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This paper deals with the evaluation of the longitudinal coupling impedance due to a charged patrticle
traveling along the axis of an iris in a circular waveguide. The solution of the electromagnetic problem
is given in terms of a dual series expansion, and some interesting developments of this technique are
presented in this paper. [S1098-4402(99)00032-4]

PACS numbers: 41.75.—i, 41.20.—q, 29.27.-a

I. INTRODUCTION with values of 8 less than 1. Therefore an accurate and
robust method able to evaluate the radiated field, and hence
%e longitudinal impedance, is needed for any valug of
The aim of this paper is to evaluate the longitudinal
oupling impedance of a circular iris for any value of
B in a wide range of the aspect ratio = a/b (the
ratio between the radius of the iris and the one of the
vacuum chamber) by means of a new technique, based
. . . on dual series [7]. The electromagnetic field due to the
and the particle will come across the iristat 0. )

induced currents for each wave numbkearan be expanded

The effects of the field radiated from the iris on the : .
longitudinal motion of the beam can be described ingccordlng to the TM modes of the waveguielgr), and,

. o ._in order to satisfy boundary conditions, the expansion
the frequency domain through the longitudinal coupling o .
. i . oefficients have to obey the following system of coupled
impedance, a global parameter defined by the integral [1,

L e guations:
Zy(k) = ——] [E.(r = 0,2) s kb _o
g ) . SR =2 cnen(r) =0,

— g0 = Jjkz/B

Ez(l" O,Z)]e dZ, (1) Z cnen(r) _ _M E?(I‘,O), a<r= b,

whereEX(r = 0, z) represents the longitudinal component ~ »=1 q¢

of the electric field in the vacuum chamber without iris andwhere E%(r, 0) is the field of the particle traveling in an

B =v/c. infinite uniform waveguide, and the meaning of adopted
Field matching is one of the most known techniquessymbols will be fully clarified in the following. The first

to calculate the longitudinal impedance. Kheifets [3] pro-equation in the system (2) is obtained by enforcing the

posed this method to study step junctions and simple caveontinuity of the azimuthal component of the magnetic

ties. Some phenomena of slow or relative convergencéeld in the hole of the iris, and the second one is obtained

[4] due to the singularity of the electromagnetic field canby imposing that the radial component of the electric field

occur using the field matching technique. The radiatedranishes on the metallic region of the iris.

field has been recently evaluated by means of an inte- We propose a new technique, suggested for different

gral formulation by Gluckstern [5] for both slim and thick problems by Sneddon [7] and Tranter [8], and already

irises, but only for particles traveling at the speed of light.elaborated for a continuous case of a dual integral equation
Today the scientific community of accelerator physics issystem by ourselves [9], which enables us to take into

projecting and constructing hadron machines [6], workingaccount the right edge behavior (given by the Meixner

Let us consider a charged patrticle traveling at constal
velocity v in the positive direction of the axis along the
symmetry axis of a vacuum chamber, namely a perfectlyé
conducting cylindrical waveguide (pipe) of radibs The
symmetry axis coincides with the axis of a cylindrical
coordinates’ system. A circular iris of radiusis placed
in correspondence to the abscigsa 0 in the chamber,
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condition [10]) by means of an adequate expansion of thevith the iris. This assumption can be considered to be
unknown coefficients, and, therefore, can give a high realistic when dealing with ultrarelativistic charges.
rate of convergence. Thus the solution of our problem is The field of an ultrarelativistic charge is essentially
reduced to the solution of a system of complex algebraiconfined within an angular region of aperturel/y,
equations of low order (typically less than 10). where

It is also given an approximated formula valid for all 1
values of 8 which reduces the computational load in the YT T a2

M _ B2
high frequency limit. . I=5
is the Lorentz factor, namely the energy of the charge
expressed in rest mass units. As long as the charge is
ll. REPRESENTATION OF THE FIELDS far from the iris, it barely perceives the presence of the
In this section we give a representation of the elecdiscontinuity. Itsimage charges follow it along the lateral
tromagnetic fields useful to solve the proposed radiatiorsurface of the cylinder. In this situation, which persists up
problem. to quite small distances of the charge from the junction,
The diffraction mechanism can be described by thdittle radiation is expected. Only when the iris is seen by
superposition of the field traveling with the charge itselfthe charge within the narroge=1/y) cone of its field will
and the field radiated by the iris, which has a travelingthe image charges experience a sudden change of their
wave character. Accordingly, we can represent the fieldsotion since they are released and start moving in the
as the superposition of two terms radial direction up to the cylinder of larger radius: This
rocess lasts for the time of passage of the charge through
E=E"+E, H=H+H, 'f)he hole and it is the main rezson f%r radiation. ?’he morg
a term generated by the charge in an infinite waveguidéelativistic is the charge, the shorter is the radiation time
(E°, H°) without the iris, and a term created by the pres-and the wider is the spectrum of radiation.
ence of the iris(E®, HY), which together have to satisfy ~ As is well known, a particle of charge, traveling at
boundary conditions. It is worth noting that, owing to the@ constant velocity = B¢ along the axis of a circular
symmetry of the problem, induced currents on the iris aravaveguide of radiu$, sustains the TM electromagnetic
in the radial direction and therefore there is a TM propagafield
tion with radial and longitudinal components for the elec- K Li(kr .
tric field and only the azimuthal one for the magnetic field. E)(r,z) = % [Kl("r) + I;((Kb; KO("b):|€ shelB,
A charge moving with uniform velocity in a vacuum )
chamber radiates only because of the inhomogeneitiesEZO(r’Z) _ Jadx |:K()(KI”) _ Ioxr) K()(Kb):| e ke/B,

present near its trajectory, as the circular iris, located 27 By Io(kD)

at z = 0, shown in Fig. 1. The radiation process is « L(xr)

essentially due to the diffraction of the primary field of Hg(r,z) LS |:K1(Kr) + 4 K()(Kb):| e ike/B,
the particle in correspondence to the iris. The field created 2m Io(xb) (3)

by the charge in the presence of the iris will interact with

the charge itself so that, together with the radiation, W&he medium filling the waveguide. If the particle moves at

shqulq find a decrease Of. the particle velocity. Such Fhe speed of light, previous fields become independent by
radiation problem is very difficult to solve and therefore Qe radius of the waveguide and simplify as

simplifying assumption will be made: We shall suppose

wherex = k/Bvy and/ is the characteristic impedance of

that the charge moves at constant velocity during its E%r,z) = ﬁe—jkz/ﬁ E%r.z) =0

fly. The constant velocity can be imagined as being T 27rr ’ SR ’
maintained by an external source. The result will be 4)
a good approximation provided that the velocity of the H)(r,z) = 2:17—r e K/,

charge does not change significantly during the interaction i
In order to solve the electromagnetic problem, we

considered Maxwell equations related to the scattered
field for a TM azimuthal symmetric propagating field

r=b
1 a oE oE oE
— —(rE,) + — =0, - — — = —jk{H,,
| r=a rar(r ) 97 9z ar JkeHy
D oH k 1 9 k
= z f=—jE, ——(Hy) =) E,
v=Bc | o I Er rar(rgo) J g E
~0 wherek = w./ex = w/c represents the wave number
Z= and ¢ = /u/e is the characteristic impedance of the
FIG. 1. Geometry of the problem. medium filling the waveguide.
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According to the modal theory of the waveguides, the transverse electric field can be represented as

E%r,z) + 9¢ i_c,;e,,(r)expzjz\/(kb)2 -x2], z<0,
E.(r,z) = VT ! 5)
E%r,z) + %;c;en(r)exd—jzw/(kb)z - x2], z>0,

whereas the magnetic field is given by

0 ) _dk w_erwmmeTE]
HY(r,2) ﬂﬁ;g¥n4) ﬂﬁﬁf__ . z2<0,

e S ~ (6)

It is worth noting that the value of the longitudinal propagation constant (ch0|ce of the branch cut in a complex plane)
is different for propagative and nonpropagative modes according to the following scheme:

m _ {\/kz — (x,/b)?, if |k| > x,/b (propagative modes 7

—j /G, /b)? — k2, if |k| < x,/b (cutoff mode$,

x, being the nth zero of the Bessel function(x), | Moreover, since the induced current is orthogonal to the
namelyJo(x,) = 0 within m = 1,2,3,...; the expansion edge, the Meixner (or edge) condition [10] requires that

functions [11,12] the components of the electric field diverge &s'/?, d
J1(emr/b) being the distance from the edge, in the hole region.
en(r) = —F———— (8) First of all, introducing the notations in the transverse
b\/—-]l(xm)
sectionz = 0

are orthonormal in the transverse section of the waveguide

., n=nm, S ={r:0=r = a}, S, ={r:0=r = b},
[ [ atnentnas =15 2 Tm @ s (10)

« =1rra=r =b},
Expansions (5) and (6) automatically verify the radiation
condition at infinity|z| — %, and the adopted normaliza- We start by imposing the continuity of the radial compo-

tions |mp|y dimensionless expans|on Coeff|c|en1fs nent of the electric field on the transverse section contain-
ing the iris, namely
lll. STATEMENT OF THE PROBLEM E(r0%) = B0,  rES,. (1)

In order to solve our boundary value problem for
Maxwell equations, we have to impose the continuity
of the radial component of the electric field and of the ¢, =c5, Vn. (12)
azimuthal component of the magnetic field on the hole of
the iris, and we require that the radial component of thel'his conclusion enables us to rewrite the field expansions
electric field vanishes on the metallic region of the iris.in the more compact form

which enables us to verify immediately that

27h 2 <« Ji(x,r/b)
TE0) ) = 1 Y o M el ) (13
2mh o _ 2kb E T (epr/b) exd—jlzlkb)? — x2]
p [Hy(r,z) — H)(r,2)] = Sgr(Z)nZ:I o) NG , (14)
where, for the sake of shortness, we indicated tl/vo E.(r,0) =0, res, —S,,

dimensionless quantities related to the radial component

of the electric field and the azimuthal component of

the magnetic field that will be the object of numerical

evaluation and discussion below (Fig. 2). "
The second condition we have to impose states that Z cnen(r) = ’B\/—EO( 2).

the radial component of the electric field vanishes on the ;=

metallic region of the iris, formally (15)

or, using the expansion (13), we can explicitly write
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Normalized radial component of the electric field L Normalized radial current density
10
(a) (b)
5 0
\
0 —t— -1 = —
~ \ T~
\
-5 i -2 \
.10 || — Real part 3 — Real part
— -Imaginary part — — -Imaginary part
-15 l l r/b -4 l X r/b
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

FIG. 2. The radial component of the electric field normalize@#ab/{ q at the iris (a) and the radial current density normalized
at27wb/q (b) in the cas&b = 5, w = 3/5, andB = 1

The last requirement we do is the continuity of the azimuthal component of the magnetic field on the hole defining
the iris, that is

H,(r,07) = H,(r,07), re S,

which can be put in the explicit form

gk~ _ caea(r) 0 gk < _ caenlr)
HO L + = H L - b E Sa 9
o(r.z) Bm nZi W =2 o(r.z) NG ; Tor =2 r
or in a dimensionless form ! IV. SOLUTION OF THE PROBLEM
= kb Dual series equation systems occur, in general, in
Z cnen(r) D)2 — 2 =0, 0=r=a mixed boundary value problems where the metallic region

(16) is finite (or in the dual problem). The basic method used

to solve a system of this type is to find an adequate

Therefore we can state that our electromagnetic problerfepresentation of the unknown field which is skilled to
is summarized by two series equations, namely the systegatisfy one of the two equations and to transform the
made by Egs. (2), which is a system of dual series, validther one into an easily manageable system of algebraic

in complementary regions. equations.

Finally, it is interesting to investigate the surface cur- In order to reduce the system (2) to the so-called
rent density induced by the particle during its fl(») =  canonical form for the dual series systems, we introduce
H,(r,0%) — H,(r,07) which has only the radial compo- the new unknown coefficientd, = ¢, + b,, where we
nent, given by define

ﬂ_} (r) = 4 Z Jy(xnr/b) kb . b, = Mff E%r,0)e,(r)dsS, (18)

q B Py J1(x,) (kb)? — x% q¢ Sp-Sa

(17) namely the expansion coefficients of the radial component

of the primary electric field
It is apparent that the boundary condition (16), represent-

ing the continuity of the magnetic field on the hole, im- E%r,0)[u(r — a) — u(r — b)] = q{ Z bpe,(r),
plies that
(19)

(evaluated in Appendix A). Therefore the total electric
| field can be written in the form

2 ) B - 2 Jl(xnr/b)
q¢ E.(r,z) = — E (r,2) [u(r) — ulr — a)] + Z A Ji(x,)

where the second addendum still contains the eIectromagnenc field singularity=far, so the system (2) becomes

J.(r) =0, 0=r=a.

2ah 2 b
7 exd — jlzly/ (kb)2 — x27,
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kb
O0=r=a

Zdnen(r)w Zb en V)W, =a, 0

Zdnen(r) =0, a<r=b,

In order to expand the radial component of the electric field factorizing the edge singularity according to the Meixner
condition [10], let us consider the class of functions

V2T (m) r (1,-1/2) o
e {or(m — 1y T b - 20r/aP) 0=r=a,

asr=hb,

wherem is a positive integer and’ff"ﬁ)(x) are Jacobi polynomials [11]. Of course, the completeness of the modal
functions (8) enables us to represent the functign(r) by using the modal functions, () (details are given in

Appendix B),
R [mab Jon—1/2(wx,)
Fm(r) = nZl |:2W X, Jl(xn) :|€n(l"). (21)

So, if we callu(r) the unit step function and we assume the following representation of the unknown coefiigients

= mJ2m— n 22
dn = = MX” Z Fndom-12wx,) (22)
we obtain the following representation of the electric fleld
2arb 2arb i — Jom—1/2(wx,)J1(x,r/b)
—— E.(r,z) = — E%r,2)[u(r) — u(r — a)] + — m|: , 23
q¢ q¢ Z / ; S I (x) (@)

and using the relation (21) itis

B0 + AL J% = > e e z<r/a)2]][u<r> - al,
m=1

which is skilled to reproduce the discontinuityrat= a. | and the component of the free term vector is given by
Furthermore, the second equation of the system (20) is

Er(}’,O) =

automatically satisfied in force of the identity (B6). On _ 1 Z Ja5-1/2(wxn) kb @)
the other hand, coefficients, have to be chosen so that 2w &= VX Ji(xn)  (J(kb)? — x2
d, also satisfies the first equation of the system, which

becomes It is worth noting that the matrixA is symmetric

- - and diagonally dominant as shown in Fig. 3, where the

D fm|: D Jam—1/20wxa)J1 (7 /) kb :| absolute value of the elements of the main diagonal and

- o S J7 () V(kb)? — x2 the first parallel has been drawn. In the low frequency
% limit (Fig. 3a) we can say that this behavior is confirmed,

= Z bn JiGeur /b) kb (24) whereas when the frequency grows up (Fig. 3b) this

2w i) kD = X2 property is less manifest, and the matrix becomes “full.”
Multiplying both members of the relation (24) by Figure 4 shows that even at high frequeitey = 10) ten
(1_,11/2)[1 2(r/a)2] expansions coefficientgy are sufficient.
,/a2 — }”2

integrating on the intervala, b), and interchanging the V. LONGITUDINAL COUPLING IMPEDANCE
order of integration and series, we obtain the infinite set The global parameter taking into account the interac-

of linear (complex) equations tion between the bunch of charged particles and the sur-
o0 rounding structure is the longitudinal coupling impedance,
Z Agpfm = hy, s=12,..., (25)  defined by the integral (1). Since from the Maxwell equa-

_ o ~tionV X H = jweE, the longitudinal component of the
where the generic element of the coefficients matrix is|ectric field can be written as

defined by
A, — i Jom—1/2Wx)Ja5—1/2(Wx,,) kb ’ E, = —j%(V x H), = —j% aa (rH,),
n=1 xnjlz(xn) A/ (kb)2 - x,%

(26)  or in the dimensionless form

044401-5 044401-5
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| Asm |
| Asm |
0.02
o e s-m
0.015 |- (a) 1.5 L (b)
ve® _?
001 |-s=m 1 ot O
¢ ‘ Q a %
0.005 | 05 %o 12 i8] %o,
[} .o . O \‘;' " ~.,. .."
0 003328888 an88a80888000 S ° oy hadd] TXTPP SN
s=m+1 Otl—-s=m+ 1—4004'LQOQOTOW
-0.005 ‘ |
0 5 10 15 20 25 30 0 5 10 15 20 25 30

FIG. 3. The coefficient matrix (main diagonal and first parallel) for a small valugbofkb = 1/10] (a) and for a large one

[kb = 50] (b), w = 2/5 and 8 = 1.

2mb

—[E (r,z) — EXr,2)] =
q{

2sgnz) <
BT n; Cnx

Jo(x,r/b) exd —jlzl\/(kb)? — x2]
" Ti(xy) Jkb)? — 2 ’

(28)

and using the relevant result [11]
+oo
[ extitern - 1wy = nsurt)d:

2 kb?
B (kb)? + x2’
we can conclude that

Zy(k) = Ry(k) + jX;(k)

Xy kb
- 77132 Zl (Kb)2 + x2 Ji(xn) (kD)2 = 22

(29)
The general expansion (29) simplifies {8r= 1, namely
k =0, as

joe}
Cl’l

2
Z)(k) = 30
1) T ,IZI X1 () \/(kb)2 (30)
ocs [ N
' e Real part
0.04 |—* o Imaginary part —
0.02
0 ;29099000000 000000009 N
-0.02 |
-0.04 |
-0.06 |-
0]
-0.08
0 5 10 15 20 25 30

FIG. 4. Expansion coefficient§y versusiN in the casekb =
10, w = 4/5, andB = 1.
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Therefore, a complete solution of the problem of the
evaluation of the impedance can be obtained by comput-
ing the expansion coefficients, with a high degree of
accuracy.

Figures 5—-20 show different impedances versus the
frequency (normalized wave number) for different values
of the aspect ratio and in a wide range of the speed of the
particle.

VI. THE HIGH FREQUENCY LIMIT

The evaluation of the impedance in the cg8e= 1
could require a large amount of computing since the
frequency spectrum is wider than the other cases. In order
to show the accuracy of the numerical evaluation, we
verified that our calculations reconstruct the asymptotic
behavior of the real part

{ {

b
=~ In— = —-—=Inw whenkb — »,
o

Ry (k) = p -

(31)
and find another asymptotic expansion valid for all the
values off3.

The dual series system (17) can be formally rewritten
as the single equation

i cnay(r)e,(r) = '8\/—
n=1

E%(r,0)

X[u(r—a)—u(r—b)],
O0=r=5»,

(32)

where the functiony, (r) is defined by the relation

) = [T

0=r=a,
a=r=b»b.

044401-6
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Projecting Eqg. (32) on the modes (8) of the waveguide, ithe expansion coefficients of the electromagnetic fields are

becomes equal and opposite to the coefficients of the primary field,
o kb namely ¢,, = —b,,. Therefore,Z(k) = R)(k), namely
m t n m| TV ——= = —bu, i i i
c Z c ") the imaginary part of the impedance can be neglected, and
m=123,.., (33) R(k)= Z ]
I 2 2
where we called for shortness [11] (Kb) x; Jilx)
2{k Ko(kb) d
My = My, ] ]em(r)e,,(r)dS = _—77,82,[ r|:K1(Kr) To(kD) I(k r):|d—
evaluated in Appendix C. The recurrence equation (33) Jo(xnr/b)
could be effectively used in a numerical scheme according Z (Kb)z T2 D) dr. (34)

to field matching analysis, but our interest is to assert that

in the high frequency limit, when The series of the previous formula (34) represents a

lim kb - particular case of the Kneser-Sommerfeld formula [11—
kb— [(kb)? — x2 ’ | 13], given by
JO(xnr/b) 1 K()(Kb)
= = +
nzl (Kb)2 + 22 ) > Ko(kr) To(xb) Iy(kr) |,

which enables us to find immediately the approximation [11]

2 b
7B R||(k)5f rKlz(Kr)dr

g 2
2 2 2 _ w2
_ i‘cﬁ[’“("“) . Ki (’“‘)} _ b2|:KO(Kb) . Ki ("b)“ — [bKo(kb)K,(kb) — aKo(ka)K)(xa)].

2
(35)

The approximation (35), valid for all of the values Bf | coefficients. The representation factorizes the edge be-
reduces to the previous (31) in the limit cg8e= 1. havior of the radial component of the electric field, and
therefore the coefficients matrix is diagonally strong, es-
VII. EINAL REMARKS pecia_IIy in thq high frequency limit. Mqreovgr, few ex-
pansion coefficients are needed to obtain a high degree of

We have discussed a new technique to evaluate th&ccuracy in the evaluation of the field and of the longitu-
longitudinal coupling impedance of an iris in a circular dinal impedance. The adopted technique comes from the
waveguide. continuous case, namely the systems of dual integral equa-

The problem, formulated as a dual series system, hatons: To our knowledge, this is the first application of
been reduced to a system of algebraic equations by meatteese concepts to a discrete case, the case of the dual se-
of an adequate representation of the unknown expansiaies systems.

Real part [Q] Imaginary part [Q]
0.05 500
0.04 400 \
0.03 300 \
0.02 200 \
0.01 100 \
0 ka 0 ka
-0.01 -100
0 1 2 3 4 5 0 1 2 3 4 5

FIG. 5. Real and imaginary parts of the longitudinal coupling impedance in theucasd /5 and By = 1/10.
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Real part [uQ]

35 Imaginary part [Q]
250 (\
3
25 200 \
2 \ 150
1.5 \ 100 \
X \ \
50
0.5 \\ L
ka
0 0 ka
-0.5 -50
0 1 2 3 4 5 0 1 2 3 4 5
FIG. 6. Real and imaginary parts of the longitudinal coupling impedance in theucas€/5 and 8y = 1/10.
Real part [uQ
5 P (nal Imaginary part [Q]
100
f\ \
4 \ 80 \
3 \ 60 \
2 \ 40 \
: NN
0 e ka 0 ka
-1 -20
0 1 2 3 4 5 0 1 2 3 4 5
FIG. 7. Real and imaginary parts of the longitudinal coupling impedance in thewcasg&/5 and 8y = 1/10.
Real part [pQ] Imaginary part [Q]
8 25
6 20 \
\ 10
2 \
5
0 = ka k
0 ka
-2 -5
0 1 2 3 4 5 0 1 2 3 4 5

FIG. 8. Real and imaginary parts of the longitudinal coupling impedance in thexncase /5 and 8y = 1/10.
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Real part [Q] Imaginary part [kQ]
500 1
400 0.8
300 0.6
200
0.4
100
0 \\[\ 0.2
ka ka
-100 0 ]
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14

FIG. 9. Real and imaginary parts of the longitudinal coupling impedance in theucasd /5 andBy = 1.

Real part [Q] Imaginary part [Q]
70 140
60 \ 120
50 \ 100
40
| 80
30 \
60
20
10 \ 40 /
N ka 20 \
0
ka
-10 0 \\
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14

FIG. 10. Real and imaginary parts of the longitudinal coupling impedance in thescas@/5 and By = 1.

Real part [Q] Imaginary part [Q]
7 25
6 {\ 20 A
; [ W
4 \\ 15
3 \ 10 / \
: \ A
1 N
ka N
-1 -5
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14

FIG. 11. Real and imaginary parts of the longitudinal coupling impedance in thescasé/5 and By = 1.
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Imaginary part [Q]

Real part [Q] 5
§ A
4
0.15 A /
A ;
\
A
0.0z \\ 1 \
ka 0 ka
-0.05 -1
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
FIG. 12. Real and imaginary parts of the longitudinal coupling impedance in theswcasd/5 and B8y = 1.
Imaginary part [kQ]
Real part [Q] 2.5
500
400 2
300 1.5
200
" 1
100 Ay
S~ 0.5
0 ka Ka
-100 0 Mo
0 20 40 60 80 100 0 20 40 60 80 100
FIG. 13. Real and imaginary parts of the longitudinal coupling impedance in theiwcasd /5 and By = 10.
Real part [Q] Imaginary part [Q]
250 400
200 350
300
150 250
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FIG. 14. Real and imaginary parts of the longitudinal coupling impedance in thewcas@/5 and 8y = 10.

044401-10 044401-10



PRST-AB 2 METHOD TO COMPUTE THE LONGITUDINAL COUPLING ... 044401 (1999)

80

60

40

20

0

-20

Real part [Q] Imaginary part [Q]
80

\ o)
A\ ol
ka 0 L/\" ka

-20
0 20 40 60 80 100 0 20 40 60 80 100

FIG. 15. Real and imaginary parts of the longitudinal coupling impedance in thewcas8/5 and By = 10.
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FIG. 16. Real and imaginary parts of the longitudinal coupling impedance in thewcasd/5 and By = 10.
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FIG. 17. Real and imaginary parts of the longitudinal coupling impedance in thewcasd /5 and 8 = 1.
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Real part [Q] Imaginary part [Q]
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FIG. 18. Real and imaginary parts of the longitudinal coupling impedance in theicas@/5 and 8 = 1.
Real part [Q] Imaginary part [Q]
80 80
70
A h e
60 e 60
40 50 \
40
20 30 \
0 ka 20 .,
10
-20 0 % == ka
0 20 40 60 80 100 0 20 40 60 80 100
FIG. 19. Real and imaginary parts of the longitudinal coupling impedance in thewcas&/5 and 8 = 1.
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FIG. 20. Real and imaginary parts of the longitudinal coupling impedance in thescasd/5 and g8 = 1.
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APPENDIX A

The aim of this appendix is to evaluate the generic elemiptsf the radial component of the primary electric field

(18), namely
_ By 0 _ (" Ko(xch) J1(onr/b)
by = e ]Sb fsa E/(r,0)e,(r)dS = ; ]a I’|:K1(KV) + o) Il(KI”):| TSR dr. (A1)

Using the following two integrals involving the product of a Bessel function with a modified one [11],

]0’ uly )y (yu) e — xrlo(xr)Jl(y;Z) J—r igll(xr)Jl(yr)’ (A2)
r _ xrKo(xr)Ji(yr) + yrKi(xr)Jo(yr) y
./; uK(xu)J,(yu) du = 2ty + 2y (A3)

we can easily evaluate the coefficients
Ki(ka)ly(kb) + Ko(kb)I(ka)

b = JO(me) Xm
m T o) X2+ (kb)? Io(kb)
Jo(xmw) 1 Ko(Ka)I()(Kb) - K()(Kb)]()(Ka)
Io(xb) : (Ad)

+ kZab
) k2 (kD)

which, in the particular casg = 1, can be simplified as

JO(me)
m=——— . A5
xm-ll(xm) ( )
APPENDIX B
In order to check the validity of the representation (21), we start with the relevant result [11]
+1
m ) Fim + 1,—m + 3/2;2;x%). (B1)

]0 P Jam—12(p)J1(px) dp :)“/Eh

Using the property of the hypergeometric function [FX}, b;c;z) = (1 — 2)° “ *F(c — a,c — b;c;z), the integral
(B1) can be rewritten in terms of the Jacobi polynomials as [11]

(1,-1/2)

F(1 —mm+ 1/2;2;x>) P, (1 —2x3) T(m)
Fm + 1,—m + 3/2;2;x%) = == ) B2
(m b m 3/ 9 ’x ) /1 — x2 /1 _ x2 r(m + 1) ( )

Taking the inverse Hankel transform [5], we get
—1/2
Jom—-12(p) 2T (m) b Pf,:,ll/ )(1 — 2x?)

o Tm—-12)" -2

Thus we get for the representation (21) the expansion coefficients

Fon = [ [ Furentr) as
227 L) (¢ 5 Pyl = 20 /@] il /b)

bT'(m — 1/2) Jo " Va?r — r? Ji(xn)

‘] m— n
— 2 mab Jon—12(wx ), (B4)
Xn Jl(xn)

044401-13
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and, therefore, the series representation of the class of fundtipfrs enables us to write

o

3 Dm0 )1 Genr /D) w320(m) PPN = 2(r/a)?]

- 5 , 0=r<a, B5
= S T () V2T (m — 1/2) N (BS)
or in the complementary region
o Jom— )17 /b
3 Belenos) g2y -
n=1 \/EJI (xn)
APPENDIX C

We evaluate in this appendix the generic matrix eleniépy, defined by the integral

M,y = j;“ ] e,(r)e,(r)dS = M, , (C1)

which can be easily computed by means of the relevant and well-known integral involving the product of two Bessel
functions [11]

rJ1(xr)Jo(yr) — xrdo(xr)J(yr
[ rJl(xr)Jl(yr) dr = y 1( O(yxg — y2 0 ) 1()’ )’ (CZ)
that in the particular case = y becomes
2 2
f rJ3 (xr)dr = % |:J12(xr) + J3(xr) — —Jo(xr)Jl(yr):|. (C3)
Xr
It is not difficult to show that
2w mel(Wxn)JO(me) - anO(Wxn)Jl(me)
, nF*Fm,
J1 ()T 1 (xm) X3 — x3,
Mnm = W2 (C4)
—— | Jilwx,) + J5(wx,) — Jowx, ) J1(wx,) |, n=m,
Ji (x) WXy

where the symmetry of the matrM = [M,,, ] is apparent.
Now, making use of the asymptotic expansions of Bessel functions [11] and related zeros, for large valaes! of
m, the coefficieni,,, can be approximated as
(—qymn cogmw(m + n + 1/2)]
am +n + 1/2)
sifzw(2m — 1/2)]
a@2m —1/2) ~

co§mw(m — n)]

+ (_l)m+n W(m — n)

, nF*Fm,
M,,, =

The last approximated relations show that we are 106A, No. 12 (1993)].
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