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Coulomb scattering within a spherical beam bunch in a high current linear accelerator

R. L. Gluckstern and A. V. Fedotov
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(Received 22 January 1999; published 7 May 1999)

Beam halo formation issues are important for the design of high current linear ion accelerators.
Various mechanisms can potentially cause beam halo. Some recent studies suggested that Coulomb
collisions in the beam bunch can contribute significantly to beam bunch growth and halo development in
linear accelerators. Despite the general belief that collisions are not important, it is clear that a rigorous
treatment of this question is needed. In an effort to explore this issue in detail we have undertaken
an analysis of the effects of Coulomb scattering between ions in a self-consistent spherical bunch.
[S1098-4402(99)00041-5]

PACS numbers: 41.75.–i, 29.27.–a
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I. INTRODUCTION

During the last several years, interest has grown
the design of high current linear ion accelerators fo
variety of important applications. Among these are
heavy ion fusion linac, the Accelerator for the Product
of Tritium (APT), the Accelerator for the Transmutatio
of Waste (ATW), and the Spallation Neutron Sour
(SNS). This has focused attention on the phenome
of halo formation, which can lead to unacceptably la
radioactivation of the linacs.

Our recent contributions to these efforts have been
construction of a model which identifies a major mec
anism for transverse halo formation [1], followed by t
construction of a self-consistent 6D phase space distr
tion for studies of halo formation in spheroidal bunch
in a linear external confining field [2]. What we foun
[1] is that halo formation appears to arise from a pa
metric resonant coupling of individual particle oscillatio
with collective oscillation of the charged bunch, primar
those describing the breathing modes. We explored
dependence of the halo properties (extent, rate of gro
intensity, etc.) on the longitudinal and transverse rms t
depressions and mismatches [2]. These studies auto
cally assumed equipartition of kinetic energy between
longitudinal and two transverse directions. We then p
formed numerical studies with an rms matched, but oth
wise non-self-consistent 6D distribution and found a rat
rapid transition to a more or less self-consistent distribu
with a corresponding small mismatch [3]. In these stud
we found that starting with a non-self-consistent distrib
tion altered the parameters for halo formation obtained
the self-consistent distribution only slightly.

Our objective in this paper is to explore the effe
of Coulomb collisions in the beam bunch and to see
this process contributes significantly to beam emitta
growth and halo development in linear accelerators. S
the beam bunch spends a very short time in a lin
compared with a circular machine or a storage ring,
general expectation is that collisions between individ
1098-4402y99y2(5)y054201(15)$15.00
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ions will take place on too long a time scale to
important.

In the process known as the Touschek effect [4]
circular machines, collisions between particles with re
tively large transverse momentum scatter these part
into the longitudinal direction, allowing them to eith
escape from the beam bunch longitudinally or spr
the bunch longitudinally. The effect is important the
because the transverse beam “temperature” is m
larger than the longitudinal beam “temperature” (see,
example, [5]). In the case of a linac with short bunch
[6], the temperatures are comparable; in fact, they are
same for our family of stationary distributions [2]. It
therefore expected that for the beams of current inte
[6] one can ignore very large angle scattering; i.e.,
Touschek effect is negligible.

Treatment of small angle Coulomb scattering sho
distinguish between the single scattering effect and
effect of multiple collisions. The scattering by a relative
large angle in a single encounter is often less likely th
a net large angle deflection due to the cumulative ef
of many small angle scatterings. It is therefore import
to understand the collisional diffusion associated w
multiple scattering, but it is also important to understa
whether rapid particle loss due to single encounter
possible. Single scattering is usually neglected due to
very small probability of the process. However, from t
kinematics, it is clear that such a scattering can quic
fill a relatively large shell around the beam bunch wh
would resemble our earlier description of a halo [1,
Thus, in the present paper we are mainly concerned
single deflections, and not the diffusion process associ
with multiple small angle scattering. We note that o
analysis can be extended to the multiple scattering ef
using the standard statistical averaging approach [7
Some crude estimates of the effect of single scattering w
done by Carlsten [10]. He related the rate for a particle
scatter into the shell around the bunch to the admitta
of the accelerator. His conclusion was that the effec
important if the acceptance of the machine is small,
© 1999 The American Physical Society 054201-1
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negligible only for accelerators with very large acceptan
such as the APT [6]. Also there have been some re
numerical studies which suggest that small angle sin
Coulomb scattering may not be negligible for spheroi
bunches in a linac [11]. Thus, the concern has ari
[12] with regard to the possibility that Coulomb collision
between ions may contribute significantly to emittan
growth and/or halo formation. It is clear that, becau
of the importance of this question for the design of h
current linear ion accelerators, a more rigorous treatm
of the effect of single Coulomb collisions is needed. In
effort to explore this issue in detail we have undertaken
analysis of the effects of Coulomb scattering between i
in a self-consistent spherical bunch.

In this paper we examine the effect of binary Coulom
collisions on our understanding of halo formatio
Clearly these collisions are capable of causing the b
bunch to grow in size. But the general expectation
that, for a linac, the rate at which this happens will
negligibly small compared with the rate of diffusio
caused by collective oscillations within the bunch.

In the next section, we address general considerat
regarding the effect of binary Coulomb collisions.
particular, we relate our perspective to previous stud
of the Touschek effect, which is important in circul
accelerators where the transverse energy of the part
s

m
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d
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within the bunch is much greater than the longitudi
energy, allowing particles to escape from the longitudi
bucket. And we also try to relate our perspective
diffusion caused by many small angle Coulomb collisio
as treated by the Fokker-Planck equation.

II. GENERAL CONSIDERATIONS

In our present understanding of halo formation
linacs, we consider a 3D beam bunch which may or m
not be equipartitioned, stationary, or even rms match
As previously discussed [3], there is a rapid redistrib
tion in 6D phase space which leads to a stationary b
bunch, with a relatively small oscillating mismatch whi
is sometimes capable of generating a small halo.
usual halo formation is then caused by a relatively la
additional mismatch caused by sudden changes in the
quency, transverse focusing system, accelerating g
ent, synchronous phase, etc., or by the accumulatio
many small errors in the focusing magnets, rf param
ters, etc. And our quantitative study [3] shows that
parameters of halo formation are similar to those cau
by mismatches of an otherwise self-consistent phase s
distribution.

We start with our family of self-consistent, equipar
tioned phase space distributions
fsr, yd ­

Ω
NsH0 2 Hdn ­ NfGsrd 2 my2y2gn, H , H0,
0, H . H0 ,

(2.1)
.1)
at,
of

l

the

k
eed
s.
e
e of

e

where the Hamiltonian is

Hsr, yd ­ my2y2 1 kr2y2 1 eFscsrd , (2.2)

and

Gsrd ; H0 2 kr2y2 2 eFscsrd . (2.3)

We choose the space charge potentialFscsrd which
vanishes atr ­ `, H0 is a constant, the external force
are linear, andfsr, yd is normalized such that

rsrd ­ Q
Z

dy fsr, yd,
Z

dr rsrd ­ Q , (2.4)

whereQ is the total bunch charge.
The probability per unit time (in the coordinate syste

of the bunch) for a Coulomb collision between ions w
velocity y1 andy2 is then

dP
dt

­
Z

dr
Z

dy1 fsr, y1d

3
Z

dy2 fsr, y2d jy1 2 y2j dVs
ds

dVs
, (2.5)

where dsydVs is the classical differential Rutherfor
cross section. The heart of our calculation is the eva
ation in Sec. IV of the 11-dimensional integral
Eq. (2.5) over the range ofr, y1, y2, Vs which enables
-

particles to leave the finite bunch defined in Eqs. (2
and (2.4) and enter the halo region. Before doing th
however, we perform an order of magnitude estimate
Eq. (2.5), assuming a spherical bunch of radiusa. We use
jy1j , jy2j , y and

R
dy fsr, yd , 1ya3 and assume al

integrals are finite to obtain the estimate

dP
cdt

,
r2

p

e
3
N

, (2.6)

where the classical radius of the ion is given by

rp ­
e2

4pe0mc2
, (2.7)

and where the (projected) normalized emittance of
bunch is

eN . ayyc . (2.8)

(The usual units ofeN are mm mrad.) Note that we wor
in the frame of reference of the bunch, and use the sp
of light c in Eq. (2.6) only for dimensional purpose
In Eq. (2.8),y stands for the maximum velocity in th
projected direction. We have dropped the dependenc
the normalized emittance on the relativistic factorg, since
it is of order1 2 for the linac examples described in th
Introduction.
054201-2
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For a proton bunch withrp ­ 1.5 3 10218 m and
eN . 1 3 1026 m rad, Eq. (2.6) yields

dP
cdt

, 10215ykm , (2.9)

clearly negligible for a linac.
The problem with the foregoing estimate is that it i

nores the divergence of the Coulomb cross section
us ­ 0, as well as the possible divergence of the dis
butionfsr, yd nearmy2y2 ­ Gsrd for values ofn , 0 in
Eq. (2.1). We shall address these issues in Sec. IV. E
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there, it is not obvious whether one should restrict
scattering to impact parameters typical of interparti
spacing or the Debye length dictated by collective respo
of nearby ions (see Appendix D for details).

Another shortcoming of this approach is that it does
take into account the effect of a large number of sm
scattering angle Coulomb collisions. For this purpo
we examine the evolution of the phase space distribu
in time due to Coulomb collisions by starting wi
the Boltzmann equation for an otherwise equipartition
beam bunch. Specifically, in Sec. V, we start with
≠fsy1d
dt

­ nsrd
Z

dy2jy1 2 y2j
Z

dV0
s

"
fsy0

1dfsy0
2d

ds

dV0
s

sV0
s ! Vsd 2 fsy1dfsy2d

ds

dV0
s

sVs ! V0
sd

#
, (2.10)
e h,

pt
e

where fsyd is now the velocity distribution atr, which
takes into account those ions entering and leaving
velocity distribution at y1. In particular, we obtain
the rate at whichky2

1l and ky4
1 l increase in time as

way of estimating the rate at which the bunch diffus
Our approach differs from the usual treatment lead
to the Fokker-Planck equation because the derivat
of fsyd in Eq. (2.1) with respect toy can be infinite
for n , 1.

III. SELF-CONSISTENT PHASE SPACE
DISTRIBUTION

We start with a phase space distribution for a sph
cal bunch which is a function of the individual io
Hamiltonian, and which is therefore self-consistent. U
ing Eqs. (2.1) and (2.3) we find

rsrd ­ QN
Z y0

0
4py2 dyfGsrd 2 my2y2gn, (3.1)

wherey
2
0 ­ 2Gsrdym. This leads to
e

.
g
s

i-

-

rsrd ­
QfGsrdgn13y2

4p
Ra

0 r2 drfGsrdgn13y2
, (3.2)

and

N ­
Gsn 1 5y2d smy2pd3y2

4p
Ra

0 r2 drfGsrdgn13y2Gsn 1 1d
. (3.3)

Here a is the outer radius of the spherical bunc
corresponding, forn . 21, to the location whereGsad ­
0. (For n # 21, the distribution is not normalizable.)

The differential equation satisfied byGsrd is

=2Gsrd ­
1
r

d2

dr2 frGsrdg ­ 23k 1
e
e0

rsrd , (3.4)

where Fsc satisfied the Poisson equation=2Fsc ­
2ersrdye0. Using Eq. (3.2), we find

=2Gsrd ­ 23k 1
eQ

4pe0

fGsrdgn13y2Ra
0 r2 drfGsrdgn13y2

. (3.5)

OnceGsrd is obtained (by numerical integration, exce
for the simple casen ­ 21y2), one can write the spac
charge potential as
eFscsrd ­

Ω
eQy4pe0a 1 ksa2 2 r2dy2 2 Gsrd, r # a ,
eQy4pe0r, r $ a .

(3.6)
Continuity of the potential atr ­ a is assured becaus
Gsad ­ 0. Continuity of the electric field atr ­ a
requires

G0sad ­
eQ

4pe0a2 2 ka , (3.7)

which can also be confirmed by multiplying Eq. (3.5)
r2dr and integrating fromr ­ 0 to a.

The rms tune depression can be obtained indire
from the Vlasov equation

≠f
≠t

­ 2
X

i

Ùxi
≠f
≠xi

2
X

i

ẍi
≠f
≠ Ùxi

. (3.8)

Using the equation of motion for an ion in the spheri
beam bunch
ly

l

ẍ ­ 2
k
m

x 1
eEx

m
, (3.9)

we find for the averages ofx Ùx andx2 over the distribution

d
dt

kx Ùxl ­ k Ùx2l 2 kkx2l 1
e
m

kxExl , (3.10)

d
dt

kx2l ­ 2kx Ùxl . (3.11)

If we define the rms size of the distribution as

X ­ fkx2lg1y2, (3.12)

Eqs. (3.10) and (3.11) lead us to

d2X
dt2

­ 2
kX
m

1
e
m

kxExl
X

1
e2

x

X3
, (3.13)
054201-3
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where the rms emittanceex is defined as

ex ­ fkx2l k Ùx2l 2 kx Ùxl2g1y2. (3.14)

Equation (3.13) is clearly an rms envelope equation. T
allows us to define the rms tune depression for a matc
beamsd2Xydt2 ­ 0d as

h2
rms ­ 1 2

ekxExl
kkx2l

. (3.15)

Using Eq. (3.6),

eEx ­ 2
ex
r

≠Fsc

≠r
­ kx 1

x
r

G0srd , (3.16)

andkx2G0srdyrl ­ ky2G0srdyrl ­ kz2G0srdyrl, we find

h2
rms ­ 2

1
3

ksx2 1 y2 1 z2dG0srdyrl
kkx2l

­ 2
1
3

krG0srdl
kkx2l

.

(3.17)

Noting thatkx2l ­ kr2ly3 for a spherical bunch and th
the charge density is proportional tofGsrdgn13y2, we
obtain

h2
rms ­

3
sn 1 5y2d

Ra
0 r2 drfGsrdgn15y2

k
Ra

0 r4 drfGsrdgn13y2 . (3.18)

The final item in this section is an examination of t
kinematics of the Coulomb collision. Clearly the io
which travel to the largest radius before turning back
the ones which have the largest possible velocity a
given r and where, after the collision, one is left at re
and the other travels radially with all the kinetic ener
Such a collision can only conserve energy and momen
when the colliding ion velocities are at 90± to one another
With the maximum velocity given before the collision b
my2y2 ­ Gsrd in Eq. (3.1), the maximum energy after t
collision is

my2
max

2
­ 2Gsrd . (3.19)

The maximum radiusR then satisfies

2Gsrd 1
kr2

2
1 eFscsrd ­

kR2

2
1 eFscsRd . (3.20)

Using Eq. (3.6), wherer , a, R . a, we have

ksR2 2 a2d
2

2
eQ

4pe0

√
1
a

2
1
R

!
­ Gsrd . (3.21)

We proceed further in this analysis forn ­ 21y2, where

Gsrd ­
3k
k2

"
1 2

i0skrd
i0skad

#
. (3.22)

Here

k2 ­
eQ

4pe0

Ra
0 r2 dr Gsrd

, (3.23)
054201-4
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i0swd ­
sinhw

w
. (3.24)

From Eq. (3.21) it is clear that the outermost particles
those which start near the bunch center. We then rew
Eq. (3.21) as

u3 1

"
2

12
k2a2

1
6

ka
s1 1 cd

s
2 3

#
u 1

6

√
1 2 ka

c
s

!,
k2a2 1 2 ­ 0 , (3.25)

whereu ­ Rya, s ­ sinhskad, c ­ coshskad. We now
use Eq. (3.18) to obtain

4
15

h2
rms ­

k2a2s5 2 3j2d 2 9kaj 1 12
k4a4 2 5k3a3j 1 15k2a2 2 30kaj 1 30

,

(3.26)

wherej ­ cothskad. For largeka, j > 1 and Eq. (3.26)
can be approximated by

h2
rms .

15
2k2a2 , (3.27)

which has been generalized to

h2
rms ­

15
15 1 2k2a2

(3.28)

in order to havehrms ­ 1 when ka ­ 0 (no space
charge). For largeka, Eq. (3.25) can be easily solve
and we obtain

R 2 a
a

.
p

3 2 1p
k2a2 1 15y2

!

p
2 s

p
3 2 1d

p
15

hrms

> 0.27hrms . (3.29)

An interesting consequence of Eq. (3.29) is that
thickness of the shell populated by the scattered i
decreases as the beam becomes more space charge
nated. We remind the reader that Eq. (3.29) was obta
for the self-consistent equipartitioned distribution w
n ­ 21y2. In his report [13] on numerical studie
for distributions which were not self-consistent, Pich
observed a similar dependence on tune depression.

Single scattered ions can occupy a spherical s
of relatively small thickness. Multiple ion collision
are needed for the distribution to extend beyond
radius. At first glance this thin shell does not have
extent comparable to the halo in our earlier descript
[1,2]. However, the shell thickness given by Eq. (3.2
was obtained for an equipartitioned beam. We n
use Pichoff’s definition of the equipartitioning fact
x ­ yzyyx. The maximum possible velocity after th
collision can be rewritten asmy2

maxy2 ­ s1 1 x2dG, and
we obtain for the shell thickness

R 2 a
a

.
p

1 1 2x2 2 1p
15y2

hrms . (3.30)
054201-4
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Clearly, when the beam is nonequipartitioned or the be
with the stationary distribution is rms mismatched, t
thickness of the shell can be significantly larger, depe
ing on the equipartitioning factor. Such an increased s
thickness can then easily resemble the typical halo ex
[1,2]. Thus, in order to understand whether scattering
contribute to the halo formation we need to calculate
rate at which this shell becomes populated, which is
next step in Sec. IV.

We note that solutions given by Eqs. (3.29) and (3.
can be used with good accuracy only for large values
ka (ka . 4) corresponding to tune depressionsh , 0.6,
which covers our range of interest [6]. Forh $ 0.6
a better solution of Eq. (3.25) should be used. F
completeness, we present below some values based o
numerical solution of Eq. (3.25). For the equipartition
beam (x ­ 1), the shell extent becomesRya ­ 1.41,
1.37, 1.32, 1.27, 1.22 forh ­ 1, 0.9, 0.8, 0.7, 0.6
respectively. Similar values for the shell thickness w
obtained by Pichoff for the distribution functions used
[13]. In fact, in the limit of zero space charge, the sh
thickness becomes independent of the distribution, a
from Eq. (3.20), is simply given byRya ­

p
1 1 x2 (see

also [13]).

IV. COULOMB SCATTERING RATE

A. Order of magnitude estimate

Consider an ion at locationr with velocity y1 colliding
with an ion with velocityy2 at that same location. Th
probability rate for scattering into the solid angleVs,
averaged over the distribution, is given by

dP
dt

­
Z

dr
Z

dVs

Z
dy1 fsr, y1d

3
Z

dy2 fsr, y2d jy1 2 y2j
ds

dVs
, (4.1)

where fsr, yd is given by Eq. (2.1), and the classic
nonrelativistic Coulomb collision cross section is giv
by

ds

dVs
­

√
e2

4pme0jy1 2 y2j2

!2
1

s1 2 cosusd2 (4.2)

for a scattering angleus. Note that in quantum mechanic
the fact that colliding particles are identical leads to
exchange process which modifies the cross section at
scattering angles [for example, forus ­ 90± there is a
factor of 4 difference with the classical formula given
Eq. (4.2)]. In the nonrelativistic limit the cross sectio
was first obtained by Mott [14], and then generalized
arbitrary velocities by Möller [15]. For small scatterin
angles, the Möller formula [7,9] gives the classic
Rutherford cross section. The Möller formula is usua
used when one is mainly concerned with large an
scattering, as for the Touschek effect [7,9]. Howev
054201-5
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when the effect is dominated by small angle scatteri
the Rutherford formula should give sufficiently accura
results.

Our task is to find the rate at which the scatteri
event described in Eq. (4.1) causes the trajectory of ion
(or ion #2) to go beyondr ­ a. Clearly this will be
only a portion of the 11-dimensional integration space
Eq. (4.1).

Making an order of magnitude estimate for a bea
bunch, similar to Sec. II, and usingrp ­ 1.5 3 10218 m
andeN . 1026 m rad, we find

1
c

dP
dt

, 10218ym ­ 10215ykm , (4.3)

clearly negligible for a linac whose length is of the ord
of a few km. In fact, the effective length of acceleratio
is the actual linac length multiplied by the average va
of 1ybg for the linac, which we approximate by 1 fo
our applications. Note that in the estimates, leading
Eq. (4.3), no constraint has yet been made on the io
leave the bunch. Thus, Eq. (4.3) describes the probab
of the collision as does Eq. (2.6). In Sec. IV C we discu
the necessary constraint on the region of integration wh
is needed to estimate the probability that an ion leaves
bunch.

The above estimate will be confirmed in later sectio
for valuesn . 0. But for values ofn between21 and
0, we will see that a cutoff is needed for small ang
Coulomb scattering.

B. Rate of escape from the bunch

We now proceed to the analysis of the rate of esc
from the bunch for our self-consistent distribution
Eq. (2.1). We normalize all velocities as

y2 ­ f2Gsrdymgu2 , (4.4)

and obtain

dP
dt

­ K
Z

drfGsrdg2n13y2
Z

du1

Z
du2

3
Z dVs

s1 2 cosusd2

s1 2 u2
1dns1 2 u2

2dn

ju1 2 u2j3
,

(4.5)

where

K ­
r2

pcsmc2d3y2

23y2p3

G2sn 1 5y2d
G2sn 1 1d

1
f
R

dr Gn13y2srdg2
.

(4.6)

Hererp ­ e2y4pemc2 is the “classical” radius of an ion
of massm.

We now transformu1 andu2 according to

p ­ su1 1 u2dy2, q ­ u1 2 u2 ,

u1 ­ p 1 qy2, u2 ­ p 2 qy2 ,
(4.7)
054201-5
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wherep is the center of mass motion andq is the relative
motion of ions #1 and #2. After the Coulomb collisio
we have

u0
1 ­ p 1 q0y2, u0

2 ­ p 2 q0y2 , (4.8)

with q0 ­ q and cosus ­ qq0yq2. We select our coordi
nate system for the integration over scattering angle s
that

p lies along the polar axissup ­ 0d ,

q lies in thex-z planesuq ­ c, fq ­ 0d , (4.9)

q0 has polar anglessuq0 ; b, fq0 ; gd .

We then have

cosus ­ cosb cosc 1 sinb sinc cosg , (4.10)

u2
1,2 ­ p2 6 pq cosc 1 q2y4 . (4.11)

We now explore the kinematics of the collision whi
allows us to exclude all scattering events in which neit
ion is able to leave the bunch, and proceed with
integration.

C. Kinematics of the collision

If the scattered particle does not move along a rad
it may not be able to escape from the bunch since
velocity cannot go to zero (if it went to zero we cou
not satisfy the conservation of angular momentum). T
needs to be taken into account if we are interested in
situation where the particle can leave the bunch.

Let us consider a Coulomb collision atr ­ r0 in which
ion #1 is scattered from velocityy1 to velocityy0

1. Since
they1 andy2 distributions are isotropic, all final direction
of y0

1 are equally likely; we take the direction ofy0
1 to be

at an angleu0 to r0 with likelihood

1
2

Z
d cosu0 , (4.12)

where the integral is taken over those values of cou0

which permit ion #1 to travel beyond the bunch bound
at r ­ a. This condition, according to Eq. (2.2), is whe

my
0 2
1

2
1

kr2
0

2
1 eFscsr0d .

my2
a

2
1

ka2

2
1 eFscsad ,

(4.13)

whereya is the minimum possible value ofy1 at r ­ a
necessary to satisfy conservation of angular moment
Clearly this occurs whenya has only a tangential compo
nent, for which angular momentum conservation requ
that

my0
1r0 sinu0 ­ myaa , (4.14)

in which case Eq. (4.13) leads to

my
0 2
1

2

√
1 2

r2
0

a2 sin2u0

!
.

ksa2 2 r2
0 d

2
1 eFscsad

2 eFscsr0d . (4.15)
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Using Eq. (3.6), Eq. (4.15) can be rewritten as

my
0 2
1

2
. sGsr0d , (4.16)

where

1
s

­ 1 2
r2

0

a2
sin2u0 . (4.17)

The constraint onu0
1 which allows ion #1 to reach beyon

r ­ a is

u02
1 . s . (4.18)

According to Eq. (4.8) and the choice of axes in Eq. (4.
this requires

p2 1 pq0 1
q0 2

4
­ p2 1

q2

4
1 pq cosb . s ,

(4.19)

a condition independentof the azimuthal scattering
angleg.

The integral overdVs in Eq. (4.5) can now be reduce
to

A ;
Z dVs

s1 2 cosusd2

­
Z

d cosb

3
Z 2p

0

dg

f1 2 scosb cosc 1 sinb sinc cosgdg2

­ 2p
Z

d cosb
s1 2 cosb coscd
jcosb 2 coscj3

, (4.20)

where the region of integration over cosb is constrained
by Eq. (4.19). Specifically, the range of integration ov
cosb determined by Eq. (4.19) is

1 $ cosb .
s 2 p2 2 q2y4

pq
; t0 . (4.21)

Using Eq. (4.11), we find

cosb 2 cosc ­ t0 2 cosc .
s 2 p2 2 q2y4

pq

2
u2

1 2 p2 2 q2y4
pq

­
s 2 u2

1

pq
. (4.22)

Becauses . 1 and u1 # 1, cosb 2 cosc is always
positive, and we can remove the absolute value sign
Eq. (4.20).

We now integrate overt ; cosb in Eq. (4.20) to
obtain

A ­ 2p
Z 1

t0

dts1 2 t coscd
st 2 coscd3

­ p
s1 2 t2

0d
st0 2 coscd2

.

(4.23)
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Using Eqs. (4.21) and (4.22), we can write

A ­ p
p2q2 2 ss 2 p2 2 q2y4d2

fs 2 sp2 1 q2y4 1 pq coscdg2 . (4.24)

If the angle betweenu1 and u2 is denoted byu12, we
can definel ; cosu12 and write from Eq. (4.7)

4p2 ­ u2
1 1 u2

2 1 2lu1u2 ,

q2 ­ u2
1 1 u2

2 2 2lu1u2 .
(4.25)

Substituting these expressions in Eq. (4.24) and u
Eq. (4.11) for cosc, we obtain

A ­ p
fssu2

1 1 u2
2 2 sd 2 l2u2

1u2
2g

ss 2 u2
1d2

. (4.26)

We complete the evaluation of the rate of escape from
bunch in the Appendices. In Appendix D we discuss
question of singularities and the required cutoff associa
with small scattering angles at large impact parameter
the ion-ion collision. We finally find that the fraction o
ions which leaves the beam (and form a spherical la
around the bunch) per unit length is

dP
cdt

,

8>><>>:
r2

pye
3
N , n . 0 ,

sr2
pye

3
N d lnse2

N yrpad, n ­ 0 ,

sr2
pye

3
N d se2

Nyrpad2n, 0 , 2n , 1 ,

(4.27)

where, for the distributions with0 $ n . 21, we assume
that the Coulomb force between ions is screened at
Debye lengthlD (see Appendix D). Usingrp ­ 1.5 3

10218 m, eN > 1026 m rad, anda > 1022 m, we find

dP
cdt

,

8>><>>:
10215ykm, n . 0 ,
10214ykm, n ­ 0 ,
10211ykm, n ­ 20.5 ,
1028ykm, n ­ 20.9 ,

(4.28)

At this time it is useful to point out that the singul
behavior for n , 0 is related to the singular behavio
of the distribution in Eq. (2.1) for the highest veloci
particles within the bunch.

V. STRUCTURE OF THE SHELL AND EFFECT
OF MULTIPLE COLLISIONS

In plasma physics, when considering the Boltzma
collision integral or Fokker-Planck equation, the inter
is usually associated with the multiple scattering effe
and therefore with transport quantities. The definit
of transport quantities rests on averaging the action
large number of particles. Similarly, in the accelera
community, the studies of multiple intrabeam scatter
are based on statistical averaging [7–9]. As a result,
transport cross section diverges only logarithmically. T
factor which describes this divergence is usually refer
to as the Coulomb logarithm.
054201-7
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We now explore the structure of the shell described
Eq. (3.29) for an equipartitioned bunch. Since the cu
for n , 0 is related to those ions which, when scatter
reach a radius just beyondr ­ a, we can model the cutof
behavior by an ion density

ñsrd ­
fr 2 a 1 sR 2 adumingn21sR 2 rd

sR 2 adn11
, (5.1)

where umin ­ rpaye
2
N ø 1 is defined in Eq. (B20) and

R is the outer radius of the shell. Equation (5.1)
constructed so that̃nsRd ­ 0 and satisfies

dp
cdt

;
Z R

a
ñsrddr >

8<: f1ynsn 1 1dg, for n . 0 ,
lns1yumind 2 1, for n ­ 0 ,
u

n
minyjnj, for n , 0 ,

(5.2)

ThusdPycdt in Eq. (4.27) can be generalized by

dP
cdt

,
r2

p

e
3
N

dp
cdt

. (5.3)

In an effort to understand the structure of the shel
greater detail, we examine the scattering in velocity sp
by starting with the Boltzmann equation for the pha
space density. For our self-consistent distribution,
Boltzmann equation, which accounts for the scattering
particles into and out of regions of velocity space, can
written as

≠fsu1d
≠t

­ KnD

Z
du2ju1 2 u2j

3
Z

dVs

"
ds

dVs
su0

1, u0
2 ! u1, u2dfsu0

1dfsu0
2d

2
ds

dVs
su1, u2 ! u0

1, u0
2dfsu1dfsu2d

#
.

(5.4)

Here nD is the ion particle density anddsydVs is the
Coulomb scattering cross section for the initial and fi
states. Apart from constants, which are absorbed inK ,
fsud is agains1 2 u2dn, as used in Eq. (4.5).

The Rutherford cross section, apart from constants,
be written in the form

ds

dVs
dVs ­

2dq0

q
dssssq0d2 2 q2ddd

fsq0 2 qd2 1 u2
mq2g2

, (5.5)

which incorporates the necessary cutoff angle and the
that q0 ­ q in the center of mass system of the collidi
ions. Note that the two forms ofdsydVs are the same in
Eq. (5.4). We now change the integration variable fr
u2 to q ­ u1 2 u2, expressing all quantities in terms
u1, q, andq0. For example

u2 ­ u1 2 q, u0
1 ­ u1 1 sq0 2 qdy2 ,

u0
2 ­ u2 2 sq0 2 qdy2 ­ u1 2 sq0 1 qdy2 .

(5.6)
054201-7
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Finally we change fromq andq0 to

Q ­ q0 2 q, s ­ sq0 1 qdy2 ,

dqdq0 ­ dsdQ ,
(5.7)

so that

sq0d2 2 q2 ­ 2Qs . (5.8)

This leads to

≠fsu1d
≠t

­ 2KnD

Z
ds

Z dQds2Qsd
sQ2 1 q2u

2
mind2

3 hfsss1 2 su1 1 Qy2d2ddd sss1 2 su1 2 sd2dddgn

2 fs1 2 u2
1d sss1 2 su1 2 s 1 Qy2d2dddgnj.

(5.9)

It should be noted that we are using the station
distributions on the right-hand side of Eq. (5.9) and
their evolution in time. For this reason our calculati
of ≠fy≠t will give only the initial rate of change off
with time.

We now calculate the rate of change ofku2
1l and ku4

1l
and find (see Appendix C for details) thatdku2

1lydt ­
0 and that the lowest nonvanishing power occurs
dku4

1lydt,

dku4
1l

dt
­

4p2

18
KnD

"
ln

√
1

umin

!
2 1

#
. (5.10)

It is possible to calculate the rate of change of
expectation value ofs1 2 u2

1dn for all values ofn, with
the same result as in Eq. (5.10), except for a numer
factor of order 1. In fact, the results obtained suggest
expected rounding of then ­ 0 distribution nearu ­ 1.

Similar logarithmic divergence occurs when one stud
transport quantities, or the effect of multiple collisio
based on statistical averaging. We therefore expect
multiple scattering simply leads to a generalization of
previous result in Sec. IV with logarithmic behavior

dP
cdt

,
r2

p

e
3
N

ln

√
1

uD

!
, (5.11)

where uD is the minimum angle corresponding to t
Debye length impact parameter. If so, the rate of scatte
due to multiple collisions is only slightly higher than th
rate for single encounters for the distributions withn . 0.
For the same parameters as those used in Sec. IV the
becomes clearly negligible withdPycdt , 10214ykm.

At this point we note that the Boltzmann form fo
the collision integral is based on an assumption that
duration of a collision is much less than the time betwe
collisions. In our case, for the parameters similar to th
in [6], the duration of a collision is the transit time for th
particles to travel a Debye length, as in plasma. Beca
of the large number of particles inside the Debye sph
(see Appendix D for details), the interaction is by
054201-8
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means binary, and the ion simultaneously interacts w
all the other particles in the Debye sphere. To prope
estimate the effect of multiple collisions, a better mo
for the collision operator is needed. The Fokker-Plan
approximation seems to be a good tool for implement
such a model. This approximation is justified as long
the Coulomb logarithmLc ¿ 1.

We have examined the derivation of the damping a
diffusion coefficients in the Fokker-Planck formulatio
[16,17] in order to estimatedPydt for multiple collisions.
The details depend on the particular distributionfsx, yd
used, but, apart from a numerical constant depend
on the distribution, we find that Eq. (5.11) is still vali
Thus we expect that Eq. (5.11) gives the correct orde
magnitude estimate for multiple collisions. The Fokk
Planck approximation and its numerical implementation
currently under consideration at LANL [18].

VI. SUMMARY AND CONCLUSIONS

In Secs. III and IV we have calculated the effect
single Coulomb scattering of a self-consistent 6D dis
bution for a spherical beam bunch. In this calculat
we find:

(i) Single collisions are capable of populating a th
spherical shell around the beam bunch. This result is
the stationary phase space distribution withn ­ 21y2.
Numerical studies for the nonstationary distributions
Pichoff [13] indicate that the shell extent is insensiti
to the distribution. We therefore believe that our res
for n ­ 21y2 is probably quantitatively similar for othe
higher values ofn.

(ii) When the beam is nonequipartitioned or the be
with the stationary distribution is rms mismatched, t
thickness of the shell can be significantly larger, depe
ing on the equipartitioning factor.

(iii) For the relatively singular distribution withn ­
21y2, a proton bunch with a normalized emittanceeN ,
1026 m rad and a radius of 1 cm will populate th
shell with a probability of10211 per kilometer of linac.
Note that for the singular distribution the rate wou
be significantly larger if one considered only the rad
scattering. However, sincey1 and y2 are isotropic, the
velocities after collision are also isotropic. As a resu
we have to integrate over all scattering directions as w
confining our integration space only to the regions wh
one of the ions is able to travel beyond the spher
bunch boundary. The correct treatment provides the s
scattering rate for the singular distribution given above

(iv) For distributions withn . 0, this rate of population
is further reduced by a factor of1024.

Our conclusion is that the effect of single Coulom
collisions on halo development in high current ion line
accelerators is not important. A similar analysis
nonstationary distributions was performed by Pich
[13], who arrived at the same conclusion.
054201-8
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In Sec. V we related our analysis to diffusion caused
many small angle Coulomb collisions, with the conclus
that the effect of multiple Coulomb collisions in ha
development in high current ion accelerators is also
expected to be important.

Another effect, associated with collisions, which c
contribute to halo formation, is the interaction of be
particles with the residual gas. This effect was rece
studied by Pichoffet al. [19]. A rough estimate sugges
that in high current linear accelerators such a scatte
process is also insignificant for typical residual g
pressure10210 atm [6].

ACKNOWLEDGMENTS

We wish to acknowledge the support of the U
Department of Energy. We thank T. Wangler, R. Ry
and S. Habib for frequent valuable discussions.
addition, we are indebted to R. Davidson and I. Hofma
for their helpful comments. We are grateful to N. Pich
for sharing his manuscript with us and for making seve
useful comments about our calculations and manusc
We also wish to thank A. Jason and the LANSCE1 Gro
for its hospitality during some of these studies.

APPENDIX A

In Eq. (4.5) we have written the rate of escape of ion
from the bunch as

dP
dt

­ 4pK
Z a

0
r2 drfGsrdg2n13y2

3
Z

du1s1 2 u2
1dn

Z du2s1 2 u2
2dn

ju1 2 u2j3
A , (A1)

whereA is obtained using Eq. (4.26). Heres is defined
in Eq. (4.17) as

s ­

"
1 2

r2

a2 cos2u

#21

$ 1 , (A2)

where we have dropped the subscript on bothr0 and
u0. We define the parameterl ­ cosu12, whereu12 is
the angle betweenu1 and u2. As a final step we will
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later integrate over cosu according to the constraint in
Eq. (4.21).

We first integrate over the directions ofu2 with respect
to u1. Using ju1 2 u2j

3 ­ su2
1 1 u2

2 2 2u1u2ld3y2, we
have

B ­
Z

du1s1 2 u2
1dn

Z du2s1 2 u2
2dn

ju1 2 u2j3
A

­ 8p3
Z 1

0

u2
1du1s1 2 u2

1dn

ss 2 u2
1d2

Z 1

0
u2

2du2s1 2 u2
2dnC ,

(A3)

where

C ­
Z lmax

lmin

dlfssu2
1 1 u2

2 2 sd 2 l2u2
1u2

2g
fu2

1 1 u2
2 2 2lu1u2g3y2

. (A4)

The limits onl are, in principle,21 to 1. But we must
excludethose values ofl for which t2

0 ­ cos2bmax,min .

1 in Eq. (4.23), for whichA must be set­ 0. This means
that the integration must be confined to the region whe

p2q2 #

√
s 2 p2 2

q2

4

!2

, (A5)

consistent withA $ 0 in Eqs. (4.23) and (4.24). Thus

lmax,min ­ 6

p
s

q
u2

1 1 u2
2 2 s

u1u2
. (A6)

We now change the integration variable in Eq. (A3) fro
l to w, where

u2
1 1 u2

2 2 2lu1u2 ­ w2, u1u2dl ­ 2wdw ,

(A7)

with

wmax,min ­
p

s 6

q
u2

1 1 u2
2 2 s . (A8)

Finally, Eqs. (A7) and (A8) lead to

C ­
4

3u1u2
su2

1 1 u2
2 2 sd3y2. (A9)

We now proceed to the integrals overu1 andu2. Using
Eqs. (A3) and (A9), withu2

1 ­ x, u2
2 ­ y, we obtain
B ­
8p3

3

Z
x#1

dx
Z

y#1,x1y$s

dy

"
s1 2 xdns1 2 ydnsx 1 y 2 sd3y2

ss 2 xd2

#
. (A10)

Note that the region of integration in thex, y space is the triangle bounded byx ­ 1, y ­ 1, x 1 y ­ s. We therefore
can write

B ­
8p3

3

Z 1

s21
dx

s1 2 xdn

ss 2 xd2

Z 1

s2x
dyfy 2 ss 2 xdg3y2s1 2 ydn

­
8p3

3
Gsn 1 1dGs5y2d

Gsn 1 7y2d

Z 1

s21
dx

s1 2 xdnsx 1 1 2 sdn15y2

ss 2 xd2
, (A11)

where we used the substitution1 2 y ­ sx 1 1 2 sdh to evaluate the integral overy. With the substitution
x ­ 1 2 s2 2 sdj, Eq. (A11) becomes
054201-9
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ntity

on,
B ­
8p3

3
Gsn 1 1dGs5y2d

Gsn 1 7y2d
Fssd , (A12)

where

Fssd ­ s2 2 sd2n13y2
Z 1

0

dj jns1 2 jdn15y2

fj 1 ss 2 1dys2 2 sdg2 .

(A13)

Our result for the rate of escape ofeither ion #1 or #2
from the bunch is therefore

dP
dt

­
16p9y2KGsn 1 1d

Gsn 1 7y2d

Z a

0
r2 drfGsrdgn13y2Fssd ,

(A14)
is

in
t

054201-10
where the result has been doubled because of the ide
of ions #1 and #2.

Finally, we average over the directionu, as indicated in
Eq. (4.12). Since

cosu ­
a
r

"
1
s

2

√
1 2

r2

a2

!#1y2

, (A15)

we can change variables from cosu to s by writing

d cosu ­ 2
a
2r

ds

s3y2f1 2 ssa2 2 r2dya2g1y2
. (A16)

We then obtain for the rate of escape of either i
averaged over the angleu,
*

dP
dt

+
u

­
8p9y2KaGsn 1 1d

Gsn 1 7y2d

Z a

0
r drfGsrdg2n13y2

Z smax

1

dsFssd
s3y2f1 2 ssa2 2 r2dya2g1y2 , (A17)

wheresmax is the smaller of 2 ora2ysa2 2 r2d. One can change the order of integration to write

dP
dt

­
8p9y2KaGsn 1 1d

Gsn 1 7y2d

Z 2

1

dsFssd
s3y2

Z
a
p

ss21dys

"
r drfGsrdg2n13y2

sr2sya2 1 1 2 sd1y2

#
, (A18)
all
gle

rm
e

es
where we suppress the symbolk lu for later use.
We continue our analysis for different values ofn in

Appendix B.

APPENDIX B

For n ­ 21y2, we have forFssd in Eq. (A13),

Fssd ­ s2 2 sd1y2
Z 1

0

dj j21y2s1 2 jd2

sj 1 md2 , (B1)

where

m ­
s 2 1
2 2 s

, 2 2 s ­
1

1 1 m
. (B2)

The integral in Eq. (B1) can be readily evaluated and

Fssd ­
p

2s1 1 md1y2

"
1

m3y2
2 gsmd

#
, (B3)

where

gsmd ­
2

m1y2 1 3m1y2

2
2
p

√
1 1 3m

m
2

s1 1 md s1 2 3md
m3y2 tan21pm

!
(B4)

is Osm21y2d for small m (s near 1). As can be seen
Eq. (A18), the integration overs is therefore divergen
at s ­ 1 for the Fssd in Eq. (B3). This singularity
involves the region where the scattering angle is sm
and where a cutoff is needed for small scattering an
(large impact parameter in the ion-ion collision).

We must incorporate a cutoff into the divergent te
in Eq. (B3). Specifically, the use of a cutoff implies th
modification

1 2 cosus ! 1 2 cosus 1 u2
my2 (B5)

in Eq. (4.5), whereum is the “cutoff angle.” This
translates to the change

1 2 scosb cosc 1 sinb sinc cosgd 1 u2
my2 (B6)

in Eq. (4.20), with the result thatscosb 2 coscd3 is to be
replaced by

fscosb 2 coscd2 1 u2
ms1 2 cosb coscdg3y2. (B7)

It is clear that the singular behavior in Eq. (4.23) com
from the region neart ­ cosb ­ cosc, so that Eq. (4.23)
can be replaced by

A >
ps1 2 t2

0 d
st0 2 coscd2 1 u2

m sin2c
. (B8)

As a result, Cyss 2 u2
1d2 in Eqs. (A3) and (A4) is

replaced by
e

C

ss 2 u2
1d2

!
Z lmax

lmin

dlfssu2
1 1 u2

2 2 sd 2 l2u2
1u2

2g
fu2

1 1 u2
2 2 2lu1u2g3y2fss 2 u2

1d2 1 u2
mu2

2u2
1s1 2 l2dg

. (B9)

We now note that the singular behavior in Eq. (A10) occurs nears ­ 1 and x ­ u2
1 ­ 1. But the numerator of th

integrand vanishes at
054201-10
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l2 ­ l2
min ­ l2

max ­
ssu2

1 1 u2
2 2 sd

u2
1u2

2
, (B10)

as seen in Eq. (A5). We therefore replaceu2
mu2

1u2
2s1 2

l2d in the denominator of the integrand in Eq. (B9) b
some sort of average value over the region of integrat
that is, bya2u2

m wherea is of order 1. As a result,C in
Eq. (A9) is unchanged, butB in Eq. (A11) is replaced by

B ­ p4
Z 1

s21

dxs1 2 xd21y2sx 1 1 2 sd2

ss 2 xd2 1 a2u2
m

. (B11)

Finally, the singular behavior for smalls 2 1 can be
estimated by dropping the term inu2

m, but not allowing
s 2 1 to become smaller thanaum. This leads to

Fssd .
p

2

Ω
ss 2 1d23y2, s 2 1 $ aum ,
saumd23y2, s 2 1 # aum ,

(B12)

in Eq. (B3) where we have sets ­ 1 and m ­ 0 in all
terms except them23y2 term. The net result for the escap
rate in Eq. (A18) forn ­ 21y2 is then

dP
dt

. 4p5Ka2
Z a

0
drfGsrdg1y2

Z `

1
ds Fssd , (B13)

where we have sets ­ 1 in all nonsingular terms. Using
Eq. (B12), this becomes

dP
dt

. 6p6Ka2saumd21y2
Z a

0
drfGsrdg1y2, (B14)

where

K ­
r2

pcsmc2d3y2

23y2p4

1
16p2

1
f
Ra

0 r2 dr Gsrdg2
. (B15)

We then have

dP
dt

.
3r2

pcsmc2d3y2

16
p

2

saumd21y2a2
Ra

0 drfGsrdg1y2

f
Ra

0 r2 dr Gsrdg2
,

(B16)

wherea is of order 1.
To complete our order of magnitude estimate,

considerG to be constant and of ordermy
2
0y2. At the

same time, for a reasonable tune depression (of order
we expect, from transverse energy considerations, tha

G ,
my

2
0

2
,

eQ
4pe0a

­
e2sQyed
4pe0a

, (B17)

whereQye is the number of ions in the spherical bunc
The net result for the rate of loss of ions in the bunch
unit length is

1
c

dP
dt

,
1

saumd1y2

r2
p

e
3
N

, (B18)

whereeN ­ ay0yc is the projected normalized emittanc
andc is used for dimensional purposes.

We now need to estimateum. For a maximum impact
parameterb, the small angle scattering angle in the cen
054201-11
n,

e

5),

.
r

r

of mass system of the colliding ions is

um >
e2

4pe0my2b
. (B19)

We assume that the Coulomb force between ions
screened at the Debye lengthlD (see Appendix D),
which, for a tune depression of order 0.5, is approximat
ay7. We then have

umin ,
rpa

e
2
N

, (B20)

and

1
c

dP
dt

­
r

3y2
p

e
2
N a1y2

sfor n ­ 21y2d . (B21)

For n . 0, the situation is different. From Eq. (A13
we see thatFssd will still be singular nears 2 1 ­ 0
for n # 1, varying as

Fssd , ss 2 1dn21, (B22)

but the subsequent integral in Eq. (A17) or (A18) w
converge without a cutoff. While it may be possible
obtainGsrd numerically forn . 0 and to perform the in-
tegrations in Eqs. (A13) and (A17) or (A18) numericall
we note thatFssd will be of order 1. This permits us
to make an order of magnitude estimate using the sa
guidelines as forn ­ 21y2 to approximateG. The final
result is similar to Eq. (B18), but without the cutoff ang
um. Specifically,

1
c

dP
dt

,
r2

p

e
3
N

sfor n . 0d , (B23)

where we neglect any additionaln-dependent factor.

APPENDIX C

We now calculate the rate of change ofku2
1l and ku4

1l.
Using Eq. (5.9) we have

d
dt

ku2
1l ­ 2KnD

Z
ds

Z dQ ds2Qsd
sQ2 1 q2u

2
mind2

sI1 2 I2d ,

(C1)

where

I1 ­
Z

du1fsss1 2 su1 1 Qy2d2ddd sss1 2 su1 2 sd2dddgnu2
1 ,

(C2)

I2 ­
Z

du1fs1 2 u2
1d sss1 2 su1 2 s 1 Qy2d2dddgnu2

1 ,

(C3)

and

dku4
1l

dt
­ 2KnD

Z
ds

Z dQ

sQ2 1 q2u
2
mind2

sJ1 2 J2d ,

(C4)
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om

nd

eat
with

J1 ­
Z

du1fsss1 2 su1 1 Qy2d2ddd sss1 2 su1 2 sd2dddgnu4
1 ,

(C5)

J2 ­
Z

du1

£
s1 2 u2

1d sss1 2 su1 2 s 1 Qy2dddd2
§

nu4
1 .

(C6)

Finally, we change variables in Eqs. (C2) and (C5) fr
u1 to

u1 1 Qy2 ­ w 1 sy2 1 Qy4 ,

u1 2 s ­ w 2 sy2 2 Qy4 ,
(C7)

and in Eqs. (C3) and (C6) fromu1 to

u1 ­ w 1 qy2, u2 ­ w 2 qy2 (C8)

to obtain

I1 ­
Z

dwf1 2 sw 1 q0y2d2gn

3 f1 2 sw 2 q0y2d2gnsw 2 qy2d2, (C9)

I2 ­
Z

dwf1 2 sw 1 qy2d2gn

3 f1 2 sw 2 qy2d2gnsw 2 qy2d2, (C10)
054201-12
and

J1 ­
Z

dwf1 2 sw 1 q0y2d2gn

3 f1 2 sw 2 q0y2d2gnsw 2 qy2d4, (C11)

J2 ­
Z

dwf1 2 sw 1 qy2d2gn

3 f1 2 sw 2 qy2d2gnsw 2 qy2d4, (C12)

where

q0 ­ s 1 Qy2, q ­ s 2 Qy2 . (C13)

Clearly the overall region of integration in Eqs. (C9) a
(C11) is restricted to

sw 6 q0y2d2 # 1 , (C14)

and in Eqs. (C10) and (C12) to

sw 6 qy2d2 # 1 . (C15)

To continue the evaluation of Eqs. (C9)–(C12) we tr
q0 as the polar axis in Eqs. (C9) and (C11) and usesc , 0d
and su, fd as the polar azimuthal angles forq and w
respectively, so that

wq0y2 ­ wq cosu ; wqm ,

wq ­ wqsm cosc 1

q
1 2 m2 sinc cosfd .

(C16)

Thus, we can write
esult,
I1 ­
Z

w2 dw
Z

dm

"√
1 2 w2 2

q2

4

!2

2 w2q2m2

#n

I3 , (C17)

where

I3 ­
Z

df

"
w2 1

q2

4
2 wqsm cosc 1

q
1 2 m2 sinc cosfd

#
­ 2p

√
w2 1

q2

4
2 wmq2 cosc

!
. (C18)

The evaluation ofI2 is even easier, since we useq as the polar angle and have no azimuthal dependence. As a r
we find forI1 2 I2

I1 2 I2 ­ 22pq2s1 2 coscd
Z

w2 dw
Z

m dm

"
1 2 w2 2

q2

4
2 w2q2m2

#n

, (C19)

where the region of integration is confined to

w2 1
q2

4
2 w2q2m2 # 1, m2 # 1 . (C20)

Because the integrand is odd inm and the limits in Eq. (C20) do not change whenm ! 2m, we see thatI1 2 I2 ­ 0.
This is nothing more than conservation of kinetic energy sinceku2

1l is directly related to the kinetic energy.
The evaluation of the fourth order moments proceeds in a similar manner, but this time

J1 2 J2 ­
Z

w2 dw
Z

dm

"√
1 2 w2 2

q2

4

!2

2 w2q2m2

#n

sJ3 2 J4d , (C21)
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where

J3 ­
Z

df

"
w2 1

q2

4
2 wqm cosc 2 wq

q
q 2 m2 sinc cosf

#2

­ 2p

"√
w2 1

q2

4
2 wqm cosc

!2

2
w2q2s1 2 m2d sin2c

2

#
. (C22)

For J4 we just setc ­ 0 in the expression forJ3 and drop all odd powers ofm obtaining

J3 2 J4 ­ pw2q2s1 2 m2d sin2c 2 w2q2m2 sin2c ­ pw2q2 sin2cs1 2 3m2d . (C23)

Our result for Eq. (C4) is therefore

dku4
1l

dt
­ 2pnDK

Z
ds

Z dQ ds2sQd
sQ2 1 q2u2

md2 q2 sin2c
Z wmax

0
w4 dw

Z mmax

mmin
dms1 2 3m2d

3 fs1 2 w2 2 q2y4 2 wqmd s1 2 w2 2 q2y4 1 wqmdgn, (C24)

where we restrict the integration range to those values ofw andm which satisfy both

21 # m #
1 2 q2y4

wq
2

w
q

(C25)

and

w
q

2
s1 2 q2y4d

wq
# m # 1 . (C26)

By considering only non-negative values form and doubling the result, we find

dku4
1l

dt
­ 4pKnD

Z
s2 ds

Z Q2 dQ ds2sQd
sQ2 1 q2u2

md2

Jsqd
q2

, (C27)

where we have used

q2 sin2c ­ q2 2
sqq0d2

q2
­

ss2 1 Q2y4d2 2 ss2 2 Q2y4d2

q2
­

s2Q2

q2
, (C28)

and where

Jsqd ;
Z 1

0
dms1 2 3m2d

Z 2qmy21
p

12q21q2m2y4

0
w4 dwfs1 2 w2 2 q2y2d2 2 w2q2m2gn (C29)

is only a function ofq.
We can now simplify the integral overu, the angle betweens andQ, by writing

2p
Z 1

21
d cosuds2sQ cosud ­ pysQ , (C30)

leading to

dku4
1l

dt
­ 4p2KnD

Z
s3 ds

Z Q3 dQ
sQ2 1 q2umin2d2

Jsqd
q2 . (C31)

Sinceq2 ­ s2 1 Q2y4, we proceed further by transforming to polar coordinates defined by

s ­ q sinf, Q ­ 2q cosf, dsdQ ­ 2qdqdf , (C32)

obtaining

dku4
1l

dt
­ 2p2KnD

Z qmax

0
q dq Jsqd

Z py2

0

df sin2fs1 2 cos22fd
scos2f 1 ad2

, (C33)

where

a ­ 1 1 u2
miny2 . (C34)
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r

y

The integral overf is readily performed, leading, fo
u

2
min ø 1, to

dku4
1l

dt
­ 4p2KnDflns1yumind 2 1g

Z 2

0
q dq Jsqd .

(C35)
m
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The evaluation ofJsqd for generaln must be done
numerically. Even forn ­ 21y2 one runs into elliptic
integrals. But forn ­ 0, one can proceed further b
interchanging the order of integration overm and w in
Eq. (C29). In this case we find that
Jsqd ­
Z p

12q2y4

12qy2
w4 dw

Z s12q2y42w2dyqw

0
dms1 2 3m2d

­
Z p

12q2y4

12qy2
w dw

"
w2

q

√
1 2

q2

4
2 w2

!
2

s1 2 q2y4 2 w2d3

q3

#
. (C36)

Substitutingw2 ­ 1 2 q2y4 2 x, one finds

Jsqd ­
1
2

Z q2q2y2

0
dx

"
xs1 2 q2y4 2 xd

q
2

x3

q3

#
­

qs1 2 qy2d3

48
s6 1 qd . (C37)
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Finally, for n ­ 0,Z 2

0
q dq Jsqd ­

1
18

, (C38)

and

dku4
1l

dt
­

4p2

18
KnD

"
ln

√
1

umin

!
2 1

#
. (C39)

The cause of the logarithmic divergence is the para
ter sin2c in Eq. (C24). Similar parameter and logarithm
behavior occurs when one studies transport quantitie
the effect of multiple collisions based on statistical av
aging [7–9].

APPENDIX D

This section addresses the question of the cutoff
rameter required for the singular distributions. It is cl
that the concept of binary collisions works only up to t
mean interparticle spacing. However, extensive stud
this question showed that the range of interaction sho
be extended further. It is now universally agreed t
it extends to about 1 Debye length. Proper justifi
tion for this is found in the advanced Liouville equati
theory, but heuristic reasons can be found in almost
book on plasma physics (see, for example, [20]). T
general conclusion is that, if one ignores the fact that
collisions are not binary and the Debye cutoff is used,
momentum transfer in the collision is the same as that
tained by a more exact treatment. For neutral plasm
the general agreement is that the Debye length shou
used as a cutoff parameter. For non-neutral plasma
charged-particle beams, Jansen indicates that it is m
realistic to use the mean interparticle distance [16]. In
accelerator community a similar argument is often f
lowed (see, for example, Le Duff [9] and Struckme
[21]). We note that Jansen’s arguments are valid ma
for low density beams, used in electron and ion be
lithography instruments. In the beams of current in
e-

or
-

a-
r

f
ld
t
-

y
e
e
e
b-
s,
be
or
re
e
-

ly

-

est [6], both the Debye length and Coulomb logarithm
large, which justifies the use of the concepts from plas
physics. Studies of the non-neutral plasma by David
and others showed that it resembles the properties o
neutral plasma very closely, including the effect of Deb
screening [22]. Therefore, Davidson suggests that
Debye length should be used as a cutoff also in n
neutral plasmas and charged particle beams [23]. We
note that the Debye length gives a scattering rate la
than the one corresponding to using the mean inter
ticle distance as the cutoff parameter. In order to stay
the safe side, we thus choose the Debye length as a c
parameter for our singular distribution withn ­ 21y2.
Note that no cutoff is required for all other distributio
with n . 0.

Note that in our case of a proton beam with norm
ized emittanceeN > 1026 m rad and beam radiusa >
1022 m, the beam temperature is relatively high, cor
sponding to a large Debye length andND (number of par-
ticles inside the Debye sphere)¿1. This validates the us
of the Debye length and the concepts of plasma phys
It also ensures that the Fokker-Planck approach for be
with similar parameters would be appropriate.

[1] R. L. Gluckstern, Phys. Rev. Lett.73, 1247 (1994).
[2] R. L. Gluckstern, A. V. Fedotov, S. S. Kurennoy, and R.

Ryne, Phys. Rev. E58, 4977 (1998).
[3] A. V. Fedotov, R. L. Gluckstern, S. S. Kurennoy, and R.

Ryne, Phys. Rev. ST Accel. Beams,2, 014201 (1999).
[4] C. Bernardini, G. Corazza, G. Di Giugno, G. Ghig

J. Haissinski, P. Marin, R. Querzoli, and B. Tousch
Phys. Rev. Lett.10, 407–409 (1963).

[5] M. Reiser,Theory and Design of Charged Particle Beam
(Wiley, New York, 1994).

[6] APT Conceptual Design Report, Los Alamos Rep
No. LA-UR-97-1329, 1997.

[7] H. Bruck, Accelerateurs Circulaires de Particules(Presses
Universitaires de France, Paris, 1966) (translated
054201-14



PRST-AB 2 COULOMB SCATTERING WITHIN A SPHERICAL BEAM … 054201 (1999)

,

or

or

93

cs

un

s

ew

ts

A

ki,
R. McElroy, Los Alamos Report No. LA-TR-72-10
1972).

[8] A. Piwinski, in Proceedings of the CERN Accelerat
School, Paris, 1984(CERN Report No. 85-19, 1985).

[9] J. Le Duff, in Proceedings of the CERN Accelerat
School, Berlin, 1987(CERN Report No. 89-01, 1989).

[10] B. Carlsten, Los Alamos Memorandum AT-7:93-11, 19
(unpublished).

[11] T. Kato, National Laboratory for High Energy Physi
(KEK) Report No. 97-155, 1997 (unpublished).

[12] T. Wangler, R. Jameson, and R. Ryne (private comm
cation).

[13] N. Pichoff, DAPNIA/SEA Report No. 98-46, 1998.
[14] N. F. Mott, Proc. R. Soc. London126, 259 (1930).
[15] C. Möller, Ann. Phys.14, 531 (1932).
[16] G. H. Jansen,Coulomb Interactions in Particle Beam
054201-15
i-

(Academic, New York, 1990).
[17] B. A. Trubnikov, inReviews of Plasma Physics,edited by

M. A. Leontovich (Consultants Bureau Enterprises, N
York, 1965), Vol. 1, p. 105; D. V. Sivukhin, inReviews of
Plasma Physics,edited by M. A. Leontovich (Consultan
Bureau Enterprises, New York, 1966), Vol. 4, p. 93.

[18] S. Habib and R. Ryne (private communication).
[19] N. Pichoff, P. Beauvais, and G. Haouat, DAPNIA/SE

Report No. 98-45, 1998.
[20] I. P. Shkarofsky, T. W. Johnston, and M. P. Bachyns

The Particle Kinetics of the Plasmas(Addison-Wesley,
Reading, MA, 1966).

[21] J. Struckmeier, Part. Accel.45, 229 (1994).
[22] R. C. Davidson,Physics of Nonneutral Plasmas(Addison-

Wesley, Reading, MA, 1990).
[23] R. C. Davidson (private communication).
054201-15


