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Natural BNS damping of the fast ion instability
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In this paper we discuss the self-stabilization of the so-called fast ion instability of an ele
beam in the case when coherent oscillations of bunches can be described in the linear approx
Such a possibility occurs due to an increase in the number of ions along the electron bea
a proportional increase in the betatron tune shifts of electrons in subsequent bunches. Th
variation along the beam results in the BNS damping of the coherent oscillations of electron bu
[S1098-4402(99)00038-5]
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I. INTRODUCTION

Starting from the paper [1] many authors attacked
problem of the so-called fast ion instability in high curre
electron rings. This is a beam breakup-type multibu
coherent instability, which may occur due to tempor
collection in the electron beam of the ions produc
due to ionization of the residual gas atoms by the be
electrons. It is assumed that the beam forms a t
of bunches with a gap, which is long enough to
ions leave the beam to the next turn. As a result
each turn the beam interacts with fresh ions, so that
head-on bunches of the beam deflecting the produ
ions can excite the oscillations of subsequent bunc
Previous calculations of this phenomenon predict tha
the linear approximation on the transverse deflection
the bunches the amplitudes of coherent oscillations
bunches increase in time asymptotically according to

An ~ expsn
p

tyt0 d, An ø s' . (1)

Here,An is the oscillation amplitude of thenth bunch in
the beam,s' is the bunch radius,n is the number of
the bunch in the train, andt0 is the instability time scale
The predicted instability growth rates increase with
increase in the density of the electron beam and bec
especially high for the high current electron storage rin
For these reasons, the fast ion instability is considere
a phenomenon, which can seriously limit the operatio
performance of such machines.

Such an asymptotic behavior of the oscillation am
tudes due to the beam breakup instability could be
pected, if the tunes of the betatron oscillations of partic
coincide in all bunches of the beam. However, the nu
ber of ions produced at a given longitudinal position
the closed orbit increases with an increase in the num
of the passed bunches. That results in a proportiona
crease in the particle betatron tunes in the electron b

*On leave of absence from Budker Institute of Nucle
Physics, 630090 Novosibirsk, Russia.
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towards the end of the train. In these conditions, the in
actions of the subsequent and foregoing bunches via
duced ions become nonresonant ones, so that the gr
of the oscillation amplitudes can be affected by the
called BNS damping [2], in particular, that can elimina
the instability. The reader should remember, howev
that a suppression of the beam breakup instability dif
from the suppression of the conventional type of instab
ties in the particle accelerators and storage rings. In
last case, the damping reduces the values of the bu
eigenmodes increments. If the reduction becomes st
enough, the increments change their signs, so that the
citation of oscillations is eliminated. The beam break
instability occurs due to excitations of the oscillations
the tail bunches by the foregoing ones. The initial blow
of the excited oscillations cannot be eliminated unless
excitation forces vanish. For this reason, the stabiliza
of the beam breakup instability can occur only asympt
cally. The importance of the BNS damping for the i
stabilities due to ion production in the beam was alre
mentioned in our previous paper [3].

Surprisingly, all papers calculating the linear stage
the instability use the equations which contain the te
describing an increase in the betatron tune shift along
train. However, the obtained solutions do not contain
trace of the BNS damping. We think that the reason is
using nonadequate approximations when solving equat
describing linear coherent oscillations of bunches.

In this paper we solve the equations describing
linear period of the fast ion instability in the smoothed
cusing approximation for both electrons and ions, ass
ing that the oscillations of electron bunches are develo
slowly enough to enable neglecting the coupling of
beam betatron modes. That condition usually holds w
for the most coherent instabilities in particle accelerat
and storage rings. Within the framework of this assum
tion, all other equations are solved exactly. Resulting
lutions describe the most features of the BNS dam
coherent oscillations. In particular, these solutions
scribe the amplification of coherent oscillations along
beam, but they never grow with time asymptotically.
© 1999 The American Physical Society 044403-1
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II. INITIAL EQUATIONS

We start from equations which were derived
Yokoya’s note [4], and we shall use the same assu
tions and definitions. These equations coincide with th
used in other papers describing the fast ion instability
an electron beam (see, for example, Ref. [1]). Like
all papers on this subject, we assume that the elec
bunches are equipopulated and replace the sequ
of bunches by a single quasicontinuous bunch, wh
has length equal to the train length and constant lin
density equal to the average linear density in the be
We also shall use the smoothed focusing approxima
when solving equations of motion both for electrons a
ions. We take that the ions are produced at the r
Then, after the reduction of the ion variables from t
equations of motion for electrons, the equation describ
the evolution of the (vertical) centroid of the electr
beam reads [1,4]
≠2y
≠s2

1 k2y

­ 22Ck

(
tyst, sd 2

Z t

0
dt0 hst, t0dyst0, sd

)
. (2)

Here,

hst, t0d ­ cosVst 2 t0d 1 Vt0 sinVst 2 t0d , (3)

and1

C ­
nire

2gLsxsyk
, V ­

s
Nbrp

ALsxsy
,

sx ¿ sy ,
(4)

whereni ­ NbnAsi is the number of ions produced b
an electron bunch in the beam per the unit length,L is the
bunch-to-bunch length,k is the betatron wave numbe
A is the atomic number of the ions,nA is the density of
the residual gas,sx,y are the rms horizontal and vertic
electron bunch sizes,re,p are the classical radii of th
electron and of the proton, respectively,s is the path along
the closed orbit (equivalent to the time), andt ­ nL is
the distance inside the electron beam measured from
head. Equation (2) can also be rewritten in the form
≠2y
≠s2

1 k2y ­ 22Ck
Z t

0
dt0 t0 cosVst 2 t0d

≠yst0, sd
≠t0

,

(5)

or in Yokoya’s form

1Particular expressions forC and V depend on the mode
which is used to describe coherent oscillations. Within
framework of the rigid bunch model which is used in this pap
the presented expressions hold for Gaussian distributions
the same transverse rms sizes in the electron bunch and i
ion cloud. Details of these expressions are not important
the future analysis and they are given here rather for illustra
purposes.
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√
≠2

≠t2
1 V2

! √
≠2

≠s2
1 k2

!
yst, sd ­ 22Ck

≠

≠t

√
t

≠y
≠t

!
.

(6)

All these equations contain the terms describing
increase in the (vertical) betatron tune in the elect
beam due to an increase in the number of the produ
ions. For that reason, we may expect that soluti
of these equations will have the features which
specific for the beam breakup instability with the BN
damping. In particular, the oscillations may grow,
decay, depending on the distribution of initial centro
deflections in the beam (see, for example, Ref. [5]). O
stable solution of Eq. (6) is seen from this equat
directly. If initial deflections are constant along the be
yst, 0d ­ Y , Eqs. (6) or (5) have the solution [4]

yst, sd ­ Y cosskfs 2 s0gd . (7)

III. SOLVING OF THE CENTROID EQUATION

We want to solve Eq. (6). It is useful to define t
dimensionless variables

x ­ Vt, u ­ ks . (8)

Then, Eq. (6) reads√
≠2

≠x2 1 1

! √
≠2

≠u2 1 1

!
ysx, ud ­ 22Q

≠

≠x

√
x

≠y
≠x

!
,

Q ­
C

Vk
. (9)

For typical conditions the value ofQ is small. However,
the value in the right-hand side of Eq. (9) contains
derivatives ofy with respect tot. For that reason, it ca
be large, if y may vary along the beam rapidly. Su
a possibility is a specific feature of the beam brea
solutions (see, for example, Ref. [5]). To solve Eq.
we define two new functions√

≠2

≠u2
1 1

!
ysx, ud ­ Psx, ud , (10)

and

jmsx, ud ­
≠y
≠u

2 imy, m ­ 61 . (11)

Apparently, the functionPsx, ud is proportional to the
right-hand side in Eq. (5),

P ­
22C

k

Z t

0
dt0 t0 cosVst 2 t0d

≠yst0, sd
≠t0

. (12)

The functionsP andjm obey the following equations:

≠2P
≠x2

1 P ­ iQ
≠

≠x

√
x

≠

≠x
fj21 2 j1g

!
, (13)
044403-2
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≠jm

≠u
1 imjm ­ P, m ­ 61 . (14)

The functionsj1s21d describe the dipole betatron modes
the beam. According to Eq. (5), for nonsingular centr
distributions along the beam (≠yy≠ lnt ­ 0, if t ­ 0) the
functionP obeys the border conditions

Ps0, ud ­ 0,
≠Ps0, ud

≠t
­ 0 . (15)

Since

y ­
1
2i

fj21 2 j1g , (16)

we can also rewrite the functionP in Eq. (12) in the
following form:

P ­ P21 1 P1

­
C
ik

Z t

0
dt0 t0 cosVst 2 t0d

X
m­61

m
≠jmst0, sd

≠t0
.

(17)

Assuming that coherent oscillations are developed slo
than the periods of the betatron oscillations, we omit
coupling of the modes withm ­ 61. Then, equations fo
the modesj61 read

≠2Pm

≠x2 1 Pm ­ 2imQ
≠

≠x

√
x

≠jm

≠x

!
,

≠jm

≠u
1 imjm ­ Pm, m ­ 61 ,

(18)

while the border conditions in Eq. (15) for the functio
Pm hold separately.

Equations (18) can be solved exactly using the Fou
transform. We define

jm ­ e2imuzmsx, ud, Pm ­ e2imuFmsx, ud . (19)

Substituting these expressions in Eqs. (18) we find
the functions zm and Fm will depend on m only in
the combinationmQ. Since m takes only two values
m ­ 61, we shall write belowmQ like Q remembering
that Q changes the sign, whenm is replaced for2m.
Correspondingly, we shall omit the indexm in the
amplitudeszm and Fm, assuming the substitutionszm !

z andFm ! F. After these transformations Eqs. (18) c
be rewritten in the following form:

≠z

≠u
­ F,

≠2F
≠x2

1 F ­ 2iQ
≠

≠x

√
x

≠z

≠x

!
. (20)

Multiplying here both sides of the first equation byeivu

and integrating them over0 # u , `, we findZ `

0
dueivu ≠z

≠u
­ 2ivz sx, vd 2 z sx, 0d ­ Fsx, vd .

(21)
044403-3
r
e

r

t

So that, if we knowFsx, vd, the functionz sx, ud is found
using

z sx, ud ­
Z `

2`

dv

22piv
e2ivufz sx, 0d 1 Fsx, vdg,

Imv . 0 . (22)

The Fourier transform in the second equation
Eq. (20) simply replaces the functionsF and z by
their Fourier amplitudes. Substituting there the val
z sx, vd ­ ifz sx, 0d 1 Fsx, vdgyv, we find the following
equation for the amplitudeFsx, vd:

d2F
dx2 1 F ­

Q
v

d
dx

√
x

dF
dx

1 x
dz sx, 0d

dx

!
. (23)

Note that the right-hand side in this equation dramatica
increases for the amplitudes, which are in the resona
with betatron oscillations (v ! 0).

Solutions of Eq. (23) can be found directly. Substitu
ing

x ­
2v

p
s1 2 Qxyvd

Q
,

d
dx

­ 2
2v

Qx

d
dx

, (24)

we transform Eq. (23) into the following:

1
x

d
dx

√
x

dF
dx

!
1 F ­ F ,

F ­
Q
v

d
dx

√
x

dz sx, 0d
dx

!
. (25)

Correspondingly, solutions are expressed in terms of
combinations of the Bessel functions:

F ­ Asx, vdJ0sxd 1 Bsx, vdN0sxd . (26)

Here, J0sxd and N0sxd are the Bessel and Neuman
functions of the zero order (see, for example, Ref. [6
Simple calculations, together with a requirement that

A0J0 1 B0N0 ­ 0, F0 ­ AJ 0
0 1 BN 0

0 ,

A0 ­ dAydx ,

result in the following equations for the functionsA and
B:

A0J0 1 B0N0 ­ 0, A0J 0
0 1 B0N 0

0 ­ F .

Using [6] the identity J0sxdN 0
0sxd 2 J 0

0sxdN0sxd ­
2yspxd, we find

dA
dx

­ pN0sxd
d

dx

√
x

dz sx, 0d
dx

!
,

and similarly

dB
dx

­ 2pJ0sxd
d
dx

√
x

dz sx, 0d
dx

!
.

Solving these equations with the border condition fro
044403-3



PRST-AB 2 D. V. PESTRIKOV 044403 (1999)

27
ce

s
Eq. (15) [Asx ­ 0d ­ 0 andBsx ­ 0d ­ 0], we obtain

Fsx, vd ­ p
Z x

0
dx0 d

dx0

√
dz sx0, 0d

d lnx0

!

3

É
J0sxd, N0sxd
J0sx 0d, N0sx 0d

É
. (27)

Here,x 0 ­ 2
p

vsv 2 Qx0dyQ. Using the relationships
between various Bessel functions we can rewrite Eq. (
in many convenient forms. In particular, we may repla
th

re
ew
n

ts
-

a

n

044403-4
)

N0 ­ ifJ0 2 H
s1d
0 g, whereHs1,2d

n are the Hankel function
(see, for example, Ref. [6]). This yields

Fsx, vd ­ 2ip
Z x

0
dx0 d

dx0

√
dz sx0, 0d

d ln x0

!

3

É
J0sxd, H

s1d
0 sxd

J0sx 0d, H
s1d
0 sx 0d

É
,

or, assuming thatxdz ydx ­ 0, if x ­ 0,
F ­ ip
Z x

0
dx0 x0 dz sx0, 0d

dx0

d
dx0

fJ0sxdHs1d
0 sx 0d 2 H

s1d
0 sxdJ0sx 0dg ,

­
ipwp

wsw 2 2x0d

Z x

0
dx0 x0 dz sx0, 0d

dx0

É
J0sxd, H

s1d
0 sxd

J1sx 0d, H
s1d
1 sx 0d

É
. (28)

Defining t ­ Quy2 and substitutingF from Eq. (28) in Eq. (22), we obtain

z sx, ud ­ z sx, 0d 1 Dz , (29)

where we defined

Dz ­
Z `

2`

dve2ivu

22piv
F ­

21
2

Z x

0
dx0 x0 dz sx0, 0d

dx0
Rsx, x0, td (30)

andRsx, x0, td as the resolvent of Eq. (29),

Rsx, x0, td ­
Z `

2`

dwe2iwtp
wsw 2 2x0d

É
J0sss

p
wsw 2 2xd ddd, H

s1d
0 sss

p
wsw 2 2xd ddd

J1sss
p

wsw 2 2x0d ddd, H
s1d
1 sss

p
wsw 2 2x0d ddd

É
. (31)
ur
cut

ng
ints
s

the

in
the
The integration contour in this equation goes above
singularities of the integrand [Imswd . 0]. We deform
the integration contour to transform Eq. (31) to a mo
convenient form. During these deformations the n
contour should not cross the singularities of the integra
in Eq. (31). These are the branch points atw ­ 2x0

and w ­ 2x, as well as two simple poles at the poin
w ­ 0 and w ­ 2x0. To make the integrand a single
valued function we cut the planew along the real half-
axesw $ 0. SinceÉ

J0sxd, H
s1d
0 sx 0d

J1sxd, H
s1d
1 sx 0d

É
­

É
H

s2d
0 sxd, H

s1d
0 sx 0d

H
s2d
1 sxd, H

s1d
1 sx 0d

É
,

and

H
s2,1d
0 sss

p
wsw 2 2xd dddHs1,2d

1 sss
p

wsw 2 2x0dddd

.
2

pw
e6isx2x0d, jwj ! ` ,

the integration contour can be deformed in such a w
that it starts fromw ­ `, returns tow ­ 0 below the cut,
and, after detouring this point in the negative directio
the contour returns to the pointw ­ ` above the cut (see
Fig. 1).
e

d

y

,

After these transformations we note that the conto
integrals along the upper and lower sides of the
on the real axes ofw between the pointsw ­ 0 and
w ­ 2x0 cancel each other. Similarly, the integrals alo
the upper and lower sides of the cut between the po
w ­ 2x andw ­ ` cancel each other . The calculation
of the remaining contour integrals reduce those to

2x' 2x0

C in

D uring
deform ation

FIG. 1. The deformation of the integration contour
Eq. (31). The dashed line shows the part of the cut in
beam spectrum.Cin shows the initial integration contour.
044403-4
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pole contributions2 and to the integral along the betatron oscillations spectrum of the beamx0 # wy2 # x,

Rsx, x0, td ­
2
x0

f1 2 e22ix 0tI0sss2
p

x0sx 2 x0ddddg 1 2
Z x

x0

dw e22iwt I0sss2
p

wsx 2 wddddJ1sss2
p

wsw 2 x0ddddp
wsw 2 x0d

. (32)

Here,Insxd are the Bessel functions of the imaginary argument

Insxd ­

√
x
2

!n X̀
k­0

sxy2d2k

k!sk 1 nd!
.

For the modem ­ 21 the resolvent for Eq. (30) can be calculated similarly, but the cut in the plane of the com
variable w should be directed along the negative half-axes ofw (Rew # 0). This expression can also be obtain
directly from Eq. (32), if we recall that indeedQ is mQ (m ­ 61), so that we can findR21 using the following
substitutionsRm ! mR, x ! mx, andx0 ! mx0 ( m ­ 61):

Rmsx, x0, td ­
2m
mx0

f1 2 e2imx0tI0sss2
p

x0sx 2 x0d dddg 1 2m
Z mx

mx0

dw e22iwt I0sss2
p

wsmx 2 wddddJ1sss2
p

wsw 2 mx0d dddp
wsw 2 mx0d

,

or (w ! 2w)

R21sx, x0, td ­
2
x0

f1 2 e2ix0tI0sss2
p

x0sx 2 x0d dddg 1 2
Z x

x0

dw e2iwt I0sss2
p

wsx 2 wddddJ1sss2
p

wsw 2 x0ddddp
wsw 2 x0d

. (33)

Expressions forR61 differ by the complex conjugation of exponential functions. Such a difference for oscilla
near the upper and the lower sidebands is a specific feature of the beam breakup solutions describing the exc
oscillations of subsequent (here) bunches in the beam by the foregoing ones.

SinceRsx, x0, t ­ 0d ­ 0, we should expect

2
x0

f1 2 I0sss2
p

x0sx 2 x0d dddg 1 2
Z x

x0

I0sss2
p

wsx 2 wddddJ1sss2
p

wsw 2 x0d dddp
wsw 2 x0d

dw ­ 0 ,

or Z x

x0

I0sss2
p

wsx 2 wddddJ1sss2
p

wsw 2 x0ddddp
wsw 2 x0d

dw ­
1
x0

fI0sss2
p

x0sx 2 x0dddd 2 1g . (34)

The integral in the left-hand side of this expression can be calculated directly (see Appendix A) confirming the
in Eq. (34). Using this expression we can also rewrite Eq. (32) in the equivalent form

Rsx, x0, td ­
2
x0

f1 2 e22ix0tgI0sss2
p

x0sx 2 x0d ddd 2 2
Z x

x0

dwf1 2 e22iwtg
I0sss2

p
wsx 2 wddddJ1sss2

p
wsw 2 x0ddddp

wsw 2 x0d
. (35)

Substituting this formula into Eq. (30), we find

z sx, td ­ z sx, 0d 2
Z x

0
dx0 dz sx0, 0d

dx0
f1 2 e22ix0tgI0sss2

p
x0sx 2 x0dddd

1
Z x

0
dx0 x0 dz sx0, 0d

dx0

Z x

x0

dwf1 2 e22iwtg
I0sss2

p
wsx 2 wd dddJ1sss2

p
wsw 2 x0ddddp

wsw 2 x0d
. (36)

One can easily prove by direct calculations that expressions in either Eq. (36), or its equivalent, which ho
nonsingular functionsdz sx, 0dydx,

zmsx, td ­ zms0, 0d 1
Z x

0
dx0 e22imx0tI0sss2

p
x0sx 2 x0d ddd

"
dzmsx0, 0d

dx0
2 Jz sx0d

#
, m ­ 61 , (37)

2In order to avoid confusion, we note that for the Bessel functions of the integer order the branch point and the pole sing
contribute in additive terms. For example, we can writepN1szd ­ 2J1szd sln z

2 1 Cd 2
2
z 2 D1szd, whereC is the Euler constan

andDszd is a nonsingular function ofz.
044403-5 044403-5
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where

Jz swd ­
Z w

0
dy y

dzmsy, 0d
dy

J1sss2
p

wsw 2 yd dddp
wsw 2 yd

satisfies Eqs. (18) (see also Appendix B). According
Eq. (36), the distribution of the dipole momentum alo
the beam to a given timet ­ Qksy2 strongly depends o
its initial distribution along the beam. In particular, if a
bunches initially have the same offsets in the phase s
[z sx, 0d ­ const], no instability occurs. Corresponding
we may expect that the instability will result in small
excitation amplitudes for smoother initial distribution
the bunch dipole moments along the beam.

Since the result is expressed in terms of the Fou
integral over a finite frequency interval, it never gro
asymptotically (i.e., whent ! `). For the same rea
son, we may also expect an echoing time dependenc
the signals. That behavior is a consequence of the B
damping of the solutions due to increases in the beta
tunes of particles along the beam, which is a specific
ture of the discussed problem [see Eq. (2)]. As was
ready mentioned in the Introduction, the stabilization
the beam breakup instability may occur only asympt
cally. It means that oscillations initially will blowup unt
the damping will overcome the excitation. For the f
ion instability a rough estimation of this moment can
done in the following way. According to Eqs. (2) and (
and neglecting the BNS damping we, generally, might
pectz ~ expf

p
sys0 g (see, for example, Ref. [5]) with th

excitation growth rate estimated by the parameter

1
s0

. 2Cxt ­
2Cx2

V
. (38)

On the other hand, the variation of the betatron w
number along the beam is determined by [see Eq. (2)

Dk ­ Ct ­
Cx
V

. (39)

For rough estimations we may assume that the B
damping due to this tune variation results in an ex
nential decay of the coherent signal-like Landau damp
of conventional coherent oscillations (z ~ expf2Dksg ­
expf2CxsyVg). A total dependence ofz on time will be
then determined by the expression

z ~ exp

√
2

Cxs
V

1 x

s
2Cs
V

!
. (40)

This expression shows that the damping of oscillati
will overcome their excitation after

Cs
V

$ 2 . (41)

This very rough estimation of the suppression star
moment coincides surprisingly well with that obtain
below using accurate numeric calculations for sev
particular initial distributions of the bunch centroids alo
the beam.
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IV. PARTICULAR EXAMPLES

In this section we shall study several examples of w
initial distributions of the beam dipole momenta alo
the beam enable some simplifications of the integral
Eqs. (36) or (37). Usually, the resulting expressions
these cases can be reduced to single integrals, which
be easily tabulated. Apart from the illustrative wor
these examples enable an estimation of the influe
of the shape of the initial distribution of the dipo
momentum along the beam on its asymptotic behavior

A. Stepwise initial centroid distribution

Although the electron bunch centroids do not gr
in the time asymptotically, the interaction of bunch
via produced ions may result in their initial blowup a
significant amplifications of the oscillation amplitud
along the beam. That is another specific feature of
discussed phenomenon. As an example we conside
case whenm ­ 1 and z1sx, 0d ­ z sx, 0d is a steplike
function so that the first bunches in the beam withx # a
are deflected with, say, a unit amplitude, while all oth
are not deflected, and, therefore

dz sx, 0d
dx

­ 2dsx 2 ad.

For this case, Eq. (36) yields [x $ a; it is obvious that for
the discussed case in the regionx , a, z sx, sd ­ 1]

z sx, sd ­ za 2 zw , x $ a , (42)

where

zasx, td ­

"
1 2 exp

√
2

iCas
V

!#
I0sss2

p
asx 2 ad ddd , (43)

and

zw ­ a
Z 1

ayx
dw

"
1 2 exp

√
2iw

Csx
V

!#

3
I0sss2x

p
ws1 2 wddddJ1sss2x

p
wsw 2 ayxddddp

wsw 2 ayxd
. (44)

Though the integrals in these equations are still com
cated for their analytic calculations, the functionz sx, td
can be easily tabulated and plotted. Inspections of the
pendencies ofz on x indicate that, although its charact
generally depends on time, the amplitudes of oscillati
are amplified along the beam, and at largex the amplifi-
cation coefficient indicates exponential dependence ox
[see Fig. 2(a)].

As is visible in Fig. 2(b), the resonantlike dependenc
of the phases of oscillations onx occur due to an artificia
reduction of the data for this plot to the interval2p #

argsz d # p .
The time dependencies of the amplitude of the cohe

signal in the discussed example are not simple a
generally, depend on bothx anda (see Figs. 3 and 4).
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FIG. 2. Dependences of the amplitudejz j [(a) dimensionless]
and phase [argsz d (b)] of oscillations on the distance along th
beam. For (a) from top to bottomt ­ CsyV ­ 1, 0.5, and
0.1; for (b) solid dots:t ­ 0.1; solid line: t ­ 0.5; dashed line:
t ­ 1; a ­ 1.

It does not indicate any quasiexponential law, whi
was found in previous papers. In the region wherex ¿ 1
andx ¿ a, the dependence of the oscillation amplitude
time has a shape of a bump with a maximum atCsyV . 2
and then decays to some saturation level (Fig. 4). M
generally, this dependence is determined by the ra
of functions za and zw from Eqs. (43) and (44). If
za dominates (smallx, close values ofx and a), the
amplitude time dependence indicates beatings with
period approximately2pVyCa (Fig. 3). An increase in
the amplitude ofzw can decrease the beating amplitu
044403-7
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FIG. 3. Dependence of the [dimensionless] amplitude of
coherent signal (solid line) on time (t ­ CsyV). In both cases,
a ­ xy2, (a) x ­ 2, (b) x ­ 6. The dashed line and solid
dots on these pictures show the contributions fromza and zw ,
correspondingly.

[Figs. 3(b) and 4]. An interesting feature of these tim
dependencies is a nonlinear dependence on time a
start of oscillations (Figs. 3 and 4). If the betatron tun
of the bunches along the beam would be constant,
dependence should be a linear one, since the oscillation
all bunches would be in exact resonance. Due to deviat
of the betatron tunes along the beam, the excitations
the subsequent bunches becomes a nonresonant one,
results in slower increase in the oscillation amplitu
with time.
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B. Linear initial displacement

Another example which enables the calculation of
beam betatron modes in a more or less simple w
corresponds to the case when initial values of the be
bunch dipole momenta grow, or decrease, along the b
linearly. For example, we take (m ­ 1, zm ! z )

z sx, t ­ 0d ­
x

LV
, (45)

so that the last bunch in the train has a unit displacem
Substituting this expression forz sx, 0d in Eq. (37), we
find

zmsx, td ­
1

LV

Z x

0
dw e22imwtI0sss2

p
wsx 2 wdddd

3

"
1 2

Z w

0
dy y

J1sss2
p

wsw 2 yd dddp
wsw 2 yd

#
. (46)

Using
Z w

0
dy y

J1sss2
p

wsw 2 yd dddp
wsw 2 yd

­
1
w

Z w

0
dy y

d
dy

J0sss2
p

wsw 2 yd ddd

­ 1 2
Z w

0

dy
w

J0sss2
p

wsw 2 ydddd ,

we rewrite Eq. (46) in the following form:

zmsx, td ­
1

LV

Z x

0
dw e22imwtI0sss2

p
wsx 2 wdddd

Z w

0

dy
w

J0sss2
p

wsw 2 yd ddd . (47)

Now, we note that Z w

0

dy
w

J0sss2
p

wsw 2 yd ddd ­
Z 1

0
dy J0

°
2w

p
y

¢
­

J1s2wd
w

,

al

the

e

on
fter

ues
the

in
)

in
us
and hence

zmsx, td ­
1

LV

Z x

0

dw
w

e22imwtI0sss2
p

wsx 2 wd dddJ1s2wd .

(48)

In particular, for the initial distribution of the bea
centroid we find

x ­
Z x

0

dw
w

I0sss2
p

wsx 2 wddddJ1s2wd . (49)

The integral in the right-hand side of this express
coincides with the integral in Eq. (A1), if we take the
x0 ­ 0. Using Eq. (A1) and

lim
x0!0

(
1
x0

fI0sss2
p

x0sx 2 x0dddd 2 1g

)
­ x , (50)

we prove the identity in Eq. (49).
Although the analytic calculation of the right-han

side in Eq. (48) is not very simple, this formula can
easily tabulated. As it could be expected beforeha
the interactions of bunches along the beam result in
amplification of the oscillation amplitude towards the e
d,
e

of the train. As seen from Fig. 5 for the linear initi
centroid distribution, it occurs only untilCsyV # 2. For
larger time intervals the slope of the dependence of
amplitude amplification coefficient onx initially decreases
(solid circles in Fig. 5) and asymptotically can becom
even negative (see open circles in Fig. 5).

Typical time dependence of the centroid amplitude
the time also corresponds to its asymptotic decay a
passing a maximum value atCs ­ 2V (see Fig. 6).

C. Harmonic initial distribution

Let us consider now a special case when initial val
of the beam dipole momenta are distributed along
beam according to (m ­ 1, againzm ! z )

z sx, 0d ­ cossxd . (51)

This initial distribution coincides with that used
Refs. [1], [4], or [7], if we take, for example, in Eq. (21
of Ref. [1] u ­ py2 andŷ ­ 2.

A direct substitution of Eq. (51) into Eq. (37) results
the expression in which simplification is not so obvio
044403-8
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(t ­ CsyV),

z sx, td ­
Z x

0
dx0 e2ix0tI0sss2

p
x0sx 2 x0ddddFsx0d , (52)

where

Fsx0d ­ 2 sinsx0d 1
Z x0

0
dy y sinsyd

J1sss2
p

x0sx0 2 yd dddp
x0sx0 2 yd

,

(53)

­ 2 sinsx0d 1 x0
Z 1

0
dy y sinsx0yd

J1sss2x0
p

1 2 yd ddd
p

1 2 y
.

(54)

However, we note that according to Eqs. (20)–(23)
amplitude

z sx, vd ­
ifz sx, 0d 1 Fsx, vdg

v

obeys the following equation [z sx, 0d ­ z0]:

d
dx

"√
1 2

Qx
v

!
dz

dx

#
1 z ­

1
iv

"
d2z0

dx2
1 z0

#
. (55)

If z sx, 0d is defined by Eq. (51), the amplitudez sx, vd
obeys a homogeneous differential equation

d
dx

"√
1 2

Qx
v

!
dz

dx

#
1 z ­ 0 , (56)
044403-9
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with the border condition

z s0, vd ­
iz0s0d

v
­

i
v

,
≠z sx ­ 0, vd

≠x
­ 0 . (57)

The solution to Eq. (56) can be found easily,

z sx, vd ­ 2
pi
Q

hN1s2wdJ0sss2
p

wsw 2 xd ddd

2 J1s2wdN0sss2
p

wsw 2 xddddj , (58)

wherew ­ vyQ. The inverse Fourier transform yield
(t ­ CsyV)

z sx, td ­
Z `

2`

dw
2i

e2iwthN1s2wdJ0sss2
p

wsw 2 xd ddd

2 J1s2wdN0sss2
p

wsw 2 xd dddj ,

(59)

or, after reducing the integration contour to the cut0 ,

w , x, we find3

z sx, td ­ 1 2
Z x

0
dw e2iwtI0sss2

p
wsx 2 wddddJ1s2wd .

(60)

Using the calculations similar to those presented
Appendix B, one can easily prove thatz sx, td from

3Taking here t ­ 0 and using Eq. (51), we
can also obtain the following nontrivial integral
x

R1
0 dw I0sss2x

p
ws1 2 wd dddJ1s2xwd ­ 1 2 cossxd.
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Eq. (60) obeys Eqs. (20) [m ­ 1],

1
i

≠z

≠t
­

F
iQ

­ G, G ­ 2
≠

≠x

√
x

≠z

≠x
1

≠G
≠x

!
.

(61)

Typical dependencies of the amplitude of oscillatio
(jz j) on time (see Fig. 7) in this case differ from th
calculated for the two previously discussed cases. A
initial bump, which again occurs whenCs ­ 2V, the
amplitude decreases towards a constant valuejz j . 1.

Due to similarity in initial distribution of bunch cen
troids along the beam, this example enables a nume
comparison of the obtained here solutions with that p
viously obtained in Refs. [1] or [7]. As was already di
cussed, these papers predict wrong behavior of the exc
amplitudes at small (CsyV ! 0) and large (CsyV $ 2)
time intervals. We may expect, however, some coin
dence in the asymptotic regionx

p
CsyV . 1. To test

such a possibility we fitjz sx, tdj calculated using Eq. (60
to the functions which were calculated in Refs. [1,7],

zt ­ Af jcossxdjI0sssx
p

CsyfVt0g ddd, x
p

CsyV . 1 .

(62)

Here, Af and t0 are the fitting parameters andI0sxd is
the Bessel function of an imaginary argument.4 The fit-
ting parameters were selected inspecting dependen
on x

p
CsyV of the relative deviation of the excited os

cillation amplitude (jz sx, tdj 2 j cosxj) calculated using
Eq. (60) from that calculated usingzt ,

0 2 4 6 8 10
10

-1

10
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10
1

10
2

10
3

|ζ
|

Cs/Ω

FIG. 7. Dependences of the (dimensionless) amplitudejz j on
the time (CsyV). From top to bottom atCsyV ­ 2, x ­ 10,
5, and 2.

4Using equations of this subsection, a reader can easily
other possibilities.
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Dt ­ 2
jjz sx, tdj 2 zt j

jz sx, tdj 1 zt 2 2jcossxdj
. (63)

Good fitting results (Figs. 8 and 9) were obtained
Af . 1. As seen from Fig. 8, for the pointx ­ 10, and
if t0 ­ 1.5, the relative deviation (Dt) is less than 30%
provided that

2.5 # x

s
Cs
V

# 10, x ­ 10 .

The value ofDt exceeds 10% within the enclosed interv
(Fig.8)

3.5 # x

s
Cs
V

# 9, x ­ 10 .

Another example is shown in Fig. 9 for the pointx ­
3. Again, the best fitting was obtained forAf . 1.
As is seen, the border of the 30% accuracy shri
approximately to the interval

2.5 # x

s
Cs
V

# 5, x ­ 3 ,

the value of the best fitting parameter has change
t0 . 3.

Presented examples show that Eq. (62) provides
poor approximations to the exact solutions even in
considered quasiasymptotic regions of the param
x
p

CsyV. Due to different asymptotic behaviors in tim
and in the cases of the good fittings, exact soluti
z sx, td and non-BNS damped functionszt from Eq. (62)

1 10
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x(Cs/Ω)
1/2

FIG. 8. Dependences of the relative deviation (Dt) of the
excited oscillation amplitude from that for the non-BN
damped solution (zt) on x

p
CsyV. Solid line: t0 ­ 1.5; solid

circles:t0 ­ 1.3; open circles:t0 ­ 1.7; x ­ 10.
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FIG. 9. Same as in Fig. 8, butx ­ 3. Solid line: t0 ­ 3;
solid circles:t0 ­ 2; open circles:t0 ­ 4.

can intersect in a couple of points (open circles and s
lines in Figs. 8 and 9). Near these intersection points
value ofDt decreases.

V. CONCLUSION

Within the framework of the assumptions about the
tatron mode decoupling and in the smoothed focusing
proximation, equations describing the fast ion instabi
in the linear approximation in the electron bunch o
sets are solved exactly. The solutions are expresse
terms of the Fourier integral over the finite tune inter
in the beam spectrum. Ifz is the electron beam cen
troid position in the phase space, the amplitudes in
Fourier integral are proportional to the initial distributio
of the value≠zy≠x along the beam. The time depe
dencies of the obtained solutions is strongly determi
by the shape of this distribution and by the longitudin
bunch position in the beam. The instability of the be
oscillations manifests itself in amplifications of the osc
lation amplitudes along the beam and in initial grow
of the oscillation amplitude in time. However, the am
plitudes of these unstable oscillations are asymptotic
(s . 2VyC) limited by the natural BNS damping due
an increase in the number of the produced ions along
beam and the proportional increase in the particle beta
tune shifts.

The amplification coefficient of the oscillation amp
tudes along the beam depends on both time, on the lo
tudinal position inside the beam, and on the shape of
function ≠z sx, 0dy≠x. It can be close to an exponenti
for largex.
044403-11
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Dependencies of the amplitudes of unstable oscillati
on time are not universal, but are strongly determined
the beam parameters. We did not find initial distributio
of the beam dipole momenta when their subsequ
dependences on time follow Eq. (1) with a reasona
accuracy.5 For largex, the position of the first maximum
in the amplitude dependence on the time approaches
universal value

s0 .
2V

C
­

23y2gk
nAsi

vuut√
m

mp

!
Lsxsy

ANbre
. (64)

Here, mp is the proton mass. This value can be us
for rough estimations of the rise times of the instabil
in these conditions. Except for a possibility of a
exponential amplification of the oscillation amplitud
along the beam, the predictions containing the obtai
exact solutions do not agree with results of previo
calculations (see, for example, Refs. [1,4,7]).

Note that the growth rate (1ys0) in Eq. (64) agrees
surprisingly well with that obtained in Ref. [3] for th
problem where the instability occurs due to interacti
of the beam with uncaptured ions. However, in the c
of uncaptured ions the betatron tune shift along the tr
saturates. That suppresses the BNS damping for the
trains and results in the quasiexponential asymptot
increase of the oscillation amplitude in time as it
described in Eq. (1). This coincidence can be due
the fact that the beam breakup instability occurs due
the resonance excitation of the tail bunches in the be
by the foregoing ones. If the damping occurs due to
nonresonant process, initially the excitation of oscillatio
prevails so that the oscillation amplitudes grow. Duri
this stage the growth rate is determined by the interacti
of electrons via produced ions, which yields1ys0. In the
case of the BNS damping, the growth of the amplitude
limited by the detuning of the betatron frequencies of
bunch oscillations along the beam.

5After simple but tedious calculations the reader can find
that the functions with such asymptotes obey the equat
which can be obtained from Eq. (2), if we omit in its right-han
side the term describing the modulation of the betatron t
along the beam (22Ckty). Such an equation can describe t
fast ion instability in a special case, when the tune shift due
ions is exactly compensated, for example, due to interaction
bunches with surrounding electrodes [Dkextstd ­ 2Ct]. The
singularities of the Fourier amplitudes of the solutions of t
equation in the plane of the complex variablew are reduced
to essential singularities. This alteration in the character of
singularities of the Fourier amplitudes of the solution resu
in the asymptote described in Eq. (1). A more realistic ca
when the ratioDkextyCt is an arbitrary number, demand
too complicated analytic calculation and should be stud
separately.
044403-11
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APPENDIX A: CALCULATION OF THE INTEGRAL IN EQ. (34)

We calculate the integralZ x

x0

I0sss2
p

wsx 2 wddddJ1sss2
p

wsw 2 x0d dddp
wsw 2 x0d

dw ­
1
x0

fI0sss2
p

x0sx 2 x0dddd 2 1g . (A1)

Using

d
dx0

J0sss2
p

wsw 2 x0d ddd ­ J1

p
w

p
w 2 x0

­ w
J1p

wsw 2 x0d
,

we write Z x

x0

I0sss2
p

wsx 2 wddddJ1sss2
p

wsw 2 x0d dddp
wsw 2 x0d

dw ­
1
x0

I0sss2
p

x0sx 2 x0d ddd 1 Fsx, x0d , (A2)

where

Fsx, x0d ­
d

dx0

Z x

x0

dw
w

I0sss2
p

wsx 2 wddddJ0sss2
p

wsw 2 x0d ddd . (A3)

The functionFsx, x0d can be calculated using the following expansion [6]:

I0sss2
p

wsx 2 wddddJ0sss2
p

wsw 2 x0dddd ­
X̀
k­0

wksx 2 wdk

sk!d2 F

√
2k, 2k, 1, 2

w 2 x0

x 2 w

!
. (A4)

Here,Fs2k, 2k, 1, zd is the hypergeometric function

Fs2k, 2k, 1, zd ­ 1 1
k2

1
z 1

fksk 2 1dg2

s2!d2 z2 1
fksk 2 1d sk 2 2dg2

s3!d2 z3 1 · · · 1 zk (A5)

­ sk!d2
kX

m­0

zm

fm!sk 2 md!g2
. (A6)

So, we can write

I0sss2
p

wsx 2 wddddJ0sss2
p

wsw 2 x0d ddd ­
X̀
k­0

wksx 2 wdk
kX

m­0

s21dm

fm!sk 2 md!g2

sw 2 x0dm

sx 2 wdm
,

while

F ­
d

dx0

X̀
k­0

Z x

x0

wk21sx 2 wdk

√
kX

m­0

s21dm

fm!sk 2 md!g2

sw 2 x0dm

sx 2 wdm

!
dw

­ 2
1
x0

1
d

dx0

X̀
k­1

Z x

x0

wk21sx 2 wdk

√
kX

m­0

s21dm

fm!sk 2 md!g2

sw 2 x0dm

sx 2 wdm

!
dw ­ 2

1
x0

1
X̀
k­1

dFk

dx0
, (A7)

where

Fk ­
Z x

x0

wk21sx 2 wdk

√
kX

m­0

s21dm

fm!sk 2 md!g2

sw 2 x0dm

sx 2 wdm

!
dw (A8)

­
kX

m­0

s21dm

fm!sk 2 md!g2

Z x

x0

wk21sx 2 wdk2msw 2 x0dm dw . (A9)
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ll

a

0
od
Calculating the integrals directly, we find that for a
k $ 1, Fk ­ 0, so that

F ­ 2
1
x0

. (A10)

Substituting this expression into Eq. (A2) we arrive
Eq. (A1).

APPENDIX B: TEST SOLUTIONS

Here, we test that obtained solutions obey Eq. (2
As an example we make the calculations for the m
m ­ 21. In this case, Eq. (20) reads
044403-13
t

).
e

≠z

≠u
­ F,

≠2F
≠x2

1 F ­ iQ
≠

≠x

√
x

≠z

≠x

!
. (B1)

Sincet ­ Quy2, we write

≠z

≠u
­

≠z

≠t
Q
2

,
1
2i

≠z

≠t
­

F
iQ

­ G .

We expect that

G ­
≠

≠x

√
x

≠z

≠x
2

≠G
≠x

!
, (B2)

where [see Eq. (37)]
ile the
G ­
1
2i

≠z

≠t
­

Z x

0
dx0 x0 dz0sx0d

dx0
e2ix0tI0sss2

p
x0sx 2 x0d ddd

2
Z x

0
dw we2iwtI0sss2

p
wsx 2 wdddd

Z w

0
dx0 x0 dz0sx0d

dx0

J1sss2
p

wsw 2 x0d dddp
wsw 2 x0d

. (B3)

Direct calculations result in

≠G
≠x

­ x
dz0sxd

dx
e2ixt 1

Z x

0
dx0 x0 dz0sx0d

dx0
e2ix0t ≠

≠x
I0sss2

p
x0sx 2 x0d ddd 2 xe2ixt

Z x

0
dx0 x0 dz0sx0d

dx0

J1sss2
p

xsx 2 x0ddddp
xsx 2 x0d

2
Z x

0
dw we2iwt ≠

≠x
I0sss2

p
wsx 2 wd ddd

Z w

0
dx0 x0 dz0sx0d

dx0

J1sss2
p

wsw 2 x0d dddp
wsw 2 x0d

, (B4)

and

x
≠z

≠x
­ x

dz0sxd
dx

e2ixt 1
Z x

0
dx0 dz0sx0d

dx0
e2ix0tx

≠

≠x
I0sss2

p
x0sx 2 x0d ddd 2 xe2ixt

Z x

0
dx0 x0 dz0sx0d

dx0

J1sss2
p

xsx 2 x0d dddp
xsx 2 x0d

2
Z x

0
dw e2iwtx

≠

≠x
I0sss2

p
wsx 2 wdddd

Z w

0
dx0 x0 dz0sx0d

dx0

J1sss2
p

wsw 2 x0ddddp
wsw 2 x0d

. (B5)

Subtracting these expressions we obtain

x
≠z

≠x
2

≠G
≠x

­
Z x

0
dx0 dz0sx0d

dx0
e2ix0tsx 2 x0d

≠

≠x
I0sss2

p
x0sx 2 x0d ddd

2
Z x

0
dw e2iwtsx 2 wd

≠

≠x
I0sss2

p
wsx 2 wdddd

Z w

0
dx0 x0 dz0sx0d

dx0

J1sss2
p

wsw 2 x0ddddp
wsw 2 x0d

. (B6)

Substituting this expression into Eq. (B2), we note that the derivative over the upper limit yields exactly zero, wh
remaining differentiation results in

G ­
Z x

0
dx0 dz0sx0d

dx0
e2ix0t ≠

≠x

"
sx 2 x0d

≠

≠x
I0sss2

p
x0sx 2 x0d ddd

#
2

Z x

0
dw e2iwt ≠

≠x

"
sx 2 wd

≠

≠x
I0sss2

p
wsx 2 wdddd

#

3
Z w

0
dx0 x0 dz0sx0d

dx0

J1sss2
p

wsw 2 x0ddddp
wsw 2 x0d

. (B7)

Using the Bessel equations

≠

≠x

"
sx 2 x0d

≠

≠x
I0sss2

p
x0sx 2 x0d ddd

#
­ I0sss2

p
x0sx 2 x0d ddd ,

and

≠

≠x

"
sx 2 wd

≠

≠x
I0sss2

p
wsx 2 wdddd

#
­ I0sss2

p
wsx 2 wd ddd ,

we arrive at Eq. (B3).
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