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The coherent synchrotron radiation (CSR) of a high-brightness electron beam traversing a series of
dipoles, such as transport or recirculation arcs, may result in beam phase space degradation. On one hand,
CSR can perturb electron transverse motion in dispersive regions along the beam line and possibly cause
emittance growth. On the other hand, the CSR effect on the longitudinal beam dynamics could result in
microbunching instability. For transport arcs, several schemes have been proposed to suppress the
CSR-induced emittance growth. Correspondingly, a few scenarios have been introduced to suppress
CSR-induced microbunching instability, which however mostly aim for linac-based machines. In this paper
we provide sufficient conditions for suppression of CSR-induced microbunching instability along transport
or recirculation arcs. Examples are presented with the relevant microbunching analyses carried out by our
developed semianalytical Vlasov solver [C.-Y. Tsai, D. Douglas, R. Li, and C. Tennant, Linear
microbunching analysis for recirculation machines, Phys. Rev. ST Accel. Beams 19, 114401 (2016)].
The example lattices include low-energy (∼100 MeV) and high-energy (∼1 GeV) recirculation arcs, and
medium-energy compressor arcs. Our studies show that lattices satisfying the proposed conditions indeed
have microbunching gain suppressed. Beam current dependences of maximal CSR microbunching gains
are also demonstrated, which should help outline a beam line design for different scales of nominal
currents. We expect this analysis can shed light on the lattice design approach that aims to control the
CSR-induced microbunching.
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I. INTRODUCTION

Coherent synchrotron radiation (CSR) has been recog-
nized as one of the most challenging issues for high-
brightness beam transport line and recirculation machine
designs, in which the beam phase-space quality is always
aimed to preserve as well as possible before the beam
fulfills its scientific mission or is transported to a sub-
sequent beam line complex. CSR can be generated from
electron coherent radiation emission inside a bend at a
wavelength range comparable to the bunch length scale or
to the order of the ripple density fluctuations atop. The
radiation reaction can have effects on both transverse and
longitudinal planes. In the transverse plane, because of the
dispersive nature of a bending system, the energy change
due to CSR can be correlated to the transverse coordinates
(x or x0) through the dispersion functions R16 or R26. Since
the energy change varies for different slices of particles,
such energy variation within a beam bunch can potentially

dilute the projected transverse emittance. In the longi-
tudinal plane, initial small density modulations can be
converted into energy modulations due to the tail-head
collective interaction. Then the energy modulations can be
transformed back to density counterparts downstream in
dispersive regions via momentum compaction. The den-
sity-energy conversion, if forming a positive feedback in a
multidipole system, can result in the enhancement of
modulation amplitudes. This has been known as the
CSR-induced microbunching instability [1–3].
Various mitigation techniques have been proposed to

minimize or cancel the CSR-induced emittance growth, e.g.
Refs. [4–12]. Correspondingly, a few different scenarios
have been introduced to suppress CSR-induced micro-
bunching instability, e.g. Refs. [13–17]. Among them, most
of the CSR microbunching suppression mechanisms aim
for linac-based machines, in which the number of dipoles is
usually small (e.g. a two-dipole dogleg or four-dipole
bunch compressor chicane). In this paper we provide a
set of sufficient conditions for suppression of CSR-induced
microbunching in arcs, which usually consist of several to
tens of bending magnets. Our findings are therefore of
interest for the design of magnetic lattices of recirculating
accelerators, as well as of multidipole transport lines in
single-pass facilities. It deserves here to further clarify the
target of the beam line design. By recirculation here we
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mean a beam only passes through the arcs a few times. This
is in contrast with storage-ring arcs, in which the
assumption of an infinite number of beam passages is
made. In addition, throughout the paper we only consider
the steady-state CSR effect and for the moment exclude
other effects such as transient CSR and space charge
effects. The exit transient CSR (or CSR drift) in fact plays
an equally (or even more) important role as it can further
enhance the CSR microbunching gains (see, for example,
Ref. [18]) in multibend transport arcs. The reason we
assume only steady-state CSR interaction in this study is
because of its simplicity; similar to discussion of suppres-
sion (or cancellation) of CSR-induced emittance growth
[4–12], we always start from a simple consideration and
later deal with transient effects.
In addition to CSR, the beam quality degradation can

arise from the longitudinal space charge (LSC) effect. The
LSC effect stems from upstream ripples on top of the bunch
charge density and can accumulate an amount of energy
modulation when the beam traverses a long section of a
beam line. The LSC-induced microbunching can be as (or
more) important as that induced by CSR, as had been
emphasized in the existing literature (see, for example,
Refs. [13,14]). In our subsequent analysis of conditions for
microbunching suppression, the effect of LSC is neglected
for the moment for the same reason as aforementioned. It
however deserves here to comment the roles CSR and LSC
play from the viewpoint of our analysis. By suppressing the
CSR-induced microbunching instability we mean the goal
to overcome the resultant (potentially large) microbunched
density modulation due to initial bunch density modulation
(in short, the density-to-density microbunching amplifica-
tion). Different from CSR, which only occurs within
bending magnets taking into account steady-state effect
only, LSC is ubiquitous along a beam transport line.
Therefore when the accumulation of energy modulation
by LSC from the upstream section of beam line is
significant, the downstream density modulation converted
through the global momentum compaction R56ðsÞ (pure
optics effect) can result in serious microbunching insta-
bility, in particular for nonisochronous arcs. This is referred
to as the energy-to-density microbunching amplification.
We note that the picture we just drew for energy-to-density
modulation is only from a pure optics effect. More
complete analysis should also include the effect of collec-
tive interaction and the information of upstream beam line
lattice. The consideration of such energy-to-density con-
figuration has however been beyond the scope of the
paper. Apart from the energy to density, the resultant
LSC-induced microbunching can also originate from den-
sity-to-density pathway, similar to CSR. For informative
comparison, although we exclude LSC effect in the
subsequent analysis (Sec. II), when we demonstrate
numerical results in a set of our example lattices, we will
show the optics impact on both mere CSR and integrated

(CSR-plus-LSC) effects that lead to density-to-density
microbunching amplification.
In the remainder of this paper, we will begin, in Sec. II,

from the integral equation that governs CSRmicrobunching
instability, to outline the option of making small relative
momentum compaction Rs1→s2

56 , and to discuss the condi-
tions for CSRmicrobunching suppression in four situations:
achromatic, dispersive, isochronous, and nonisochronous
modules. Through the above analysis, it is found the kernel
function plays a key role for microbunching gain develop-
ment. In Sec. III, we examine these conditions by illustrating
three sets of comparative examples, including low-energy
(∼100 MeV) and high-energy (∼1 GeV) recirculation arcs,
andmedium-energy compressor arcs. Beam current depend-
ences of maximal CSR microbunching gains are also
demonstrated, which should help outline a beam line design
for different current scales and give guidance of the level
how small/large the relative momentum compaction should
be retained. Finally,we conclude the results and comment on
the difference of conditions between the transverse CSR
emittance compensation and the longitudinal CSR micro-
bunching suppression.

II. CONDITIONS FOR CSR MICROBUNCHING
SUPPRESSION

Theoretical formulation of the CSR-induced micro-
bunching instability based on the linearized Vlasov equa-
tion has been developed [2,3] in a single-pass beam
transport system. The formulation assumes that the initial
modulation wavelength is small compared with the whole
bunch duration (i.e. coasting-beam approximation), con-
sistent with most practical situations. In the linearized
Vlasov treatment, the CSR effect is treated as a small
perturbation to the beam phase space distribution. By the
method of characteristics, the equation that governs the
evolution of the complex bunching factor along a beam line
can be written in the following integral equation:

bðk; sÞ ¼ b0ðk; sÞ þ i
Zs
0

ds0ΛKðs; s0Þbðk; s0Þ; ð1Þ

where s0 denotes the location where CSR emission may
occur and s denotes the location where the beam bunch
receives the energy kick. The bunching factors bðk; sÞ and
b0ðk; sÞ are defined as the Fourier transformation of the
longitudinal z coordinate for perturbed and unperturbed
(i.e. pure optics, in the absence of collective effect) phase
space distributions, respectively. The coefficient Λ charac-
terizes the beam current and energy dependence,

Λ ¼ Ib
γIA

; ð2Þ

where γ is the relativistic factor, Ib is the instantaneous
beam current (depends on path length when bunch length
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varies), and IA is the Alfven current. The kernel function is
particularly expressed as

Kðs; s0Þ ¼ kðsÞRs0→s
56 Zss

CSRðk; s0ÞfL:D:; s; s0g; ð3Þ
where, of our primary interest, only the one-dimensional
steady-state free-space CSR impedance (per unit length)
[19,20] is considered (with the cgs unit)

Zss
CSR½kðsÞ; s� ¼ ð1.63þ 0.94iÞ kðsÞ1=3

jρðsÞj2=3 ; ð4Þ

where k ¼ 2π=λ is the spatial wave number (with λ the
modulation wavelength), ρ is the bending radius of a
dipole, the transport matrix elements

Rs0→s
56 ¼ ½Rs0→s�56 ¼ ½R0→sðR0→s0 Þ−1�56 ð5Þ

and the Landau damping term [3]

fL:D:; s; s0g

¼ exp

�
− k20εx0βx0

2

�
R51ðs; s0Þ − αx0

βx0
R52ðs; s0Þ

�
2

− k20εx0
2

R2
52ðs; s0Þ − σ2δ0R

2
56ðs; s0Þ

�
ð6Þ

with k0 ¼ kðs ¼ 0Þ. Here we note that the above expres-
sions are applicable to combined-function dipoles. εx0 is the
horizontal geometric emittance, αx0 and βx0 are the initial
Twiss parameters, and σδ0 is the rms uncorrelated relative
energy spread assuming Gaussian energy distribution.
R5iðs; s0Þ ¼ CðsÞR5iðsÞ − Cðs0ÞR5iðs0Þ, where i ¼ 1, 2, 6,
and CðsÞ ¼ ½1 − hR56ðsÞ�−1 is the bunch compression
factor, and h is the initial chirp of the beam (assuming
z > 0 for the bunch head). To quantify the microbunching,
we define the amplification gain as modular ratio of
bunching factors

Gf≡
���� bðk; sfÞb0ðk; 0Þ

����; ð7Þ

where sf is denoted the exit location of a beam line. When
the gain due to CSR is much larger than unity in a beam
line, the lattice is said to be susceptible to CSR micro-
bunching instability. From Eq. (3), the cure of CSR-
induced microbunching can be undertaken by either
enhancing Landau damping or making the relative momen-
tum compaction function as small as possible throughout
the beam line. Here we take the latter. To proceed, let us
introduce a parameter, which we will use to characterize the
CSR effect in a beam line lattice [see also Eq. (3)]:

ξ ¼
����maxfRs0→s

56 g k0
1=3

ρ2=3
ΔL

����; ð8Þ

where ΔL is the effective distance of CSR interaction. It is
evaluated to be the length between repetitive patterns of

largest jRs0→s
56 j in a beam line design (as wewill demonstrate

later), because they usually characterize the most contrib-
uted CSR microbunching gain development [21]. In case
there is not a clear repetitive structure in jRs0→s

56 j, usually
occurring in arc compressors, we estimate the effective
distance as the width of the largest jRs0→s

56 j block.
It is found that ξ, together with the concept of multistage

CSR amplification [21], can be used to quantify the lattice
impact of CSR microbunching. Note that ξ is independent
of beam properties. The dependence of beam parameters
goes in Λ and Landau damping terms through Eqs. (2) and
(6). In the subsequent discussion of this section regarding
conditions of suppression of CSR-induced microbunching
gain, we have excluded the effect of Landau damping; we
only aim to reach small Rs0→s

56 of beam line optics, thus
small ξ, in order to eventually have small kernel functionK.
However, when demonstrating example lattices in Sec. III,
we include all relevant beam dynamics in the calculation of
CSR microbunching gain for thorough consideration.
Our previous work [21] had indicated the important role

of the relative momentum compaction Rs0→s
56 for CSR

microbunching development. Local isochronicity associ-
ated to smallness of the dispersion function (hence small ξ)
can result in effective CSR microbunching suppression.
Here we try to relate this important quantity to lattice Twiss
parameters using standard linear matrix analysis [22]. Our
goals are to find explicit conditions for CSRmicrobunching
suppression and to further evaluate the design performance
of a beam line lattice for the particular issue. Below we
consider a general beam line as shown in Fig. 1. We want to
formulate in terms of typical Twiss parameters the relative
momentum compaction function Rs1→s2

56 , where, inside the
two dipoles, s1 and s2 are measured from entrances of their
corresponding elem ents. Assume the bend plane of the
beam line lattice lies in (x, z). The four-by-four linear
transport matrix from theCSR emission site (s1) to receiving
site (s2) can be obtained by Rtotal ¼ Rs2→LbRs1→s2R0→s1,
i.e.

Rs1→s2 ¼Rdipole

�
θ¼−Lb−s2

ρ2

�
RtotalRdipole

�
θ¼−s1

ρ1

�
;

ð9Þ

where the transfer matrix for a sector dipole Rdipole can be
expressed as [22]

FIG. 1. Illustration of a two-dipole system. The in-between
section can be a general transport section (see context for
definition of notations).
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RdipoleðθÞ ¼

2
666664

cos θ ρ sin θ 0 ρð1 − cos θÞ
− 1

ρ sin θ cos θ 0 sin θ

− sin θ −ρð1 − cos θÞ 1 −ρðθ − sin θÞ
0 0 0 1

3
777775 ð10Þ

and the transfer matrix Rtotal in the two-dipole system can be in general parametrized by Twiss parameters [23]

Rtotal ¼

2
6666664

ffiffiffiffi
β2
β1

q
ðcosψ21 þ α1 sinψ21Þ

ffiffiffiffiffiffiffiffiffi
β2β1

p
sinψ21 0 R16

− 1þα2α1ffiffiffiffiffiffiffi
β2β1

p sinψ21 þ α1−α2ffiffiffiffiffiffiffi
β2β1

p cosψ21

ffiffiffiffi
β1
β2

q
ðcosψ21 − α2 sinψ21Þ 0 R26

R51 R52 1 R56

0 0 0 1

3
7777775
; ð11Þ

where α1, α2, β1, and β2 are assigned at locations illustrated in Fig. 1. Note that the in-between section can be constituted by
any sequence of linear elements, e.g. drifts, dipoles, quadrupoles, etc.
The symplecticity condition imposes the following constraints to the transport matrix [Eq. (11)]:

R51 ¼ R16R21 − R26R11 R52 ¼ R16R22 − R26R12: ð12Þ

Note that R56 in Eq. (11) is considered a free parameter and independent of R51 and R52 (thus R16 and R26).
After some algebraic manipulation, the relative momentum compaction function Rs1→s2

56 can be analytically obtained:

Rs1→s2
56 ¼ R56 þ Lb � s1 − s2 þ R26ρ2

�
cos

s2 − Lb

ρ2
− 1

�
∓ ρ1 sin

s1
ρ1

− R16 sin
s2 − Lb

ρ2
þ ρ2 sin

s2 − Lb

ρ2

∓ sin
s1
ρ1

�
−R26

ffiffiffiffiffiffiffiffiffi
β1β2

p
sinψ21 −

ffiffiffiffiffiffiffiffiffi
β1β2

p
sin

s2 − Lb

ρ2
sinψ21

þ
ffiffiffiffiffi
β1
β2

s
ðcosψ21 − α2 sinψ21Þ

�
R16 þ ρ2

�
cos

s2 − Lb

ρ2
− 1

���

þ ρ1

�
1 − cos

s1
ρ1

�8>><
>>:

−
ffiffiffiffi
β2
β1

q
ðcosψ21 þ α1 sinψ21Þ

�
R26 þ sin s2−Lb

ρ2

�

− R16þρ2ðcoss2−Lbρ2
−1Þffiffiffiffiffiffiffi

β1β2
p ½ðα2 − α1Þ cosψ21 þ ð1þ α1α2Þ sinψ21�

9>>=
>>;; ð13Þ

where the upper (lower) sign is for forward (reverse)
bending.
As mentioned, to have effective suppression of CSR

microbunching gain, one option we take is to pursue small
ξ (hence small K) by manipulating Rs1→s2

56 . We remind that
R56 ¼ 0 does not imply Rs1→s2

56 ¼ 0 and, if considering the
transverse degrees of freedom, in general Rs1→s2

56 ≠
R56ðs2Þ − R56ðs1Þ [see Eq. (5)]. To get the feeling of
how Rs1→s2

56 behaves in Eq. (13), we numerically illustrate
the parametric dependencies of Rs1→s2

56 for some specific
cases. For simplicity, let us assume ρ1 ¼ ρ2 ¼ 10 m,
Lb ¼ 1 m, β1 ¼ β2 ¼ β, α1 ¼ −α2 ¼ α, and s1 and s2
locate in the middle of dipoles. Given R16, R26, and R56 for
the two-dipole module (see Fig. 1), Rs1→s2

56 depends only on

lattice Twiss parameters α, β and phase difference ψ21, i.e.
Rs1→s2
56 ¼ fðα; β;ψ21Þ. Figure 2 shows the typical jRs1→s2

56 j
pattern for an achromatic (R16 ¼ R26 ¼ 0) and isochronous
(R56 ¼ 0) module. Note that in general Rs1→s2

56 does not
vanish even for an isochronous module. From the figure, it
is obviously seen that small β function is preferred. The
choice of α function does not affect the resultant jRs1→s2

56 j
too much in this specific parameter regime. The featured
fact that ψ21 ≈ π (or its integer multiples) can lead to
minimal Rs1→s2

56 is also observed for all α’s and β’s in Fig. 2.
The aforementioned observations from Fig. 2 turn out to

be applicable to more general situations, for example, for
dispersive and/or nonisochronous modules. To be concise
in the main text, we make the supplementary discussion of
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how Rs1→s2
56 evolves when R16 ≠ 0, R26 ≠ 0, and/or R56 ≠ 0

in the Appendix and only draw our conclusion here. After
investigation of optical dependencies of the Rs1→s2

56 , we
conclude that small β functions (at entrances and exits of
dipoles), moderate α functions (at entrances and exits of
dipoles), and ψ21 ≈ π (or its integer multiples) between two
relevant dipoles can in general lead to a small relative
momentum compaction function in a general transport line.
In a preliminary beam line design, Eq. (13) can serve as a
way to check whether notional Twiss parameters (at
entrances and exits of dipoles) are properly chosen to
avoid being located at large jRs1→s2

56 j. Whenever an optimal
design is considered, one can in principle use Eq. (13) for
more dedicated choices of Twiss functions and betatron
phase advance. The small jRs1→s2

56 j (and hence smallK) will
eventually bring about effective CSR microbunching
suppression. Here we note that, although there is not a
stability margin for jRs1→s2

56 j (or K) in an absolute sense to
have effective CSR gain suppression, since the collective
interaction is intensity dependent (through Λ), our pro-
posed optics conditions shall minimize the CSR-induced
microbunching gain for any given beam current level.
We also emphasize that these conditions are sufficient;
other schemes of making small K are not excluded,
e.g. Refs. [15–17] through enhancing Landau damping
[see Eq. (3)].

III. RECIRCULATION ARC EXAMPLES

A. High-energy recirculation arcs

The first set of comparative examples involves two
1.3 GeV high-energy recirculation arcs (hereafter named
HERAv1 and v2 lattices). Figure 3 shows the optical Twiss
functions and momentum compaction functions of the two
arcs. Although both lattices have the same geometric
layout, they exhibit distinct optical behaviors through
properly tuning quadrupole focusing strengths. HERA v1
is a 180-deg arc with large momentum compaction.
Moreover, it is a second-order achromat and globally
isochronous with a large dispersion modulation across
the entire arc [see Figs. 3(a) and 3(c)]. By contrast,
HERA v2 is also a 180-deg arc with however small
momentum compaction. This arc is also a second-order
achromat but is designed to be a locally isochronous lattice
within superperiods. Such local isochronicity ensures that
the bunch length be kept the same at phase homologous
CSR emission sites [see Figs. 3(b) and 3(d)]. Notably, it is
shown in Figs. 3(c) and 3(d) that the momentum compac-
tion function R56ðsÞ for HERA v2 is considerably smaller
in amplitude compared with that for HEAR v1 by at least 2
orders of magnitude due to local isochronicity. For the
detailed description of the design for the two example
lattices, we refer the interested reader to Ref. [9].

FIG. 2. jRs1→s2
56 j pattern for an achromatic and isochronous unit, R16 ¼ R26 ¼ R56 ¼ 0. (Top) Rs1→s2

56 ðα;ψÞ for (a) small and (b) large β
functions; (bottom) Rs1→s2

56 ðβ;ψÞ for (c) small and (d) large α functions. The color bar is measured in meters.
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For both examples, the (peak) beam current is chosen to
be 65 A, the transverse normalized emittances are assumed
0.3 μm, and the uncorrelated energy spread is assumed
1.23 × 10−5. These beam parameters are typical for next-
generation light source facilities based on recirculation or
energy recovery linacs (ERL) machines. Other relevant
initial beam and lattice parameters are summarized in
Table I. In this study, only steady-state CSR effect is
considered and we will only briefly comment on the case
with inclusion of all CSR effects (including entrance and
exit/drfit transient effects) [18]. Figure 4 shows the nominal
relative momentum compaction functions Rs0→s

56 for the two
arc lattices. We remind of the difference between the
pattern Rs0→s

56 in Fig. 4 and the variations of Rs1→s2
56 in a

range of Twiss parameters, shown in the Appendix. The
former indicates how the CSR emission (s0) and receiving
(s) relate, and the latter demonstrates how Rs1→s2

56 behaves
as a function of varying Twiss parameters. Note that Rs0→s

56

plays the more essential role in determining the resultant
microbunching gain than R56ðsÞ does [see Eq. (3)]. This is
because the energy modulation, induced by CSR within

dipoles, will be transformed back to density modulation
downstream a beam line through the relative momentum
compaction Rs0→s

56 , instead of R56ðsÞ ¼ R0→s
56 . The deep red

blocks, considered as dangerous areas shown in Fig. 4 with
larger jRs0→s

56 j, indeed result in enhancement of energy-to-
density conversion and cause CSR microbunching insta-
bility. The quantity ΔL, defined as the effective length of
CSR interaction, can be evaluated from Fig. 4 as the
edge-to-edge distance between adjacent large-amplitude
(deep-red) blocks. For HERA v1, ΔL is roughly twice
larger than that of HERA v2 (see Table I). To make ΔL
small, it is preferred to design a beam line with more
repetitive cell units, as the case of HERA v2.
As Eq. (5) shows, the momentum compaction function is

indeed a continuous function, albeit Fig. 4 appears to feature
a steplike diagram. This impression can be due to a mere
visualization effect. As R56 only varies within dipoles, it is
not easy to observe the transition for the length of a beam line
relatively larger than individual dipole lengths. For example,
in Fig. 4 the dipole length for HERAv1 and v2 is 4.7 cm and
the total length of the beam lines is 240 m. While the

FIG. 3. Twiss functions and R56ðsÞ for HERA v1 [(a) and (c)] and v2 [(b) and (d)].

TABLE I. Selected beam parameters used in HERA arcs.

Name HERA v1 HERA v2 Unit

Beam energy 1.3 1.3 GeV
Peak current 65 65 A
Slice rms energy spread 1.23 × 10−5 1.23 × 10−5
Normalized emittance 0.3 0.3 μm
Chirp 0 0 m−1
Compression factor 1 1
ρ 3.6 3.6 m
ΔL 40 20 m
maxfR56ðs0 → sÞg 0.52 0.13 m
Gf;max 250 1
λopt 40 20 μm
ξ 477.8 75.2 m

FIG. 4. Relative momentum compaction function jRs0→s
56 j for

HERA v1 (left) and v2 (right). Note that s0 is denoted as the
source position and s the observation or test position. The
function is evaluated by Eq. (5). We quantify ΔL as 40 m and
20 m for HERA v1 and v2. The double-headed arrows indicate
the effective length ΔL.
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momentum compaction (or the slippage) factor is often to
characterize the one-turn R56 effect in a storage-ring accel-
erator, in the single-pass system (e.g. in linear or recircu-
lation accelerators) it was usually treated as a function of
path length, as was dealt with in Fig. 1 of Ref. [2] for the
study of CSR microbunching in the bunch compressor
chicane of the linac coherent light source (LCLS).
Figure 5 shows the CSR-induced microbunching gain

spectra (red curves and dots) for HERA v1 and v2 arcs,
respectively. They were calculated with our developed
semianalytical Vlasov solver [18]. A dramatic difference
of CSR gain between the two examples is clearly
indicated: HERA v1 is vulnerable to the CSR micro-
bunching with peak gain ∼250 whereas the microbunch-
ing gain in HERA v2 remains around unity (i.e. no
microbunching amplification). To validate the Vlasov
results, we benchmark the two example lattices by using

ELEGANT [24,25], with which extensive convergence
studies were performed [26]. Both our Vlasov solution
and ELEGANT tracking show excellent agreement in micro-
bunching gain estimation. The reader is referred to
Refs. [25,26] for more detailed and systematic conver-
gence tests and postprocessing procedures to extract the
microbunching gains from particle tracking data.
Our previous investigation [18] reveals that, with the

inclusion of all relevant CSR effects (including steady-state
and entrance and exit/drift CSR effects [27–29]), the
microbunching gain of HERA v1 increases up to 400%
compared with that of the steady-state case (∼250).
Assume we turn on the longitudinal space charge (LSC)
effect, we see from Fig. 5 that the microbunching gain of
HERAv1 can further increase up to 600% in contrast to the
steady-state CSR case. This indicates that, without optical
compensation, the CSR exit/drift effect, as well as LSC, can

0 50 100 150 200
0

500

1000

1500

λ (μm)
G

f

s.s. CSR
s.s.+tr.+drif. CSR
s.s.+tr.+drif. CSR+LSC

0 50 100 150 200
0.9

0.95

1

1.05

λ (μm)

G
f

s.s. CSR
s.s.+tr.+drif. CSR
s.s.+tr.+drif. CSR+LSC

FIG. 5. Microbunching gain spectra for HERAv1 (left) and v2 (right) including steady-state (s.s.) only, steady-state plus entrance (tr.)
and drift (drif.) transients, and the integrated (CSR-plus-LSC) effects. The dots are taken from particle tracking simulation by ELEGANT

for steady-state CSR. For HERAv1, the dots are taken as the average over a set of data with initial modulation amplitude 0.05% and total
of 70-million macroparticles are used. For HERA v2, the initial modulation amplitude is set 0.8% and the same number of
macroparticles as HERAv1 is used. Detailed information of the impedance models of entrance transient and drift CSR and LSC effects
can be found in Ref. [18].

FIG. 6. Twiss α functions at dipoles and betatron phase differences ψ21 (in unit of π) for HERA v1 [(a) and (c)] and v2 [(b) and (d)].
The dashed lines in (c) and (d) only help visualize the dispersion within dipoles and do not represent exact behavior of dispersion
functions.
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make a significant contribution on microbunching develop-
ment. Yet with optical compensation, even with the same
dipole configuration over the beam line, HERA v2 is
neither subject to CSR nor LSC microbunching (the overall
gains are still around unity even if all CSR and LSC effects
are included). This highlights the impact of optical lattice
design for recirculation arcs on microbunching gain devel-
opment. In the analysis of this paper (Sec. II), we restrict
our attention in the CSR-induced microbunching, for
which the reason has been argued in Sec. I. We believe
that the proposed optics conditions for suppression of
CSR microbunching can work to the suppression of
LSC microbunching as well, because we intend to mini-
mize the kernel function K via Rs0→s

56 and do not limit the
impedance to be CSR only. However, further investigation
is certainly needed because more comprehensive analyses
for LSC induced microbunching rely on the information of
upstream beam line optics and the study of more aspects
of phase space microbunched structures, e.g. energy-to-
density amplification [30,31].
Next, we examine our proposed conditions in Sec. II for

the two examples. Figures 6(a) and 6(b) compare Twiss α
functions at dipole locations and betatron phase differences
ψ21 between near-neighbor dipoles. As mentioned, a mod-
erate α function [Fig. 6(b)] is usually a good choice to
produce small relative momentum compaction. The phase
differences between near-neighbor dipoles for the two
examples are illustrated in Figs. 6(c) and 6(d), respectively.
HERAv2 with ∼0 or ∼π phase difference between adjacent
dipoles indeed satisfies our proposed condition that smaller
relative momentum compaction can be achieved when
ψ21 ≈ π (or its integer multiples). In contrast, HERA v1
withψ21 scattering from0 toπ=2 does notmeet our proposed
condition of phase difference. At dipoles, βx ≤ 10 m for the
two examples are comparable. The maximal magnitude of
Rs0→s
56 for HERAv1 is 4 times larger than that of HERAv2. It

is this difference in Rs0→s
56 that makes the distinct CSR

microbunching development. To further evaluate the per-
formance of the lattice designs, for each dipole pair as a two-
dipole module, we vary the nominal values of Twiss
functions in a range and see where the design value of
the momentum compaction Rs0→s

56 ðαx0; βx0;ψ21Þ locates in
the parameter space ðα; β;ψ21Þ, where α ∈ ð0.1αx0; 10αx0Þ,

β ∈ ð0.1βx0; 10βx0Þ, and ψ ∈ ð0; 2πÞ. Then we consider a
pair to be dangerous once the nominal Rs1→s2

56 ðαx0; βx0;ψ21Þ
is larger than 80% of the maximum value in the parameter
space maxfRs1→s2

56 ðα; β;ψÞg. Having examined all possible
pairs of the two-dipole modules for HERAv1, we found 27
pairs (among a total of 276 combinations) are indicated as
dangerous pairs and 12 of them are from near-neighbor
dipoles. For HERA v2, all the near-neighbor pairs are
evaluated to be safe.
The parameters Λ and ξ can be used to scale the maximal

gain for comparative lattices. ξ for HERA v1 is about 6.4
times larger than that of HERA v2. We see in Fig. 7 that
indeed this multiplicative factor can reflect the scaling of
bunch current for the maximal gains. This scaling can be
used as a guideline of setting the order of magnitude of the
maximal relative momentum compaction function Rs0→s

56

(viaK) for specified design goals. Assume we have already
known the performance of HERA v2 and had no a priori
detailed study of CSR microbunching about HERA v1.
Now we want to estimate under what level of beam current
the beam can be transported through HERA v1 with little
CSR microbunching effect. Provided HERA v1 lattice is
given, ξ can be determined and compared with that of
HREA v2. We then expect that a circulating beam with
peak current 6 times smaller than that of the nominal one of
HERA v1, i.e. ∼10 A or 6 times smaller Λ, should not be
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FIG. 7. Dependence of maximal CSR gains of HERA v1 (left) and v2 (right) on initial (peak) bunch current.

TABLE II. Selected beam parameters used in LERA arcs.

Name LERA v1 LERA v2 Unit

Beam energy 150 100 MeV
Peak current 70 70 A
Slice rms energy spread 2 × 10−5 2 × 10−5
Normalized emittance 0.25 0.25 μm
Chirp 0 0 m−1
Compression factor 1 1
ρ 0.5 0.5 m
ΔL 4 2 m
maxfR56ðs0 → sÞg 0.3 0.3 m
Gf;max 34 1.2
λopt 68 104 μm
ξ 86.1 37.4 m
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subject to CSR microbunching instability. This is immedi-
ately confirmed in the figure.

B. Low-energy recirculation arcs

The second set of examples consists of two low-energy
recirculation arcs (LERA v1 and v2). LERAv1 is based on
the design of an example arc outlined in Ref. [9] and
proposed to serve as the return arc for a recirculating
intrabeam scattering (RIBS) beam line [32]. LERA v2 is
designed for a similar purpose to LERA v1 but more
intended for mitigation of CSR microbunching instability.
The design of LERA v2 also follows the guideline
described in Ref. [9]. Both arcs are achromatic and
(quasi)isochronous. Suppression of CSR-induced emit-
tance growth has been taken care of for both examples

(not shown here) [32]. Table II summarizes the relevant
beam and lattice parameters and the featured parameters for
the subsequent analysis.
Figure 8 illustrates the momentum compaction functions

along the beam line R56ðsÞ, in which the momentum
compactions for the two lattices can be different by an
order of magnitude. Figure 9 shows the quilt plots for
LERA v1 and v2. As reasoned in the previous examples,
the deep red blocks, with larger Rs0→s

56 , indeed result in
enhancement of energy-to-density conversion and can
potentially cause CSR microbunching instability.
Figure 10 shows the CSR microbunching gain spectra

for LERA v1 and v2, respectively, where we can see the
gain for LERA v1 can be up to 35 at λ ¼ 68 μm while
LERA v2 has nearly no gain (≈1.2 at λ ¼ 104 μm). Our
simulation results indicate that the gain can be up to 60 for
LERA v1 and 1.4 for LERA v2 when including transient
CSR effects (not shown here). This again confirms the
importance of the optical compensation scheme employed
in the beam line design. It is interesting to find that such
LERA v1 design, which preserves the transverse beam
emittance (when including CSR), does not necessarily
ensure immunity from CSR microbunching instability.
Filamentation of the longitudinal beam phase space dis-
tribution has been numerically observed and confirmed due
to the CSR instability [32].
Now we examine our proposed conditions in Sec. II for

the two lattices. Figures 11(a) and 11(b) compare Twiss α
functions at dipole locations and betatron phase differences
ψ21 between near-neighbor dipoles. One can see from the
top row of Fig. 11 that α’s for LERAv2 are in general larger

FIG. 8. R56ðsÞ for LERA v1 (left) and v2 (right).

FIG. 9. Relative momentum compaction function jRs0→s
56 j for

LERA v1 (left) and v2 (right). Note that s0 is denoted as the
source position and s the observation or test position. We
quantify ΔL as 4 m and 2 m for LERA v1 and v2. The
double-headed arrows indicate the effective length ΔL.
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FIG. 10. CSR microbunching gain spectrum for LERA v1 (left) and v2 (right). Only steady-state CSR is included. The dots are taken
from particle tracking simulation by ELEGANT, with a total of 40-million (with 0.1% initial modulation amplitude) and 10-million (with
0.5% initial modulation amplitude) macroparticles used for LERA v1 and v2, respectively.
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than for LERA v1. The phase differences between near-
neighbor dipoles for the two examples are illustrated in
Figs. 11(c) and 11(d), respectively. LERA v1 with ψ21 ≈
0.5π does not meet our proposed condition of phase
difference with π. In contrast, LERA v2 with ∼0 or ∼π
phase difference between adjacent dipoles is favored based
on our previous analysis. Although the maximum values of
Rs0→s
56 are comparable for LERA v1 and v2, the deep-red

blocks in LERA v1 can accumulate up to 3 times
(of energy-density conversion) while it is only effective
at one time for LERA v2 [23]. For the two examples, their
averaged β functions at dipoles (βx ≤ 2) are comparable
(not shown here). From Fig. 11, we conclude that the
LERA v2 lattice meets our proposed conditions and thus
has CSR gain suppressed. Moreover, for LERA v1, we
found six pairs (among a total of 66 combinations) are
indicated as dangerous pairs. For LERAv2, all the pairs are
considered to be safe.
Similar to HERA examples, the scaling of Λ is still

followed for LERA arcs. For LERAv1, ξ is about 3.5 times

FIG. 11. Twiss α functions at dipoles and betatron phase differences ψ21 (in unit of π) for LERA v1 [(a) and (c)] and v2 [(b) and (d)].
The dashed lines in (c) and (d) only help visualize the dispersion within dipoles and do not represent exact behavior of dispersion
functions.
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FIG. 12. Dependence of maximal CSR gains on (peak) bunch current for LERA v1 (left) and v2 (right).

TABLE III. Selected beam parameters used in compressor arcs.

Name

FODO
compressor

arc

Modulated
compressor

arc Unit

Beam energy 0.71 0.75 GeV
Peak current
(before, after)

7.9, 405 7.9, 405 A

Slice rms energy
spread

1.13 ×
10−5

1.13 ×
10−5

Normalized
emittance

0.75 0.75 μm

Chirp −1.577 −0.6344 m−1
Compression
factor

51.26 51.26

ρ 2 2 m
ΔL 2.71 2.36 m
maxfR56ðs0 → sÞg 0.62 1.6 m
Gf;max 2.8 2.2
λopt 1800 4400 μm
ξ 16.1 26.8 m

TSAI, DI MITRI, DOUGLAS, LI, and TENNANT PHYS. REV. ACCEL. BEAMS 20, 024401 (2017)

024401-10



larger than that of LERAv2 when beam energy is scaled to
the same for both examples. We see in Fig. 12 that indeed
the maximal gains follow the scaling of Λ. In view of the
beam current scaling (together with Fig. 7), we can think of
HERA v2 (LERA v2) as 6.4 (3.5) times effective suppres-
sion of CSR microbunching than HERA v1 (LERA v1).

C. Medium-energy compressor arcs

As the third set of examples, we consider two arcs that
compress a high-brightness electron beam with nearly no
beam quality degradation: the focusing-dipole-defocusing-
dipole (FODO) compressor arc and the modulated com-
pressor arc [33]. The FODO compressor arc, considered as a
conventional beam line design, consists of eight π=2 FODO
cells. All the bending radii are 2 m and form a 180-deg arc.
After careful examination and optimization of phase-space
distortion subject to CSR, the CSR-induced emittance
growth, though difficult to exactly cancel, can be minimized
[33]. The modulated compressor arc, a novel beam line
design, is made up of total nine combined-function dipoles.
Those dipoles are no longer constant-angle dipoles but
wittingly designed with gradually reduced bending angles
in order to avoid the increasingly detrimental CSR effects
among the downstream bending magnets.The design strat-
egy is based on the following physical intuitions. First, the
energy change due to CSR effect is proportional to the CSR
force (in steady state) FCSR multiplied by the length of the
dipoleΔs. DecreasingΔsmay reduce the CSR effect, though
the gradually compressed electron bunch will result in the
increase of Λ and enhance CSR microbunching. Second,
when the dipole length becomes shorter than the overtaking
distance [19,27], the transient effect appears and tends tomake
CSR not be formed timely. We find that such design strategy
effectively alleviates the CSR-induced microbunching insta-
bility. The initial beam and lattice parameters for the two
compressor arcs are tabulated in Table III. Figure 13 shows the
momentum compaction functions R56ðsÞ of the two arc
compressors. To compare, the initial beam parameters of
the two arcs, except for bunch chirp, are assumed the same,
and the output beams are compressed by the same ratio.
In Table III, the parameter ξ is found to be comparable

for the two arc designs; we expect the effect of steady-state
CSR microbunching will be comparable as well (Λ is the
same). To examine the energy-density conversion, Fig. 14

shows the Rs0→s
56 quilt plots for the two arcs. The two quilt

patterns are found to be similar, although the FODO
compressor arc features smaller relative momentum com-
paction. The average β functions are about 1 and 2.5 m
respectively for FODO and modulated compressor arcs,
both of which are within the preferred range. Figure 15
shows Twiss α functions and betatron phase differences ψ21

of near-neighbor dipoles. Except the first pair, although
ψ21 ≈ 0.5π for the modulated arc compressor, considered
not favored, it does not hit the dangerous region much. Our
analysis shows that there are two near-neighbor dipole pairs
in which Rs0→s

56 locate within dangerous areas for both
compressor arcs.
The steady-state CSRmicrobunching gain spectra for the

two arc compressors are presented in Fig. 16. The overall
gains smaller than 3 indicate that the steady-state CSR does
not have a significant effect on the two arcs. Though not
shown here, our Vlasov calculation suggests the maximum
CSR gain ∼15 for FODO compressor arc and ∼3 for
modulated arc when including free-space transient CSR
effects [34]. The CSR gain is commonly considered to be
small below 10, so the modulated compressor arc appears
to be a better design in this aspect. Note that the arc
compressors presented here can be different from those
specified as four-dipole compressor chicanes in that the arc
compressors can have much larger R56 so that the typical
microbunched structure (∼1 mm) is usually much larger
than that of typical bunch compressor chicanes (∼50 μm).

FIG. 13. R56ðsÞ for FODO compressor arc (left) and modulated compressor arc (right).

FIG. 14. Relative momentum compaction function jRs0→s
56 j for

FODO compressor arc (left) and modulated compressor arc
(right). Note that s0 is denoted as the source position and s
the observation or test position. ΔL is approximately quantified
to be 2.7 and 2.4 m for FODO and modulated arcs, though the
periodicity of the quilt patterns is not obvious here.
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IV. SUMMARY

In this paper we have applied our recently developed
semianalytical Vlasov solver to study CSR-induced micro-
bunching instability in various recirculation arc designs,
including low-energy and high-energy recirculation arcs
and medium-energy compressor arcs. We proposed and
verified the validity of sufficient conditions for effective
suppression of CSR-induced microbunching gains in
recirculation arcs. The conditions of preferring small β
functions at dipoles and of keeping ψ21 ≈mπ, with m to be
an integer, in consecutive two-dipole modules, aim for
minimizing ξ (hence the kernel function K) through the
relative momentum compaction function Rs1→s2

56 in a beam
line design. Those conditions apply to both periodic and
nonperiodic magnetic lattices, from low- to high-energy
regimes, and for constant as well as varying bunch length
along a beam line. In the most general case of non-
achromatic and nonisochronous beam line, the constraint
of betatron phase difference can be weakened (other values
slightly different from mπ may be preferred, e.g. see

Figs. 19 to 21), depending on the specific lattice design.
In that case, Eq. (13) can be used to examine or optimize a
beam line design when CSR microbunching becomes a
concern.
Since the CSR-induced instability is intensity dependent,

our proposed conditions can minimize the CSR-induced
microbunching for any given electron bunch peak current.
The three sets of example lattices can prove useful for beam
line designs at difference energies or bunch currents
through the scaling parameter Λ. We have thus investigated
the beam current scaling of maximal CSR gains, and it can
serve as a guideline of setting the maximal magnitude of the
relative momentum compaction to be designed for similar
purposes at a different level of bunch currents or beam
energies.
We found that, in general, our proposed conditions can

be different from the conditions for cancellation or min-
imization of CSR-induced emittance [11,12]. For example,
compensation of CSR-induced emittance growth usually
features some symmetry and can be achieved by separating
dipoles (where CSR kicks occur) by π cell by cell, but not

FIG. 15. Twiss α functions at dipole locations and betatron phase differences ψ21 (in unit of π) for FODO compressor arc [(a) and (c)]
and modulated compressor arc [(b) and (d)]. The dashed lines in (c) and (d) only help visualize the dispersion within dipoles and do not
represent exact behavior of dispersion functions.
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FIG. 16. CSR microbunching gain spectrum for FODO compressor arc (left) and modulated compressor arc (right). Note that only
steady-state CSR is included. The dots in the right figure are taken from ELEGANT by tracking a total of 60-million macroparticles with
the initial modulation amplitude set 1%.
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necessarily needs to be for every dipole pairs, as intended
in our situation. In this sense, our proposed conditions
appear stronger, and, in principle, would result in emittance
preservation under the CSR effect. In addition, CSR-
induced microbunching features multistage amplification
[21], as shown in Figs. 4 and 9. To avoid accumulation of
effects from those deep-red blocks (i.e. strong energy-
density conversion), a lattice with more repetitive cell units
(i.e. local isochronicity) can lead to smaller momentum
compaction and is therefore preferred. We also note that
this study is to some extent empirical and qualitative. In
fact, since the CSR-induced microbunching instability is
intensity dependent and behaves as an amplifier [35] in a
single-pass system unlike the case in storage-ring accel-
erators, there is not a clear threshold for a lattice design to
be immune from the effect.
Last but not least, in the beam lines of interest here, we

know that the LSC induced microbunching can be as
important as, or even more important than, that induced by
CSR, and eventually dominates the overall microbunching,
for example, HERA v1 shown in Fig. 5. We believe the
proposed optics conditions for suppression of CSR micro-
bunching can work to the suppression of LSC micro-
bunching as well because we intend to minimize the kernel
function K via Rs0→s

56 and do not fully exclude the
impedance term other than CSR. Although our previous
studies [18,36] support this statement, further investigation
is certainly necessary because we have thus far only
considered density-to-density modulation and, for LSC
in particular, the upstream accumulated energy modulation
can potentially lead to serious microbunching due to pure
optics transport via global momentum compaction R0→s

56

(instead of Rs0→s
56 ) and to collective interactions (through

Rs0→s
56 ) [31]. The issue of LSC induced microbunching can

become a serious concern when designing a nonisochro-
nous arc because of unavoidable R56 of the whole beam
line. It may be envisioned that, if the proposed optics
conditions can be taken care of for each pair of dipoles, the
resultant microbunching development, at least the contri-
bution by collective interaction, can be minimized. In
addition, the inclusion of more aspects of microbunching
dynamics will be a crucial step to proceed with a more
complete analysis. At any rate, the proposed conditions
here have to be included in the first-iterative beam line
designs, similar to the situation of the conditions for
suppression or cancellation of CSR-induced emittance
growth. Recently, we have noticed that a potentially new
mechanism, other than what Eq. (3) depicts, can drive
microbunching instability as well, which is beyond the
scope of our current study. Such a mechanism, lately
identified in Ref. [37], is due to projection of space charge
force on transverse-longitudinal dimension (x,z) and is
numerically observed to result in longitudinal microbunch-
ing amplification in LCLS-II dogleg design. How this
transverse space-charge (TSC) induced microbunching can

impact recirculating beam lines and whether our proposed
conditions for suppression of CSR still work for this TSC
microbunching deserves further investigation and would be
in our plan.
Finally we note that, being the proposed conditions

sufficient, they do not exclude other possible mitigation
schemes.
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APPENDIX: DISCUSSION OF RELATIVE
MOMENTUM COMPACTION FUNCTION

ON TWISS PARAMETERS

In the main text we have discussed the simplest case with
the achromatic and the isochronous module (Fig. 2). When
the two-dipole module is dispersive (i.e. R16 ≠ 0, while
assuming R26 ¼ R56 ¼ 0), the typical jRs1→s2

56 j patterns
become distorted, as shown in Fig. 17. Our investigation
finds that the effect of nonzero R16 can create low-lying
areas in some regions, as shown in Figs. 17(a) and 17(b).
Small jRs1→s2

56 j however can still occur around ψ21 ≈ π
except at α ≈ 0. The action of nonzero R56 is to have either
the upper or the lower (ψ21 > π or ψ21 < π) portion shrink
asymmetrically, depending on the sign of R56, as illustrated
in Fig. 18 with positive R56. Figure 19 demonstrates the
action of R26, which tends to restore the shape to that as
Fig. 2 shows (see also Fig. 18); if R26 continues to increase,
Fig. 19 would reduce to Fig. 2. From observation of the top
left parts of Figs. 17 to 19, a small β function is found to be
a preferred choice to generate small relative momentum
compaction. Furthermore, the choice of ψ21 ≈ π (or its
multiple integers) usually results in minimal jRs1→s2

56 j, e.g.
Figs. 17(a) and 17(b) except at α ≈ 0.
For a more general case of both dispersive and non-

isochronous module, R16, R26, R56 ≠ 0, the pattern of
relative momentum compaction becomes more compli-
cated, as shown in Figs. 20 and 21. The small β function
usually serves as a guideline to give small jRs1→s2

56 j [see
Figs. 20(a) and 21(a)]. In addition, the choice of the small β
function provides more flexible parametric space of
jRs1→s2

56 j than that of the larger β function, although the
larger β function may still result in small jRs1→s2

56 j provided
the betatron phase difference is properly chosen. As shown
in Figs. 20(c) and 20(d), dependence of jRs1→s2

56 j on the α
function can be weak. For larger dispersion, Figs. 21(c) and
21(d) indicate that moderate α functions can be preferred.
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FIG. 17. jRs1→s2
56 j pattern for a dispersive but isochronous unit, R16 ¼ 1 m, R26 ¼ 0, R56 ¼ 0. (Top)Rs1→s2

56 ðα;ψÞ for (a) small and
(b) large β functions; (bottom) Rs1→s2

56 ðβ;ψÞ for (c) small and (d) large α functions.

FIG. 18. jRs1→s2
56 j pattern for an achromatic but nonisochronous unit, R16 ¼ 0, R26 ¼ 0, R56 ¼ 0.05 m. (Top)Rs1→s2

56 ðα;ψÞ for (a) small
and (b) large β functions; (bottom) Rs1→s2

56 ðβ;ψÞ for (c) small and (d) large α functions.
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FIG. 19. jRs1→s2
56 j pattern for a dispersive and nonisochronous unit (small R26), R16 ¼ 0, R26 ¼ 0.4, R56 ¼ 0.05 m. (Top)Rs1→s2

56 ðα;ψÞ
for (a) small and (b) large β functions; (bottom) Rs1→s2

56 ðβ;ψÞ for (c) small and (d) large α functions.

FIG. 20. jRs1→s2
56 j pattern for a dispersive and nonisochronous unit (small R16 and R26), R16 ¼ 0.4 m, R26 ¼ 0.2, R56 ¼ 0.1 m. (Top)

Rs1→s2
56 ðα;ψÞ for (a) small and (b) large β functions; (bottom) Rs1→s2

56 ðβ;ψÞ for (c) small and (d) large α functions.
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Thus far we have already seen the parametric depend-
encies of jRs1→s2

56 j for a total of four typical cases:
(i) achromatic and isochronous module R16 ¼ R26 ¼
R56 ¼ 0 (Fig. 2); (ii) dispersive but isochronous module
R16 ≠ 0, R26 ¼ 0, R56 ¼ 0 (Fig. 17); (iii) achromatic but
nonisochronous module (Fig. 18); and (iv) dispersive and
nonisochronous module R16, R26, R56 ≠ 0 of a beam line
(Figs. 19 to 21). From the investigation of the jRs1→s2

56 j
behavior, we conclude that small β functions (at entrances
and exits of dipoles), moderate α functions (at entrances
and exits of dipoles), and ψ21 ≈ π (or its integer multiples)
between two relevant dipoles can in general lead to a small
relative momentum compaction function in a general
transport line.
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