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Highly coherent lasers are central to modern photonics. To date, high-coherence operation has been achieved
predominantly in microcavity and fiber-based platforms. More recently, free-space Brillouin-laser experiments
have revealed unusually strong noise suppression whose physical origin cannot be explained by conventional
continuous-medium models developed for those platforms. In conventional continuous-medium models, the
optical and acoustic fields are assumed to remain continuously coupled throughout the cavity evolution, whereas
in free-space implementations the coupling is confined to the nonlinear medium and interrupted by passive
propagation over the rest of the round trip. To describe this interaction-propagation separation, we develop
a discrete-cavity model in which the short Brillouin interaction inside the gain medium and the subsequent
free-space propagation are treated as two separate stages of the round-trip evolution. This separation introduces
a temporal asymmetry between optical storage and acoustic relaxation, effectively enhancing acoustic damping
at the cavity level and strongly reducing pump-noise transfer to the Stokes field. When the cavity round-trip time
is much longer than the nonlinear interaction time in the gain medium, the predicted noise-suppression ratio is
governed by the ratio between these two timescales. These results identify the discrete interaction-propagation
structure as the physical origin of the unusually strong noise suppression in free-space Brillouin laser systems.
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I. INTRODUCTION

Highly coherent lasers are essential for a wide range
of precision measurement applications, including optical
atomic clocks [1,2], quantum information processing [3,4],
gravitational-wave detection [5,6], and high-resolution spec-
troscopy [7]. Conventional routes to narrow-linewidth and
low-noise laser operation include frequency stabilization with
high-Q cavities [8], distributed-feedback architectures [9],
nonplanar ring oscillators [10], and stimulated Brillouin
scattering (SBS) in fiber and integrated photonic platforms
[11,12]. Among these approaches, Brillouin lasers have
emerged as a particularly important platform for narrow-
linewidth optical generation, low-noise microwave synthesis,
and integrated coherent photonics [13—19]. Their coherence
enhancement arises from the large separation between the
acoustic damping rate and the optical decay rate. Fast pump-
phase fluctuations cannot efficiently drive the acoustic mode
and are therefore only weakly transferred to the Stokes
field, leading to substantial linewidth narrowing and reduced
noise. Early Brillouin lasers were realized mainly in op-
tical fibers [20-25], where long interaction lengths enable
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efficient SBS at low threshold. More recently, microcavity
and on-chip Brillouin lasers have demonstrated exceptionally
narrow linewidths, low thresholds, and operation across differ-
ent spectral regions within spatially continuous cavity-media
configurations [26-28]. These continuously coupled systems
are well described by established Brillouin-laser noise and
linewidth theories [29,30].

Whereas continuous-medium Brillouin lasers have
achieved narrow linewidths and strong noise suppression
in guided and monolithic platforms, a recent free-space
Brillouin-laser experiment [31] reported remarkably low
noise levels and strong noise suppression, pointing to the
potential of this platform for high-power, ultralow-noise
operation. In particular, the observed noise-suppression
ratios substantially exceed the predictions of conventional
continuous-medium theories that have successfully described
fiber and microresonator Brillouin lasers [29,30]. In these
conventional models, the optical and acoustic fields are treated
as copropagating and continuously coupled within the same
nonlinear gain medium throughout the cavity evolution. This
framework successfully accounts for linewidth narrowing,
noise suppression, and noise transfer in guided Brillouin-laser
platforms. In a free-space Brillouin laser, however, the optical
and acoustic fields do not remain continuously coupled
throughout the cavity round trip [32,33]. The optical field
interacts with the acoustic field only during the short passage
through the gain medium, whereas a substantial fraction of
each round trip consists of passive free-space propagation.

©2026 American Physical Society
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During this passive stage, the optical field continues to
circulate in the cavity, while the acoustic field remains
confined to the gain medium and relaxes independently.
Conventional continuous-medium models therefore fail
to reproduce the experimentally observed degree of noise
suppression in free-space systems, suggesting that key
physical mechanisms are not captured in existing theoretical
descriptions.

To describe free-space Brillouin lasers theoretically, we
develop a discrete-cavity model. In Sec. II, we first review
the conventional continuous-medium description of the three-
wave coupled equations for Brillouin interactions, in which
the evolution of the optical and acoustic fields is governed
by coupled differential equations. In Sec. III, we introduce
the discrete-cavity formulation, where the continuous time
derivatives in the conventional model are replaced by a round-
trip iterative map. This discrete-cavity formulation naturally
incorporates the free-space propagation between successive
interactions in the gain medium. In Sec. IV, we solve the
discrete iterative model by determining its fixed points and
derive the corresponding threshold condition. In Sec. V, we
then analyze the noise properties of the system by applying
a discrete Fourier transform to the linearized dynamics to de-
rive the noise-transfer relations and evaluate both the relative
intensity noise and the fundamental linewidth. Finally, Sec. VI
summarizes the main results and discusses their implications.

II. CONTINUOUS-MEDIUM MODEL FOR
BRILLOUIN LASERS

We begin from the electromagnetic wave equation in a
dielectric medium,

V’E n* 9’E 1 0°P

2 912 gpc? o2’

where E is the electric field, n is the refractive index of
the medium, c is the speed of light in vacuum, and ¢
is the vacuum permittivity. The nonlinear polarization P is
induced by electrostriction. For the SBS process, the opti-
cal field is decomposed into forward-propagating pump and

backward-propagating Stokes components with slowly vary-
ing envelopes:

Ey(r, 1) = 39, (x, Az, ) + cc.,
Ey(r,t) = 30,(x, y)A(z, DT +cc. ()

6]

The electrostrictive modulation of the refractive index gives
rise to the nonlinear polarization

P(r,t) = €op,, Ve ¥, (x, )Pz, 1) E(r, 1), 3)

where y, is the electrostrictive constant. The total mass-
density distribution is written as

P(z.1) = pm+ 3p(z, ™) +cc., 4)

where p,, denotes the equilibrium mass density of the medium
and p(z,t) is the slowly varying complex amplitude of the
acoustic density wave.

Substituting Eqgs. (2) and (3) into Eq. (1), and applying
the slowly varying envelope approximation, we retain only
the resonant terms satisfying the SBS energy and momentum

conservation conditions, w, = w; + € and k, = k; + g. Here
2 and ¢ denote the angular frequency and wave vector of
the acoustic wave, respectively. Physically, the interference
between the pump and Stokes fields produces a beat note
that drives a coherent acoustic wave through electrostriction.
The resulting density modulation changes the refractive index
of the medium and scatters pump photons into the Stokes
mode. The SBS process therefore forms a closed three-wave
interaction mediated by the acoustic wave. The resulting
coupled-mode equations are
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In Egs. (5), y, and y; denote the decay rates of the pump and
Stokes cavity modes, respectively, including intrinsic loss and
external coupling. The parameter I'p is the acoustic damping
rate. The term ,/keSin describes injection of the external
pump field into the cavity, where Si, is the input pump field
and k¢ is the external coupling rate. This source term follows
the standard input-output formulation of temporal coupled-
mode theory, in which the external driving field enters the
cavity equation through the factor ,/ke [34]. In the normaliza-
tion used here, A, and A, have units of ,/energy, so that |A p|2
and |Ag|? are proportional to intracavity pump and Stokes
energies. The input field Sj, has units of ,/power, so that |S;, |2
is proportional to the input pump power. Accordingly, /KexSin
has the same units as 9,4, and acts as the driving term for the
intracavity pump field.

To include the transverse structure of the optical and
acoustic modes, we introduce the overlap factors A,, Aj,
and A, in the three-wave coupling terms. These factors re-
duce the spatially dependent optoacoustic interaction to an
effective single-mode coupling by integrating the transverse
field profiles over the interaction area. They quantify the
spatial matching between the pump, Stokes, and acoustic
modes and therefore renormalize the effective Brillouin cou-
pling strengths. With the mode profiles ¥, (x, ¥), ¥(x, y), and
¥, (x,y), the overlap factors are defined as

LYot ) U, Y)Y (x, y) dA

A - 9
! [ 0o 3) ¥ (x.y) dA
A = VG Y ) Y y) dA
S L@ iy dA
A, = PV @IV YA ©

Ja WG, ) ¥i(x, y) dA

Here A denotes the transverse interaction area, and the denom-
inators specify the normalization of the corresponding pump,
Stokes, and acoustic mode amplitudes.

A representative realization of the continuous-medium
picture is the microresonator Brillouin laser illustrated in
Fig. 1(a). In this configuration, the pump field circulates
in a high-Q microresonator and interacts continuously with
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FIG. 1. Comparison of the conventional continuous-medium scheme and the free-space Brillouin laser configuration. (a) Microresonator
Brillouin laser with continuous optoacoustic interaction in a colocalized nonlinear medium. (b) Free-space Brillouin laser with localized
interaction in the gain crystal and passive propagation over the remainder of the cavity round trip.

the acoustic mode supported by the same structure. The
pump field and the acoustic density wave propagate in the
same direction to circulate clockwise, while the generated
Stokes field propagates in the opposite direction and circu-
lates counterclockwise. This propagation geometry is required
by momentum conservation, k, = k; + g, where the acoustic
wave vector g compensates the momentum difference be-
tween the forward pump field and the backward Stokes field.
Because the pump, Stokes, and acoustic fields remain colocal-
ized within the same nonlinear medium throughout the cavity
evolution, this system is well described by the continuous-
medium three-wave model. Within this model, the transfer
of pump-phase noise to the Stokes field is controlled by the
competition between the acoustic relaxation rate and the opti-
cal decay rate of the Stokes mode. Physically, strong acoustic
damping filters fast pump-phase fluctuations: these fluctua-
tions are mainly taken up by the acoustic degree of freedom
and are therefore only weakly transferred to the Stokes field.
As aresult, the noise-suppression ratio increases with the ratio
between the acoustic damping rate and the Stokes-mode decay
rate. For a continuously coupled Brillouin laser, the corre-
sponding low-frequency frequency-noise suppression ratio is
conventionally written as [26]

2
Com = <1 + E) . )
Vs

Here Cem is defined as the ratio between the input pump
frequency-noise power spectral density and the generated
Stokes frequency-noise power spectral density in the low-
frequency limit. The squared form therefore reflects the fact
that the suppression factor acts on the phase or frequency
fluctuation amplitude, whereas Ccy is a noise-power spectral
density ratio.

For high-Q microresonators, y; < I'g, so that a large
noise-suppression ratio can be achieved. This mechanism is
highly effective in microresonator systems, where the large
cavity Q leads to a small optical decay rate, although such
devices typically operate at relatively low output power. In

free-space Brillouin lasers, however, power scaling gener-
ally requires a lower cavity Q and hence a larger optical
decay rate than in high-Q microresonator systems [31]. If
the conventional continuous-medium model is applied only
to the nonlinear gain medium, the predicted suppression re-
mains governed by the local rate ratio I'/y; and does not
become exceptionally large under realistic free-space oper-
ating conditions. In particular, substituting the parameters
relevant to the gain region alone does not reproduce the
strong noise-suppression ratio observed experimentally. This
discrepancy shows that the free-space propagation outside
the gain medium cannot be treated as dynamically irrelevant.
Instead, it must be incorporated explicitly into the cavity de-
scription, since it changes the relative timescales over which
optical coupling and acoustic relaxation accumulate. This
failure motivates a new cavity-level description in which the
localized Brillouin interaction and the subsequent free-space
propagation are treated as distinct stages of the round-trip
evolution.

III. DISCRETE-CAVITY MODEL

To capture the essential cavity structure of free-space Bril-
louin lasers, we introduce a discrete-cavity model in which
each round trip is separated into a localized Brillouin in-
teraction inside the gain medium and a subsequent passive
free-space propagation stage. Unlike in continuous-medium
descriptions, the Brillouin interaction is not distributed over
the entire cavity path but occurs only during the finite passage
through the nonlinear medium. As illustrated in Fig. 1(b), the
optical field then continues to circulate through the passive
free-space segment, whereas the acoustic field remains con-
fined to the gain medium and relaxes in the absence of further
optical driving. Successive Brillouin interactions therefore
sample a partially relaxed acoustic field rather than a continu-
ously driven one. From the viewpoint of the round-trip optical
dynamics, this interaction—propagation separation appears as
an enhanced effective acoustic damping and reduces the trans-
fer of pump fluctuations to the Stokes field. Inspired by the
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Ikeda map [35], we formulate the discrete-cavity dynamics by
representing the system with a state vector X, which collects
the slowly varying amplitudes of the pump field, the Stokes
field, and the acoustic density wave immediately before the
nth interaction event:

A
X™ = Aén) . (8)
,0(”)
Here n labels successive cavity round trips, while Afy”), A,
and p™ denote the pump-field, Stokes-field, and acoustic
density-wave amplitudes at the chosen reference plane.
Within the discrete-cavity model, the round-trip dynamics
naturally decompose into two successive stages: the non-
linear Brillouin interaction inside the gain medium and the
subsequent passive propagation through the free-space cav-
ity. These two processes are described by separate evolution
operators. The nonlinear interaction inside the gain medium
is represented by an operator Uy, defined as the finite-time
evolution generated by the three-wave equations (5) over the
interaction time in the nonlinear medium. Acting on the state
vector, this operator produces an intermediate state

Xt — Unt X® 9)

The passive free-space propagation between successive inter-
action events is described by a propagation operator Usree.
During this stage no Brillouin interaction occurs; the opti-
cal fields mainly accumulate propagation phase, while the
acoustic field undergoes free decay governed by its intrinsic
damping rate. The propagation operator therefore acts diago-
nally on the state vector,

X(n+l) = Usee X(n,-‘r)’ (10)
with
e 0 0
Uree = 0 e 9 . (11
0 0 e 7w

Here 74 denotes the free-space propagation time. The full
round-trip time is Ty = Ty + Trs. Since the interaction time
is much shorter than the passive propagation time in the free-
space configuration considered here, the acoustic relaxation
between two successive interaction events is written in the
reduced map in terms of 7. The factors ¢'%» and ¢%* represent
the phase accumulation of the pump and Stokes fields dur-
ing the free-space propagation interval. Since the two optical
fields remain phase locked in the steady operating regime,
these propagation phases do not affect the subsequent coupled
dynamics and can be treated as dynamically irrelevant. By
contrast, the acoustic component acquires the decay factor

T
e‘TBf“, which describes the relaxation of the acoustic field
during the same interval. Then evolution over one cavity
round trip is therefore described by the discrete map

XY = Uiree 0 Uni)X™, 12)

which explicitly separates the localized nonlinear interaction
from the subsequent passive propagation in the cavity.

To obtain an explicit and analytically tractable discrete
map for the free-space cavity dynamics, we now introduce

a delta-kick approximation for the nonlinear evolution in-
side the gain medium. In this approximation, the nonlinear
interaction operator Unr, which in principle represents the
finite-time evolution generated by the full three-wave Bril-
louin equations, is reduced to a short first-order update during
the crystal transit time. The word “delta” is used in analogy
with a Dirac-delta-like temporal localization, reflecting that
the Brillouin interaction is confined to a short time window
rather than being distributed over the full cavity round trip.
This reduction is justified when 7 << 7 and the optical
and acoustic amplitudes vary only weakly during a single
pass through the gain medium. Under this approximation, the
Brillouin interaction is treated as a localized event that acts
once during each cavity round trip, over a finite interaction
time T;,, determined by the transit of the optical field through
the gain medium. The corresponding fields immediately after
the interaction are then obtained by integrating the continu-
ous three-wave equations (5) over a single pass through the
medium. To leading order in the interaction time tjy,, this
procedure yields the following reduced update equations:

4 .
A(pn+l) = (1 - Efinl)A(pn) + 18p Tint P(")Agn) + \/K_exfinl Sins

Y .
A§n+l) = (1 — E‘Cim)AE.n) + 185 Tint p*(n)A;”)’
r
p(nJrl) — (1 _ TBTn>p(ﬂ) + lgp 'CimA;n)A:(”)‘ (13)

The prefactor 1 — %7y represents the optical survival factor
over the short interaction interval t;,,, obtained to first order
from the continuous optical loss term. Here we assume, for
simplicity, that the pump and Stokes fields have the same opti-
cal decay rate, y, = y; = y. By contrast, the factor 1 — %rn
represents the acoustic survival factor over one cavity round
trip, reflecting the fact that the acoustic field continues to
decay throughout the full round-trip time 7y, including the
passive free-space propagation stage. Under these assump-
tions, the effective optical and acoustic coupling strengths are

given by

2.2

wpye WsYe €Y. 4
= A, = ——A,, = A,.
8= dnpy 0 8T mp, 8T T O

(14)

The factor t;, appears because these coefficients describe
the nonlinear coupling accumulated during a single passage
through the gain medium, rather than the instantaneous cou-
pling rates of the continuous-time equations. The explicit
derivation of these coefficients and of the reduced discrete
map is given in Appendix A. Here we only summarize the two
approximations underlying Eqs. (13). First, the continuous
three-wave interaction is coarse grained over the finite inter-
action time Ty, so that the nonlinear coupling is represented
as a single kick acting once per cavity round trip. Second,
the interaction is assumed to be sufficiently weak that the
pump, Stokes, and acoustic amplitudes do not vary apprecia-
bly during one pass through the gain medium, which allows
the coupling terms to be evaluated using their preinteraction
values.
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IV. STEADY-STATE SOLUTIONS AND
THRESHOLD CONDITION

We now analyze the steady-state operation of the discrete-
cavity Brillouin laser described by Eqgs. (13). In the discrete-
cavity framework, the steady state is defined as a fixed point
of the round-trip map, such that the system state reproduces
itself after each cavity round trip:

(n+1) _ A(n)
Ap _Ap ,
+1
Agn ) =A§n)’
p(n+l) — p(n). (15)

This fixed-point condition refers to the field values evaluated
at a chosen reference plane in the cavity. It does not require the
fields to remain constant throughout the round trip. Rather, the
steady state corresponds to a periodic dynamical state whose
sampled values repeat once per cavity cycle, while the fields
may still evolve within each cycle.

At steady state, the field amplitudes remain invariant from
one round trip to the next. Substituting the fixed-point con-
dition into Egs. (13), the lasing threshold is obtained by
considering the onset of a nonzero Stokes solution, A,y # 0,
for which the Brillouin gain exactly compensates the effec-
tive cavity losses. This yields the intracavity pump threshold
intensity,

AV

2
|Apoln = .
4gsgp Tint

(16)
The corresponding input-pump threshold then follows from
the below-threshold pump relation by setting A, o = 0. Equa-
tion (16) shows explicitly that the lasing threshold scales in
proportion to the ratio t,/7iy. This dependence reflects the
fact that the nonlinear interaction is confined to only a short
segment of each cavity round trip, so that a longer passive
propagation interval requires a correspondingly larger intra-
cavity pump field to reach threshold. Above threshold, the
intracavity pump field becomes clamped close to its threshold
value. Under this condition, the steady-state Stokes intensity
is given by

2
|Asol” =

g E(«/’(ex [Sinl _ Z) (17)
2858p Tint

1Ap,0lt 2
Equation (17) shows that the Stokes intensity scales linearly
with the effective pump drive above threshold, while remain-
ing proportional to the ratio 7,/ Tiy.

To validate the analytical results, we performed time-
domain numerical simulations based on the discrete round-
trip formulation in Eq. (12). The parameters used in the
simulations are summarized in Table I. In each round trip,
the nonlinear three-wave equations were integrated through
the diamond gain medium using a fourth-order Runge-Kutta
(RK4) scheme, followed by a passive free-space propagation
step in which the optical fields evolved freely and the acoustic
field decayed over the remaining round-trip time. Figure 2
shows the steady-state output Stokes power as a function
of the input pump power. The solid blue curve represents
the analytical prediction obtained from Eq. (17), while the
open circles denote the numerical solutions of the discrete
round-trip map described by Eq. (12). A clear lasing threshold

TABLE I. Characteristic parameters of the free-space diamond
Brillouin laser used in the simulations.

Parameter Value
Crystal length, L. (m) 5.0 x1073
Cavity length, L (m) 5.08 x107!
Refractive index, n 2.39
Acoustic damping rate, I's (MHz) 2w x 5.3
Electrostrictive constant, y, 8.16
Pump wavelength, A, (nm) 1064
Mass density, p,, (g/cm?) 3.515
Acoustic velocity, v (km/s) 18
Beam waist, wy (um) 74
External coupling rate, ke (s™') 2.3 x107
Optical cavity decay rate, y (s7!) 3.6 x107
Interaction time, Ty (S) 4.0 x1071
Round-trip time, 7 (s) 1.7 x107°
Acoustic wavevector, g (m™") 2.8 x107
Acoustic angular frequency, Q (s7') 5.1 x10"
Optical mode volume, Vo (m*) 8.6 x10~ !

is observed at Py &~ 12 W, above which the Stokes power
increases monotonically with the excess pump. The excellent
agreement between the analytical curve and the numerical
data confirms the validity of the steady-state approximation
and the pump-clamping assumption employed in the theoreti-
cal derivation. For the parameter set used here, an input pump
power of 45 W yields an output Stokes power of approxi-
mately 17 W, comparable to the experimentally reported value
of 14.6 W at the same pump power [31].
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FIG. 2. Steady-state output Stokes power as a function of input
pump power. The solid curve represents the analytical steady-state
solution of Eq. (17), while circles denote numerical solutions of the
discrete-cavity map. The threshold is Py, =~ 12 W, above which the
Stokes power increases linearly due to pump clamping. At an input
pump power of 45 W, the Stokes output power reaches approximately
17 W.
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V. NOISE DYNAMICS

A. Noise compression and scaling behavior

To analyze the frequency-domain response of the discrete-
cavity Brillouin laser, we now perform a small-signal analysis
around the steady-state operating point obtained in Sec. IV.
This approach allows us to quantify how weak fluctua-
tions evolve from round trip to round trip and how pump
noise is transferred, filtered, or suppressed by the coupled
optical-acoustic dynamics. We therefore linearize the round-
trip evolution equations, Eqgs. (13), about the steady state
and introduce small perturbations of the pump, Stokes, and
acoustic fields as

AW = A, + A,
AW = A; o+ 8AM,

P =po+8p®, (18)

where 8A;”), SA™, and §p™ represent small perturbations
around the steady state. These quantities are generally com-
plex and describe both amplitude and phase fluctuations of
the fields. Substituting these expressions into Egs. (13) and
retaining only first-order terms yields the linearized evolution
equations:

sagth = (1- gtmt)(SA;") + igp Tin (90 SAY) + A, 0 8p™)

+ A/ Kex Tint (SS‘(n)’
sA0+D = (1- Eqm)aA('”

+ igs Tim (05 SAY + A0 80*™),
Ts

+igy Tin (AL SAY) 4 Ap 0 BAT™). (19)

A phase convention can then be chosen in which the
steady-state amplitudes A, o, As o, and py are real up to the
fixed Brillouin phase relation:

SA(") ~iAyo S(p(")

SA(") ~ iAo 8(/)(")

510(") ~ ipy 5¢(n)

88" ~ iSiy 0 8" (20)

This approximation does not assume that amplitude fluctua-
tions are absent in general. Rather, it reflects the quadrature

J

q)s(Z) _

decomposition of the linearized dynamics around a resonant
locked steady state. Amplitude-phase coupling terms would
arise in the presence of finite optical or acoustic detuning, and
such detuning-induced corrections are beyond the scope of the
present model.

Under the phase-only approximation, the fluctuation dy-
namics are reduced to the coupled evolution of the pump,
Stokes, and acoustic phases. Physically, the pump phase acts
as the external driving variable, while the Stokes and acoustic
phases are coupled through the discrete Brillouin interaction
and the round-trip acoustic relaxation. Using the steady-state
relations together with the threshold condition derived in
Sec. IV, the nonlinear coupling terms can be rewritten in
terms of steady-state cavity parameters. The resulting phase
recursions are

|A50|
s “‘*”—(1——1 )5 w _ Y 5™ 4 5™
¢ > Tinc )59 21|A,,0|( +8¢")
14 As 0l )
= Tin 1 Yo» )
+ a0l )
St = (1 - %rmt)f?w(") + grm(&p(") 5py").

Ty g
8pUh = <1—71n>3 Wy = 5 (890 — 89™). (21)

Equations (21) provide the discrete-time phase dynamics of
the pump, Stokes, and acoustic fields under external pump-
phase driving.

To analyze the phase-noise transfer in the frequency do-
main, we apply the discrete-time Fourier transform to the
round-trip-sampled phase fluctuations. For a generic sequence
0™, we define

00
Z (p(n)efiwnrﬂ i

n=—00

O (w) = (22)

where 7 is the cavity round-trip time. Under this trans-
form, a one-step shift in the round-trip index corresponds
to multiplication by e*™. Neglecting transient contributions
associated with the initial conditions, the phase recursion re-
lations in Egs. (21) are converted into algebraic equations for
the Fourier-domain phase fluctuations ®,(z), ®,(z), ®,(z),
and P, (z). Using the discrete-time phase recursion relations,
the acoustic phase can be eliminated to obtain the transfer
function from the input pump phase to the Stokes phase,

(5 7in) (1 + \lﬁ,lgl‘m)

Hi(2) =

The transfer function Hj,_,(z) characterizes the frequency-
dependent transfer of pump-phase fluctuations to the Stokes
phase. Here the complex variable z is associated with the

. - 2
Pin(2) (z— 1)2 (yfmt + Trt)(z -+ Efint( Tint + Trt)(l + 1450l )

(23)

|Ap0l3,

(

discrete-time Fourier transform defined in Eq. (22). Since the
index n labels successive cavity round trips separated by the
round-trip time t, a harmonic phase fluctuation at Fourier
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frequency w corresponds to
7=¢"™, (24)

In laser noise analysis, the directly measurable quantity is
often the frequency fluctuation rather than the optical phase
itself. The instantaneous frequency fluctuation associated with
a phase fluctuation ¢(¢) is given by [36]

1 do()
sv(t) = o dr 25)
Therefore, the phase-noise and frequency-noise spectra are
related by

1)
2
where S, (w) and S, (w) denote the phase-noise and frequency-
noise power spectral densities, respectively.

Using the phase transfer function and the phase-to-
frequency conversion above, the Stokes frequency-noise
spectrum is related to the input pump frequency-noise
spectrum by

Su(@) = ( )2s¢(w), (26)

Sy (@) = |Hins s (€)% Sy, (). 27)

Here S, (w) denotes the input pump frequency-noise spec-
trum. Equation (27) therefore predicts the Stokes frequency-
noise spectrum from the pump noise spectrum and the
discrete-cavity transfer function.

To quantify the noise suppression provided by the Bril-
louin laser, we introduce the ratio between the input pump
frequency-noise spectrum and the resulting Stokes frequency-
noise spectrum. Physically, this ratio measures how strongly
pump frequency noise is suppressed during the Brillouin con-
version process inside the cavity. Accordingly, we define the
spectral noise-suppression ratio as

Sy (@) 1
Sy (@) [Hip(eom)]

Here S, (w) and S, (@) denote the frequency-noise power
spectral densities of the input pump and the generated Stokes
field, respectively. Because C(w) is defined as a ratio of
frequency-noise power spectral densities, it is the square
of the corresponding amplitude-level phase- or frequency-
fluctuation suppression factor. In the low-frequency limit
w — 0, Eq. (28) reduces to

1—‘B Trt :
C(0) = (1 + —) . (29)

(28)

Y Tint

Equation (29) is the discrete-cavity counterpart of the
continuous-medium result in Eq. (7). The difference between
the two expressions arises from the different timescales over
which optical coupling and acoustic relaxation accumulate.
In the continuous-medium model, the optical and acoustic
fields remain continuously coupled throughout the cavity evo-
Iution, so the suppression is governed by the rate ratio I'g/y;.
In the free-space discrete cavity, by contrast, the nonlinear
Brillouin interaction is accumulated only during the short
interaction time t;,;, whereas the acoustic relaxation accumu-
lates over the full round-trip time ;. The relevant effective
ratio is therefore changed from the continuous-medium ratio
'/ y; to the discrete-cavity ratio I'g/y X Ty /Tine. This result

shows explicitly that the low-frequency noise suppression in a
free-space Brillouin laser is governed not only by the material
acoustic damping rate and the optical decay rate, but also by
the separation between the full cavity round-trip time and
the much shorter nonlinear interaction time inside the gain
medium. The passive free-space propagation segment is there-
fore an essential part of the noise dynamics. During this stage,
the optical field continues to circulate in the cavity, while
the acoustic field remains localized in the gain medium and
continues to decay in the absence of further optical driving.
This interaction-propagation separation effectively enhances
the acoustic damping at the cavity level and explains why un-
usually large noise-suppression ratios can arise in free-space
Brillouin-laser experiments.

To validate the pump-noise transfer function derived
above, we performed time-domain simulations of the discrete-
cavity dynamics using the parameters listed in Table I. The
input pump was modeled with white frequency noise corre-
sponding to a Lorentzian linewidth of 3 kHz. This imposed
noise source was used as a controlled test input, allowing
a direct comparison between the simulated Stokes response
and the analytical transfer-function prediction. Figure 3(a)
shows the simulated phase trajectories. The pump phase ex-
hibits large random excursions characteristic of a diffusive
phase process, whereas the Stokes phase remains strongly
confined around zero with only small residual fluctuations.
This contrast directly reflects the strong phase-noise sup-
pression produced by the discrete-cavity dynamics. A more
quantitative validation is provided by the frequency-noise
spectra shown in Fig. 3(b). The blue curve denotes the im-
posed pump frequency-noise spectrum, which remains nearly
flat over the analyzed offset-frequency range, consistent with
the white frequency-noise input. The red curve shows the
simulated Stokes frequency-noise spectrum, while the dashed
black curve represents the analytical prediction obtained from
Eq. (28). The agreement between the simulated Stokes spec-
trum and the analytical prediction confirms that the transfer
function captures the pump-phase-noise filtering of the dis-
crete cavity. The resulting Stokes frequency-noise level is also
of the same order as the experimentally reported value of ap-
proximately 3 Hz?/Hz over the offset-frequency range from
10° to 10% Hz [31]. This comparison should be understood as
a consistency check of the predicted noise-suppression scale,
rather than a direct fit to measured pump- and Stokes-noise
spectra.

B. Fundamental linewidth from thermal noise

So far, we have considered the deterministic cavity re-
sponse and the transfer of external pump noise in the absence
of internal stochastic driving. To determine the fundamental
noise limit of the Brillouin laser, it is necessary to in-
clude the thermal fluctuations of the acoustic density wave
explicitly. Because the acoustic mode is coupled to a finite-
temperature reservoir, it is subject not only to deterministic
damping but also to random Langevin forcing. Such thermally
driven acoustic fluctuations are the physical origin of the
phonon-limited linewidth of Brillouin lasers, as demonstrated
in cryogenic microresonator experiments [37]. They persist
even in the absence of technical pump noise and therefore
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FIG. 3. (a) Simulated phase evolution versus round-trip index under an imposed white pump-frequency-noise input. The blue curve
represents the pump phase, while the red curve denotes the Stokes phase. (b) Frequency-noise spectra obtained from the same simulation.
The blue curve shows the imposed pump frequency-noise spectrum, the red curve shows the simulated Stokes frequency-noise spectrum, and

the dashed black curve gives the analytical prediction from Eq. (28).

set the fundamental floor for the Stokes linewidth and relative
intensity noise.

To evaluate the intrinsic linewidth, we now consider the
thermally driven phase dynamics of the discrete cavity. Com-
pared with the phase-recursion equations (21) used above
for pump-noise transfer, the present formulation removes the
external input pump-phase fluctuation as the driving term
and instead introduces a stochastic Langevin contribution in
the acoustic equation. In this way, the deterministic coupling
between the pump, Stokes, and acoustic phases remains un-
changed, while the only stochastic drive is provided by the
thermally excited acoustic field. Linearizing the stochastic
discrete-cavity equations around the steady-state operating
point and retaining only phase fluctuations to leading order,
we obtain the following recursion relations:

|A50|
St = (1 Y )8 ) V‘L’
@y 5 Tint @p lnl|Ap0|

%
St = (1 - Etmt>8§0(n) 580" — 8¢;"),

= (8™ + 3(p(”)),

Is Ty
eyt = <1 - Trrt>8<p(”> + 5t (3gp" — 89") + 1
(30)

Here n™ denotes the stochastic phase increment induced by
the thermal Langevin force acting on the acoustic mode. The

J

%'I,’intl:(z - 1) + %Tim(l + ‘ll?is‘llh):l

corresponding discrete acoustic fluctuation over one round
trip is obtained by integrating the continuous noise force,

(n+1)7y
F = / fa(t)dr, 31)

Trt

where fp(t) is the complex white-noise force introduced in
Appendix B. The phase noise entering the linearized phase
dynamics is obtained by projecting this complex increment
onto the acoustic phase quadrature,

Im[F™ p&
n" = —[m’;'z ] (32)

so that only the component of the fluctuation orthogonal to the
steady-state acoustic amplitude contributes to phase diffusion.

Following the same procedure as in the pump-noise trans-
fer analysis, we apply the discrete-time Fourier transform
defined in Eq. (22) to the stochastic phase recursion relations
in Eq. (30) and neglect the transient contributions associated
with the initial conditions. This converts the discrete recursion
relations into algebraic equations in the frequency domain.
Eliminating the pump and acoustic phase variables then yields
the transfer relation from the thermal Langevin increment 7 to
the Stokes phase fluctuation, which can be written as

Py(2)
Hyss(2) = (2) - 24 Y r A0/ (33)
n (z — 1)[(z — 12+ (YT + 27) @ — D + St (L Tine + 77711)(1 + s )]
The Stokes frequency-noise spectrum generated by the thermal Langevin force is therefore given by
w \? ity y|2
50.(@) = (52) Hys (€S, @), (34)
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where S, (w) denotes the power spectral density of the acoustic
Langevin phase increment. The factor (z — )~ in H,_.(z)
reflects the diffusive accumulation of phase fluctuations and
therefore corresponds to the usual phase-diffusion pole at low
frequency. This apparent singular behavior is removed when
passing from phase noise to frequency noise, because the
time derivative relating frequency to phase contributes a com-
pensating factor proportional to (z — 1) in the low-frequency
limit. As a result, the Stokes frequency-noise spectrum
remains finite as w — 0, and its zero-frequency value deter-
mines the fundamental white frequency-noise floor. And the
discrete acoustic phase noise corresponds to a white-noise
process with spectral density

7:rtCB
2lpol?’

where Cp denotes the discrete acoustic Langevin noise
strength, which in the weak-damping limit can be written as

Sy(@) = (n™n"™) = (35)

~ kBT;Om 1_‘B

Cp >~ int- 36
B UZVopt Tint (36)

Here kg is the Boltzmann constant, T is the temperature, and
Vopt denotes the effective optical mode volume participating
in the Brillouin interaction. This expression follows from
the fluctuation-dissipation [38] relation for thermally driven
acoustic fluctuations (see Appendix B).

Because the intrinsic linewidth is set by the white low-
frequency floor of the frequency-noise spectrum, we evaluate
the zero-frequency limit of Eq. (34). In this limit, the phase-
diffusion pole contained in the Langevin transfer function
is canceled by the phase-to-frequency conversion, leaving
a finite white frequency-noise plateau. The zero-frequency
Stokes frequency-noise floor is then obtained as

1 (V Tim)z
(27T )27:1—% (J/ Tint + IﬂB'L'rl)z

S$1,s(0) = Sy(0). (37
For white frequency noise, the intrinsic linewidth is directly
determined by this low-frequency plateau [36]. Using the
acoustic Langevin noise spectrum defined above Eq. (35), we
obtain

Cp 1
Vint = : (38)
87‘[2 2 T Cpta \2
lpol® T (1 + Wim)

To verify the analytical prediction for the intrinsic
noise floor, we performed numerical simulations including
the thermal Langevin force acting on the acoustic mode. The
stochastic increment " was activated in the acoustic phase
equation, representing thermally driven acoustic fluctuations
in the absence of external pump noise. From the simulated
phase trajectories, the corresponding frequency-noise spec-
trum of the Stokes field was extracted. As shown in Fig. 4, the
red curve represents the simulated spectrum, while the dashed
black line denotes the analytical prediction of Eq. (37). The
spectrum exhibits a flat low-frequency plateau characteristic
of white frequency noise, which directly determines the intrin-
sic linewidth. The excellent agreement between the simulated
noise floor and the theoretical prediction confirms the validity
of the analytical model for the fundamental noise limit.

—8 M | N | M| M| L

4 6 7

10° 10
Offset Frequency (Hz)

10 10

FIG. 4. Simulated fundamental frequency-noise spectrum of the
Stokes field (red). The dashed black curve shows the theoretical
prediction.

C. Relative intensity noise

We now analyze the relative intensity noise (RIN) of the
Stokes field by projecting the linearized dynamics onto the
amplitude quadrature. Under the same resonant, phase-locked
operating condition used in Sec. V A, the amplitude and phase
quadratures are decoupled to first order. The pump-phase fluc-
tuations and the thermal Langevin force are therefore set to
zero, so that pump intensity modulation remains the only ex-
ternal driving source. The optical and acoustic fields, together
with the input pump field, are therefore written as

AW = Apo(1+8ul),

AP = Ago(1 + 8u”),

p™ = po(1 + 8ul?),

S’ = Sino(1+ 8ug)). (39)

where 8ufp"), Su”, su, and 8u§'i'n) denote small real amplitude
perturbations about the steady-state values.

Since the relative intensity noise is defined in terms of
normalized intensity fluctuations, the RIN transfer function is
naturally defined as the ratio between the normalized Stokes
intensity perturbation and the normalized input pump in-
tensity perturbation. For pure amplitude perturbations, one
has 81,/I0 >~ 26ul™ and 81y, /L 0 = 28u§':‘, so that the cor-
responding RIN transfer function reduces to

Su(z)

Hrin(z) = Sus (2)°

(40)

Substituting the perturbative expansions into the linearized
round-trip equations and transforming the system into the
z domain yields a set of algebraic relations describing
the discrete-cavity response to pump intensity modulation.
Solving these equations for Sus(z) in terms of the input
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fluctuation 8u§:? (z) yields the RIN transfer function,

Hrin(z) =

()" (1 +

|2

1As.0 ) A, + s
BT,
14,002 ( bt 3 ﬂ)

(41)

|Apol3,

where the shorthand quantities are defined as
y
A, =7 — (1 — T >’
=z 2 Tint

I'p
Ap=z—|1——14]). 42)
2

The RIN spectrum of the Stokes field can then be obtained
directly from the transfer function. For a linear system, the
output noise spectrum is given by the input spectrum mul-
tiplied by the squared magnitude of the transfer function.
Accordingly, the Stokes RIN spectrum reads

RIN (@) = |Hrin(®)]* RINjp (@). (43)

To characterize the low-frequency behavior of the intensity
noise, we consider the zero-frequency limit of the transfer
function. Substituting z — 1 into Eq. (41) yields the low-
frequency RIN transfer factor:

2(1+ |A3‘o|2) :
|Apol2, 44
| 44l |- (44)

1Apol3,

|Hrin(D))? =

This result shows that the low-frequency RIN transfer is
determined by the operating point above threshold. Near
threshold, the generated Stokes field is weak, so a small
pump-intensity modulation produces a large fractional change
in the Stokes intensity; consequently, |Hrin(1)] — 2, cor-
responding to a RIN power-transfer factor of 4. Far above
threshold, the intracavity pump is more strongly clamped and
additional pump-intensity modulation is converted less effi-
ciently into fractional Stokes-power modulation; in this limit,
|Hrin(1)| — 1/2, corresponding to a RIN power-transfer
factor of 1/4. Thus, unlike the phase-noise response, the low-
frequency RIN is governed by the differential response of the
steady-state Stokes output to pump-power fluctuations rather
than by acoustic phase filtering.

To validate the analytical RIN transfer model, we per-
formed numerical simulations by introducing controlled
amplitude modulation on the input pump field in the discrete-
cavity map. This modulation serves as the sole external
intensity-noise source and drives the coupled optical-acoustic
amplitude dynamics. The Stokes RIN spectrum was then
extracted from the normalized Stokes intensity fluctuations.
Figure 5 shows the result. The red curve denotes the simulated
Stokes RIN spectrum, while the dashed black curve repre-
sents the analytical prediction obtained from the linearized
transfer function. At low offset frequencies, the Stokes RIN
follows the pump RIN with the operating-point-dependent
transfer factor predicted by Eq. (44). This behavior reflects
the quasistatic conversion of pump-power fluctuations into
Stokes-power fluctuations through the steady-state input-
output response. At higher offset frequencies, the acoustic

AbAIZ, + (%Tim) (%Trt) Aol Ap + (%Tim)2 A0l Ap + 2(%Tint)2(%rrl) Azl °

|Apol3, [Apol3,

(

mode and intracavity Stokes field cannot follow rapid pump-
amplitude fluctuations adiabatically, so the Stokes RIN rolls
off. The pole structure of Eq. (44) reproduces this roll-off,
and the agreement between the simulated and analytical spec-
tra confirms that the linearized amplitude block captures the
intensity-noise transfer dynamics. This behavior is consistent
with the RIN response previously reported for microcavity
Brillouin lasers [30].

VI. CONCLUSION

In this work, we have developed a discrete-cavity model
for free-space Brillouin lasers. In contrast to conventional
continuous-medium descriptions, the present model treats the
short nonlinear interaction inside the gain medium and the
subsequent free-space propagation as two distinct stages of
each cavity round trip. This interaction-propagation separa-
tion introduces a temporal asymmetry between the optical
and acoustic dynamics: the optical fields circulate over the
full round trip, whereas the acoustic field remains local-
ized in the gain medium and relaxes during the passive
propagation interval. From the viewpoint of the round-trip
optical dynamics, this asymmetry appears as an enhanced
effective acoustic damping. Based on this discrete-cavity
model, we derived analytical results for the pump-noise
suppression ratio, the fundamental intrinsic linewidth, and
the relative intensity noise of free-space Brillouin lasers.
The theoretical predictions are consistent with the reported
output-power and noise-suppression scales, indicating that
the present model captures the essential physical mechanism

-100 f 3
~110

-120

RIN (dBc/Hz)

~130

~140 £

~150

10* 10° 10
Offset Frequency (Hz)

FIG. 5. Relative intensity noise spectrum of the Stokes field un-
der controlled pump-intensity modulation. The solid red line denotes
the simulated Stokes RIN, while the dashed black line indicates the
theoretical prediction.
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that is absent in conventional continuous-medium theories.
These results provide a cavity-level theoretical description
of free-space Brillouin lasers and complement established
continuous-medium Brillouin-laser theory. Free-space Bril-
louin lasers are distinguished by their power scalability to the
watt level. The present results show that such systems can
simultaneously exhibit strong noise suppression and ultralow
fundamental noise. This combination of high power and low
noise makes free-space Brillouin lasers promising for applica-
tions requiring both spectral purity and power scalability.
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APPENDIX A: DERIVATION OF THE DELTA-KICK
INTERACTION UPDATE

Within the nonlinear gain medium, the slowly varying en-
velopes of the pump field A, (¢), the Stokes field A(¢), and the
acoustic density wave p(t) obey the driven three-wave cou-
pling equations given in Egs. (5). Since the interaction takes
place only over the short time interval 7i,,, we approximate the
evolution during a single pass through the gain medium to first
order in Tj,. The nonlinear coupling terms are evaluated using
the preinteraction amplitudes Afu"), A™_ and p™, which are
assumed to remain approximately constant during one pass.
This yields

)~ 14 ipr/e
AT~ (1 - Erim)A;”) + gy R T 0 AL
+ VKex TintSin,
g Ye

o) A ()
4n2pm AX tmt IO Ap ’

s

AP~ (1- grim>A§”) +

r € 2.2
P <1 - TBTint>P(") + i%[‘p Tin A VAT

(AL)
We then introduce the effective coupling coefficients
g, = —re g = —Ye p g, = €074’
P an2p, " 2T T An2p,, T 0P T A T
(A2)

so that the interaction step can be written in the compact form

Y .
Ay = (1 - E%)Aﬁ’n) +igp Tinm PVAY + /iex Tint Sin,

Agn’+) = (1 — %‘L’int)Ain) + lg? Tint ,0*(”)145:1),

p"t = (1 - %m)ﬂ") +igy T AYAT. (A3)

In the reduced round-trip description, the interaction seg-
ment is treated as a delta kick, whereas the acoustic decay
is taken to accumulate over the full cavity round-trip time
7. Accordingly, the acoustic update after one round trip is
written as

r
D — (1 _ 73.1:“)/)(71) +ig, rimA;”)A;k(")- (A4)

The optical fields A"+ and A" represent the amplitudes
immediately after the localized interaction. In the reduced
round-trip map, the remaining passive propagation is not writ-
ten as a separate loss channel; instead, the optical loss is
absorbed into the lumped optical survival factor used in the
sampled map. Thus,

+1 + +1) _ Al
AUFD = AGD - ATED = A, (AS)
Collecting the optical and acoustic updates, we obtain the

reduced round-trip map
AgH—l) = (1 - gfint)Agl) + igp Tint P(")Agn) + A/ Kex Tint Siny

AT = (1 - gfmt)AE’” + igs T pT A},

r
p(n+1) _ <1 _ 73.%)’0(") + ig) Tint A;)")A;k(”). (A6)

APPENDIX B: THERMAL NOISE IN THE
DISCRETE-CAVITY MAP

We start from the deterministic discrete round-trip map
introduced in Appendix A. In reality, the acoustic mode is
subject to thermal fluctuations. Because the acoustic field
experiences damping at rate I'p, the fluctuation-dissipation
theorem requires the presence of a Langevin force driving the
acoustic degree of freedom. We therefore modify the acoustic
update equation by adding a stochastic contribution,

s .
p(nJrl) — (1 _ 7.L,n)lo(n) +ig, .L,imA;)n)A;‘(n) + Fp('l)’ B1)

where F p(”) denotes the discretized Langevin increment as-
sociated with the nth cavity round trip. The discrete noise
increment is obtained by integrating the continuous Langevin
force over one round-trip interval,

(n+1)1y
F = / fa(@)dr, (B2)

Trt

where fp(¢) is a complex white-noise force satisfying
(o) f5)) = Cy 8t — 1), (B3)

According to the fluctuation-dissipation relation, the noise
strength of the continuous Langevin force is

kT p1p

C(C) —
B vZVOpt

, (B4)
where kg is the Boltzmann constant, 7 denotes the tempera-
ture, p,, is the equilibrium mass density of the medium, 'y is
the acoustic damping rate, v is the acoustic velocity, and Vi
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represents the effective optical mode volume participating in
the Brillouin interaction.

Although the acoustic mode is coupled to a thermal reser-
voir throughout the full round trip, the optical fields sample
the acoustic fluctuation only during the finite Brillouin in-
teraction interval inside the gain medium. In the delta-kick
model, the optoacoustic coupling is therefore represented by
a localized temporal window of duration t;,. The Langevin
term that enters the optical phase-noise dynamics should
consequently be interpreted as the thermally driven acoustic
fluctuation projected onto this interaction window, rather than
as the total acoustic noise accumulated over the full round trip.
With this interpretation, the effective stochastic increment is
written as

Tint
Fp(n) — f e*(ru/z)(fim*t)flg")(t)dt’ (B5)
0

where flg")(t) is the continuous Langevin force during the nth
interaction event. The exponential factor accounts for acoustic
damping within the interaction interval. Using the white-noise
correlation

(fsfp)) = CY8( — 1), (B6)

we obtain
(FME™*) = Cdum, (B7)
where
cy :
Cs = Fi(l — Tty ~ Cg, (B8)
B

The final approximation holds for I'pti,e < 1. This effective-
noise description is consistent with the delta-kick approxi-
mation used for the deterministic Brillouin coupling: only
fluctuations sampled during the localized interaction are
converted into optical phase noise. Thermal fluctuations gen-
erated during the passive propagation interval are part of
the acoustic reservoir, but they are not directly coupled to
the optical fields until a subsequent interaction event. A
more complete stochastic map could include such round-
trip accumulated acoustic noise explicitly; this would modify
the effective thermal-noise strength but not the deterministic
interaction-propagation mechanism responsible for the pump-
noise suppression.

[1] W. Loh, J. Stuart, D. Reens, C. D. Bruzewicz, D. Braje, J.
Chiaverini, P. W. Juodawlkis, J. M. Sage, and R. McConnell,
Operation of an optical atomic clock with a Brillouin laser
subsystem, Nature (London) 588, 244 (2020).

[2] B. J. Bloom, T. L. Nicholson, J. R. Williams, S. L. Campbell,
M. Bishof, X. Zhang, W. Zhang, S. L. Bromley, and J. Ye, An
optical lattice clock with accuracy and stability at the 10~'8
level, Nature (London) 506, 71 (2014).

[3] H. Hiftner, C. F. Roos, and R. Blatt, Quantum computing with
trapped ions, Phys. Rep. 469, 155 (2008).

[4] X. Su, C. Tian, X. Deng, Q. Li, C. Xie, and K. Peng, Quantum
entanglement swapping between two multipartite entangled
states, Phys. Rev. Lett. 117, 240503 (2016).

[5] J. Aasi et al. (The LIGO Scientific Collaboration), Advanced
LIGO, Class. Quantum Gravity 32, 074001 (2015).

[6] B. P. Abbott er al. (LIGO Scientific Collaboration and Virgo
Collaboration), Observation of gravitational waves from a
binary black hole merger, Phys. Rev. Lett. 116, 061102
(2016).

[7]1 R. J. Rafac, B. C. Young, J. A. Beall, W. M. Itano, D. J.
Wineland, and J. C. Bergquist, Sub-dekahertz ultraviolet spec-
troscopy of '*’Hg*, Phys. Rev. Lett. 85, 2462 (2000).

[8] D. G. Matei, T. Legero, S. Héfner, C. Grebing, R. Weyrich, W.
Zhang, L. Sonderhouse, J. M. Robinson, J. Ye, F. Riehle, and
U. Sterr, 1.5 um lasers with sub-10 mHz linewidth, Phys. Rev.
Lett. 118, 263202 (2017).

[9] W. Jin, Q.-F. Yang, L. Chang, B. Shen, H. Wang, M. A.
Leal, L. Wu, M. Gao, A. Feshali, M. Paniccia, K. J. Vahala,
and J. E. Bowers, Hertz-linewidth semiconductor lasers using
CMOS-ready ultra-high-Q microresonators, Nat. Photon. 15,
346 (2021).

[10] T. J. Kane and R. L. Byer, Monolithic, unidirectional single-
mode Nd:YAG ring laser, Opt. Lett. 10, 65 (1985).

[11] R. Pant, C. G. Poulton, D.-Y. Choi, H. Mcfarlane, S. Hile, E.
Li, L. Thevenaz, B. Luther-Davies, S. J. Madden, and B. J.
Eggleton, On-chip stimulated Brillouin scattering, Opt. Express
19, 8285 (2011).

[12] B. J. Eggleton, C. G. Poulton, P. T. Rakich, M. J. Steel, and
G. Bahl, Brillouin integrated photonics, Nat. Photon. 13, 664
(2019).

[13] M. Tomes and T. Carmon, Photonic micro-electromechanical
systems vibrating at X-band (11-GHz) rates, Phys. Rev. Lett.
102, 113601 (2009).

[14] H. Lee, T. Chen, J. Li, K. Y. Yang, S. Jeon, O. Painter, and K. J.
Vahala, Chemically etched ultrahigh-Q wedge-resonator on a
silicon chip, Nat. Photon. 6, 369 (2012).

[15] 1. V. Kabakova, R. Pant, D.-Y. Choi, S. Debbarma, B. Luther-
Davies, S. J. Madden, and B. J. Eggleton, Narrow linewidth
Brillouin laser based on chalcogenide photonic chip, Opt. Lett.
38, 3208 (2013).

[16] S. Gundavarapu, G. M. Brodnik, M. Puckett, T. Huffman,
D. Bose, R. Behunin, J. Wu, T. Qiu, C. Pinho, N.
Chauhan, J. Nohava, P. T. Rakich, K. D. Nelson, M.
Salit, and D. J. Blumenthal, Sub-hertz fundamental linewidth
photonic integrated Brillouin laser, Nat. Photon. 13, 60
(2019).

[17] N. Chauhan, A. Isichenko, K. Liu, J. Wang, Q. Zhao, R. O.
Behunin, P. T. Rakich, A. M. Jayich, C. Fertig, C. W. Hoyt,
and D. J. Blumenthal, Visible light photonic integrated Brillouin
laser, Nat. Commun. 12, 4685 (2021).

[18] Y. Mao, C. Zhang, L. Huang, L. Gao, Y. Li, L. Shi, G. Yin, C.
Gong, and T. Zhu, Narrow-linewidth microcavity Brillouin laser
based on pump-locked high-Q silica microsphere resonator,
Appl. Phys. Lett. 126, 031105 (2025).

[19] J. Li, H. Lee, and K. J. Vahala, Microwave synthesizer using an
on-chip Brillouin oscillator, Nat. Commun. 4, 2097 (2013).

013520-12


https://doi.org/10.1038/s41586-020-2981-6
https://doi.org/10.1038/nature12941
https://doi.org/10.1016/j.physrep.2008.09.003
https://doi.org/10.1103/PhysRevLett.117.240503
https://doi.org/10.1088/0264-9381/32/7/074001
https://doi.org/10.1103/PhysRevLett.116.061102
https://doi.org/10.1103/PhysRevLett.85.2462
https://doi.org/10.1103/PhysRevLett.118.263202
https://doi.org/10.1038/s41566-021-00761-7
https://doi.org/10.1364/OL.10.000065
https://doi.org/10.1364/OE.19.008285
https://doi.org/10.1038/s41566-019-0498-z
https://doi.org/10.1103/PhysRevLett.102.113601
https://doi.org/10.1038/nphoton.2012.109
https://doi.org/10.1364/OL.38.003208
https://doi.org/10.1038/s41566-018-0313-2
https://doi.org/10.1038/s41467-021-24926-8
https://doi.org/10.1063/5.0240729
https://doi.org/10.1038/ncomms3097

DISCRETE CAVITY DYNAMICS IN FREE-SPACE ...

PHYSICAL REVIEW A 114, 013520 (2026)

[20] K. O. Hill, B. S. Kawasaki, and D. C. Johnson, cw Brillouin
laser, Appl. Phys. Lett. 28, 608 (1976).

[21] L. F. Stokes, M. Chodorow, and H. J. Shaw, All-fiber stimulated
Brillouin ring laser with submilliwatt pump threshold, Opt. Lett.
7,509 (1982).

[22] S. P. Smith, F. Zarinetchi, and S. Ezekiel, Narrow-linewidth
stimulated Brillouin fiber laser and applications, Opt. Lett. 16,
393 (1991).

[23] G. Perin, E. Casta, K. Anilkumar, P. Besnard, and S. Trebaol,
Hz-level intrinsic linewidth Brillouin fiber laser in the visible
range, Opt. Express 33, 39751 (2025).

[24] K. Hu, I. V. Kabakova, T. F. S. Biittner, S. Lefrancois, D. D.
Hudson, S. He, and B. J. Eggleton, Low-threshold Brillouin
laser at 2 um based on suspended-core chalcogenide fiber, Opt.
Lett. 39, 4651 (2014).

[25] Y. Tao, M. Jiang, L. Liu, C. Li, P. Zhou, and Z. Jiang, Single-
polarization single-frequency Brillouin fiber laser that emits
almost 5 W of power at 1 um, Opt. Lett. 47, 1742 (2022).

[26] J. Li, H. Lee, T. Chen, and K. J. Vahala, Characterization of
a high coherence, Brillouin microcavity laser on silicon, Opt.
Express 20, 20170 (2012).

[27] W. Loh, S. Yegnanarayanan, F. O’Donnell, and P. W.
Juodawlkis, Ultra-narrow linewidth Brillouin laser with
nanokelvin temperature self-referencing, Optica 6, 152 (2019).

[28] K. Ko, D. Suk, D. Kim, S. Park, B. Sen, D.-G. Kim, Y. Wang,
S. Dai, X. Wang, R. Wang, B. J. Chun, K.-H. Ko, P. T. Rakich,
D.-Y. Choi, and H. Lee, A mid-infrared Brillouin laser us-
ing ultra-high-Q on-chip resonators, Nat. Commun. 16, 2707
(2025).

[29] A. Debut, S. Randoux, and J. Zemmouri, Linewidth narrow-
ing in Brillouin lasers: Theoretical analysis, Phys. Rev. A 62,
023803 (2000).

[30] W. Loh, S. B. Papp, and S. A. Diddams, Noise and dynamics
of stimulated-Brillouin-scattering microresonator lasers, Phys.
Rev. A 91, 053843 (2015).

[31] L. Zhang, H. Chen, W. Fan, Y. Wang, Z. Lu, and Z. Bai,
Frequency-stabilized ultra-low-noise free-space Brillouin laser
in diamond, in Optica Laser Congress 2025, Technical Digest
Series (Optica Publishing Group, 2025), p. ATu5A.5.

[32] Z. Bai, R. J. Williams, O. Kitzler, S. Sarang, D. J. Spence, Y.
Wang, Z. Lu, and R. P. Mildren, Diamond Brillouin laser in the
visible, APL Photonics 5, 031301 (2020).

[33] D.lJin, Z. Bai, Z. Zhao, Y. Chen, W. Fan, Y. Wang, R. P. Mildren,
and Z. Lii, Linewidth narrowing in free-space-running diamond
Brillouin lasers, High Power Laser Sci. Eng. 11, e47 (2023).

[34] H. A. Haus, Waves and Fields in Optoelectronics (Prentice-Hall,
Englewood Cliffs, NJ, 1983).

[35] K. Ikeda, Multiple-valued stationary state and its instability of
the transmitted light by a ring cavity system, Opt. Commun. 30,
257 (1979).

[36] G.D. Domenico, S. Schilt, and P. Thomann, Simple approach to
the relation between laser frequency noise and laser line shape,
Appl. Opt. 49, 4801 (2010).

[37] M.-G. Suh, Q.-F. Yang, and K. J. Vahala, Phonon-limited-
linewidth of Brillouin lasers at cryogenic temperatures, Phys.
Rev. Lett. 119, 143901 (2017).

[38] R. W. Boyd, K. Rzaewski, and P. Narum, Noise initiation of
stimulated Brillouin scattering, Phys. Rev. A 42, 5514 (1990).

013520-13


https://doi.org/10.1063/1.88583
https://doi.org/10.1364/OL.7.000509
https://doi.org/10.1364/OL.16.000393
https://doi.org/10.1364/OE.567985
https://doi.org/10.1364/OL.39.004651
https://doi.org/10.1364/OL.454534
https://doi.org/10.1364/OE.20.020170
https://doi.org/10.1364/OPTICA.6.000152
https://doi.org/10.1038/s41467-025-58010-2
https://doi.org/10.1103/PhysRevA.62.023803
https://doi.org/10.1103/PhysRevA.91.053843
https://doi.org/10.1063/1.5134907
https://doi.org/10.1017/hpl.2023.48
https://doi.org/10.1016/0030-4018(79)90090-7
https://doi.org/10.1364/AO.49.004801
https://doi.org/10.1103/PhysRevLett.119.143901
https://doi.org/10.1103/PhysRevA.42.5514

