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We establish a comprehensive theoretical framework for coherent quantum speed limits (QSLs), deriving
fundamental bounds on the rate of quantum evolution that explicitly isolate the contribution of quantum
coherence. By applying Holder’s inequality for matrix norms to the Liouville-von Neumann equation, we
construct two infinite families of QSLs for general unitary dynamics. These bounds are characterized by
coherence measures based on Schatten p-norms and Hellinger distance, respectively, defined with respect to
the instantaneous energy eigenbasis. Unlike traditional Mandelstam-Tamm bounds, our approach disentangles
the quantum state’s coherence structure from the Hamiltonian’s energy scale. Using the Landau-Zener model
accelerated by shortcuts to adiabaticity, we demonstrate that coherence functions as a critical kinematic resource:
achieving faster evolution entails maintaining a state with high coherence relative to the instantaneous basis.
Our results provide a resource-theoretic perspective on time-energy uncertainty, offering insights into the
fundamental limits of quantum control and information processing.
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I. INTRODUCTION

The fundamental limits imposed by quantum mechan-
ics on the time evolution of physical systems constitute
a cornerstone of modern theoretical physics [1,2]. Central
to this inquiry is the concept of the quantum speed limit
(QSL), which defines the minimum time Tggy, required for
a quantum system to evolve between two distinguishable
states. Originally conceived as a rigorous manifestation of
the time-energy uncertainty principle, QSLs have evolved
from foundational curiosities into practical tools essential for
quantum communication [3,4], quantum computation [5,6],
quantum metrology [7,8], quantum optimal control [9-11],
and quantum information [12,13], as well as nonequilibrium
quantum thermodynamics [14-17] and many-body physics
[18,19].

The genesis of QSL theory traces back to the seminal
work of Mandelstam and Tamm (MT) in 1945 [20]. They
derived a bound for unitary dynamics generated by a time-
independent Hamiltonian H, relating the minimum evolution
time to the energy uncertainty AH = /(H2) — (H)2: T >
Tyr := 7 /(2AH) (units are such that /7 = 1). Half a century
later, Margolus and Levitin (ML) provided a complemen-
tary bound based on the mean energy relative to the ground
state, H = (H) — E;: T > Tw := 7 /(2H) [21]. For general
time-independent systems, the unified bound is the maximum
of the two: Tosi, = max{7Tyvr, Tm} [22]. These results have
been extensively generalized to time-dependent Hamiltoni-
ans [23,24], mixed states [25-30], open quantum systems
[31-34], multipartite entangled systems [35,36], and the
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evolution of observables [37,38]. Furthermore, speed limits
have been found to exist even for classical dynamics [39-42].
Experimentally, QSLs have been demonstrated in numer-
ous platforms, such as optical cavities [43] and cold atoms
[44,45].

In recent years, quantum coherence has emerged as a
central pillar of quantum resource theories [46], alongside
entanglement [47] and correlations [48]. Coherence quantifies
the superposition of a quantum state with respect to a pre-
ferred basis—in the context of dynamics, this is naturally the
instantaneous energy eigenbasis. If a time-independent system
is perfectly incoherent (diagonal) in the energy basis, it is
stationary; it cannot evolve. Conversely, fast dynamics require
significant superposition among energy eigenstates. While the
connection between coherence and speed is intuitive and has
been explored in various contexts [13,26,27,49-53], existing
generalizations often incorporate coherence implicitly. For
instance, bounds based on the Wigner-Yanase Skew Infor-
mation (WYSI) [26,27,49] combine geometric properties of
the state with the Hamiltonian variance in a single metric.
This conflation makes it difficult to distinguish whether a
speedup arises from a change in the state’s structure (its co-
herence) or simply from an increase in the energy scale of the
Hamiltonian. Explicitly separating the “amount of coherence”
from the Hamiltonian’s spectral properties is necessary for a
transparent resource-theoretic understanding of fast quantum
evolution.

In this work, we present a unified framework for co-
herent QSLs by employing Holder’s inequality for matrix
norms. We construct two infinite families of bounds for
general unitary dynamics, measuring coherence via Schatten
p-norms [54,55] and the Hellinger distance [56], respec-
tively. Our approach is versatile enough to provide a unified
framework for general unitary dynamics, encompassing both
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TABLE I. Comparisons between our coherent QSLs and the corresponding established results. The latter are summarized as follows. (i)
Taa: Anandan and Aharonov generalized the original MT-bound to time-dependent system by using the fact that Bures angle is the geodesic
length in the state space [23]. When restricting to the time-independent case, Taa reduces to Taa. (ii) To: in Ref. [28], the authors utilized
the generalized Bloch angle ®(p, o) = arccos [( Tr(po) — 1/N)/( Tr(p>) — 1/N)] to derive the bound Tp. (iii) Ty: in Ref. [27], the authors

studied the geometric bound Tyy based on the WY SI metric. Here, N is the dimension of the Hilbert space, £ = arccos
= arccos[Fa] is the WY SI metric with F, the quantum affinity, / is the WYSI,

with F the quantum fidelity, AH is the energy uncertainty, Cwy

F is the Bures angle

and C, (p = 1, 2) and Cy are the coherence measures based on Schatten p-norm and Hellinger distance, respectively. More details about the

notations can be found in the main text.

Coherence
measure This work Established results
7 1—F(|¥o).[¥7)) 1-F(%o).[¥7)) 7 L(Yo)¥r)
7—S.Pure(1~ OO) C1(Wo))-AH([Wo)) [Eq (6)]7—5 Pure(2 2) ICZ(W/O )-AH (o) [Eq (9)] TAA = TAH([Vo) [23]
Schatten Ts pue(l. 00 1=F (1Y) [¥7)) Eq. (5)]T5. pue (2. 2 1=F (). [y7)) Ea. (8 Taa = —L00LIUTD (23
s, Pure(1, 00) = T T a0y A (o) [Eq. (D)1 7s, pure(2, 2) = T at ottty S e [Eq. (8)] A= T A G0 [23]
p-norm
Te(2,2) = . [1—Frp(po.p1)] Tr(,oo) (Eq. ()] To = O(po,or) [28]
£ 15 ot (= o) 7ty | TERwn?)
T Jo d Te(p?)-1/N
Hellinger Tu2,2)= 57— 1=F(po.pr) [Eq. (12)] Twy = M 27]
distance ¥ fo dt /Tr(po)-/T(po. Hr) ST ar TCor )

time-dependent and mixed state scenarios. As shown in Ta-
ble I, our QSLs clearly disentangle the contribution of the
coherence of the evolved state from the energy uncertainty (or
WYSI) of the generator, thus clarifying their individual roles.
To validate the theoretical utility of these bounds, we perform
exhaustive analyses of the experimentally relevant Landau-
Zener (LZ) model [57] and a related two-qubit model. We
show that our QSLs can provide tighter bounds than estab-
lished results and are asymptotically saturable in the adiabatic
limit. Moreover, by utilizing shortcuts to adiabaticity (STA)
[58,59], we demonstrate that our bounds can also be saturated
at finite time. This analysis explicitly reveals that fast dynam-
ics necessitates a greater amount of coherent superposition
of energy eigenstates, thereby identifying coherence as a key
kinematic resource for unitary evolution. Our findings have
immediate implications for exploiting coherence to control
dynamics in quantum simulation platforms.

respectively.

the standard quantum fidelity, ensuring natural generalization.
Similarly, employing the Hellinger distance allows us to es-
tablish a direct link to the corresponding coherence measure
and connects our results with the information-theoretic quan-
tity WYSI. Previous QSL studies have successfully employed
relative purity and quantum affinity to characterize distin-
guishability in open and closed system dynamics [32] and
to investigate contexts involving information geometry [27],

The central ingredient in our framework is the instan-
taneous incoherent reference state. At any time 7, the
Hamiltonian H, defines a preferred basis, the instantaneous
energy eigenbasis {|n,)} such that H,|n,) =
fine the set of incoherent states 7, as the set of all density
matrices o; that are diagonal in this instantaneous basis, i.e.,
[o,, H] = 0. The coherence of the evolved state p, is then
measured by its minimum distance to this set, defined as

E, |n;). We de-

C(pr) = ming, ez, D(p, 0;), where D is a valid distance mea-

II. UNIFIED FRAMEWORK FOR COHERENT QUANTUM
SPEED LIMITS

sure, in accordance with the seminal framework established
in Ref. [54]. This rigorous definition ensures that our frame-

work relies on standard concepts in quantum resource theory.

We present a unified theoretical framework for deriving
coherent QSLs. We consider general unitary dynamics and
determine the minimal time required to evolve the state p,
from an initial state py to a distinct final state under the
time-dependent Hamiltonian H,. Our goal is to disentan-
gle the contribution of coherence from the energetic driving
of the Hamiltonian. To this end, we introduce a unified
framework based on Holder’s inequality for matrix norms,
applied to two distinguishable measures: the relative purity
Frp(p,0) = Tr(po)/ Tr(p?) [60] and the Hellinger dis-
tance Dy(p, o) := Tr[(\/p — +/0)*] =2 — 2FA(p, o), with
Fa(p,0) = Tr(,/p+/0) denoting the quantum affinity [61].
We prioritize relative purity for its analytical tractability when
deriving bounds using norm inequalities (like Holder’s in-
equality) directly on the Liouville equation, which allows for

by —dFrp(po, 0;)/dt =

_ dFge(po, Pt)

Consequently, our coherence measures are time-dependent
quantities measuring the distance of the evolved state p, from
the instantaneously changing set Z;.

A. Quantum speed limits based on Schatten norms

We first consider the relative purity. The dynamics of p; is
governed by the Liouville—von Neumann equation dp,/dt =
ilps, H]. The rate of change of relative purity is given
—i Tr(polpr, Hi1)/ Tr(pg). By intro-
ducing the incoherent reference state o, € Z, and applying
Holder’s inequality, we obtain the fundamental inequality (see
Appendix A for detailed derivation):

Co(p)I[H;, polll,

a transparent factorization of the quantum coherence from

the QSLs. Additionally, for pure states, it reduces exactly to dr

032438-2

1
Tr (05) @



COHERENT QUANTUM SPEED LIMITS

PHYSICAL REVIEW A 113, 032438 (2026)

Here,
Cplpr) = 21612 lor — o ”p (2)

is the coherence measure [54,55] based on the Schatten p-
norm [|Al|, = [Tr(JA|P)]YP (p € [1, 00]) with 1/p 4+ 1/q = 1.
Integrating both sides yields

1—FRp(po,pT)<1/T Cp(polLHL. poll,
T ST Tr (5)

where we have used the fact that Frp(pg, po) = 1. Conse-
quently, the time 7 required to evolve from an initial state
0o to some final state pr is bounded by

[1 — Fre(po, o)1 Tr (5)
1 Jo dt Cp(poIlIH,. polll,

which holds for all p, g € [1, oo] satisfying 1/p+1/g = 1.

The infinite family of QSLs Ts(p, ¢) constitutes our first
main result. It applies to any unitary dynamics and establishes
a one-to-one correspondence with the coherence measure
based on the Schatten p-norm. These bounds explicitly high-
light the contribution of the coherence of the evolved state
Cp(p;), thereby cementing the role of coherence as a key
resource in driving quantum dynamics and establishing a
rigorous trade-off between speed, coherence, and energy un-
certainty. Two special cases {p =1, ¢ =00} and {p =2,
q = 2} are particularly noteworthy, as both reduce to MT-like
bounds when the initial state is pure.

Case I: {p =1, g =00}. For p =1, the Schatten norm
corresponds to the trace norm ||A||; = Tr(JA|), which equals
the sum of the singular values of A [62]. The Schat-
ten oo-norm ||Al|,, is the largest singular value of A.
Here, we focus on the pure state case, i.e., o, = |, }¥|
with ¢ € [0, T']. In this scenario, ||[H;, polllc = AH,(|0)) =
\/<W0|H;2W0> — (Yo|H;|¥0)?, which is precisely the energy
uncertainty with respect to the initial state |yy) (Appendix B).
Additionally, the relative purity Frp(po, pr) reduces to the
quantum fidelity F(|%o), [¥7)) = |(ol¥r)I*. From Eq. (4),
we obtain the following MT-like bound:

1 — F(I%o), [¥r))
L [T drCi(v)) - AH (1))

Hereafter, we adopt the notation C,(]3;)) as a substitute
for C,(p;) when p; = |y, }¥y| is pure. Furthermore, when
the Hamiltonian is time independent, i.e., H; = H, we have
Ci(|¥y)) = Ci(|¥o)) (Appendix C) and the bound simplifies
to

NE)

T2 7Ts(p,q) = “4)

7§,Pure(1’ OO) =

®)

T pure(1, 00) = 1 —F(yo), [Yr)) . ©)
Ci(1¥0)) - AH (1Y)

Comparing our result 7g pye(l, 00) to the generalized
MT bound (see Tpa in Table I), a significant difference is
the decomposition of AH,(|y,)) into the product Ci(|v;)) -
AH;(|¥9)). Therefore, our QSLs cleanly separate the contri-
butions of coherence and energy uncertainty, clarifying their
distinct roles in quantum dynamics.

Case II: {p =2, g =2}. For p=2, the Schatten norm
is equivalent to the Hilbert-Schmidt norm. The coherence
measure C(p;) = ming,ez, [|or — o¢ll, is minimized when

or = Y, (mlpslng)ng)m,| is the diagonal part of p;, in the
instantaneous energy basis [54]. Moreover, ||[H;, polll, =

ﬁ\/Tr (02H? — (poH,)?). From Eq. (4), we thus obtain

[1 — Fre(po, pr)1 Tt (0)
2 f A Ca(p) T (03H7 — (poH)?)

For pure states, i.e., p; = |¥;};| with t € [0, T], we find
I[H;, polll, = \/EAH,(W/O)). Here, we used the facts ,og =
po and Tr ((poH,)*) = (YolH, [0)* = Tr*(poH,). This leads
to the following MT-like bound:

1 = F(lyo). [¥r))
2T 4r Cy(ly)) - AH, (1))

Restricting further to the time-independent case, we have
G (1Y) = G (o)) (Appendix C), reducing the bound to

1 = F(yo), [¥r)
V2Cy(1%0)) - AH(1¥0))

Once again, these bounds decouple the contributions
of coherence and energy uncertainty. Compared to the
{p =1, q = oo} case, these bounds are generally easier to
evaluate. The explicit analytical evaluation of C,(|y;)) for a
physical model will be provided in Sec. III.

Ts(2,2) =

(7

7§.Pure(2’ 2) = (8)

75, Pure (27 2) =

(©))

B. Quantum speed limits based on Hellinger distance
We now derive the second coherent QSL, based on
the Hellinger distance Du(p, o) := Tr[(\/p — Jo)yl=2-
2Fa(p, o). Using the Liouville-von Neumann equation for

VP, dy/pi/dt = il\/p:, H;] (Appendix D), we bound the
rate of change of the quantum affinity Fj (oo, o;). Defining

Cp(pr) = ming, ez, | \/pr — Vil ,, we obtain (Appendix A)
1 — Fa(po, pr)

L[4 CplpolliH, /mollly

which holds for all p, g € [1,00] with 1/p+1/qg =1 and
constitutes our second main result.

Among this family, the case {p=2,g=2} is
of particular interest. For p =2, the Schatten norm
becomes [|[H;, \/polll, = ~/21(po, H;), where I(po, H;) =
% Tr([H,, m]"' [H;, /pol) is the WYSI of py with respect to
H, [63]. Furthermore, C,(p,) relates directly to the Hellinger

distance: Cy(p;) = ming, ez, | /Pr — /77 ll2 = /Cu (o).

Here,

T 2 Talp,q) =

(10)

Cu(pr) = min Dy(py, 07) (11)

is the coherence measure based on Hellinger distance

[56]. And the optimal incoherent state achieving
the minimum is o, =) Anln)n|  with A, =
(n|/piln)*/ 3, (nel /prln)* [56]. From Eq. (10), we
thus obtain
1 — Fa(po,
Ti(2.2) = Apo, pr) (12)

Y2 (T dr /Ca(pn) - T oo, H)

This result provides a geometric alternative to the Schatten
bound, connecting QSLs to information geometry. Compared
to the established bound Twy (Table I), our result explicitly
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FIG. 1. Demonstrations of QSLs for the LZ model and a related two-qubit model. (a) The LZ model with pure state. The red solid line and
the green dashed-dotted line are Ay = A7Ts pue(2, 2) [Eq. (8)] and Ay = ATxa (Table 1), respectively. The yellow solid line is the coherent
bound Ay = A7Ts, pure. sta(2, 2) for the STA dynamics (main text). The gray dashed line is the linear reference Ay = At. (b) Coherence
measure C,(|Y,)) during the STA dynamics. We choose a series of adiabatic times, At = 10, 20, 50. (c) A two-qubit model with mixed state.
The red solid line and the green dashed line are Ay = A75(2, 2) [Eq. (7)] and Ay = ATx(2, 2) [Eq. (12)], respectively. The blue solid line and
the yellow dashed-dotted line are Ay = ATy and Ay = ATywy, respectively (Table I). The gray dashed line is the linear reference Ay = At.
Here, we have chosen the linear ramp J; = J(—1 + 2t /7) with J = 10A. The initial states in (a), (b) and (c) are set to be [1/) and 0o(n = 3/5),
respectively, and the dimensionless times are scaled by the energy splitting A.

disentangles the contribution of coherence from the WYSI
of the state, clarifying their respective roles in quantum dy-
namics. Besides, note that while 75(2, 2) and T (2, 2) share a
similar structure, they are generally distinct. For mixed states,
the minimizers for C, and Cy are different, leading to distinct
physical interpretations.

III. EXAMPLES

We now analyze our coherent QSLs and compare them
with the established results summarized in Table I. As a con-
crete example, we consider the paradigmatic Landau-Zener
(LZ) model, which describes a time-dependent two-level
crossing and has broad applications in quantum physics [57].
In its most basic form, the Hamiltonian is given by

Hiz(t) = Ac™ + J;o%, (13)

where 0% are the standard Pauli matrices, A is the energy
splitting, and the linear ramp J; = J(—1 + 2t /) represents
the time-dependent field with t being the total evolution time.
Hereafter, we set A as the energy unit. Without loss of gener-
ality, we present results for the {p = 2, g = 2} case.

First, we consider the pure state case where the ini-
tial state is the ground state of Hiz(0), denoted as |vr).
To explicitly evaluate the coherent bound, we work in the
instantaneous energy eigenbasis {|n;)}. The instantaneous
eigenstates of Hpz(t) are given by |0;) = cos(6;/2)|0) +
sin(6;/2)|1) and |1,) = —sin(6,/2)|0) + cos(6;/2)|1), where
the mixing angle 6, is defined by tan6, = A/J, with 6, €
[0, 7] and {]0), [1)} is the computational basis (0°|0) =
|0), 6%|1) = —|1)). This basis {|0;),|1;)} defines the ref-
erence set of incoherent states 7, at each time in-
stant 7. Let the time-evolved state be p, = |, ;| with
[Y:) = co()]0;) + c1(2)]|1;). For the Schatten 2-norm case,
the coherence measure Cy(p;) = ming, ez, ||pr — o¢ll, is ob-
tained by choosing o, as the diagonal part of p, in the

basis {|0;), |1,)}. Explicitly, we have o, = |co(¢)|?|0,)0;| +
lci()?|1,)1;]. The coherence measure is then calcu-
lated as Co(p;) = [|p1 — 011l = v/2Pexc (1)[1 — Pexc(t)], where
P...(t) = |c1(¢)|? is the instantaneous excitation probability.
This result clearly shows that coherence in the energy basis
is directly proportional to the mixing of energy levels. The
energy uncertainty term in the denominator of our bound
is given by ||[[H;, polll, = V2AH,(|1¥0)) (see Appendix B).
For the LZ model with |) = |1;=0), we have AH,(|v)) =
\/9,2 — (JoJ; + A2)?2/QZ, where ©, = /A2 + J?. Substitut-
ing these explicit expressions into Eq. (8), we obtain the
coherent QSL for the LZ model.

Numerical results are displayed in Fig. 1(a). We ob-
serve that our coherent bound 7s pue(2,2) is tighter than
the corresponding established bound Txa (Table I). Crucially,
this example demonstrates that our QSLs are asymptotically
saturated in the adiabatic limit (t — o0o). The underlying
mechanism for this saturation stems from the system state |, )
strictly following the instantaneous ground state of Hyz(¢) as
the adiabatic time increases. To illustrate this, we examine
the saturation of Holder’s inequality [Eq. (A2)] at the criti-
cal moment 7, = t/2, where the energy gap is minimal and
the adiabatic condition is most stringent. Defining the state
|¥,) := |¥e) = (a, b.)T, the corresponding o, := p. — 0. =
|| — o, can be expressed in the computational basis as

1/ D, o,
Oc = 5(_06 _DC>7 (14)

where D, = |a.|* — |b.|* and O, = a.b* — a*b.. In the adi-
abatic limit, |1.) approaches the ground state of Hyz(t.) =
Ac”, implying D, ~ 0. Consequently, the diagonal elements
of o. vanish, making o, approximately an antisymmet-
ric 2 x 2 matrix. Since both Hyz(¢.) and |¥o)o| are
real matrices, A, = —i[Hrz(t.), |Yo)¥ol] is also antisym-
metric. Therefore, o, & A.A. for some constant A.. This
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proportionality ensures the saturation of Holder’s inequal-
ity Tr(o.Ac) < G (|Ye)||Ac|l,, as the inequality becomes an
equality if and only if one matrix is a scalar multiple of the
other. This confirms the asymptotic saturation of our coherent
QSLs.

A natural question arises: can coherent QSLs be saturated
at finite time? We find that this is achievable using shortcuts
to adiabaticity (STA) techniques [59]. For the LZ Hamilto-
nian Hyz(t), we can construct a counterdiabatic Hamiltonian
Hgta(t) = Hyz(t) + V(¢) such that the adiabatic solution of
Hy7(t) becomes an exact solution of the Schrodinger equa-
tion governed by Hsta(?). The auxiliary potential is given
by [58]

e g (15)

Vi) =-2 2 5
@) ” 2(A2+J,2)0

Using the same initial state |1), we plot the corresponding
coherent bound 7s, pure, sTa(2, 2) in Fig. 1(a) (yellow solid
line). It is evident that the STA bound is saturated much
earlier than the standard adiabatic case. More importantly,
this finite-time saturation reveals the fundamental role of
coherence as a resource. In Fig. 1(b), we plot the coher-
ence measure versus evolution time. We observe that, as the
evolution time decreases (i.e., faster dynamics), the required
coherence C,(|y;)) increases significantly. This clearly shows
that generating faster quantum evolution is fueled by a greater
consumption of coherence, thereby establishing coherence as
a key kinematic resource for quantum speed.

For the mixed state case, we consider a related two-qubit
composite system with the Hamiltonian:

Hrq(t) = A(of + 03) + J,0{03. (16)

The initial state is chosen as () = nleoXeol +
(I —m)e1)Xe1], where |@o) and |¢;) are the ground and
first excited states of Hrq(0), respectively. As shown in
Fig. 1(c), both T5(2,2) [Eq. (7)] and Tg(2, 2) [Eq. (12)] are
tighter than the established bounds T and Twy (Table I). We
have verified that the saturation of our coherent QSLs in the
adiabatic limit holds here as well. In contrast, the established
bounds T and Ty fail to saturate in this regime.

IV. CONCLUDING REMARKS

We have established a unified theoretical framework for
coherent QSLs in general unitary dynamics, measuring co-
herence via Schatten p-norms and the Hellinger distance.
The core of our approach lies in introducing an instanta-
neous incoherent reference state in the energy eigenbasis and
employing relative purity and quantum affinity to quantify
state divergence. The resulting coherent QSLs are tighter
than established bounds for the models investigated and are
asymptotically saturable in the adiabatic limit. Furthermore,
using STA techniques, we demonstrated that these bounds
can be saturated at finite time. Crucially, the analysis of
STA dynamics reinforces the interpretation of coherence as
a critical kinematic resource: the speed of state evolution is
directly correlated with the availability of coherence in the
system. Our findings highlight the central role of coherence in
quantum dynamics and are expected to find broad applications
in quantum control. The results from the LZ and two-qubit

models suggest potential extensions to many-body systems
such as the quantum Ising model [64], with relevance
for quantum simulation platforms including superconducting
qubits [65], Rydberg atoms [66], and trapped ions [67]. Fu-
ture work may extend these concepts to nonunitary dynamics
involving decoherence [31-34].
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APPENDIX A: DERIVATION OF THE COHERENT QSLs

Here we provide the detailed derivations for the two fam-
ilies of coherent QSLs. We start with the Liouville—von
Neumann equation dp,/dt = i[p;, H;]. The rate of change of
relative purity is given by

_dFRP(,OO,,Ot) _ —iTI‘(,Oo[p,,H,]). (A1)
dr Tr (03)

Let o; be any incoherent state in the instantaneous set Z;,
such that [o;, H;] = 0. We can rewrite the commutator as
o, H] = [p: — 0y, H;]. The numerator of Eq. (Al) can be
bounded using Holder’s inequality:

—iTr (polpr, H;]) = —i Tr(polp: — o7, H;])
= —i Tr((o; — 07)[H;, pol)
<o =l IH polll,,  (A2)

where 1/p+ 1/g =1 [68]. Since this holds for any o, € Z,,
we take the minimum over all such states to tighten the bound.
Using the definition Cp(p;) = ming, ez, [|p: — 01l ,, we obtain
the fundamental differential inequality:

_dFre(po, p1) _ Cp(pOIILH:; polllg

dr = Tr (02)

Integrating from t = 0 to t = T directly yields Eq. (4) in the
main text.

Similarly, for the Hellinger distance family, we consider
the Liouville equation for the square root of the density ma-
trix: d/jo; /dt = i[/p;, H;] (Appendix D). The rate of change
of quantum affinity Fa (oo, o;) = Tr(\/po/pr) is

dFa(po, pr) .
—— T = T Dol B ).
Introducing /o; where o, € Z, (so [/o;, H;] = 0), we have
[/or, H] = [/por — </or, H]. Applying Holder’s inequality,

—iTe(pol/or. H]) < I/pr = /orllplILH:, /polll,- (AS)

(A3)

(A4)
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Minimizing over o; yields C‘,,(,o,)”[H,, ,/p0]||q, which upon
integration gives Eq. (10).

APPENDIX B: SCHATTEN NORM ||[H;, polll,
FOR PURE STATE

Here we derive the relationship between the Schatten norm
I[H:, polll,, and the energy uncertainty for a pure initial state
0o = |Yo) ol and arbitrary p € [1, oo]. Let the Hamiltonian
acting on the state be decomposed as

H,[Yo) = H1Wo) + AH,(|Wo)|ve). (B1)

where H, = (Yo|H,|vo) is the mean energy, AH,(|v)) =

\/ (YolH Vo) — (YolH;|¥o)? is the energy uncertainty, and
|1//d-) is a normalized state orthogonal to |v). The commu-
tator G; := [H,, py] can be written as

G, = H;|YoX¥ol — [YoXvolHy
= AH,(1Wo)) (1Y ol — [¥oXrg D). (B2)

The matrix G,TG, is thus diagonal in the subspace

{1Wo), W)}
GIG, = [AH (1Yo P (1o)X ol + 1Y X¥g D). (B3)

The singular values of G; are the square roots of the eigenval-
ues of G;fG,. Thus G; has two nonzero singular values, both
equal to AH,(|v)). Therefore, we have

IH,, polll, = (AH, (1Y) + [AH, (1y0))]")"/?
= 2YP AH,(1¥0)). (B4)

This result generalizes the relations used in the main text as
follows.

(1) For p = oo (Schatten co-norm), 2!/ = 1, yielding
I[H:, pollloe = AH([%0)).

(2) For p=2 (Hilbert-Schmidt 212 = /2,
yielding [[[H;, polll, = v2AH, (|9)).

norm),

APPENDIX C: COHERENCE MEASURE
FOR TIME-INDEPENDENT HAMILTONIAN

Here we show that, for a time-independent Hamiltonian
H, = H, the coherence measure C,(p,) is time independent.
The norm ||A||, is determined solely by the singular values
of A and is therefore invariant under unitary transformations.
Thus, for a time-independent Hamiltonian H, we have

—iH iH
lor =l = lle™™ poe™ — e )
=llpo—ol,, (CDH

where o is an incoherent state such that [H, o] = 0. Since
o commutes with H, the unitary rotation leaves the set of
incoherent states invariant. Consequently, min, ||, — 0|, =
min, ||po — oll,, implying Cp(p;) = Cp(po) for all 7 > 0 and
p= 1

7[Hto_eth ”

APPENDIX D: LIOUVILLE-VON NEUMANN
EQUATION FOR /p;

Here we show that ./p, also satisfies the Liouville—von
Neumann equation. Considering the spectral decomposition
of the initial state py = ), A,|ug)ug|, we thus have the time-
evolved state

Pr = [JI)OOU;T = Z)\n|ufxu? s (Dl)
where |u) = U;|ug) satisfies the Schrodinger equa-
tion id|u)/dt = H,|u}'). Therefore, we have =

> N Anlu!Xup|, which directly implies the Liouville—von
Neumann equation: d./p; /dt = i[./p;, H;].
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