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Natural BNS damping of the fast ion instability
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In this paper we discuss the self-stabilization of the so-called fast ion instability of an electron
beam in the case when coherent oscillations of bunches can be described in the linear approximation.
Such a possibility occurs due to an increase in the number of ions along the electron beam and
a proportional increase in the betatron tune shifts of electrons in subsequent bunches. The tune
variation along the beam results in the BNS damping of the coherent oscillations of electron bunches.
[S1098-4402(99)00038-5]

PACS numbers: 29.27.—a, 41.85.—p

I. INTRODUCTION towards the end of the train. In these conditions, the inter-

. actions of the subsequent and foregoing bunches via pro-
Starting from the paper [1] many authors attacked the : q going P
e 2 uced ions become nonresonant ones, so that the growt
problem of the so-called fast ion instability in high current — .
. " . of the oscillation amplitudes can be affected by the so-
electron rings. This is a beam breakup-type multibunch . : . I
. - | called BNS damping [2], in particular, that can eliminate
coherent instability, which may occur due to temporary he instability. The reader should remember, however

collection in the electron beam of the ions produce hat a suppression of the beam breakup instability differs

due to ionization of the residual gas atoms by the bearg ; ; . -
. .from the suppression of the conventional type of instabili-
electrons. It is assumed that the beam forms a train

) N ties in the particle accelerators and storage rings. In the
of bunches with a gap, which is long enough to let ;

) ast case, the damping reduces the values of the bunch

ions leave the beam to the next turn. As a result, at. : .
X i . eigenmodes increments. If the reduction becomes strong
each turn the beam interacts with fresh ions, so that the . o
. enough, the increments change their signs, so that the ex-
head-on bunches of the beam deflecting the produced, _.. L AR
. ; I Cltation of oscillations is eliminated. The beam breakup
ions can excite the oscillations of subsequent bunches, - I L
~Instability occurs due to excitations of the oscillations of

Previous calculations of this phenomenon predict that i . ) o
. L . e tail bunches by the foregoing ones. The initial blowup
the linear approximation on the transverse deflections o ) g L
f the excited oscillations cannot be eliminated unless the

the bunches the amplitudes of coherent oscillations of e € . . N
. N : . excitation forces vanish. For this reason, the stabilization
bunches increase in time asymptotically according to

- of the beam breakup instability can occur only asymptoti-

A, « exp(n\/t/to), A, <L o). (1) cally. The importance of the BNS damping for the in-

Here, 4, is the oscillation amplitude of theth bunch in stabillities d_ue to ion production in the beam was already

the beam,o | is the bunch radiusy is the number of mentlon.eq In our previous paper [3.]' .

the bunch in the train, and is the instability time scale. S‘.”p”S'F‘.g'y' all papers ca]culatmg the "”e‘?‘r stage of
the instability use the equations which contain the term

The predicted instability growth rates increase with an%escribing an increase in the betatron tune shift along the

increase in the density of the electron beam and becom[rain However, the obtained solutions do not contain an
especially high for the high current electron storage rings | ' y

For these reasons, the fast ion instability is considered atgape of the BNS damplng.' We_ think that the_reason IS 1N
sing nonadequate approximations when solving equations

a phenomenon, which can seriously limit the Operationagescribin linear coherent oscillations of bunches
performance of such machines. 9 '

Such an asymptotic behavior of the oscillation ampli—l. In this .pgpefrthwi S?l.ve .th(:j‘[ E.(?.l:at.io?ﬁ descritbring fthe
tudes due to the beam breakup instability could be extnearperiod ot the 1ast 1on INstapility in the smoothed to-

pected, if the tunes of the betatron oscillations of particlefus‘Ing approximation for both electrons and ions, assum-

coincide in all bunches of the beam. However, the num\"9 that the oscillations of electron bunches are_developed
slowly enough to enable neglecting the coupling of the

ber of ions produced at a given longitudinal position at .=
the closed orbit increases with an increase in the numbelaMm betatron modes._ That. _cpnd_ltlon u§ually holds well
or the most coherent instabilities in particle accelerators

of the passed bunches. That results in a proportional in-

crease in the particle betatron tunes in the electron beaﬁ\nd storage rings. .W'thm the framework of this assump-
tion, all other equations are solved exactly. Resulting so-

lutions describe the most features of the BNS damped

_ coherent oscillations. In particular, these solutions de-

*On leave of absence from Budker Institute of Nuclear scribe the amplification of coherent oscillations along the
Physics, 630090 Novosibirsk, Russia. beam, but they never grow with time asymptotically.
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Il. INITIAL EQUATIONS 92 92 d d
Q (—2 + Qz> (—2 + kz)y(T,s) = —2Ck — (’T _y)
We start from equations which were derived in\97 ds T \ 97
Yokoya’s note [4], and we shall use the same assump- (6)

tions and definitions. These equations coincide with thos . . -
Il these equations contain the terms describing an

used in other papers describing the fast ion instability i . . .

an electron beam (see, for example, Ref. [1]). Like inincrease in the (vertlcal) petatron tune in the electron

all papers on this subject, we assume that the electroﬂeam due to an increase in the number of the prod_uced
For that reason, we may expect that solutions

bunches are equipopulated and replace the sequen . . )
quipop P d these equations will have the features which are

of bunches by a single quasicontinuous bunch, whicl?

has length equal to the train length and constant Iinea?‘pemfiC for the beam breakup instability with the BNS

density equal to the average linear density in the beangamping. In particular, the' 050”'?‘“0”5 may grow, or
We also shall use the smoothed focusing approximatioqgecay'_ dep_endmg on the distribution of initial centroid
when solving equations of motion both for electrons an eflections In the beam (see_, for example, Re_f. [5D)- Qne
ions. We take that the ions are produced at the res??able SO'“.“‘?T‘ of Eq'.(G) is seen from this equation
Then. after the reduction of the ion variables from thedwectly. If initial deflections are constant along the beam
equations of motion for electrons, the equation describind(T’O) = Y, Egs. (6) or (5) have the solution [4]
the evolution of the (vertical) centroid of the electron y(r,s5) = Y codk[s — so). (7)
beam reads [1,4]
82
a_)2} + kzy
N
- [ll. SOLVING OF THE CENTROID EQUATION
—_ _ / ! !
- ZCk‘Ty(T’S) /;) dr' h(r, 7)y(r ’s)]' (2) We want to solve Eq. (6). It is useful to define the
dimensionless variables

Here,

h(r,7") = co(r — 7') + Q7'sinQ(r — 7'), (3) x = Qr, u=ks. (8)
and Then, Eq. (6) reads

nire Nbrl’
C=—"", Q= |—r 2 2
2yLooyk V ALo, o, (8—2 + 1) (8_2 + l)y(x, u) = =20 9 (x a_y>’
; ; (4) ax u ax ax
Ty > 0y, C

wheren; = Nynao; is the number of ions produced by 0= 0K 9)

an electron bunch in the beam per the unit lengtis the
bunch-to-bunch lengthk is the betatron wave number,
A is the atomic number of the ions, is the density of
the residual gasg,, are the rms horizontal and vertica
electron bunch sizes;. , are the classical radii of the
electron and of the proton, respectivedyis the path along
the closed orbit (equivalent to the time), and= nL is
the distance inside the electron beam measured from i

For typical conditions the value @ is small. However,
the value in the right-hand side of Eq. (9) contains the
| derivatives ofy with respect tor. For that reason, it can
be large, ify may vary along the beam rapidly. Such
a possibility is a specific feature of the beam breakup
solutions (see, for example, Ref. [5]). To solve Eg. (9)
e define two new functions

head. Equation (2) can also be rewritten in the form 92

a2y r ay(+. s) 22 T 1w = P, (10)
— + K%’y = —2Ckf dr' ' co)(r — 7/) ———=, u

ds? 0 or’

and
®)
or in Yokoya'’s form Enlx,u) = z_y — imy, m= *1. (11)
u

Apparently, the functionP(x,u) is proportional to the

particular expressions fof and Q depend on the model, right-hand side in Eq. (5),

which is used to describe coherent oscillations. Within the — T /
.. . . . . 2C ! _/ ! ay(T > S)

framework of the rigid bunch model which is used in this paper, P = & d7' ' cod(r — 1) YT
the presented expressions hold for Gaussian distributions with 0 T
the same transverse rms sizes in the electron bunch and in tfighe functionsP and¢,, obey the following equations:
ion cloud. Details of these expressions are not important for 22p 5 5
the future analysis and they are given here rather for illustrative > +P=iQ (x - [, — 51]) i (13)

purposes. d ax

(12)
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and So that, if we knowF (x, w), the function/ (x, u) is found
0 using
8—: + imé, = P, m= =*1. (14) “ de
— —iwu + F
The functionsg;(—1) describe the dipole betatron modes of £x,u) [—oc o’ [£(x.0) (x, )],
the beam. According to Eq. (5), for nonsingular centroid Imw >0. (22)

distributions along the beamay/d Int = 0, if = = 0) the

function P obeys the border conditions The Fourier transform in the second equation in

Eq. (20) simply replaces the functions and ¢ by

_ IP0,u) their Fourier amplitudes. Substituting there the value
PO,u) =0, or 0. (15) {(x,w) = i[{(x,0) + F(x,w)]/w, we find the following
Since equation for the amplitud® (x, w):
1 d*F Q d [ dF d{(x,0)
= — - — +F==—|x— +x—"—].
y=gle—al (16) T e (x dx | dx (23)

we can also rewrite the functioR in Eq. (12) in the

i Note that the right-hand side in this equation dramatically
following form:

increases for the amplitudes, which are in the resonance

P=P_, + P with betatron oscillationsd — 0).
Solutions of Eq. (23) can be found directly. Substitut-
C T I, / a‘fm(Tl’s) in
=? dTTCOSﬂ(T—T)ZmT. g
1 = T
" an oV 0de) 4 _ 20d
A ing th h illati developed sl ) e | & G dx
ssuming that coherent oscillations are developed slower : o
than the periods of the betatron oscillations, we omit the'© transform Eq. (23) into the following:
coupling of the modes witle = *=1. Then, equations for 1 d dF _
the modest~; read ; E X E tF=0,
9* P . 9 [ 9&m Q d [ di{(x0)
——n 4 = — — =" = = 4
g2+ Pm = im0 (x ox ) =" \*—n ) (25)
(18) . . :
ém 4 _ — 4 Correspondingly, solutions are expressed in terms of the
imé,, P,, m *1, N .
du combinations of the Bessel functions:
while the border conditions in Eq. (15) for the functions F = A(x, @)Jo(x) + Blx, ®)No(x). (26)

P,, hold separately.
Equations (18) can be solved exactly using the FourieHere, Jo(x) and No(x) are the Bessel and Neumann
transform. We define functions of the zero order (see, for example, Ref. [6]).
£, = e Mg (xou), P, = e ™F,(x.u). (19) Simple calculations, together with a requirement that

Substituting these expressions in Egs. (18) we find that A'Jo + B'No =0, F''=AJy + BNy,

the functions¢,, and F,, will depend onm only in Al = dA/dy,

the combinationm@Q. Since m takes only two values

m = =1, we shall write belownQ like O remembering result in the following equations for the functiodsand
that O changes the sign, whem is replaced for-m.  B:
Correspondingly, we shall omit the index in the , , ' L
amplitudes/,, and F,,, assuming the substitutions, — AJo + B'No = 0, AJo + BNy = @.
{andF,, — F. After these transformations Egs. (18) canysing [6] the identity Jo(x)Ni(x) — Jo(x)No(x) =

be rewritten in the following form: 2/(a x), we find
ol 9°F 0 9L
25 2 s r=—ioZ (%), dA d d{(x,0)
ou F, dx2 F iQ dx (x 8x> (20) Ic = 7No(x) Ir (x i ,
Multiplying here both sides of the first equation by* and similarly
and integrating them ovér < u < o, we find
S Ve d_B:_ﬂ_J( )i xd{(x,O)
j;) due”"”a = —iwl(x,w) — {(x,0) = F(x,w). dx OX) dx '

(21)  Solving these equations with the border condition from
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Eq. (15 A(x =0) =0 andB(x = 0) = 0], we obtain No = i[Jo — Hy"], whereH () are the Hankel functions

) f ! d{(',0) (see, for example, Ref. [6]). This yields
Few)=m x’ dInx’ . d2(c'.0)
o | 000, Noto) - Flew) = i | e dx’( STv )
Jo(x"), No(x")

x| Jo(x): Hy (x)
Here, y/ = 2JJw(w — Qx’)/Q. Using the relationships Jo(x"), (1)(/\/’)
between various Bessel functions we can rewrite Eq. (27)
in many convenient forms. In particular, we may repIaFeor, assuming thatd/ /dx = 0, if x = 0,

F=im jox dx’ x /di(ix,()) d [Jo(X)H (X/) - Ho (/\/)JO(X/)]

_imw o de@0) | I, Hy ()
= dx'x ; (1) (28)
Jwlw — 2x) Jo dx LX), Hi (X))
Definings = Qu/2 and substituting” from Eq. (28) in Eq. (22), we obtain
{(x,u) = {(x,0) + AZ, (29)
where we defined
oo —iwu _ X l
Al = f dwe 7 —F = —lf dx' x' 4¢(x,0) R(x,x', 1) (30)
% —2Tiw 2 Jo dx’

andR(x, x’, ) as the resolvent of Eq. (29),

RGe.x 1) f —iwt Jo(Wwlw — 2x)), (1)(\/W(W — 2x)) . (31)
Jwlw — 2x L Gwhv — 2x7)), H1 (\/ (w — 2x))

The integration contour in this equation goes above the After these transformations we note that the contour
singularities of the integrand [ltw) > 0]. We deform integrals along the upper and lower sides of the cut
the integration contour to transform Eq. (31) to a moreon the real axes ofv between the pointsy = 0 and
convenient form. During these deformations the neww = 2x’ cancel each other. Similarly, the integrals along
contour should not cross the singularities of the integrandghe upper and lower sides of the cut between the points
in Eg. (31). These are the branch pointsyat= 2x’ w = 2x andw = o cancel each other . The calculations
and w = 2x, as well as two simple poles at the points of the remaining contour integrals reduce those to the
w =0 andw = 2x’. To make the integrand a single-
valued function we cut the plane along the real half-

axesw = 0. Since > Cin
(1) © (1) . 4
Jo(0). - Hy () ‘ Hy (X, Hy () ' (oot
LG, HY (! H . H O | ,
1(X) 1 ()() 1 (X) 1 ()() \\ 0 2x 2x
and \
\ A
HE Www — 20)H P (Wwlw — 22))) AN
I A T T~ {During
mw deformation

the integration contour can be deformed in such a way
that it starts fromw = oo, returns tow = 0 below the cut,

and, after detouring this point in the negative direction,cig 1 The deformation of the integration contour in

the contour returns to the point = o« above the cut (see Eq. (31). The dashed line shows the part of the cut in the
Fig. 1). beam spectrum.C;, shows the initial integration contour.
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pole contribution$and to the integral along the betatron oscillations spectrum of the beamw /2 < x,

R(x,x',t) = %[1 — e L2V (x — x)] + Z[de e 2wt LoCywix ?/W())Jil(z ')W(W — ) ) (32)
X X ww — x/

Here,I,,(x) are the Bessel functions of the imaginary argument
2\ /2
Lx) =% —
(=) (2) ,;) Ki(k + n)!

For the moden = —1 the resolvent for Eq. (30) can be calculated similarly, but the cut in the plane of the complex
variable w should be directed along the negative half-axesvofRew = 0). This expression can also be obtained
directly from Eq. (32), if we recall that indee@ is mQ (m = *1), so that we can fin®R_; using the following
substitutionsk,, — mR, x — mx, andx’ — mx' (m = *1):

i _ 2_m _ 2imx't / _ " 721wt IO(zVW(mx —w )J1(2VW(W — myx’ )
Ru(x,x',t) = — [1—e Io2vVx'(x — x"))] + 2m fmx/ dw Tt — mon)

or(w— —w)

b 2 i — * siwe L0CyYW(x — w))12yw(w — x7))

R_i(x,x",t) = 7 [1 — e L2V (x — x)] + 2 ; dwe N . (33)
Expressions foiR-; differ by the complex conjugation of exponential functions. Such a difference for oscillations
near the upper and the lower sidebands is a specific feature of the beam breakup solutions describing the excitation of
oscillations of subsequent (here) bunches in the beam by the foregoing ones.

SinceR(x,x’,r = 0) = 0, we should expect

2. —— IoQ2yw(x — w))J12yww — x/ ) B
[1 I2vVx'(x — x)] + 2[ m =0,
or
x 10(2\/W(x - W))J1(2\/W(W — x')) _ l (v — ) _
]X, \/m dw = py [Lo(2Vx'(x — x)) — 1]. (34)

The integral in the left-hand side of this expression can be calculated directly (see Appendix A) confirming the identity
in Eq. (34). Using this expression we can also rewrite Eq. (32) in the equivalent form

R(x,x’, t) — %[1 _ ef2ix’z]10(2 /x/(x _ x/)) _ 2]; dw[l _ 721w;] I()(2\/W(x —\/::/():}Jil_e;/)w(w - X )) (35)

Substituting this formula into Eq. (30), we find

1) = ¢(x,0) - [ ar Oy o 20, 0T — )

Yo ,d{(x 0) 2wt L(2yw w1 Cyww — X/ )
+f0 dx"x f dwll — ] m (36)

One can easily prove by direct calculations that expressions in either Eq. (36), or its equivalent, which holds for
nonsingular functiong{ (x, 0)/dx,

Ln(ent) = £,(0.0) + f dx’ e~ 2 1 (/¥ (x ){dfm(x .0) Jg(x/)j|, —— (37)

2In order to avoid confusion, we note that for the Bessel functions of the integer order the branch point and the pole singularities
contribute in additive terms. For example, we can wiit¥;(z) = 2J,(z) (In; + C) — % — A(z), whereC is the Euler constant
andA(z) is a nonsingular function of.
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where IV. PARTICULAR EXAMPLES
I (w) = ]w dyy dn(y,0) J12ywlw — y)) In this section we shall study several examples of when
¢ 0 d Jwlw —y) initial distributions of the beam dipole momenta along

dhe beam enable some simplifications of the integrals in
Eqgs. (36) or (37). Usually, the resulting expressions in
these cases can be reduced to single integrals, which can
be easily tabulated. Apart from the illustrative worth,
(I'[%ese examples enable an estimation of the influence
of the shape of the initial distribution of the dipole
momentum along the beam on its asymptotic behavior.

satisfies Egs. (18) (see also Appendix B). According t
Eq. (36), the distribution of the dipole momentum along
the beam to a given time= Qks/2 strongly depends on

its initial distribution along the beam. In particular, if all
bunches initially have the same offsets in the phase spa
[£(x,0) = const], no instability occurs. Correspondingly,
we may expect that the instability will result in smaller
excitation amplitudes for smoother initial distribution of
the bunch dipole moments along the beam. A. Stepwise initial centroid distribution

. Since the reSl_JIt_ is expressed' in terms of the Fourier Although the electron bunch centroids do not grow
integral over a finite frequency interval, it never grows;, yhe time asymptotically, the interaction of bunches
asymptotically (i.e., whem — ). For the same rea- ;3 yroquced ions may result in their initial blowup and
son, we may also expect an echoing time dependence Qllgnificant amplifications of the oscillation amplitudes
the signals. That behavior is a consequence of the BNgyng the heam. That is another specific feature of the

damping of the solutions due to increases in the betatrofis.;ssed phenomenon. As an example we consider the
tunes of particles along the beam, which is a specific feaz;se whenm = 1 and 4(x,0) = ¢(x,0) is a steplike

ture of the discussed problem [see Eq. (2)]. As was alfunction so that the first bunches in the beam witks a

ready mentioned in the Introduction, the stabilization ofy e geflected with, say, a unit amplitude, while all others
the beam breakup instability may occur only asymptoti-

o o . - are not deflected, and, therefore
cally. It means that oscillations initially will blowup until d¢(x,0)
the damping will overcome the excitation. For the fast d— = —8(x — a).
ion instability a rough estimation of this moment can be . ro o )
done in the following way. According to Egs. (2) and (3) For this case, Eq. (36) yields [= «; itis obvious that for
and neglecting the BNS damping we, generally, might exthe discussed case in the regior< a, {(x,s) = 1]
pect{ « exd/s/so] (see,_for example, Ref. [5]) with the 0 s) =Ly — &, x=a, (42)
excitation growth rate estimated by the parameter
2 where
L ocer = 23‘ : (38) Cas
%0 Lalx, 1) = {1 - exp<— >j|lo(2\/a(x —a)), (43)
On the other hand, the variation of the betatron wave Q
number along the beam is determined by [see Eq. (2)] gnq

e

_ _ 1
Ak =Cr Q- (39) Lw = a[ dw|:1 - ex;{—iw %)}
For rough estimations we may assume that the BNS al
damping due to this tune variation results in an expo- y Io2x/w(l — w))J1Rxy/w(w — a/x))
nential decay of the coherent signal-like Landau damping ww — a/x) )
of conventional coherent oscillationg (< exd —Aks] =

exg—Cxs/Q]). A total dependence af on time will be Though the integrals in these equations are still compli-

(44)

then determined by the expression cated for their analytic calculations, the functigix, ¢)
can be easily tabulated and plotted. Inspections of the de-
[ exp(—% +x /@) (40) pendencies of on x indicate that, although its character
Q Q generally depends on time, the amplitudes of oscillations

This expression shows that the damping of oscillation&'® @mplified along the beam, and at langéhe amplifi-

will overcome their excitation after cation_coefficient indicates exponential dependence on
[see Fig. 2(a)].
Cs =2 (41) As is visible in Fig. 2(b), the resonantlike dependencies
Q of the phases of oscillations anoccur due to an artificial
This very rough estimation of the suppression startingeduction of the data for this plot to the intervalr =
moment coincides surprisingly well with that obtainedarg() = .
below using accurate numeric calculations for several The time dependencies of the amplitude of the coherent
particular initial distributions of the bunch centroids alongsignal in the discussed example are not simple and,
the beam. generally, depend on bothanda (see Figs. 3 and 4).
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FIG. 2. Dependences of the amplitudd [(a) dimensionless] FIG. 3. Dependence of the [dimensionless] amplitude of the
and phase [afg) (b)] of oscillations on the distance along the coherent signal (solid line) on time & Cs/Q). In both cases,
beam. For (a) from top to bottom= Cs/Q =1, 0.5, and 4 = x/2, (a) x = 2, (b) x = 6. The dashed line and solid
0.1; for (b) solid dotsr = 0.1; solid line: = 0.5; dashed line:  dots on these pictures show the contributions frgmand ¢,
t=1;a=1. correspondingly.

It does not indicate any quasiexponential law, which
was found in previous papers. In the region where- 1 [Figs. 3(b) and 4]. An interesting feature of these time
andx > a, the dependence of the oscillation amplitude ondependencies is a nonlinear dependence on time at the
time has a shape of a bump with a maximuntat() = 2  start of oscillations (Figs. 3 and 4). If the betatron tunes
and then decays to some saturation level (Fig. 4). Moref the bunches along the beam would be constant, this
generally, this dependence is determined by the ratidependence should be a linear one, since the oscillations of
of functions ¢, and ¢, from Egs. (43) and (44). If allbuncheswould be inexactresonance. Due to deviations
{, dominates (smallx, close values ofx and «), the of the betatron tunes along the beam, the excitations of
amplitude time dependence indicates beatings with ththe subsequent bunches becomes a nonresonant one, which
period approximatel27) /Ca (Fig. 3). An increase in results in slower increase in the oscillation amplitude
the amplitude of¢,, can decrease the beating amplitudewith time.
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2000 T I I I B. Linear initial displacement

Another example which enables the calculation of the
beam betatron modes in a more or less simple way
corresponds to the case when initial values of the beam
bunch dipole momenta grow, or decrease, along the beam
linearly. For example, we taken(= 1, £, — )

1600

1200

<]

X
{(x,t=0)=m, (45)

800 so that the last bunch in the train has a unit displacement.

Substituting this expression faf(x,0) in Eq. (37), we
find

Cnlx,t) = %fxdw e 2t 2 w(x — w))
|:1 B f dyy J1(2\/w(w )j| (46)

Jwlw =)

400

Cs/Q
FIG. 4. Same as in Fig. 3, but= 10 anda = 2.

| Using

f " J1(2W) l[wdyyijo(zx/w(wi—y))
w(w y) wJo dy
=1 - LW%JO(Zm),

we rewrite Eq. (46) in the foIIowing form:

Cnlx, 1) = Iq ] dw e 2™ [ Vw(x — w) )f —J0(2\/w(w -y)). 47)

Now, we note that

]0 L e =) = ]0 dy Jo(2w5) = 22

w

and hence | of the train. As seen from Fig. 5 for the linear initial
x , centroid distribution, it occurs only untils/) = 2. For
{n(x, 1) = ﬁf de e 2™ Io(2vw(x — w))Ji(2w).  larger time intervals the slope of the dependence of the
0 (48) amplitude amplification coefficient oninitially decreases
(solid circles in Fig. 5) and asymptotically can become
In particular, for the initial distribution of the beam even negative (see open circles in Fig. 5).

centroid we find Typical time dependence of the centroid amplitude on
< dw the time also corresponds to its asymptotic decay after

X = [0 VIO(ZVW(X = w)2w). (49) passing a maximum value @t = 2Q) (see Fig. 6).
The integral in the right-hand side of this expression
coincides with the integral in Eqg. (Al), if we take there

x' = 0. Using Eqg. (A1) and Let us consider now a special case when initial values
of the beam dipole momenta are distributed along the

. 1
)!!TO[; [Lo@Vx'(x = x)) = 1]; = x, (50)  beam according tar{ = 1, again,, — ¢)

C. Harmonic initial distribution

we prove the identity in Eq. (49). {(x,0) = codx). (51)
Although the analytic calculation of the right-hand This initial distribution coincides with that used in

side in Eq. (48) is not very simple, this formula can beRefs. [1], [4], or [7], if we take, for example, in Eq. (21)

easily tabulated. As it could be expected beforehandof Ref. [1] 6 = 7 /2 and$ = 2.

the interactions of bunches along the beam result in the A direct substitution of Eq. (51) into Eq. (37) results in

amplification of the oscillation amplitude towards the endthe expression in which simplification is not so obvious
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CsIQ

: . . FIG. 6. Dependences of the (dimensionless) amplitiiie
FIG. 5. Dependences of the (dimensionless) amplifddien n the time Cs/Q). The total phase advance of the ion

the distance along the beam. The total phase advance (g o :
; At A0 el scillations along the beam 5 = 20, from top to bottom
the ion oscillations along the beam i) = 20; solid curves atCs/Q =2, x = 10, 5, and 2.

correspond to (1 = Cs/Q =0.1; (2) t =05; 3) t =1,
(4) t+ = 2; solid circlest = 3; open circles = 4.

with the border condition

_i60 i H=00) o e

w ox

(r = Cs/Q), [0, w)

20 = fxdx’e‘i"'flo(zm)‘b(x')» (52) The solution to I?q. (56) can be found easily,
’ {(x,0) = = (N @l — )

where
D) = — sin) + fx/ dy y sin(y) J12Jx'(x" = y)) — Ji2w)No(2vw(w — x))}, (58)
0 VG =y) wherew = w/Q. The inverse Fourier transform yields
(53) (t = Cs/Q)
1 1o T=) (e = [ S e m @ dwlr — 9)
= —sin(x’) + x’] dy y sin(x'y) RN C -
o WYSIEY TS — J1@w)No@vw(w — x))}.
(54) (59)
However, we note that according to Egs. (20)-(23) theyr, after reducing the integration contour to the 6ut
amplitude w < x, we finP
iI1l(x,0) + F(x,w x )
{(x,w) = [£(x.0) p (r.0)] [x,t) =1~ f dw e M Vw(x — w))J12w).
0
obeys the following equatiory[x,0) = ] (60)
d Ox\ d¢ 1| &% Using the calculations similar to those presented in
I\ T e | T a2 T |- B9 Appendix B, one can easily prove thatx,r) from

If £(x,0) is defined by Eq. (51), the amplitud&x, w)
obeys a homogeneous differential equation
STaking here r=0 and using Eg.(51), we
i 1 — Ox ﬁ +¢=0 (56) can also obtain the following nontrivial integral:
dx w ’ X f(l) dw I)(2xw(l — w))J;2xw) = 1 — cogx).

dx
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Eq. (60) obeys Egs. (20){ = 1], A =2 {0l — &l (63)
Log _F _ . __o( 3 G "Il + & = 2lcosx)l
i ot iQ T \Max | ax ) Good fitting results (Figs. 8 and 9) were obtained for

(61) Ay = 1. As seen from Fig. 8, for the point = 10, and

. : : ... if o = 1.5, the relative deviati is | than 30%,
Typical dependencies of the amplitude of oscnlatlonsI 0 3, the relative deviation/,) is less than 0

(IZ]) on time (see Fig. 7) in this case differ from that provided that
calculated for the two previously discussed cases. After Cs
initial bump, which again occurs whef@is = 2Q, the 25 = x\/: =10,  x=10.
amplitude decreases towards a constant vhilie= 1.

Due to S|m||ar|ty in initial distribution of bunch cen- The value OfAt exceeds 10% within the enclosed interval
troids along the beam, this example enables a numericéfig.8)
comparison of the obtained here solutions with that pre- s
viously obtained in Refs. [1] or [7]. As was already dis- 35 = x\/j =9, x =10.
cussed, these papers predict wrong behavior of the excited Q
amplitudes at small@(s/Q — 0) and large Cs/Q =2)  Another example is shown in Fig. 9 for the point=
time intervals. We may expect, however, some coinci3, Again, the best fitting was obtained fot, = 1.
dence in the asymptotic region/Cs/ > 1. To test As is seen, the border of the 30% accuracy shrinks
such a possibility we fit{ (x, )| calculated using Eq. (60) approximately to the interval

to the functions which were calculated in Refs. [1,7],
& = Aglcosx)lly(x/Cs/[Q10]),  x/Cs/Q > 1. 25 = wES =5  x=3,
(62)

the value of the best fitting parameter has changed to
to = 3.

Presented examples show that Eq. (62) provides very
f)%or approximations to the exact solutions even in the
considered quasiasymptotic regions of the parameter
x/Cs/Q. Due to different asymptotic behaviors in time
and in the cases of the good fittings, exact solutions
{(x,7) and non-BNS damped functiors from Eg. (62)

Here, Ay and 1, are the fitting parameters ang(x) is
the Bessel function of an imaginary argumérihe fit-
ting parameters were selected inspecting dependenci
on x+/Cs/Q of the relative deviation of the excited os-
cillation amplitude [¢(x, )| — | cosx|) calculated using
Eqg. (60) from that calculated using,

T T T T T
10° 3 x
F ] 6L
10° e
10° F _g g OOC:\ i
_ T °
N~ =10 ' i HEe
10'F 3 ° o) ‘\\ | g
o o
E ,’ §
oL $10° 5
10 3 x
o
10* ! A ! A ! A ! . ! . 10'3
0 2 4 6 8 10
Cs/Q 1 10
FIG. 7. Dependences of the (dimensionless) amplifddeon X(CS/Q)M
the time Cs/Q). From top to bottom aCs/Q = 2, x = 10,
5, and 2. FIG. 8. Dependences of the relative deviatioh,)( of the

excited oscillation amplitude from that for the non-BNS
4Using equations of this subsection, a reader can easily testamped solutionZ) on x/Cs/Q. Solid line: t, = 1.5; solid
other possibilities. circles: ¢ty = 1.3; open circlest, = 1.7; x = 10.
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X Dependencies of the amplitudes of unstable oscillations
| on time are not universal, but are strongly determined by
Bikn: -ﬁ the beam parameters. We did not find initial distributions
of the beam dipole momenta when their subsequent
dependences on time follow Eq. (1) with a reasonable
accuracy. For largex, the position of the first maximum
in the amplitude dependence on the time approaches the
universal value

20 _ 21k (ﬂ) Loso,

CC
oloP/
e

L~
POCOTRTY 7

1D

0.1 roR mmw/n

o
00 [ I8,

—~—
~~
~

S0 =

(64)

C nAC; ANpr,

mp

Relative deviation

Here, m, is the proton mass. This value can be used
0.01 g for rough estimations of the rise times of the instability
in these conditions. Except for a possibility of an
exponential amplification of the oscillation amplitudes

1 10 along the beam, the predictions containing the obtained
x(Cs/Q)”z exact solutions do not agree with results of previous
calculations (see, for example, Refs. [1,4,7]).
FIG. 9. Same as in Fig. 8, but = 3. Solid line: 7, = 3; Note that the growth ratelfso) in Eq. (64) agrees
solid circles:t, = 2; open circlesz, = 4. surprisingly well with that obtained in Ref. [3] for the

problem where the instability occurs due to interaction
of the beam with uncaptured ions. However, in the case

. . . . . of uncaptured ions the betatron tune shift along the train
can intersect in a couple of points (open circles and soli

; P ; ; . aturates. That suppresses the BNS damping for the long
lines in Figs. 8 and 9). Near these intersection points th?rains and results in the quasiexponential asymptotical
value of A, decreases.

increase of the oscillation amplitude in time as it is

described in Eg. (1). This coincidence can be due to
the fact that the beam breakup instability occurs due to
V. CONCLUSION the resonance excitation of the tail bunches in the beam

Within the framework of the assumptions about the bely the foregoing ones. If the damping occurs due to a
tatron mode decoupling and in the smoothed focusing arponresonant process, initially the excitation of oscillations
proximation, equations describing the fast ion instabilityPrévails so that the oscillation amplitudes grow. During
in the linear approximation in the electron bunch off- this stage the growth rate is determined by the interactions

sets are solved exactly. The solutions are expressed Bf electrons via produced ions, which yieltlgsy. In the
terms of the Fourier integral over the finite tune intervalcaSe of the BNS damping, the growth of the amplitudes is
in the beam spectrum. If is the electron beam cen- limited by the detuning of the betatron frequencies of the

troid position in the phase space, the amplitudes in thi®unch oscillations along the beam.

Fourier integral are proportional to the initial distribution

of the valued{/dx along the beam. The time depen-

dencies of the obtained solutions is strongly determined

by the shape of this distribution and by the longitudinal ster simple but tedious calculations the reader can find out
bunch position in the beam. The instability of the beamthat the functions with such asymptotes obey the equation,
oscillations manifests itself in amplifications of the oscil- which can be obtained from Eq. (2), if we omit in its right-hand
lation amplitudes along the beam and in initial growthsside the term describing the modulation of the betatron tune
of the oscillation amplitude in time. However, the am- along the beam~2Ckry). Such an equation can describe the
plitudes of these unstable oscillations are asymptoticalljast ion instability in a special case, when the tune shift due to
(s > 2Q/C) limited by the natural BNS damping due to ions is exac;tly compens_ated, for example, due to interactions of
an increase in the number of the produced ions along thRUnches with surrounding electrodeSil,,(r) = —Cr]. The
beam and the proportional increase in the particle betatrof|"9ularities of the Fourier amplitudes of the solutions of this
tune shifts. equation in the plane of the complex variabieare reduced

Th lificati ffici f th illati i to essential singularities. This alteration in the character of the
e amplification coefiicient of the oscillation ampli- singularities of the Fourier amplitudes of the solution results

tudes along the beam depends on both time, on the 10Nl the asymptote described in Eq. (1). A more realistic case,
tudinal position inside the beam, and on the shape of th@nhen the ratioAk,.,/Cr is an arbitrary number, demands
function a(x,0)/dx. It can be close to an exponential too complicated analytic calculation and should be studied
for largex. separately.
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APPENDIX A: CALCULATION OF THE INTEGRAL IN EQ. (34)

We calculate the integral

T lo2Ywx — w)LQYww —x)) 1 Ty
j;/ \/m dw = p” [Io2vVx'(x — x")) — 1]. (A1)
Using
i.I()(Z\/w(w -x)) =7 VW =w Ji
dx’ Jw o — x! Jww — x)°
we write
ThVwx = w)iRyww —x)) 1 TTA— /
]x, o dw = 7 IVx'(x — x)) + ®(x,x"), (A2)
where
d(x,x") = % ) d—wlo(2\/w(x — w)Jo@Vww — x')). (A3)
X" Jy w

The function®(x, x’) can be calculated using the following expansion [6]:

joe}

= whx — w)f w — x/
L@Vwx = w)@Vwlw — x) = > ———F| —k, —k,1, - . (A4)

far (k!)? X —w

Here,F(—k, —k, 1, z) is the hypergeometric function

k> [k(k = DP , | [kk = Dk = 2)F ,

Floko~k1,2) =14 24 o B +oe (A5)
2 : "
= (k!) mgom (A6)

So, we can write

i (=D"  (w = x)"

Ih2Vw(x = w)Jo@vVwlw — x)) = kgowk(x ECUD I ey i ——rl

m=0
while
_d < [ ok d (=" (w — x)m
® = I I;) fx w (x — w) (leo ik = mIE (x = w)m )dw
ol d [ D e L Ay
=St k; f Wl = w) (mzo o P W)m>dw S+ k; TEL A
where
k
T ke ok (=" (w —x)m
b, = ]X, wE e — w) (go [l — m)IP (x — w)m )dw (A8)
k i m X
-2 W f W = W) e — ) dw (A9)
m=0 . : X
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Calculating the integrals directly, we find that for all al 9%F . d al
k=1, ®; =0, so that o b PR Cewl Bl B (B1)
1
o = e (A10)  Sincer = Qu/2, we write
Substituting this expression into Eq. (A2) we arrive at af 9L Q0 Lol _F _ .
Eqg. (Al). ou  at 2° 2i 9t iQ ’

We expect that
APPENDIX B: TEST SOLUTIONS

_ _ o ( a9 oG
Here, we test that obtained solutions obey Eq. (20). G=-\"3, " ) (B2)
As an example we make the calculations for the mode
m = —1. In this case, Eq. (20) reads | where [see Eq. (37)]
X /
G = 5 % = [t O ey o)
2i 0 dx’
' w dfo(x Ji2ywlw — x)
— | dwwe*™ LVw(x — f dx' x' B3
]0 wwe 0o(2vw(x w)) o X m (B3)

Direct calculations result in

96 _ dhW) o fxdx’ , ddo(x') 2,x, 1 TG =) - xesz o /d§o(X’) Ji2yx(x — x))
0

dx dx dx’ JVxlx — x')
[ dw we™! —Io(va(x —w) )f dx' /d§0(x) Jl(\Z/W(WL—_x); ) (B4)
and
ag — ng(x) ixt * /dg()(x) lxt ! _ _ ixt * N ng(x/) Jl(zvx(x - x/))
X a =X 7 2ixt 4 ]0 dx ™ 2 10(2\/ (x — x") xet ]0 dx' x Ayl \/m
x iwt i — v / /d§0(x Jl(z\/ W(W - x/ )
- /; dw e*™'x P IV w(x w))]0 dx" x m (B5)

Subtracting these expressions we obtain

Rl R e R P NENA )

ax
_ 2iwt . d — w / ,d{()(x) J1(2\/ W - x )
j;) dwe ™ (x — w) o TIo(2vVw(x w))fo dx' x o =) (B6)

Substituting this expression into Eq. (B2), we note that the derivative over the upper limit yields exactly zero, while the
remaining differentiation results in

G = [ dx /d&)(x) o2t |:(x — x')%lo(%/x’(x — x’))j| — fox dw eZth%[(x — W)%I()(Z\/W(X — w))j|

ox
v / /d§0(xl) J1(2V W —x! )
% 4/;) dx'x dx’ ﬂ/14;(14; — x) (B7)

Using the Bessel equations

= ) 2= =) | = @V = ),

and

= w2 @Vl = W) | = KVl = w),

we arrive at Eq. (B3).
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