
Beam profile evolution induced by rf crab cavity
amplitude noise in the CERN SPS

A. Fornara * and R. B. Appleby
The University of Manchester, Manchester, United Kingdom

H. Bartosik , X. Buffat , R. Calaga , S. Kostoglou, G. Sterbini ,
G. Trad , and N. Triantafyllou

CERN, Meyrin, Switzerland

(Received 6 December 2025; accepted 14 April 2026; published 8 June 2026)

In the context of the large hadron collider (LHC) luminosity upgrade, rf crab cavities (CCs) are key
components for achieving the target integrated luminosity. Due to the increased bunch intensity required to
achieve this goal, the collider will operate with a large crossing angle scheme to alleviate the long-range
beam-beam effects. The CCs will counteract the geometric luminosity reduction factor resulting from the
large crossing angle. Amplitude and phase noise injected from the CC low-level rf control are known to
induce transverse bunch emittance growth. This study presents measurements performed in the CERN
Super Proton Synchrotron (SPS), where two CCs were installed in 2023 for testing purposes. Only one
cavity was used for this experiment. A particular focus is given to emittance growth studies driven by
amplitude noise: the measured emittance growth was found to be dependent on the amplitude detuning
induced by the SPS octupoles, although no dependence was predicted by the available theories and models.
A new lattice model is presented that is able to reproduce both the previous measurements with phase noise
and these new ones. The second part of the study is dedicated to the beam distribution evolution: the Beam
Synchrotron Radiation Telescope (BSRT) measurements were able to capture the evolution of the tails of
the bunch over time. Under the effect of amplitude noise, the tail contribution is reduced; in the absence of
noise, it remains constant. To understand this effect, an analytical and numerical framework is used to
quantify the mechanism of diffusion of the beam profile. The results of a full simulation on the SPS lattice
with heavy tailed distribution evolution are then presented and discussed.
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I. INTRODUCTION

After more than 10 years of operation [1], the LHC will
be upgraded to the high luminosity LHC (HL-LHC) [2,3],
which is expected to start beam operation in 2030. The aim
is to increase the yearly integrated luminosity by a factor of
3 compared to the current LHC operational scenario,
totaling more than 300 fb−1 per year.
To achieve this result, an increase in the bunch intensity

(from 1.6 × 1011 to 2.3 × 1011 protons) and a reduction of
the value of the β function at the IP, β�, to 15 cm are needed.
Since the LHC (and HL-LHC) operates with trains of
bunches that need to share the same beam pipe to collide,
long-range beam-beam effects are unavoidable [4]. This
detrimental effect can be alleviated by using a large

crossing angle scheme (θc
2
¼ 250 μrad), possible due to

the large aperture triplet [2]. However, the introduction of
this crossing angle will introduce a geometrical reduction
factor R ¼ 1ffiffiffiffiffiffiffiffi

1þϕ2
p in the luminosity, with the Piwinski angle

defined as ϕ ¼ ðθ=2Þ σz
σx
, with σz and σx being the longi-

tudinal and transverse beam sizes, respectively. The instal-
lation of 4 CCs [5] per beam and per IP will partially restore
the loss of geometrical luminosity in the two main experi-
ments, ATLAS [6] and CMS [7]. In addition, CCs will
lengthen the longitudinal luminous region during the whole
luminosity leveling process, and effectively reduce the
longitudinal pile-up density of the collisions [8].
Each CC imparts a longitudinally dependent dipolar kick

in the plane of the beams crossing (horizontal in ATLAS
and vertical in CMS), locally introducing a correlation
between the longitudinal plane and the transverse plane.
The longitudinal dependence of the kick is sinusoidal in the
ideal case, with a constant frequency, amplitude (given by
the CC rf voltage), and phase adjusted not to kick the center
of the bunch and an opposite kick to the head and tail of the
bunch, producing the deflection defined as “crabbing.”
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Fluctuations coming from the low-level rf (low-power
electronics) will affect the bunch acting as a spurious
source of noise. Typically, rf noise is categorized into two
types: phase noise and amplitude noise. Phase fluctuations
lead to a phase error of the deflecting field with the bunch
core, while amplitude noise causes fluctuations in the
deflecting voltage magnitude. Both types of noise induce
unwanted perturbations in the CC kick, ultimately resulting
in transverse emittance growth in the plane of the kick,
dϵ
dt ¼ ϵ̇ > 0, as described in [9,10]. The maximum lumi-
nosity loss allowed due to this effect in the HL-LHC is set
at 2%/h [11]. This tight constraint has driven various
studies related to this topic.
The theoretical relationship between ϵ̇ and phase and

amplitude noise in CCs has been developed in [12], and
extensive studies have been carried out for the case of phase
noise in [13]. In this paper, the focus is on the amplitude noise
case. If SΔA [Hz−1] is the relative power spectral density
(PSD), normalized to the carrier PSD, of the amplitude noise
across all synchro-betatron lines,we can obtain the following
estimates for the emittance growth [12]:

ϵ̇ ¼ βCC

�
eVCCfrev

2Eb

�
2

CΔA

Xþ∞

k¼−∞
SΔA½ðk� v̄b � v̄sÞfrev�;

(1)

where βCC is the β function at the location of the CC, e is the
charge of the proton, VCC is the voltage of the CC, frev is
the revolution frequency of the bunch,Eb is the energy of the
bunch, and v̄b and v̄s are the means of the betatron and
synchrotron tune distributions. The factor CΔA is introduced
to take into account the bunch length and is defined as [12]:

CΔAðσϕÞ ¼ e−σ
2
ϕ

Xþ∞

l¼0

I2lþ1ðσ2ϕÞ (2)

with σϕ the rms bunch length (in radians) with respect to the
CC frequency, fCC, and InðxÞ the modified Bessel function
of the first kind. TheCΔAðσϕÞ is a monotonic function equal
to 0 for a bunch length σϕ ¼ 0, which increases with σϕ to a
maximum of∼0.25. In the experimental settings, we discuss
in the following, CΔA ∼ 0.23, Fig. 1.
The series in Eq. (1) does not diverge for two concurrent

reasons: (i) A CC is a resonator, therefore the PSD
decreases rapidly away from its fundamental frequency
fCC ∼ 400 MHz; in particular, in our case, the injected
noise falls by several orders of magnitude after 10 kHz; and
(ii) The bunch samples the noise only at the synchro-
betatron lines.
Following these two points, we can calculate that the

whole series is reduced to four finite terms:SΔAð0þ v̄bþ v̄sÞ,
SΔAð0þ v̄b − v̄sÞ, SΔAð0 − v̄b þ v̄sÞ, SΔAð0 − v̄b − v̄sÞ.
These four points correspond to the first synchro-betatron
sidebands in the machine. We note that the sum over all

integers k with both sign combinations already accounts for
positive and negative frequency sidebands symmetrically;
for each k, the four terms listed above correspond to
physically distinct synchro-betatron lines so that no double
counting occurs. The value of each of these contributions can
be calculated as follows:

ð�v̄b � v̄sÞ × frev ¼ ð�0.18� 0.0051Þ × 43.38 kHz:

(3)

Therefore, the synchro-betatron sidebands are, explicitly:
ð0.18þ0.0051Þ×43.38¼8.03kHz and ð0.18 − 0.0051Þ×
43.38 ¼ 7.59 kHz, giving sidebands at (�8.03 kHz and
�7.59 kHz). Now, as visible in Fig. 2, the noise is flat in
the region comprising the sidebands, therefore, in our
specific case Eq. (1) can be written as

ϵ̇ ¼ 4βCC

�
eVCCfrev

2Eb

�
2

CΔAðσϕÞS̄ΔA; (4)

where S̄ΔA is any of the four finite terms.

A. Effect of the beam coupling impedance on ϵ̇

The analytical model Eq. (1) for amplitude noise in [12]
describes an induced increase in emittance through
decoherence mechanisms. If a dipolar noise is applied to
an ensemble of particles without tune spread, then all the
particles will be displaced by the same amount, creating a
coherent oscillation of the bunch. Instead, if a betatron tune
spread is present due to nonlinearities, phase mixing
between particles within the bunch leads to decoherence
of the coherent betatron oscillations induced by noise. This
subsequently leads to emittance growth. However, the
analytical model does not include the effect of the beam
coupling impedance in the analytical estimate of ϵ̇ given by
Eq. (4) [8].
The experimental campaign on phase noise [13] showed

a dependence of the measured ϵ̇ on octupole strength
through a mechanism based on the overlap between the

FIG. 1. CΔA function. The red dot represents the parameter
value for the experimental conditions under study.
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coherent betatron tune and the incoherent tune spread
distribution.
In Ref. [14], it was shown that the ϵ̇ induced by the CC

phase noise can be suppressed by the beam coupling
impedance, when the mode 0 (dipole oscillation) is
naturally damped by the impedance and its tune shift is
pushed outside of the incoherent spectrum, a condition that
is valid for the SPS CC experiments. In short, the transverse
impedance generates a real tune shift that pushes the
coherent mode outside the incoherent spectrum. In this
regime, the response to the noise kick is dominated by the
coherent mode, which is damped by the imaginary part of
the impedance-induced tune shift. Since only the incoher-
ent spectrum contributes to emittance growth [14], and its
excitation is suppressed when the coherent mode domi-
nates, ϵ̇ is reduced below the prediction of Eq. (4). When
sufficient octupole-induced tune spread is added, the
incoherent spectrum broadens to overlap with the coherent
tune, the coherent mode is reabsorbed into the incoherent
distribution, and ϵ̇ recovers the value predicted by Eq. (4).
This condition was reproduced in tracking simulations [13]
by incorporating the SPS transverse impedance model in
PyHEADTAIL [15,16].
With amplitude noise, a mode 1 (head-tail) motion is

induced. As opposed to the mode 0, this motion is naturally
enhanced by the impedance in the experimental conditions.

A suppression of the emittance growth was therefore not
expected and, indeed, in [13] the simulations do not predict
a dependence on the tune spread.
In the first part of this work, the aim is to complement

these previous studies, which mainly focused on phase
noise, through the experimental study of CC amplitude
noise in the SPS. The aim is to test the model of Eq. (1) and
to understand whether it is capable of describing the
experimental results in the case of amplitude noise. A
more refined lattice simulation for the SPS with a CC
installed is then presented and compared to both the old and
new datasets.

II. SPS EXPERIMENT

A. General setup

The experimental setup is the same one proposed for
phase noise studies [13]: a bunch with 3 × 1010 protons
stored at a constant energy of 270 GeV in the SPS machine.
The optics used has ðQx;QyÞ ¼ ð26.13; 26.18Þ [17]. A
single vertical CC is active during the measurement
campaign, with the cryomodule containing the CC installed
on a mobile table that allows it to be moved into the beam
line as needed during the MD and to be removed for normal
operations. The CC beam pipe is isolated from the SPS
vacuum by a gate valve, so moving the cryomodule in and
out of the beam line does not require breaking the machine
vacuum.
During the experiment, two main nonlinearities are

present: the sextupoles to provide a positive chromaticity
value of Q0 ≈ 1 in order to stabilize the beam, and the
Landau octupoles for amplitude detuning (referred to as
Landau octupole defocusing, LOD from now on) [18]. The
LOD circuit is present at positions with large vertical beta-
function to provide bunch stabilization on the vertical
plane. The current in the LOD circuit was varied to
investigate the effect of different detuning values (corre-
sponding to the octupolar strengths KLOD in the range
[−30m−4, 30m−4] [19], whereKLOD denotes the integrated
octupole strength as defined in MAD-X [19]). A summary of
the fundamental parameters is shown in Table I.
PSD was measured by a signal noise analyzer, which

provides the single sideband measurement with respect to
the carrier (the CC resonant frequency) in dBc/Hz to be
converted to Hz−1 following the definitions in [20]. In the
experimental condition, the PSD was −104 dBc/Hz, that is
4 × 10−11 Hz−1. During the measurement, the phase noise
level was maintained at about 20 dB lower than the
amplitude noise level in the frequency range of interest,
to ensure an amplitude noise dominated regime. Following
the scaling of Ref. [12], a phase noise at −120 dBc/Hz
corresponds to ϵ̇ ≈ 0.5 μm=h, while the amplitude noise at
−104 dBc/Hz corresponds to ≈20 μm=h. The phase noise
contribution is therefore about ∼2.5% of the total measured
growth rate, and the two contributions can be treated as

FIG. 2. Amplitude and phase noise measurements from the
signal noise analyzer, taken with the beam circulating. Phase
noise is around 20 dB lower than the amplitude noise near the
main lines (red, green). As a reference, following [12], a phase
noise at −120 dBc=Hz corresponds to an emittance growth of
around 0.5 μm=h, while an amplitude noise at −104 dBc=Hz
corresponds to around 20 μm=h. The peaks visible at higher
frequencies are frev harmonics arising from the direct beam-
induced voltage in the cavity.
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effectively separated. The transverse feedback damper was
not active during the measurements. Given the low bunch
intensity of 3 × 1010 protons per bunch, the beam was
sufficiently stable without it. The noise data, collected from
the direct rf signal coming from the field antenna, which
measures the voltage in the cavity, can be seen in Fig. 2.

B. Measurements

In this section, the experiment will be described. A given
amplitude noise level is injected in the CC low-level
electronics for about 10 min, enough to measure the
emittance growth, while the low-intensity bunch is circu-
lating in the SPS with constant energy. During this time, the
emittance is measured every ∼30 s. The bunch is then
extracted, and a new measurement begins. During previous
studies, wire scanners [21] were used to obtain transverse
distribution information, but at the time of this study they
were not available [22]. The Beam Synchrotron Radiation

Telescope (BSRT) [23] was used as a diagnostic device to
characterize the vertical bunch profile. A dedicated BSRT
configuration was used to minimize the uncertainty in the
measured ϵy: a set of several hundreds of turn-by-turn
transverse measurements of the bunch is provided,
which can then be fitted with a Gaussian distribution
and averaged to obtain ϵy at a particular time. These
consecutive measurements are taken within several micro-
seconds, a relatively small window to assume that the
emittance remains constant during the measurement time,
as shown in Fig. 3. Several of these measurements are then
used to perform a linear fit to ϵðtÞ to extract the average ϵ̇.
The first set of measurements is dedicated to an

estimation of the residual emittance growth if there is no
injected noise in the machine. The other sets of measure-
ments are instead related to fills with amplitude noise
injected in the CC. In Fig. 4, the average ϵ̇ in the case of
SΔA ¼ 4 × 10−11 Hz−1 is shown together with the first
noise-free measurement.
Two things stand out in Fig. 4: first, the high precision of

the BSRT in measuring the emittance growth. Second, there
is very good agreement between themodel and themeasured
values. So, thanks to its precision, a large set of measure-
ments, and negligible vertical dispersion at its location, the
BSRT was able to measure the evolution of the beam
transverse distribution quite accurately.

III. EMITTANCE GROWTH SIMULATIONS

In this section, the emittance growth and its dependence
on the amplitude detuning present in the machine during
the measurement are analyzed. The measurements carried

TABLE I. Lattice specifications.

Parameter Value

(Qx;QyÞ (26.13, 26.18)
(Q0) 1
Bunch intensity 3 × 1010

Bunch length 4σt 1.8 ns
Initial ϵx; ϵy (normalized) ∼3 μm
KLOD [−30 m−4, 30 m−4]
αyy at jKLODj ¼ 10 m−4 ∼104 m−1

VCC 1 MV
fCC 400 MHz
(βCC;x, βCC;y) (30 m, 78 m)

FIG. 3. BSRT profiles measured during a single acquisition. A
Gaussian fit is performed to each profile and the average variance
is extracted.

FIG. 4. Data and corresponding linear fit to the emittance
evolution during two different fills, the first one with no noise
injected (red) and the second one with a SΔA ¼ 4 × 10−11 Hz−1
(blue). The second case is then compared with Eq. (1) in (green).
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out in the SPS in 2023 and discussed in the previous section
are summarized in Fig. 5. A clear dependence of ϵ̇ induced
by amplitude noise in the CC is observed as a function of
the octupole strength (and thus of the incoherent tune
spread). This dependence was not expected either in Eq. (4)
or from the simulation model previously developed in [13].
In order to investigate this observed phenomenon, a

dedicated simulation model based on a thin lens SPS lattice
has been developed and implemented using the tracking
tool Xsuite [24–26].

A. Simulation setup

Collective effects coming from the beam coupling
impedance were included in the simulations by leveraging
the PyHEADTAIL interface available in Xsuite, which allows
the definition of wakefields and the calculation of their
turn-by-turn effect on the bunch. By varying the octupole
strength KLOD in the range [−30 m−4, 30 m−4] [17] in the
simulations, the scan performed during the measurement is
reproduced in the model. Note that in the experiments and
new simulations, the octupoles are distributed along the line
and are not taken into account as a single detuning term
according to the model in [13]. A CC element is installed
in the lattice, where (βCC;x, βCC;y) ∼(30 m, 78 m). The
CC has a voltage of VCC ¼ 1 MV, and a frequency of
fCC ∼ 400 MHz.
The CC kick with phase and amplitude noise at turn N is

modeled as follows:

ΔpyðNÞ ¼ eVCC

Eb
½1þ ΔAðNÞ� × sin

�
2πfCC
cβ0

zþ ΔϕðNÞ
�
:

(5)

The parameters ΔA and Δϕ are random numbers drawn
from a Gaussian distribution with μ ¼ 0 and variance:

σ2A;ϕ ¼ SΔA;Δϕ × frev: (6)

This assumption is justified by measurements from the
spectrum analyzer that show a flat noise distribution up to
well beyond the first betatron line, see Fig. 2. In the
following, either phase or amplitude noise is used in a given
calculation, so the other is set to zero.
Three main sources of transverse impedance [27] are

taken into account: resistive wall impedance, SPS kickers,
and steps of the vacuum chamber transition. Both dipolar
and quadrupolar components [28] of the impedance are
taken into account. Studies including the impedance of the
main fundamental mode of the CC were also performed,
showing that there was no significant effect for the purpose
of this analysis. In the model, each source is included as an
element in the lattice line that acts on the bunch via a kick
that decays over several turns and is weighted by the
β-function at the location of each source.
In this section, related to emittance growth, the bunch has

a Gaussian distribution in all transverse coordinates and is
matched longitudinally to the nonlinear rf bucket. The
emittance is calculated as

ϵrms;y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hy2ihp2

yi − hy · pyi2
q

; (7)

where y and py are the coordinates of each particle with its
own dispersion taken into account.
The ϵ̇ obtained in a single simulation is subject to

numerical fluctuations due to the limited amount of
particles that can be tracked in a reasonable amount of
time. To solve this problem, multiple parallel simulations
are performed on GPU on the same lattice with different
sets of particles, and the average between different simu-
lations is taken as a measure of hϵ̇i. In this study, Oð100kÞ
particles per simulation are tracked for Oð100kÞ turns, and
each simulation is repeated 10 times to obtain the average
and standard deviation. All these simulations are performed
on the CERN High-Throughput Computing Batch System
[29] based on HTCondor [30]. Each simulation takes
Oð1 hÞ to complete.
The first step of the study was to benchmark the new

simulation against previous measurements [13] in relation
to phase noise, showing that the new framework is capable
of predicting the outcome of previous experiments (the
Appendix). After this benchmark, it was possible to apply
the new method to study the data from 2023 related to
amplitude noise.

FIG. 5. Measured emittance growth rate, normalized to the
analytical prediction of Eqs. (1)–(4), as a function of the
octupolar strength in the LOD circuit. Data points (black) reveal
a dependence on the octupolar detuning that is not predicted by
either the zero coupling model or the simulations in [13].
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B. Results

The results of the Xsuite simulations are reported in Fig. 6
together with the experimental measurements. The results
obtained with the new simulation model agree very well
with the measurement data and show the observed depend-
ence of the emittance growth induced by CC amplitude
noise on the tune spread. However, the dependence of this
growth on the octupole strength is not the same as that of
phase-noise-induced emittance growth. In particular, in the
case of amplitude noise, the prediction of Eq. (4) is restored
by setting jKLODj≳ 10 m−4, whereas in the case of phase
noise a greater jKLODj is needed.
The cause for the partial suppression of the emittance

growth with low octupole field in this experiment is
believed to still be linked to the damping of mode 0 by
wakefields, as in the case of dipole noise. However, one
must consider that the beam motion is no longer purely
rigid when chromaticity is included [31]. As a result, the
energy from the kick is distributed to different head-tail
modes depending on the chromaticity [32]. With a small
positive chromaticity, as in the experiment described here,
the nonrigid mode 1 remains the most impacted by the crab
cavity amplitude noise. However, part of the energy is
imparted to the nonrigid mode 0 and can be suppressed by
its damping, exactly as in the experiments described in
[13]. In addition, one may expect that the nonlinearity of
the rf force further distorts the nonrigid head-tail mode and
thus impacts the suppression mechanism. This second
aspect is much less covered in literature, and an analytical
description is beyond the scope of this paper. We therefore

propose a numerical investigation of these two possible
sources of discrepancy between the previous simulations
and the new measured data, namely the chromaticity
difference and the nonlinear longitudinal mapping, as
presented in Fig. 7.
In the first campaign of measurements, Q0 ≈ 0.5 was

used, while in our case Q0 ≈ 1. The lower Q0 could reduce
the detuning in the vicinity of the region with a low
octupolar detuning, leading to a reduction in ϵ̇. In the
previous simulations [33] in PyHEADTAIL, a linear longi-
tudinal map is used, whereas in the experimental case the
accelerating rf curvature is visible to a non-negligible
portion of the bunch. To test this hypothesis, the voltage
of the main rf can be doubled and its frequency halved in
the Xsuite simulation to linearize the map at constant ν̃s,
Eq. (1), keeping Q0 ≈ 1.
The results of this study are shown in Fig. 7.
The study shows that a linearization of the longitudinal

motion cancels out the dependence for jKLODj ∼ 0 m−4.
To summarize this section, it was demonstrated that the

hypothesis of a suppression of the CC rf noise-induced
emittance growth that was valid for phase noise is also
experimentally observed for amplitude noise with the new
data (Fig. 5). This dependence was unexpected and the
previous models were not able to predict this feature. The
model developed in Xsuite is perfectly able to reproduce
the experimental data related to both phase and amplitude

FIG. 6. Measured emittance growth rate, normalized to the
analytical prediction of Eqs. (1)–(4), as a function of the
octupolar strength in the LOD circuit. The new Xsuite simulation
is in very good agreement with the measured data.

FIG. 7. Measured emittance growth rate, normalized to the
analytical prediction of Eqs. (1)–(4), as a function of the
octupolar strength in the LOD circuit. The simulation with
decreased chromaticity (blue) shows the same characteristics
as the one with the nominal value (green). The linearization of the
rf cavities (red), instead, leads to the complete absence of a
dependence on the octupolar strength away from 0, as
shown in [13].
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noise. The main source of discrepancy has also been
identified as the linearization of the longitudinal motion
in the old model, whereas in the model presented here the
curvature of the main rf is also included.

IV. TAIL EVOLUTION

The second important part of this study is related to the
evolution of the profile in the presence of CC noise during
measurement. It is well known that under the effect of an
external white noise, the phase space population must grow
to larger amplitudes, leading to emittance growth [10]. This
new set of measurements allows us to not only exper-
imentally evaluate how the core of the bunch evolves but
also how the tail population changes under the effect of
amplitude noise injected in the CC. In this section, a
characterization of the transverse distribution is proposed
and subsequently applied to the available data. The
evolution of the tails is then obtained from the dataset
and a dedicated set of simulations with the SPS lattice
model is developed and presented.

A. q-Gaussian and the diffusion equation

To characterize the transverse distribution, the
q-Gaussian distribution [34] is introduced. This distribution
is adopted in the context of accelerator physics [35,36] to
parametrize distributions with heavier tails compared to a
Gaussian distribution. The q-Gaussian is defined as

fðxÞ ¼
ffiffiffiffi
B

p

Cq
eqð−Bx2Þ; (8)

with the q-exponential defined as

eqðxÞ ¼ ½1þ ð1 − qÞx�
1

1−q
þ ; (9)

where B > 0 and the notation ½·�þ ≡maxð·; 0Þ ensures that
the q-exponential is defined only where its argument is
positive. The normalization factor is defined as

Cq ¼

8>>>>><
>>>>>:

2
ffiffi
π

p
Γ
�

1
1−q
�

ð3−qÞ ffiffiffiffiffiffi
1−qp

Γ
�

3−q
2ð1−qÞ

� for −∞ < q < 1;
ffiffiffi
π

p
for q ¼ 1;ffiffi

π
p

Γ
�

3−q
2ðq−1Þ

�
ffiffiffiffiffiffi
q−1p

Γ
�

1
q−1
� for 1 < q < 3:

(10)

with Γ being the Gamma function. The Gaussian distri-
bution can be retrieved in the limit q → 1. In the following
paragraphs, the time evolution of a q-Gaussian from q ≠ 1
to q ¼ 1 will be referred to as “Gaussian shaping.” The
main reason to extensively apply this distribution to the
beam profiles comes from this useful property of having a
single parameter that, with continuity, returns either heavy
tailed, regular Gaussian, or low tailed distributions.

Another important property of this distribution is shown
in [37]: for a given q-Gaussian distribution in x one can
apply an inverse Abel transform to it to obtain the
distribution in J ¼ 1

2
ðx2 þ p2

xÞ. The distribution in J
follows a q-exponential distribution. The problem of tail
population evolution under the effect of noise has been
studied in [38,39]. Under the general principle of averaging
over a fast varying angle variable [40] the diffusion
equation for J can be written as

∂ρðJ; tÞ
∂t

¼ 1

2

∂
∂J

�
DðJÞ ∂ρðJ; tÞ

∂J

�
; (11)

where DðJÞ is the diffusion coefficient of the problem.
Note that the factor of 1

2
follows the convention of

Refs. [38,39]; replacing DðJÞ by 2DðJÞ would recover
the standard form of the Fokker-Planck diffusion equation,
but both conventions are equivalent. In the case of dipolar
white noise, the diffusion coefficient is the following [38]:

DðJÞ ¼ βDσ
2
θfrev × J ¼ α × J; (12)

where βD is the β function at the dipole location and σ2θ is
the variance of the noise kick. Therefore, the diffusion
coefficient is a linear function of the action. To demonstrate
that under this condition a “Gaussian shaping” is expected,
an initial q-exponential distribution is assumed for ρðJ; tÞ
and Eq. (11) is iteratively solved for an arbitrary value of α.
We note that this result can also be confirmed analytically:
inserting ρðJ; tÞ ¼ aðtÞ expð−aðtÞJÞ into Eq. (11) with
DðJÞ ¼ αJ yields the correct equation for ȧðtÞ, confirming
that Gaussian shaping (i.e., convergence toward a pure
exponential in J) is the exact long-time behavior under this
diffusion process. The numerical time evolution of ρðJ; tÞ
under Eq. (11) is shown in Fig. 8 by fitting a q-exponential
to the J distribution at each time step t.
It is thus predicted by Eq. (11) that the effect of dipolar

noise is to reduce the contribution of the tail population
while causing emittance growth. In particular, once the
value q ¼ 1 is reached, the emittance continues to grow, but
the tails do not change.
Since the CC gives a dipolar kick to the bunch in the

transverse coordinate, this same model is capable of
predicting that in the measurements and simulations a
reduction of q should be present. The following part of this
study aims to study in detail the evolution of the bunch tails
during our measurement together with dedicated tracking
simulations in the SPS lattice described before.

B. Beam profile evolution

The BSRT measurements are now used to study the
evolution of the beam profile in the experiment. In this case,
a q-Gaussian fit is applied to each average profile to obtain
information related to the tail population evolution. After
choosing one particular dataset among the several acquired
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while the bunch was subject to noise, the first and last
acquisitions are plotted in Fig. 9, together with the
corresponding q-Gaussian fit.
The bunch is q-Gaussian when injected, with q ∼ 1.3.

After injection, the dynamics is clearly driven by the noise
in the CC, showing that the beam is subject to “Gaussian
shaping.” This leads to extending the study to the various
measurements taken under the effect of noise, together with
the only dataset without noise taken as reference in Fig. 10.
In the plot, the only datasets shown are those acquired

with a jKLODj > 0, where the contribution coming from the
impedance-driven coherent motion described in the pre-
vious section is reduced. The parameter q decreases as
expected from Eq. (11). The evolution of the q-parameter is
a clear indication of how the transverse distribution is
changing due to the noise injected: when noise is not
present, there is no sensible effect, for the timespan under
consideration, that is capable of changing the tail contri-
bution to the full distribution. Once noise is injected, this
behavior clearly changes, leading to “Gaussian shaping.”
Even though this does not mean that the only process that
can lead to a diffusion of this kind is noise, in the
experimental conditions under study, noise is the only
driving force that could explain such a behavior in a time
interval of less than 10 min.
In the next section, the transverse tail evolution of the

bunch under the effect of noise is studied. To generate the
q-Gaussian, a Monte Carlo approach is used as in [34].

C. SPS simulation

The tail population study in the SPS is carried out with
the same map used in the emittance growth study, with the
parameters extracted from Table I, a KLOD ¼ 30 m−4, and

including the impedance model. Although the level of noise
in the experiment was very high compared to the require-
ments needed for HL-LHC, both emittance growth and tail
evolution required minutes of machine time to be mea-
sured. This is reflected in a much more complex simulation

FIG. 8. Evolution of a q-exponential fit to the numerical
solution of Eq. (11). The starting distribution is heavy tailed
with q ¼ 1.35. The subsequent ρðJ; tÞ are subject to emittance
growth and are brought a simple exponential shape under the
effect of DðJÞ ¼ α × J.

FIG. 9. Average measured profile under the effect of noise,
initial and final acquisitions of the same set. The emittance of the
final acquisition is increased as expected due to the effect of
noise, while the q-parameter decreases.

FIG. 10. q-parameter evolution as a function of time for the
dataset. When noise is not injected in the CC (black) the tail
population remains almost unchanged. If noise is injected (red)
the bunch experiences a “Gaussian shaping” process. In the plot
the average linear fit between all the datasets with noise and
jKLODj > 0 is shown, together with the statistical uncertainty on
the angular coefficient of the fit.
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setup for the second case, compared to the first, which
required O(1M) turns to obtain the results shown here.
To then have a statistical error small enough to compare

the computational result with the data, 10 simulations are
used to extract the average and standard deviation of the
evolution of the q-parameter. Each simulation runs in
parallel on a different GPU and requires ∼24 h of compu-
tation time. The evolution of the q-parameter in the
horizontal plane (unaffected by noise) is also shown to
further demonstrate the hypothesis of a noise-driven
q-parameter evolution. The results of the simulation are
reported in Fig. 11, to be compared with Fig. 10.
After taking the average between the 10 simulations, a

linear fit is applied to retrieve the evolution rate of q, dq=dt.
The rate obtained from simulation and the measured one are
then:

dqy
dt meas ¼ ð−0.03� 0.01Þ=min
dqy
dt sim ¼ ð−0.04� 0.01Þ=min
dqx
dt sim ¼ ð0.00� 0.01Þ=min

: (13)

In the horizontal plane, where noise is not present, the q-
parameter remains constant over the whole simulation. The
transverse distribution in the vertical plane is instead
becoming more and more Gaussian as time passes. The
good agreement in the vertical plane between the exper-
imental results and the numerical model shows an unprec-
edented level of control in this kind of beam-profile
simulation, together with the high accuracy of the BSRT
measurement system, which is capable of capturing such
subtle effects with high precision. The “Gaussian shaping”
happens with a rate such that, starting from bunches of
q ¼ 1.3 one would get to a Gaussian in about 10 min, as
shown in Fig. 10. It can be then confirmed also in
simulations that amplitude noise in the CC acts on the
transverse distribution as an equivalent dipolar noise
concerning the tail evolution, despite its more complicated
nature that links longitudinal and transverse motion.

V. CONCLUSIONS AND FUTURE
DEVELOPMENTS

In 2023, a new campaign of measurements of emittance
growth induced by amplitude noise was performed. The
BSRT monitor allowed an unprecedented precision to
measure the CERN SPS beam profile. A scan in the
octupole strength of the SPS lattice was performed,
revealing a dependence of the emittance growth on the
octupoles setting. This was not expected by the initially
available models. A new simulation was developed with a
thin lens model in Xsuite. This allowed reproducing the
newest experimental results on the amplitude noise while
also reproducing the phase noise simulations and exper-
imental results in the SPS. After carefully looking for the
leading causes of this discrepancy, the solution is found to
be the linear longitudinal mapping used in the PyHEADTAIL

previous simulations. The paper thenmoved to a deeper level
of analysis by looking at how the tail population evolves
under the effect of the noise.Aq-Gaussian fit is applied to the
data as a function of time, showing a decrease in the q-
parameter following the effect of noise. This method of
analysis is then applied to the SPS lattice with the ability to
reproduce the tail population evolution that was measured
during the experiment. Together with the emittance growth,
this is a demonstration of the unprecedented capability of the
simulation setup to reproduce the experimental conditions of
the measurements performed in the SPS for the CCs. The
study presented here can serve as a foundation for extensive
HL-LHC simulation studies regarding q-parameter evolution
under the effect of both beam-beam effects and CC noise.
Furthermore, in 2025 a horizontal CC has been installed in
SPS and a new campaign of measurements has begun. These
newly developed simulation tools will guide the analysis and
studies that will follow.
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APPENDIX: BENCHMARK WITH PHASE NOISE

The reliability of the simulations presented in this study
is assessed by benchmarking the new model with both the

FIG. 11. Evolution of the q-parameter under the effect of
amplitude noise in the real SPS lattice, averaged over 10
simulations. Notice that qx stays constant while qy is subject
to a reduction.
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data and the computational studies presented in [13]. Each
point in the simulation is the result of O(10) simulations
where the average ϵ̇ is extracted. The results of the
benchmark are reported in Fig. 12. First, the new model
is capable of reproducing the previous results, with the
octupolar dependence found in both the 2022 measure-
ments and the previous PyHEADTAIL model also present
here. Second, linearization of the rf curvature leads to the
same dependence, showing that in the case of phase noise ϵ̇
variations are not related to the longitudinal map.
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