space will become increasingly
important. A key challenge in these dynamics is maintaining the lattice’s isochronicity, which is crucial for
applications such as optical stochastic cooling and steady-state microbunching. In particular, path-length
deviations induced by intrabeam scattering (IBS) could limit the performance of steady-state micro-
bunching light sources. In this paper, we present a more accurate formula for calculating the IBS-induced
path-length deviation of an electron beam traversing the lattice, which can aid in lattice optimization.
Additionally, we have developed a tool to simulate IBS-kick effects on beam dynamics. It can directly
compute the IBS equilibrium emittance in storage rings and efficiently evaluate the associated path-length
deviations for an electron beam traversing a lattice.
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I. INTRODUCTION

Intrabeam scattering (IBS) is an important collective
phenomenon in accelerator-based light sources, affecting
not only electron storage rings but also free electron lasers
(FELs). In storage rings, IBS causes the equilibrium
emittance to increase as the beam current rises. In FEL
facilities, IBS-induced energy-spread growth can affect
radiation characteristics even during a single pass with a
very high peak beam current. Piwinski [1] and Bjorken and
Mtingwa [2] independently derived the first analytical
expressions for the IBS-induced emittance growth rate.
Subsequent researchers [3–10] developed and simplified
these formulas for practical applications. Numerous stud-
ies have also conducted Monte Carlo simulations [11–14]
to determine the IBS effect for various beam distributions,
although this process is naturally time consuming.
Despite the maturity of IBS theory, dedicated tools for

specific applications—such as evaluating IBS-induced
path-length deviations in transfer lines—remain scarce.
Monte Carlo simulations, while feasible, are too time
consuming for iterative lattice optimization. To illustrate

the need and utility of such tools, we briefly discuss two
representative cases below.
The first application we consider is steady-state micro-

bunching (SSMB) light source optimization [15,16]. To
achieve coherent radiation at short wavelengths with a high
repetition rate, laser modulation is used to compress the
electron bunches in storage rings. Since the modulation
strength is significant for high-power radiation applica-
tions, a demodulation process is required downstream in
the lattice after radiation emission. Strict control of path-
length deviations between the modulation and demodula-
tion sections is essential to prevent the equilibrium
emittance from growing due to imperfect cancellation of
energy modulation. For instance, achieving a 1 kWaverage
EUV radiation power requires an rms deviation of roughly
0.1 nm [17]. Various factors, including nonlinearity, intra-
beam scattering (IBS), and synchrotron radiation, can
cause path-length deviations as electrons travel through
the magnetic lattice. Currently, the absence of a fast and
accurate simulation tool for IBS-induced path-length
deviations clearly indicates a critical gap in current lattice
design capabilities.
The second case involves bunching factor decay in echo-

enabled harmonic generation FEL [18,19]. In a simplified
analysis, Stupakov [20] expresses the bunching factor decay
caused by IBS as κ ¼ expð−1=2 R s

0 DðsÞk2ΔEðsÞdsÞ, where
DðsÞ ¼ dσ2δ

ds represents the IBS diffusion coefficient along
the beam path, and kΔE is the trajectory in the Fourier
frequency domain resulting from the IBS-induced energy
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kick from the initial to the final state. Moreover,
kΔEðsÞ ¼ −R56ðsÞkz þ kΔEð0Þ, where kz is the wave num-
ber corresponding to the radiation wavelength, and R56ðsÞ
denotes the momentum compaction between the initial and
final points. This expression for the bunching factor decay

can also be reformulated as κ ¼ expð− ðkz�ΔzðsÞÞ2
2

Þ, with

ΔzðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ

s

0

R2
56ðsÞDðsÞds

s
(1)

representing the standard deviation in path-length caused by
IBS along the transfer line.
To date, no detailed study has precisely calculated the

IBS-induced path-length deviation along the lattice trans-
fer line, largely because no specific requirements have
been identified. Equation (1) provides only an approxi-
mate estimate since it does not account for the IBS energy
kicks from the horizontal and vertical directions.
Although the impact of horizontal and vertical IBS
energy kicks on path-length deviation is often negligible,
it can be significant in certain cases, as demonstrated in
the following sections.
In this paper, we present a rapid IBS simulation tool that

employs Zenkevich’s method [11], in which the IBS
momentum kicks are generated via the analytically derived
diffusion coefficient from the Fokker-Planck equation.
This tool can simulate scenarios such as the IBS equilib-
rium emittance in storage rings and the path-length
deviations caused by IBS in any lattice, by adding kicks
to macroparticles at each magnetic element. Our IBS-kick
implementation is more precise than that used in
ELEGANT [21], see Eq. (10) in Sec. III for details.
The structure of this paper is outlined as follows.

Section II presents the analysis and more precise formulas
for the path-length deviation caused by IBS. Section III
describes a numerical method to simulate the evolution
of the electron-beam phase space under IBS kicks as it
travels along the lattice. A comparison between the results
obtained from the analytical formulas and the simulation
method is provided in Sec. IV, where the path-length
deviation for a single pass and the equilibrium emittance of
a storage ring are also calculated for comparison. Finally,
Sec. V offers a brief summary and conclusion.

II. PATH LENGTH DEVIATION
INDUCED BY IBS

A. Problem definition

In the SSMB lattice design, a key challenge is preserv-
ing the isochronicity of the lattice between the energy
modulation section (M1 in Fig. 1) and the demodulation
section (−M1 in Fig. 1), as illustrated in Fig. 1.
Certainly, numerous factors can disrupt the isochronous

condition, and these must be carefully mitigated in our

lattice design. A particularly critical factor is IBS.
Figure 2 illustrates how IBS induces path-length deviation
for a particle.
At any position s along the lattice, an IBS collision

imparts a momentum kick to the particle, represented by
ðΔx0;Δy0;ΔδÞ. These kicks are mutually independent,
both among particles and at different locations. We define
the phase space coordinates of the electron beam as
ðx; x0; y; y0; z; δÞ and decompose x and x0 into betatron
motion and dispersive motion as follows

x ¼ xβ þ ηxδ x0 ¼ x0β þ η0xδ; (2)

where xβ; x0β are contributed from the betatron motion,
ηx; η0x are dispersion and dispersion angle.
Then, the momentum kicks caused by IBS will result in

a deviation in the path length as

ΔzðsÞ ¼ R56ðsÞ � Δδþ R52ðsÞ � Δx0
þ oðΔδ2Þ þ oðΔx02Þ þ oðΔδΔx0Þ: (3)

The terms R56ðsÞ and R52ðsÞ denote the transfer coef-
ficients from the collision point s to the lattice’s endpoint.
The subscripts in R56ðsÞ and R52ðsÞ indicate the row and
column elements of the transfer matrix. The high order
terms oðΔδ2Þ, oðΔx02Þ, and oðΔδΔx0Þ come from high
order transfer matrix elements T566, T522, and T562,
respectively. In most cases, they can be omitted.
Because the momentum kick induced by IBS is much
smaller than the beam relative energy spread in most cases
(for example, at the order of 1 × 10−5), then the T566Δδ
(T522Δx0) is much smaller than R56ðR52Þ except some
special cases. So we omitted high order terms in later
discussion. In this context, we assume the absence of any
vertical bending magnets, which means that R54 ¼ 0 at
every point within the lattice.

FIG. 1. Sketch of SSMB insertion lattice between modulation
and demodulation.

FIG. 2. The path-length deviation induced by IBS.
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The overall deviation in path length can then be
calculated by integrating it along the lattice

Δzt ¼
Z

se

0

ΔzðsÞds

¼
Z

se

0

ðR56ðsÞ � Δδþ R52ðsÞ � Δx0Þds; (4)

where se represents the total length of the lattice. The
induced path length is random for particles within the
beam because of the random IBS kicks. These kicks lead to
imperfect cancellation of particle momentum between
modulation and demodulation, causing the energy spread
to increase turn by turn. Further details are available
in Ref. [17].

B. Detailed calculation

We assume the IBS kicks are uncorrelated both along
the lattice and among particles. Therefore, the root mean
square (rms) value of Δzt can be determined by first
averaging over all kicks for the beam at a given location,
and then integrating over all locations. The resulting
expression is given as follows

σ2Δzt ¼
Z

se

0

R56ðsÞ2
hΔδΔδi
cdt

ds

þ
Z

se

0

R52ðsÞ2
hΔx0Δx0i

cdt
ds

þ
Z

se

0

2R52ðsÞR56ðsÞ
hΔδΔx0i

cdt
ds

with

σ2Δzt 66 ¼
Z

se

0

R56ðsÞ2
hΔδΔδi
cdt

ds

σ2Δzt 22 ¼
Z

se

0

R52ðsÞ2
hΔx0Δx0i

cdt
ds

σ2Δzt 26 ¼
Z

se

0

2R52ðsÞR56ðsÞ
hΔδΔx0i

cdt
ds:

(5)

Here, c represents the speed of light. The IBS diffusion
coefficient can be expressed as a matrix D,

D ¼

2
664

hΔx0Δx0i
dt

hΔx0Δy0i
dt

hΔx0Δδi
dt

hΔx0Δy0i
dt

hΔy0Δy0i
dt

hΔy0Δδi
dt

hΔx0Δδi
dt

hΔδΔy0i
dt

hΔδΔδi
dt

3
775: (6)

The element in the matrix D is denoted as Dij. Once the
IBS diffusion coefficient is determined, the problem is
completely resolved.
In storage rings, we typically calculate the emittance

growth rate caused by IBS as [7],

1

Tx
¼ dϵx

ϵxdt

¼ βx
2ϵx

Dpð1; 1Þ − 2
βxγϕx

2ϵx
Dpð1; 3Þ þ

γ2Hx

2ϵx
Dpð3; 3Þ

1

Ty
¼ dϵy

ϵydt

¼ βy
2ϵy

Dpð2; 2Þ

1

Tz
¼ dσ2p

σ2pdt

¼ η2x
2σ2s

Dpð1; 1Þ þ
γ2

2σ2p
Dpð3; 3Þ; (7)

with

Dp ¼

2
664

Δhx0x0i
dt

Δhx0y0i
dt

Δhx0δi
dt

Δhx0y0i
dt

Δhy0y0i
dt

Δhy0δi
dt

Δhx0δi
dt

Δhδy0i
dt

Δhδδi
dt

3
775; (8)

here, Tx, Ty, and Tz represent the horizontal, vertical, and
longitudinal IBS growth times, respectively, in the context
of storage rings. The symbol ϵx denotes the horizontal
beam emittance, ϵy the vertical beam emittance, σs the
bunch length, σp the relative energy spread, and γ the
Lorentz factor. It is important to note that there is a slight
difference between D and Dp; further details can be found
in Eq. (11).

ϕx ¼ η0x þ
αxηx
βx

Hx ¼ γxη
2
x þ 2αxηxη

0
x þ βxη

02
x ; (9)

and the horizontal Twiss parameters are denoted by βx, αx,
and γx.
Analytical expressions for all the components ofDp and

D are available for Gaussian beams, as reported in
Refs. [7,11]. The resulting IBS-induced path-length
deviation can be evaluated directly using Eqs. (5) and (6).
Moreover, in the following section we propose a faster
simulation method to cross-check the outcomes of Eq. (5).

III. SIMULATION METHOD

To benchmark the analytical results of Eq. (5) and to
provide a versatile tool for arbitrary lattices, we implement
a simulation based on Zenkevich’s method [11]. Unlike
the lumped-kick approach in ELEGANT [21], which is
designed primarily for equilibrium emittance, our method
applies local kicks per magnet element to accurately
resolve path-length variations.
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A. The method in ELEGANT

Before explaining our simulation procedure, we provide
a brief overview of the simulation approach used in
ELEGANT [21]. In ELEGANT, an element called
IBSCATTER serves as the IBS simulator. To simulate
the equilibrium emittance affected by IBS in storage rings,
multiple IBSCATTER elements need to be placed along the
lattice. ELEGANT computes the integrated IBS growth
rates between any two IBSCATTER elements and applies
momentum kicks to the particles based on these growth
rates each time they reach an IBSCATTER element.
Taking horizontal direction for an example, the ampli-

tude of momentum kick to be added should be

σ2Δx0 ¼
2dϵx
βxdt

Δt ¼ 2ϵx
βxTx

Δt

¼ Δt
�
Dpð1; 1Þ − 2γϕDpð1; 3Þ þ

γ2Hx

βx
Dpð3; 3Þ

�
:

(10)

Here, Δt ¼ ds=c represents the time interval between
any two IBSCATTER elements, with ds the distance
between any two IBSCATTER. It is important to note
that the amplitude of the momentum kick in Eq. (10) does
not correspond to the actual momentum kick of D11 as
defined in Eq. (5). Instead, it includes matrix transfer
effects through Dpð1; 3Þ and Dpð3; 3Þ. By inserting a
limited number of IBSCATTER elements at dispersion-
free points within the storage ring lattice, one can obtain
accurate equilibrium emittance results using the
ELEGANT simulation method. To precisely determine
the path-length deviation caused by the IBS kick, a reliable
approach is to compute the local Dij at each magnet, then
apply momentum kicks with amplitudes derived from
theseDij values, updating particle coordinates accordingly
through kicks and matrix transformations at every magnet
step. Further details are provided below.

B. Our method to add IBS kick

In this paper, we use the approach proposed by
Zenkevich [11]. By defining P ¼ ðx0; y0; δÞ, the compo-
nents of the matrix Dp can be separated into a damping
part and a diffusion part as follows

Dpði; jÞ ¼
�
dðPiPjÞ

dt

�
¼ −ðKi þ KjÞhPiPjiδij þ hDiji:

(11)

Here, δij represents the delta function, and the quantities
Ki and Dij can be determined using the Bjorken-Mtingwa
model [11]. Assuming the beam distribution is Gaussian,
then the coefficients of Ki and Dij in a planar storage ring
at any location can be expressed as below.

K1 ¼
βxTxx

ϵx

K2 ¼
βyTyy

ϵy

K3 ¼
γ2Tzz

σ2p

D11 ¼ Tyy þ Tzz

D22 ¼ Txx þ Tzz

D33 ¼ γ2Txx þ γ2Tyy

D13 ¼ γTxz:

(12)

Here, the subscript 1 represents x direction, 2 represents
y direction, and 3 represents z direction. The elements not
shown above in Dij are all zero in a planar storage ring.
And

Txx ¼ 4πA0ðlogÞ
�
a0 − b0 þm0

2m0

g1 þ
b0 − a0 þm0

2m0

g3

�
Tyy ¼ 4πA0ðlogÞg2
Tzz ¼ 4πA0ðlogÞ

�
a0 − b0 þm0

2m0

g3 þ
b0 − a0 þm0

2m0

g1

�

Txz ¼ 4πA0ðlogÞ
3d0
2m0

ðg1 − g3Þ:
(13)

Here, ðlogÞ represents the Coulomb log factor.

A0 ¼
r20cN

16π2γ4ϵxϵyσsσp
: (14)

r0 is the classical electron radius, N is the number of

electrons in the bunch. a0¼ 1þ η2xϵx
σ2sβx

; b0 ¼ γ2ðϵxþHxσ
2
pÞ

βxσ
2
p

;d0 ¼
−γϕx;m0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðb0−a0Þ2þ4d20

q
[10]. And g1; g2; g3 can be

expressed as below [7,10]

g1 ¼
Z

π=2

0

2t1sin2ðsÞ cosðsÞdsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsin2ðsÞ þ t1

t2
cos2ðsÞÞðsin2ðsÞ þ t1

t3
cos2ðsÞÞ

q
g2 ¼

Z
π=2

0

2t2sin2ðsÞ cosðsÞdsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsin2ðsÞ þ t2

t1
cos2ðsÞÞðsin2ðsÞ þ t2

t3
cos2ðsÞÞ

q
g3 ¼

Z
π=2

0

2t3sin2ðsÞ cosðsÞdsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsin2ðsÞ þ t3

t1
cos2ðsÞÞðsin2ðsÞ þ t3

t2
cos2ðsÞÞ

q ;

(15)

with t1 ¼ 1
u1
; t2 ¼ 1

u2
; t3 ¼ 1

u3
and
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u1 ¼
βx
2ϵx

ða0 þ b0 þm0Þ

u2 ¼
βy
ϵy

u3 ¼
βx
2ϵx

ða0 þ b0 −m0Þ:

(16)

Once Ki and Dij are computed analytically at any given
position, random momentum kicks can be applied to the
macroparticles as follows

Piðtþ ΔtÞ ¼ PiðtÞ − KiPiðtÞΔtþ
ffiffiffiffiffiffi
Δt

p X3
j¼1

Ci;jξj: (17)

The variables ξ1, ξ2, and ξ3 are three independent
standard normal random variables. The term Ci;j is
associated with the diffusion coefficient and will be
defined later. The symbol Δt represents the time interval
corresponding to the length ΔL of the magnet, with
Δt ¼ ΔL=ðβcÞ.
In a planar storage ring, there is generally no coupling

between the pairs ðx; yÞ and ðy; δÞ, which means that
C2;j ¼ 0 for all j ≠ 2. By assuming that C3;1 ¼ 0 and
comparing Eq. (11) with Eq. (17), the remaining coef-
ficients Ci;j can be determined as follows

C2;2 ¼
ffiffiffiffiffiffiffiffi
D22

p
C3;3 ¼

ffiffiffiffiffiffiffiffi
D33

p
C1;3 ¼

1

C3;3

��
dðP1P3Þ

dt

�
þ ðK1 þ K3ÞhP1P3i

�
¼ D13

C3;3

C1;1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D11 − C2

1;3

q
: (18)

IV. COMPARISON OF SIMULATION AND
ANALYTICAL RESULTS

A. Comparison for equilibrium emittance
in storage rings

1. Without IBS, lumped synchrotron radiation
in storage ring

First, we simulated the evolution of the equilibrium
emittance by combining the effects of synchrotron radiation
damping and quantum excitation, as shown in Fig. 3(a).
We begin by generating a bunch with a coordinate size

of 6 × Ne, where Ne represents the number of macro-
particles. The coordinate vector is denoted as X, and
for each particle, the coordinate vector is expressed as
x⃗ ¼ ðx; x0; y; y0; z; δÞ. The simulation for each turn is
performed in two steps. First, we update the coordinates
using X ¼ R × X, where R is the one-turn transfer matrix.
Second, we apply the radiation kick to the components
p ¼ ðx0; y0; δÞ. For each component, the kick is applied as

p ¼ p − pT0=τ þ σξ, where T0 is the revolution period,
τ is the radiation damping time, σ is the amplitude of
radiation diffusion, and ξ is a random variable drawn from
a standard normal distribution.
We simulated the ring for 15,000 turns, considering that

the ring’s damping time is approximately 6000 turns. In
this simulation, we used 10,000 macroparticles. The ring
parameters are listed in Table I. The evolution of the
emittance is illustrated in Fig. 4. As shown in Fig. 4,
the simulated equilibrium emittance closely matches the
theoretical prediction.

2. With IBS, lumped synchrotron radiation
in storage ring

Figure 3(b) illustrates the simulation scheme when IBS
is taken into account. The ring is divided into N segments
(usually, each segment corresponds to a magnet or a drift
space). The coordinates are first transformed by X ¼ RiX,
followed by IBS kicks at the ith segment. The IBS kick is
applied locally according to Eq. (17). Here, Ri represents
the transfer matrix of the ith segment. After completing the
tracking through all N segments, the radiation kick is
applied as described earlier.

FIG. 3. Simulation scheme in storage rings. (a) Only lumped
synchrotron included and linear matrix transformation are
included. (b) Lumped synchrotron radiation, linear matrix trans-
formation and IBS kicks are included.

TABLE I. Parameters of the storage ring we used for simulation.

Parameters Values Units

Beam energy E0 2 GeV
Circumference C0 165.62 m
Natural emittance ϵ0 27.20 nm
Phase slippage factor ηc 4.32 × 10−7 � � �
Tunes νx=νy 16.213=14.188 � � �
Relative energy spread σδ 1.15 × 10−3 � � �
Bunch length σz 0.13 mm
Damping times τx=τy=τz 3.4=3.4=1.7 ms
Energy loss per turn U0 0.643 MeV

ACCURATE CALCULATION OF PATH-LENGTH … PHYS. REV. ACCEL. BEAMS 29, 094901 (2026)
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The simulation was conducted for 15,000 turns using the
ring described earlier. The number of macroparticles was set
to 10,000. The results are presented in Fig. 5. The analytical
equilibrium emittance with IBS is calculated by iteration
method, while the iterative formula used can be found in
Ref. [10] of Eq. (14). The relative error between the tracking
data and the formula calculation is provided in Table II. The
average beam current was approximately 5 A in this case to
clearly observe a notable increase in the equilibrium
emittance. The horizontal-vertical coupling is set to 0.1%
in the tracking simulation and analytical calculation.

The results demonstrate strong consistency between the
simulation and the analytical calculation, offering a fast
and dependable method for simulating the IBS equilibrium
emittance in storage rings.

B. Comparison for single-pass path-length deviation
in an isochronous lattice of SSMB insertion

As mentioned in Sec. II, maintaining the isochronous
condition of the lattice between modulation and reverse
modulation is a crucial aspect in the design of the SSMB

FIG. 4. The emittance evolution in a storage ring, with only
synchrotron radiation is added, with (a) the horizontal emittance
evolution (b) the vertical emittance evolution and (c) the relative
energy spread evolution. The results from formula calculation
are calculated by the classical formulas of equilibrium emittance
and relative energy spread when only synchrotron radiation is
considered. The readers can refer to Ref. [22].

FIG. 5. The emittance evolution in a storage ring, with synchro-
tron radiation and IBS kick is added, with (a) the horizontal
emittance evolution (b) the vertical emittance evolution and (c) the
relative energy spread evolution. The analytical equilibrium
emittance with IBS is calculated by iteration method.
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light source. To achieve a high-average EUV radiation
power of around 1 kW, the lattice’s isochronous condition
must be controlled to approximately 0.1 nm [17]. The
existing tools (for example ELEGANT) cannot support the
accurate calculation and benchmark of the path-length
deviation induced by IBS, as also discussed in Sec. III A.
The Eq. (5) we derived can be used in the calculation and
optimization of such application in SSMB, while the
application of Zenkevich’s method can be used as a
simulation tool for benchmark with our analytical results.
In the design of SSMB light source with high-average

EUV radiation power, the lattice with isochronous con-
dition of approximately 0.1 nm is needed. The nonlinear
dynamics and IBS effects are two main issues that affect
the isochronous condition. So, when we optimize the
lattice, we define the two objectives to be minimized as
the path-length deviation induced by nonlinear dynamics
and IBS. The objective of nonlinear dynamics can be
meticulously optimized using the approach described in
Ref. [23]. The objective of IBS can be calculated by Eq. (5)
in any lattice. In detail, we can calculate the IBS diffusion
rates by analytical formula in each element one by one
first, then calculate the local R56ðsÞ and R52ðsÞ from the
location of this element to the end of the lattice, and finally
calculate the contribution to path-length deviation by
integration for all elements.
We obtain the optimal solution after above optimization.

The lattice’s Twiss functions of the optimal solution are
displayed in Fig. 6, and the beam parameters are provided
in Table III.
Based on Eq. (5), the IBS-induced rms path-length

deviation for the lattice is σΔz ¼ 0.1818 nm, with all the
components in Eq. (5) listed below.

σ2Δzt 66 ¼ 2.80 × 10−20 nm2

σ2Δzt 22 ¼ 4.82 × 10−21 nm2

σ2Δzt 26 ¼ −2.58 × 10−22 nm2:

(19)

Clearly, the main contribution arises from the longi-
tudinal kick, while the horizontal kick should not be
neglected, as is commonly done.
Next, we perform tracking using the method described

in Sec. III. To verify convergence, we repeat the simulation
with different macroparticle numbers. After completing
the simulation, we compute the standard deviation of

zf − z0 as σz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðzf − z0Þ2i − hzf − z0i2

q
. The results

are presented in Table IV.
Based on the results shown in Table IV, we can

conclude that the path-length deviation obtained from
the simulation is σΔz ¼ 0.1822 nm, which corresponds to
an error of err ¼ 0.1822−0.1818

0.1818 ¼ 0.22% compared with the
analytical result.
We further compare the computational efficiency of

the two methods. For the lattice in Fig. 6, the analytical
calculation takes about 0.5 s, while the tracking method
takes about 1.3 s with 10,000 macroparticles and 4.5 s
with 10,0000 macroparticles. We developed the simu-
lation method primarily to benchmark against the ana-
lytical formulas, as no reliable tool exists for this purpose
as present.

V. CONCLUSION

In this paper, we develop a simulation tool that employs
Zenkevich’s semi-analytical method to apply IBS kicks
locally to particle momenta. It allows for simulation of theFIG. 6. The Twiss functions of SSMB isochronous lattice.

TABLE III. Parameters of the beam for SSMB isochronous
lattice.

Parameters Values Units

Beam energy E0 600 MeV
Horizontal emittance ϵx 1 nm
Vertical emittance ϵy 1 nm
Relative energy spread σδ 1.56 × 10−3 � � �
Bunch length σz 6 mm
Bunch charge 2 nC

TABLE IV. The IBS-induced path-length deviation by
simulation.

Macro particle number σΔz (nm)

1000 0.1883
10,000 0.1858
1,00,000 0.1822

TABLE II. Equilibrium emittance with IBS.

Parameters Tracking Calculation Relative error (%)

ϵx½nm� 35.401 35.506 −0.30
ϵy½pm� 35.401 35.506 −0.30
σδ½10−3� 1.257 1.252 0.40
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equilibrium emittance in storage rings at a computational
cost much lower than that of Monte Carlo simulations.
More importantly, it enables rapid per-turn calculation of
the IBS-induced path-length deviation—a critical quantity
for future high-power storage ring light sources. The
consistency between the analytical formula and the fast
simulation confirms that our method provides a reliable
foundation for optimizing the isochronicity in SSMB
lattices, where controlling path-length fluctuations to
sub-nanometer levels is critical. Our numerical results
confirm that this deviation is driven primarily by the
longitudinal momentum kick, although the horizontal
contribution, often omitted in conventional treatments,
proves non-negligible.
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