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We establish a comprehensive theoretical framework for coherent quantum speed limits (QSLs), deriving
fundamental bounds on the rate of quantum evolution that explicitly isolate the contribution of quantum
coherence. By applying Hölder’s inequality for matrix norms to the Liouville–von Neumann equation, we
construct two infinite families of QSLs for general unitary dynamics. These bounds are characterized by
coherence measures based on Schatten p-norms and Hellinger distance, respectively, defined with respect to
the instantaneous energy eigenbasis. Unlike traditional Mandelstam-Tamm bounds, our approach disentangles
the quantum state’s coherence structure from the Hamiltonian’s energy scale. Using the Landau-Zener model
accelerated by shortcuts to adiabaticity, we demonstrate that coherence functions as a critical kinematic resource:
achieving faster evolution entails maintaining a state with high coherence relative to the instantaneous basis.
Our results provide a resource-theoretic perspective on time-energy uncertainty, offering insights into the
fundamental limits of quantum control and information processing.
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I. INTRODUCTION

The fundamental limits imposed by quantum mechan-
ics on the time evolution of physical systems constitute
a cornerstone of modern theoretical physics [1,2]. Central
to this inquiry is the concept of the quantum speed limit
(QSL), which defines the minimum time TQSL required for
a quantum system to evolve between two distinguishable
states. Originally conceived as a rigorous manifestation of
the time-energy uncertainty principle, QSLs have evolved
from foundational curiosities into practical tools essential for
quantum communication [3,4], quantum computation [5,6],
quantum metrology [7,8], quantum optimal control [9–11],
and quantum information [12,13], as well as nonequilibrium
quantum thermodynamics [14–17] and many-body physics
[18,19].

The genesis of QSL theory traces back to the seminal
work of Mandelstam and Tamm (MT) in 1945 [20]. They
derived a bound for unitary dynamics generated by a time-
independent Hamiltonian H , relating the minimum evolution
time to the energy uncertainty �H =

√
〈H2〉 − 〈H〉2: T �

TMT := π/(2�H ) (units are such that h̄ = 1). Half a century
later, Margolus and Levitin (ML) provided a complemen-
tary bound based on the mean energy relative to the ground
state, H̄ = 〈H〉 − Eg: T � TML := π/(2H̄ ) [21]. For general
time-independent systems, the unified bound is the maximum
of the two: TQSL = max{TMT, TML} [22]. These results have
been extensively generalized to time-dependent Hamiltoni-
ans [23,24], mixed states [25–30], open quantum systems
[31–34], multipartite entangled systems [35,36], and the
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evolution of observables [37,38]. Furthermore, speed limits
have been found to exist even for classical dynamics [39–42].
Experimentally, QSLs have been demonstrated in numer-
ous platforms, such as optical cavities [43] and cold atoms
[44,45].

In recent years, quantum coherence has emerged as a
central pillar of quantum resource theories [46], alongside
entanglement [47] and correlations [48]. Coherence quantifies
the superposition of a quantum state with respect to a pre-
ferred basis—in the context of dynamics, this is naturally the
instantaneous energy eigenbasis. If a time-independent system
is perfectly incoherent (diagonal) in the energy basis, it is
stationary; it cannot evolve. Conversely, fast dynamics require
significant superposition among energy eigenstates. While the
connection between coherence and speed is intuitive and has
been explored in various contexts [13,26,27,49–53], existing
generalizations often incorporate coherence implicitly. For
instance, bounds based on the Wigner-Yanase Skew Infor-
mation (WYSI) [26,27,49] combine geometric properties of
the state with the Hamiltonian variance in a single metric.
This conflation makes it difficult to distinguish whether a
speedup arises from a change in the state’s structure (its co-
herence) or simply from an increase in the energy scale of the
Hamiltonian. Explicitly separating the “amount of coherence”
from the Hamiltonian’s spectral properties is necessary for a
transparent resource-theoretic understanding of fast quantum
evolution.

In this work, we present a unified framework for co-
herent QSLs by employing Hölder’s inequality for matrix
norms. We construct two infinite families of bounds for
general unitary dynamics, measuring coherence via Schatten
p-norms [54,55] and the Hellinger distance [56], respec-
tively. Our approach is versatile enough to provide a unified
framework for general unitary dynamics, encompassing both
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TABLE I. Comparisons between our coherent QSLs and the corresponding established results. The latter are summarized as follows. (i)
TAA: Anandan and Aharonov generalized the original MT-bound to time-dependent system by using the fact that Bures angle is the geodesic
length in the state space [23]. When restricting to the time-independent case, TAA reduces to T̃AA. (ii) T�: in Ref. [28], the authors utilized
the generalized Bloch angle �(ρ, σ ) = arccos [( Tr(ρσ ) − 1/N )/( Tr(ρ2) − 1/N )] to derive the bound T�. (iii) TWY: in Ref. [27], the authors
studied the geometric bound TWY based on the WYSI metric. Here, N is the dimension of the Hilbert space, L = arccos

√
F is the Bures angle

with F the quantum fidelity, �H is the energy uncertainty, LWY = arccos[FA] is the WYSI metric with FA the quantum affinity, I is the WYSI,
and Cp (p = 1, 2) and CH are the coherence measures based on Schatten p-norm and Hellinger distance, respectively. More details about the
notations can be found in the main text.

Coherence
measure This work Established results

T̃S, Pure(1,∞) = 1−F (|ψ0〉,|ψT 〉)
C1(|ψ0〉)·�H (|ψ0〉) [Eq. (6)]T̃S, Pure(2, 2) = 1−F (|ψ0〉,|ψT 〉)√

2C2 (|ψ0〉)·�H (|ψ0〉)
[Eq. (9)] T̃AA = L(|ψ0〉,|ψT 〉)

�H (|ψ0〉) [23]

Schatten
p-norm

TS, Pure(1,∞) = 1−F (|ψ0〉,|ψT 〉)
1
T

∫ T
0 dt C1(|ψt 〉)·�Ht (|ψ0〉)

[Eq. (5)]TS, Pure(2, 2) = 1−F (|ψ0〉,|ψT 〉)√
2

T

∫ T
0 dt C2 (|ψt 〉)·�Ht (|ψ0〉)

[Eq. (8)] TAA = L(|ψ0〉,|ψT 〉)
1
T

∫ T
0 dt �Ht (|ψt 〉)

[23]

TS(2, 2) = [1−FRP (ρ0,ρT )] Tr(ρ2
0 )

√
2

T

∫ T
0 dt C2 (ρt )

√
Tr (ρ2

0 H2
t −(ρ0Ht )2 )

[Eq. (7)] T� = �(ρ0,ρT )

√
2

T

∫ T
0 dt

√√√√ Tr (ρ2
t H2

t −(ρt Ht )2 )
Tr(ρ2

t )−1/N

[28]

Hellinger
distance

TH(2, 2) = 1−FA (ρ0,ρT )√
2

T

∫ T
0 dt

√
CH (ρt )·√I (ρ0,Ht )

[Eq. (12)] TWY = LWY (ρ0,ρT )√
2

T

∫ T
0 dt

√
I (ρt ,Ht )

[27]

time-dependent and mixed state scenarios. As shown in Ta-
ble I, our QSLs clearly disentangle the contribution of the
coherence of the evolved state from the energy uncertainty (or
WYSI) of the generator, thus clarifying their individual roles.
To validate the theoretical utility of these bounds, we perform
exhaustive analyses of the experimentally relevant Landau-
Zener (LZ) model [57] and a related two-qubit model. We
show that our QSLs can provide tighter bounds than estab-
lished results and are asymptotically saturable in the adiabatic
limit. Moreover, by utilizing shortcuts to adiabaticity (STA)
[58,59], we demonstrate that our bounds can also be saturated
at finite time. This analysis explicitly reveals that fast dynam-
ics necessitates a greater amount of coherent superposition
of energy eigenstates, thereby identifying coherence as a key
kinematic resource for unitary evolution. Our findings have
immediate implications for exploiting coherence to control
dynamics in quantum simulation platforms.

II. UNIFIED FRAMEWORK FOR COHERENT QUANTUM
SPEED LIMITS

We present a unified theoretical framework for deriving
coherent QSLs. We consider general unitary dynamics and
determine the minimal time required to evolve the state ρt

from an initial state ρ0 to a distinct final state under the
time-dependent Hamiltonian Ht . Our goal is to disentan-
gle the contribution of coherence from the energetic driving
of the Hamiltonian. To this end, we introduce a unified
framework based on Hölder’s inequality for matrix norms,
applied to two distinguishable measures: the relative purity
FRP(ρ, σ ) = Tr(ρσ )/ Tr(ρ2) [60] and the Hellinger dis-
tance DH(ρ, σ ) := Tr[(

√
ρ − √

σ )2] = 2 − 2FA(ρ, σ ), with
FA(ρ, σ ) = Tr(

√
ρ
√

σ ) denoting the quantum affinity [61].
We prioritize relative purity for its analytical tractability when
deriving bounds using norm inequalities (like Hölder’s in-
equality) directly on the Liouville equation, which allows for
a transparent factorization of the quantum coherence from
the QSLs. Additionally, for pure states, it reduces exactly to

the standard quantum fidelity, ensuring natural generalization.
Similarly, employing the Hellinger distance allows us to es-
tablish a direct link to the corresponding coherence measure
and connects our results with the information-theoretic quan-
tity WYSI. Previous QSL studies have successfully employed
relative purity and quantum affinity to characterize distin-
guishability in open and closed system dynamics [32] and
to investigate contexts involving information geometry [27],
respectively.

The central ingredient in our framework is the instan-
taneous incoherent reference state. At any time t , the
Hamiltonian Ht defines a preferred basis, the instantaneous
energy eigenbasis {|nt 〉} such that Ht |nt 〉 = En,t |nt 〉. We de-
fine the set of incoherent states It as the set of all density
matrices σt that are diagonal in this instantaneous basis, i.e.,
[σt , Ht ] = 0. The coherence of the evolved state ρt is then
measured by its minimum distance to this set, defined as
C(ρt ) = minσt ∈It D(ρt , σt ), where D is a valid distance mea-
sure, in accordance with the seminal framework established
in Ref. [54]. This rigorous definition ensures that our frame-
work relies on standard concepts in quantum resource theory.
Consequently, our coherence measures are time-dependent
quantities measuring the distance of the evolved state ρt from
the instantaneously changing set It .

A. Quantum speed limits based on Schatten norms

We first consider the relative purity. The dynamics of ρt is
governed by the Liouville–von Neumann equation dρt/dt =
i[ρt , Ht ]. The rate of change of relative purity is given
by −dFRP(ρ0, ρt )/dt = −i Tr(ρ0[ρt , Ht ])/ Tr(ρ2

0 ). By intro-
ducing the incoherent reference state σt ∈ It and applying
Hölder’s inequality, we obtain the fundamental inequality (see
Appendix A for detailed derivation):

−dFRP(ρ0, ρt )

dt
�

Cp(ρt )‖[Ht , ρ0]‖q

Tr
(
ρ2

0

) . (1)
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Here,

Cp(ρt ) = min
σt ∈It

‖ρt − σt‖p (2)

is the coherence measure [54,55] based on the Schatten p-
norm ‖A‖p = [Tr(|A|p)]1/p (p ∈ [1,∞]) with 1/p + 1/q = 1.
Integrating both sides yields

1 − FRP(ρ0, ρT )

T
� 1

T

∫ T

0
dt

Cp(ρt )‖[Ht , ρ0]‖q

Tr
(
ρ2

0

) , (3)

where we have used the fact that FRP(ρ0, ρ0) = 1. Conse-
quently, the time T required to evolve from an initial state
ρ0 to some final state ρT is bounded by

T � TS(p, q) := [1 − FRP(ρ0, ρT )] Tr
(
ρ2

0

)
1
T

∫ T
0 dt Cp(ρt )‖[Ht , ρ0]‖q

, (4)

which holds for all p, q ∈ [1,∞] satisfying 1/p + 1/q = 1.
The infinite family of QSLs TS(p, q) constitutes our first

main result. It applies to any unitary dynamics and establishes
a one-to-one correspondence with the coherence measure
based on the Schatten p-norm. These bounds explicitly high-
light the contribution of the coherence of the evolved state
Cp(ρt ), thereby cementing the role of coherence as a key
resource in driving quantum dynamics and establishing a
rigorous trade-off between speed, coherence, and energy un-
certainty. Two special cases {p = 1, q = ∞} and {p = 2,

q = 2} are particularly noteworthy, as both reduce to MT-like
bounds when the initial state is pure.

Case I: {p = 1, q = ∞}. For p = 1, the Schatten norm
corresponds to the trace norm ‖A‖1 = Tr(|A|), which equals
the sum of the singular values of A [62]. The Schat-
ten ∞-norm ‖A‖∞ is the largest singular value of A.
Here, we focus on the pure state case, i.e., ρt = |ψt 〉〈ψt |
with t ∈ [0, T ]. In this scenario, ‖[Ht , ρ0]‖∞ = �Ht (|ψ0〉) =√

〈ψ0|H2
t |ψ0〉 − 〈ψ0|Ht |ψ0〉2, which is precisely the energy

uncertainty with respect to the initial state |ψ0〉 (Appendix B).
Additionally, the relative purity FRP(ρ0, ρT ) reduces to the
quantum fidelity F (|ψ0〉, |ψT 〉) = |〈ψ0|ψT 〉|2. From Eq. (4),
we obtain the following MT-like bound:

TS, Pure(1,∞) = 1 − F (|ψ0〉, |ψT 〉)
1
T

∫ T
0 dt C1(|ψt 〉) · �Ht (|ψ0〉)

. (5)

Hereafter, we adopt the notation Cp(|ψt 〉) as a substitute
for Cp(ρt ) when ρt = |ψt 〉〈ψt | is pure. Furthermore, when
the Hamiltonian is time independent, i.e., Ht ≡ H , we have
C1(|ψt 〉) ≡ C1(|ψ0〉) (Appendix C) and the bound simplifies
to

T̃S, Pure(1,∞) = 1 − F (|ψ0〉, |ψT 〉)

C1(|ψ0〉) · �H (|ψ0〉)
. (6)

Comparing our result TS, Pure(1,∞) to the generalized
MT bound (see TAA in Table I), a significant difference is
the decomposition of �Ht (|ψt 〉) into the product C1(|ψt 〉) ·
�Ht (|ψ0〉). Therefore, our QSLs cleanly separate the contri-
butions of coherence and energy uncertainty, clarifying their
distinct roles in quantum dynamics.

Case II: {p = 2, q = 2}. For p = 2, the Schatten norm
is equivalent to the Hilbert-Schmidt norm. The coherence
measure C2(ρt ) = minσt ∈It ‖ρt − σt‖2 is minimized when

σt = ∑
n〈nt |ρt |nt 〉|nt 〉〈nt | is the diagonal part of ρt in the

instantaneous energy basis [54]. Moreover, ‖[Ht , ρ0]‖2 =√
2
√

Tr (ρ2
0 H2

t − (ρ0Ht )2). From Eq. (4), we thus obtain

TS(2, 2) = [1 − FRP(ρ0, ρT )] Tr
(
ρ2

0

)
√

2
T

∫ T
0 dt C2(ρt )

√
Tr

(
ρ2

0 H2
t − (ρ0Ht )2

) . (7)

For pure states, i.e., ρt = |ψt 〉〈ψt | with t ∈ [0, T ], we find
‖[Ht , ρ0]‖2 = √

2 �Ht (|ψ0〉). Here, we used the facts ρ2
0 =

ρ0 and Tr ((ρ0Ht )2) = 〈ψ0|Ht |ψ0〉2 = Tr2(ρ0Ht ). This leads
to the following MT-like bound:

TS, Pure(2, 2) = 1 − F (|ψ0〉, |ψT 〉)
√

2
T

∫ T
0 dt C2(|ψt 〉) · �Ht (|ψ0〉)

. (8)

Restricting further to the time-independent case, we have
C2(|ψt 〉) ≡ C2(|ψ0〉) (Appendix C), reducing the bound to

T̃S, Pure(2, 2) = 1 − F (|ψ0〉, |ψT 〉)√
2C2(|ψ0〉) · �H (|ψ0〉)

. (9)

Once again, these bounds decouple the contributions
of coherence and energy uncertainty. Compared to the
{p = 1, q = ∞} case, these bounds are generally easier to
evaluate. The explicit analytical evaluation of C2(|ψt 〉) for a
physical model will be provided in Sec. III.

B. Quantum speed limits based on Hellinger distance

We now derive the second coherent QSL, based on
the Hellinger distance DH(ρ, σ ) := Tr[(

√
ρ − √

σ )2] = 2 −
2FA(ρ, σ ). Using the Liouville–von Neumann equation for√

ρt , d
√

ρt/dt = i[
√

ρt , Ht ] (Appendix D), we bound the
rate of change of the quantum affinity FA(ρ0, ρt ). Defining
C̃p(ρt ) = minσt ∈It ‖√ρt − √

σt‖p, we obtain (Appendix A)

T � TH(p, q) := 1 − FA(ρ0, ρT )
1
T

∫ T
0 dt C̃p(ρt )‖[Ht ,

√
ρ0]‖q

, (10)

which holds for all p, q ∈ [1,∞] with 1/p + 1/q = 1 and
constitutes our second main result.

Among this family, the case {p = 2, q = 2} is
of particular interest. For p = 2, the Schatten norm
becomes ‖[Ht ,

√
ρ0]‖2 = √

2I (ρ0, Ht ), where I (ρ0, Ht ) =
1
2 Tr([Ht ,

√
ρ0]†[Ht ,

√
ρ0]) is the WYSI of ρ0 with respect to

Ht [63]. Furthermore, C̃2(ρt ) relates directly to the Hellinger
distance: C̃2(ρt ) = minσt ∈It ‖√

ρt − √
σt ‖2 ≡ √

CH (ρt ).
Here,

CH(ρt ) = min
σt ∈It

DH(ρt , σt ) (11)

is the coherence measure based on Hellinger distance
[56]. And the optimal incoherent state achieving
the minimum is σt = ∑

n λn,t |nt 〉〈nt | with λn,t =
〈nt |√ρt |nt 〉2/

∑
n〈nt |√ρt |nt 〉2 [56]. From Eq. (10), we

thus obtain

TH(2, 2) = 1 − FA(ρ0, ρT )
√

2
T

∫ T
0 dt

√
CH(ρt ) · √

I (ρ0, Ht )
. (12)

This result provides a geometric alternative to the Schatten
bound, connecting QSLs to information geometry. Compared
to the established bound TWY (Table I), our result explicitly
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FIG. 1. Demonstrations of QSLs for the LZ model and a related two-qubit model. (a) The LZ model with pure state. The red solid line and
the green dashed-dotted line are �y = �TS, Pure(2, 2) [Eq. (8)] and �y = �TAA (Table I), respectively. The yellow solid line is the coherent
bound �y = �TS, Pure, STA(2, 2) for the STA dynamics (main text). The gray dashed line is the linear reference �y = �τ . (b) Coherence
measure C2(|ψt 〉) during the STA dynamics. We choose a series of adiabatic times, �τ = 10, 20, 50. (c) A two-qubit model with mixed state.
The red solid line and the green dashed line are �y = �TS(2, 2) [Eq. (7)] and �y = �TH(2, 2) [Eq. (12)], respectively. The blue solid line and
the yellow dashed-dotted line are �y = �T� and �y = �TWY, respectively (Table I). The gray dashed line is the linear reference �y = �τ .
Here, we have chosen the linear ramp Jt = J (−1 + 2t/τ ) with J = 10�. The initial states in (a), (b) and (c) are set to be |ψ0〉 and 
0(η = 3/5),
respectively, and the dimensionless times are scaled by the energy splitting �.

disentangles the contribution of coherence from the WYSI
of the state, clarifying their respective roles in quantum dy-
namics. Besides, note that while TS(2, 2) and TH(2, 2) share a
similar structure, they are generally distinct. For mixed states,
the minimizers for C2 and CH are different, leading to distinct
physical interpretations.

III. EXAMPLES

We now analyze our coherent QSLs and compare them
with the established results summarized in Table I. As a con-
crete example, we consider the paradigmatic Landau-Zener
(LZ) model, which describes a time-dependent two-level
crossing and has broad applications in quantum physics [57].
In its most basic form, the Hamiltonian is given by

HLZ(t ) = �σ x + Jtσ
z, (13)

where σ x,y,z are the standard Pauli matrices, � is the energy
splitting, and the linear ramp Jt = J (−1 + 2t/τ ) represents
the time-dependent field with τ being the total evolution time.
Hereafter, we set � as the energy unit. Without loss of gener-
ality, we present results for the {p = 2, q = 2} case.

First, we consider the pure state case where the ini-
tial state is the ground state of HLZ(0), denoted as |ψ0〉.
To explicitly evaluate the coherent bound, we work in the
instantaneous energy eigenbasis {|nt 〉}. The instantaneous
eigenstates of HLZ(t ) are given by |0t 〉 = cos(θt/2)|0〉 +
sin(θt/2)|1〉 and |1t 〉 = − sin(θt/2)|0〉 + cos(θt/2)|1〉, where
the mixing angle θt is defined by tan θt = �/Jt with θt ∈
[0, π ] and {|0〉, |1〉} is the computational basis (σ z|0〉 =
|0〉, σ z|1〉 = −|1〉). This basis {|0t 〉, |1t 〉} defines the ref-
erence set of incoherent states It at each time in-
stant t . Let the time-evolved state be ρt = |ψt 〉〈ψt | with
|ψt 〉 = c0(t )|0t 〉 + c1(t )|1t 〉. For the Schatten 2-norm case,
the coherence measure C2(ρt ) = minσt ∈It ‖ρt − σt‖2 is ob-
tained by choosing σt as the diagonal part of ρt in the

basis {|0t 〉, |1t 〉}. Explicitly, we have σt = |c0(t )|2|0t 〉〈0t | +
|c1(t )|2|1t 〉〈1t |. The coherence measure is then calcu-
lated as C2(ρt ) = ‖ρt − σt‖2 = √

2Pexc(t )[1 − Pexc(t )], where
Pexc(t ) = |c1(t )|2 is the instantaneous excitation probability.
This result clearly shows that coherence in the energy basis
is directly proportional to the mixing of energy levels. The
energy uncertainty term in the denominator of our bound
is given by ‖[Ht , ρ0]‖2 = √

2�Ht (|ψ0〉) (see Appendix B).
For the LZ model with |ψ0〉 = |1t=0〉, we have �Ht (|ψ0〉) =√


2
t − (J0Jt + �2)2/
2

0, where 
t =
√

�2 + J2
t . Substitut-

ing these explicit expressions into Eq. (8), we obtain the
coherent QSL for the LZ model.

Numerical results are displayed in Fig. 1(a). We ob-
serve that our coherent bound TS, Pure(2, 2) is tighter than
the corresponding established bound TAA (Table I). Crucially,
this example demonstrates that our QSLs are asymptotically
saturated in the adiabatic limit (τ → ∞). The underlying
mechanism for this saturation stems from the system state |ψt 〉
strictly following the instantaneous ground state of HLZ(t ) as
the adiabatic time increases. To illustrate this, we examine
the saturation of Hölder’s inequality [Eq. (A2)] at the criti-
cal moment tc = τ/2, where the energy gap is minimal and
the adiabatic condition is most stringent. Defining the state
|ψtc〉 := |ψc〉 = (ac, bc)T , the corresponding 
c := ρc − σc =
|ψc〉〈ψc| − σc can be expressed in the computational basis as


c = 1

2

(
Dc Oc

−Oc −Dc

)
, (14)

where Dc = |ac|2 − |bc|2 and Oc = acb∗
c − a∗

c bc. In the adi-
abatic limit, |ψc〉 approaches the ground state of HLZ(tc) =
�σ x, implying Dc ≈ 0. Consequently, the diagonal elements
of 
c vanish, making 
c approximately an antisymmet-
ric 2 × 2 matrix. Since both HLZ(tc) and |ψ0〉〈ψ0| are
real matrices, Ac = −i[HLZ(tc), |ψ0〉〈ψ0|] is also antisym-
metric. Therefore, 
c ≈ λcAc for some constant λc. This
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proportionality ensures the saturation of Hölder’s inequal-
ity Tr(
cAc) � C2(|ψc〉)‖Ac‖2, as the inequality becomes an
equality if and only if one matrix is a scalar multiple of the
other. This confirms the asymptotic saturation of our coherent
QSLs.

A natural question arises: can coherent QSLs be saturated
at finite time? We find that this is achievable using shortcuts
to adiabaticity (STA) techniques [59]. For the LZ Hamilto-
nian HLZ(t ), we can construct a counterdiabatic Hamiltonian
HSTA(t ) = HLZ(t ) + V (t ) such that the adiabatic solution of
HLZ(t ) becomes an exact solution of the Schrödinger equa-
tion governed by HSTA(t ). The auxiliary potential is given
by [58]

V (t ) = −dJt

dt

�

2
(
�2 + J2

t

)σ y. (15)

Using the same initial state |ψ0〉, we plot the corresponding
coherent bound TS, Pure, STA(2, 2) in Fig. 1(a) (yellow solid
line). It is evident that the STA bound is saturated much
earlier than the standard adiabatic case. More importantly,
this finite-time saturation reveals the fundamental role of
coherence as a resource. In Fig. 1(b), we plot the coher-
ence measure versus evolution time. We observe that, as the
evolution time decreases (i.e., faster dynamics), the required
coherence C2(|ψt 〉) increases significantly. This clearly shows
that generating faster quantum evolution is fueled by a greater
consumption of coherence, thereby establishing coherence as
a key kinematic resource for quantum speed.

For the mixed state case, we consider a related two-qubit
composite system with the Hamiltonian:

HTQ(t ) = �
(
σ x

1 + σ x
2

) + Jtσ
z
1σ z

2 . (16)

The initial state is chosen as 
0(η) = η|ϕ0〉〈ϕ0| +
(1 − η)|ϕ1〉〈ϕ1|, where |ϕ0〉 and |ϕ1〉 are the ground and
first excited states of HTQ(0), respectively. As shown in
Fig. 1(c), both TS(2, 2) [Eq. (7)] and TH(2, 2) [Eq. (12)] are
tighter than the established bounds T� and TWY (Table I). We
have verified that the saturation of our coherent QSLs in the
adiabatic limit holds here as well. In contrast, the established
bounds T� and TWY fail to saturate in this regime.

IV. CONCLUDING REMARKS

We have established a unified theoretical framework for
coherent QSLs in general unitary dynamics, measuring co-
herence via Schatten p-norms and the Hellinger distance.
The core of our approach lies in introducing an instanta-
neous incoherent reference state in the energy eigenbasis and
employing relative purity and quantum affinity to quantify
state divergence. The resulting coherent QSLs are tighter
than established bounds for the models investigated and are
asymptotically saturable in the adiabatic limit. Furthermore,
using STA techniques, we demonstrated that these bounds
can be saturated at finite time. Crucially, the analysis of
STA dynamics reinforces the interpretation of coherence as
a critical kinematic resource: the speed of state evolution is
directly correlated with the availability of coherence in the
system. Our findings highlight the central role of coherence in
quantum dynamics and are expected to find broad applications
in quantum control. The results from the LZ and two-qubit

models suggest potential extensions to many-body systems
such as the quantum Ising model [64], with relevance
for quantum simulation platforms including superconducting
qubits [65], Rydberg atoms [66], and trapped ions [67]. Fu-
ture work may extend these concepts to nonunitary dynamics
involving decoherence [31–34].
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APPENDIX A: DERIVATION OF THE COHERENT QSLs

Here we provide the detailed derivations for the two fam-
ilies of coherent QSLs. We start with the Liouville–von
Neumann equation dρt/dt = i[ρt , Ht ]. The rate of change of
relative purity is given by

−dFRP(ρ0, ρt )

dt
= −i Tr (ρ0[ρt , Ht ])

Tr
(
ρ2

0

) . (A1)

Let σt be any incoherent state in the instantaneous set It ,
such that [σt , Ht ] = 0. We can rewrite the commutator as
[ρt , Ht ] = [ρt − σt , Ht ]. The numerator of Eq. (A1) can be
bounded using Hölder’s inequality:

−i Tr (ρ0[ρt , Ht ]) = −i Tr(ρ0[ρt − σt , Ht ])

= −i Tr((ρt − σt )[Ht , ρ0])

� ‖ρt − σt‖p‖[Ht , ρ0]‖q, (A2)

where 1/p + 1/q = 1 [68]. Since this holds for any σt ∈ It ,
we take the minimum over all such states to tighten the bound.
Using the definition Cp(ρt ) = minσt ∈It ‖ρt − σt‖p, we obtain
the fundamental differential inequality:

−dFRP(ρ0, ρt )

dt
�

Cp(ρt )‖[Ht , ρ0]‖q

Tr
(
ρ2

0

) . (A3)

Integrating from t = 0 to t = T directly yields Eq. (4) in the
main text.

Similarly, for the Hellinger distance family, we consider
the Liouville equation for the square root of the density ma-
trix: d

√
ρt/dt = i[

√
ρt , Ht ] (Appendix D). The rate of change

of quantum affinity FA(ρ0, ρt ) = Tr(
√

ρ0
√

ρt ) is

−dFA(ρ0, ρt )

dt
= −i Tr(

√
ρ0[

√
ρt , Ht ]). (A4)

Introducing
√

σt where σt ∈ It (so [
√

σt , Ht ] = 0), we have
[
√

ρt , Ht ] = [
√

ρt − √
σt , Ht ]. Applying Hölder’s inequality,

−i Tr(
√

ρ0[
√

ρt , Ht ]) � ‖√ρt − √
σt‖p‖[Ht ,

√
ρ0]‖q. (A5)
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Minimizing over σt yields C̃p(ρt )‖[Ht ,
√

ρ0]‖q, which upon
integration gives Eq. (10).

APPENDIX B: SCHATTEN NORM ‖[Ht, ρ0]‖p

FOR PURE STATE

Here we derive the relationship between the Schatten norm
‖[Ht , ρ0]‖p and the energy uncertainty for a pure initial state
ρ0 = |ψ0〉〈ψ0| and arbitrary p ∈ [1,∞]. Let the Hamiltonian
acting on the state be decomposed as

Ht |ψ0〉 = H̄t |ψ0〉 + �Ht (|ψ0〉)|ψ⊥
0 〉, (B1)

where H̄t = 〈ψ0|Ht |ψ0〉 is the mean energy, �Ht (|ψ0〉) =√
〈ψ0|H2

t |ψ0〉 − 〈ψ0|Ht |ψ0〉2 is the energy uncertainty, and
|ψ⊥

0 〉 is a normalized state orthogonal to |ψ0〉. The commu-
tator Gt := [Ht , ρ0] can be written as

Gt = Ht |ψ0〉〈ψ0| − |ψ0〉〈ψ0|Ht

= �Ht (|ψ0〉)(|ψ⊥
0 〉〈ψ0| − |ψ0〉〈ψ⊥

0 |). (B2)

The matrix G†
t Gt is thus diagonal in the subspace

{|ψ0〉, |ψ⊥
0 〉}:

G†
t Gt = [�Ht (|ψ0〉)]2(|ψ0〉〈ψ0| + |ψ⊥

0 〉〈ψ⊥
0 |). (B3)

The singular values of Gt are the square roots of the eigenval-
ues of G†

t Gt . Thus Gt has two nonzero singular values, both
equal to �Ht (|ψ0〉). Therefore, we have

‖[Ht , ρ0]‖p = ([�Ht (|ψ0〉)]p + [�Ht (|ψ0〉)]p)1/p

= 21/p�Ht (|ψ0〉). (B4)

This result generalizes the relations used in the main text as
follows.

(1) For p = ∞ (Schatten ∞-norm), 21/∞ = 1, yielding
‖[Ht , ρ0]‖∞ = �Ht (|ψ0〉).

(2) For p = 2 (Hilbert-Schmidt norm), 21/2 = √
2,

yielding ‖[Ht , ρ0]‖2 = √
2�Ht (|ψ0〉).

APPENDIX C: COHERENCE MEASURE
FOR TIME-INDEPENDENT HAMILTONIAN

Here we show that, for a time-independent Hamiltonian
Ht ≡ H , the coherence measure Cp(ρt ) is time independent.
The norm ‖A‖p is determined solely by the singular values
of A and is therefore invariant under unitary transformations.
Thus, for a time-independent Hamiltonian H , we have

‖ρt − σ‖p = ‖e−iHtρ0eiHt − e−iHtσeiHt‖p

= ‖ρ0 − σ‖p, (C1)

where σ is an incoherent state such that [H, σ ] = 0. Since
σ commutes with H , the unitary rotation leaves the set of
incoherent states invariant. Consequently, minσ ‖ρt − σ‖p =
minσ ‖ρ0 − σ‖p, implying Cp(ρt ) ≡ Cp(ρ0) for all t � 0 and
p � 1.

APPENDIX D: LIOUVILLE–VON NEUMANN
EQUATION FOR

√
ρt

Here we show that
√

ρt also satisfies the Liouville–von
Neumann equation. Considering the spectral decomposition
of the initial state ρ0 = ∑

n λn|un
0〉〈un

0|, we thus have the time-
evolved state

ρt = Utρ0U
†
t =

∑
n

λn

∣∣un
t

〉〈
un

t

∣∣, (D1)

where |un
t 〉 = Ut |un

0〉 satisfies the Schrödinger equa-
tion id|un

t 〉/dt = Ht |un
t 〉. Therefore, we have

√
ρt =∑

n

√
λn|un

t 〉〈un
t |, which directly implies the Liouville–von

Neumann equation: d
√

ρt/dt = i[
√

ρt , Ht ].

[1] M. R. Frey, Quantum speed limits—Primer, perspectives, and
potential future directions, Quantum Inf. Process. 15, 3919
(2016).

[2] S. Deffner and S. Campbell, Quantum speed limits: from
Heisenberg’s uncertainty principle to optimal quantum control,
J. Phys. A: Math. Theor. 50, 453001 (2017).

[3] J. D. Bekenstein, Energy cost of information transfer, Phys. Rev.
Lett. 46, 623 (1981).

[4] S. Deffner, Quantum speed limits and the maximal rate of
information production, Phys. Rev. Res. 2, 013161 (2020).

[5] S. Lloyd, Ultimate physical limits to computation, Nature
(London) 406, 1047 (2000).

[6] S. Deffner, Energetic cost of Hamiltonian quantum gates,
Europhys. Lett. 134, 40002 (2021).

[7] V. Giovannetti, S. Lloyd, and L. Maccone, Advances in quan-
tum metrology, Nat. Photon. 5, 222 (2011).

[8] M. Beau and A. del Campo, Nonlinear quantum metrology of
many-body open systems, Phys. Rev. Lett. 119, 010403 (2017).

[9] T. Caneva, M. Murphy, T. Calarco, R. Fazio, S. Montangero, V.
Giovannetti, and G. E. Santoro, Optimal control at the quantum
speed limit, Phys. Rev. Lett. 103, 240501 (2009).

[10] D. C. Brody and D. M. Meier, Solution to the quantum Zermelo
navigation problem, Phys. Rev. Lett. 114, 100502 (2015).

[11] S. Campbell and S. Deffner, Trade-off between speed and cost
in shortcuts to adiabaticity, Phys. Rev. Lett. 118, 100601 (2017).

[12] F. Campaioli, C.-s Yu, F. A. Pollock, and K. Modi, Resource
speed limits: maximal rate of resource variation, New J. Phys.
24, 065001 (2022).

[13] B. Mohan, S. Das, and A. K. Pati, Quantum speed limits for
information and coherence, New J. Phys. 24, 065003 (2022).

[14] S. Deffner and E. Lutz, Generalized Clausius inequality for
nonequilibrium quantum processes, Phys. Rev. Lett. 105,
170402 (2010).

[15] F. Campaioli, F. A. Pollock, F. C. Binder, L. Céleri, J. Goold, S.
Vinjanampathy, and K. Modi, Enhancing the charging power of
quantum batteries, Phys. Rev. Lett. 118, 150601 (2017).

032438-6

https://doi.org/10.1007/s11128-016-1405-x
https://doi.org/10.1088/1751-8121/aa86c6
https://doi.org/10.1103/PhysRevLett.46.623
https://doi.org/10.1103/PhysRevResearch.2.013161
https://doi.org/10.1038/35023282
https://doi.org/10.1209/0295-5075/134/40002
https://doi.org/10.1038/nphoton.2011.35
https://doi.org/10.1103/PhysRevLett.119.010403
https://doi.org/10.1103/PhysRevLett.103.240501
https://doi.org/10.1103/PhysRevLett.114.100502
https://doi.org/10.1103/PhysRevLett.118.100601
https://doi.org/10.1088/1367-2630/ac7346
https://doi.org/10.1088/1367-2630/ac753c
https://doi.org/10.1103/PhysRevLett.105.170402
https://doi.org/10.1103/PhysRevLett.118.150601


COHERENT QUANTUM SPEED LIMITS PHYSICAL REVIEW A 113, 032438 (2026)

[16] Y. Hasegawa, Unifying speed limit, thermodynamic uncer-
tainty relation and Heisenberg principle via bulk-boundary
correspondence, Nat. Commun. 14, 2828 (2023).

[17] J.-Y. Gyhm, D. Rosa, and D. Šafránek, Minimal time re-
quired to charge a quantum system, Phys. Rev. A 109, 022607
(2024).

[18] T. Fogarty, S. Deffner, T. Busch, and S. Campbell, Orthogonal-
ity catastrophe as a consequence of the quantum speed limit,
Phys. Rev. Lett. 124, 110601 (2020).

[19] D. Girolami and F. Anzà, Quantifying the difference between
many-body quantum states, Phys. Rev. Lett. 126, 170502
(2021).

[20] L. Mandelstam and I. Tamm, The uncertainty relation between
energy and time in nonrelativistic quantum mechanics, J. Phys.
(USSR) 9, 249 (1945).

[21] N. Margolus and L. B. Levitin, The maximum speed of dynam-
ical evolution, Physica D 120, 188 (1998).

[22] L. B. Levitin and T. Toffoli, Fundamental limit on the rate of
quantum dynamics: The unified bound is tight, Phys. Rev. Lett.
103, 160502 (2009).

[23] J. Anandan and Y. Aharonov, Geometry of quantum evolution,
Phys. Rev. Lett. 65, 1697 (1990).

[24] P. Pfeifer, How fast can a quantum state change with time?
Phys. Rev. Lett. 70, 3365 (1993).

[25] A. Uhlmann, An energy dispersion estimate, Phys. Lett. A 161,
329 (1992).

[26] I. Marvian, R. W. Spekkens, and P. Zanardi, Quantum speed
limits, coherence, and asymmetry, Phys. Rev. A 93, 052331
(2016).

[27] D. P. Pires, M. Cianciaruso, L. C. Céleri, G. Adesso, and
D. O. Soares-Pinto, Generalized geometric quantum speed
limits, Phys. Rev. X 6, 021031 (2016).

[28] F. Campaioli, F. A. Pollock, F. C. Binder, and K. Modi, Tighten-
ing quantum speed limits for almost all states, Phys. Rev. Lett.
120, 060409 (2018).

[29] N. Hörnedal, D. Allan, and O. Sönnerborn, Extensions of the
Mandelstam–Tamm quantum speed limit to systems in mixed
states, New J. Phys. 24, 055004 (2022).

[30] A. J. Rosal, D. O. Soares-Pinto, and D. P. Pires, Quantum speed
limits based on Schatten norms: Universality and tightness,
Phys. Lett. A 534, 130250 (2025).

[31] S. Deffner and E. Lutz, Quantum speed limit for non-Markovian
dynamics, Phys. Rev. Lett. 111, 010402 (2013).

[32] A. del Campo, I. L. Egusquiza, M. B. Plenio, and S. F. Huelga,
Quantum speed limits in open system dynamics, Phys. Rev.
Lett. 110, 050403 (2013).

[33] M. M. Taddei, B. M. Escher, L. Davidovich, and R. L. de Matos
Filho, Quantum speed limit for physical processes, Phys. Rev.
Lett. 110, 050402 (2013).

[34] I. Marvian and D. A. Lidar, Quantum speed limits for leakage
and decoherence, Phys. Rev. Lett. 115, 210402 (2015).

[35] V. Giovannetti, S. Lloyd, and L. Maccone, Quantum limits to
dynamical evolution, Phys. Rev. A 67, 052109 (2003).

[36] C. Zander, A. R. Plastino, A. Plastino, and M. Casas, Entan-
glement and the speed of evolution of multi-partite quantum
systems, J. Phys. A: Math. Theor. 40, 2861 (2007).

[37] L. P. García-Pintos, S. B. Nicholson, J. R. Green, A. del Campo,
and A. V. Gorshkov, Unifying quantum and classical speed
limits on observables, Phys. Rev. X 12, 011038 (2022).

[38] R. Hamazaki, Speed limits for macroscopic transitions, PRX
Quantum 3, 020319 (2022).

[39] B. Shanahan, A. Chenu, N. Margolus, and A. del Campo,
Quantum speed limits across the quantum-to-classical
transition, Phys. Rev. Lett. 120, 070401 (2018).

[40] M. Okuyama and M. Ohzeki, Quantum speed limit is not
quantum, Phys. Rev. Lett. 120, 070402 (2018).

[41] N. Shiraishi, K. Funo, and K. Saito, Speed limit for classical
stochastic processes, Phys. Rev. Lett. 121, 070601 (2018).

[42] S. B. Nicholson, L. P. García-Pintos, A. del Campo,
and J. R. Green, Time–information uncertainty relations in
thermodynamics, Nat. Phys. 16, 1211 (2020).

[43] A. D. Cimmarusti, Z. Yan, B. D. Patterson, L. P. Corcos, L. A.
Orozco, and S. Deffner, Environment-assisted speed-up of the
field evolution in cavity quantum electrodynamics, Phys. Rev.
Lett. 114, 233602 (2015).

[44] M. R. Lam, N. Peter, T. Groh, W. Alt, C. Robens, D. Meschede,
A. Negretti, S. Montangero, T. Calarco, and A. Alberti, Demon-
stration of quantum brachistochrones between distant states of
an atom, Phys. Rev. X 11, 011035 (2021).

[45] G. Ness, M. R. Lam, W. Alt, D. Meschede, Y. Sagi, and A.
Alberti, Observing crossover between quantum speed limits,
Sci. Adv. 7, eabj9119 (2021).

[46] A. Streltsov, G. Adesso, and M. B. Plenio, Colloquium: Quan-
tum coherence as a resource, Rev. Mod. Phys. 89, 041003
(2017).

[47] E. Chitambar and M.-H. Hsieh, Relating the resource theories
of entanglement and quantum coherence, Phys. Rev. Lett. 117,
020402 (2016).

[48] K. C. Tan, H. Kwon, C.-Y. Park, and H. Jeong, Unified view of
quantum correlations and quantum coherence, Phys. Rev. A 94,
022329 (2016).

[49] D. P. Pires, L. C. Céleri, and D. O. Soares-Pinto, Geometric
lower bound for a quantum coherence measure, Phys. Rev. A
91, 042330 (2015).

[50] J. Jing, L.-A. Wu, and A. del Campo, Fundamental speed limits
to the generation of quantumness, Sci. Rep. 6, 38149 (2016).

[51] K. Funo, J.-N. Zhang, C. Chatou, K. Kim, M. Ueda, and A.
del Campo, Universal work fluctuations during shortcuts to
adiabaticity by counterdiabatic driving, Phys. Rev. Lett. 118,
100602 (2017).

[52] D. Z. Rossatto, D. P. Pires, F. M. de Paula, and O. P. de
Sá Neto, Quantum coherence and speed limit in the mean-
field Dicke model of superradiance, Phys. Rev. A 102, 053716
(2020).

[53] K. G. Paulson and S. Banerjee, Quantum speed limit time: Role
of coherence, J. Phys. A: Math. Theor. 55, 505302 (2022).

[54] T. Baumgratz, M. Cramer, and M. B. Plenio, Quantifying
coherence, Phys. Rev. Lett. 113, 140401 (2014).

[55] J. I. de Vicente and A. Streltsov, Genuine quantum coherence,
J. Phys. A: Math. Theor. 50, 045301 (2017).

[56] Z.-X. Jin and S.-M. Fei, Quantifying quantum coherence and
nonclassical correlation based on Hellinger distance, Phys. Rev.
A 97, 062342 (2018).

[57] O. V. Ivakhnenko, S. N. Shevchenko, and F. Nori, Nonadiabatic
Landau–Zener–Stückelberg–Majorana transitions, dynamics,
and interference, Phys. Rep. 995, 1 (2023).

[58] M. V. Berry, Transitionless quantum driving, J. Phys. A: Math.
Theor. 42, 365303 (2009).

032438-7

https://doi.org/10.1038/s41467-023-38074-8
https://doi.org/10.1103/PhysRevA.109.022607
https://doi.org/10.1103/PhysRevLett.124.110601
https://doi.org/10.1103/PhysRevLett.126.170502
https://doi.org/10.1007/978-3-642-74626-0_8
https://doi.org/10.1016/S0167-2789(98)00054-2
https://doi.org/10.1103/PhysRevLett.103.160502
https://doi.org/10.1103/PhysRevLett.65.1697
https://doi.org/10.1103/PhysRevLett.70.3365
https://doi.org/10.1016/0375-9601(92)90555-Z
https://doi.org/10.1103/PhysRevA.93.052331
https://doi.org/10.1103/PhysRevX.6.021031
https://doi.org/10.1103/PhysRevLett.120.060409
https://doi.org/10.1088/1367-2630/ac688a
https://doi.org/10.1016/j.physleta.2025.130250
https://doi.org/10.1103/PhysRevLett.111.010402
https://doi.org/10.1103/PhysRevLett.110.050403
https://doi.org/10.1103/PhysRevLett.110.050402
https://doi.org/10.1103/PhysRevLett.115.210402
https://doi.org/10.1103/PhysRevA.67.052109
https://doi.org/10.1088/1751-8113/40/11/020
https://doi.org/10.1103/PhysRevX.12.011038
https://doi.org/10.1103/PRXQuantum.3.020319
https://doi.org/10.1103/PhysRevLett.120.070401
https://doi.org/10.1103/PhysRevLett.120.070402
https://doi.org/10.1103/PhysRevLett.121.070601
https://doi.org/10.1038/s41567-020-0981-y
https://doi.org/10.1103/PhysRevLett.114.233602
https://doi.org/10.1103/PhysRevX.11.011035
https://doi.org/10.1126/sciadv.abj9119
https://doi.org/10.1103/RevModPhys.89.041003
https://doi.org/10.1103/PhysRevLett.117.020402
https://doi.org/10.1103/PhysRevA.94.022329
https://doi.org/10.1103/PhysRevA.91.042330
https://doi.org/10.1038/srep38149
https://doi.org/10.1103/PhysRevLett.118.100602
https://doi.org/10.1103/PhysRevA.102.053716
https://doi.org/10.1088/1751-8121/acaadb
https://doi.org/10.1103/PhysRevLett.113.140401
https://doi.org/10.1088/1751-8121/50/4/045301
https://doi.org/10.1103/PhysRevA.97.062342
https://doi.org/10.1016/j.physrep.2022.10.002
https://doi.org/10.1088/1751-8113/42/36/365303


XUHUI XIAO, HAI WANG, AND XINGZE QIU PHYSICAL REVIEW A 113, 032438 (2026)

[59] D. Guéry-Odelin, A. Ruschhaupt, A. Kiely, E. Torrontegui,
S. Martínez-Garaot, and J. G. Muga, Shortcuts to adiabatic-
ity: Concepts, methods, and applications, Rev. Mod. Phys. 91,
045001 (2019).

[60] K. M. R. Audenaert, Comparisons between quantum state dis-
tinguishability measures, Quantum Inf. Comput. 14, 31 (2014).

[61] S. Luo and Q. Zhang, Informational distance on quantum-state
space, Phys. Rev. A 69, 032106 (2004).

[62] M. A. Nielsen and I. L. Chuang, Quantum Computation and
Quantum Information: 10th Anniversary Edition (Cambridge
University Press, Cambridge, England, 2010).

[63] E. P. Wigner and M. M. Yanase, Information contents of
distributions, Proc. Natl. Acad. Sci. USA 49, 910 (1963).

[64] A. del Campo, M. M. Rams, and W. H. Zurek, Assisted finite-
rate adiabatic passage across a quantum critical point: Exact
solution for the quantum Ising model, Phys. Rev. Lett. 109,
115703 (2012).

[65] M. W. Johnson, M. H. S. Amin, S. Gildert, T. Lanting, F.
Hamze, N. Dickson, R. Harris, A. J. Berkley, J. Johansson, P.
Bunyk, E. M. Chapple, C. Enderud, J. P. Hilton, K. Karimi,
E. Ladizinsky, N. Ladizinsky, T. Oh, I. Perminov, C. Rich,
M. C. Thom, et al., Quantum annealing with manufactured
spins, Nature (London) 473, 194 (2011).

[66] P. Scholl, M. Schuler, H. J. Williams, A. A. Eberharter, D.
Barredo, K.-N. Schymik, V. Lienhard, L.-P. Henry, T. C. Lang,
T. Lahaye, A. M. Läuchli, and A. Browaeys, Quantum simula-
tion of 2D antiferromagnets with hundreds of Rydberg atoms,
Nature (London) 595, 233 (2021).

[67] B.-W. Li, Y.-K. Wu, Q.-X. Mei, R. Yao, W.-Q. Lian, M.-L.
Cai, Y. Wang, B.-X. Qi, L. Yao, L. He, Z.-C. Zhou, and L.-M.
Duan, Probing critical behavior of long-range transverse-field
Ising model through quantum Kibble-Zurek mechanism, PRX
Quantum 4, 010302 (2023).

[68] R. Bhatia, Matrix Analysis (Springer, New York, 1997).

032438-8

https://doi.org/10.1103/RevModPhys.91.045001
https://dl.acm.org/doi/10.5555/2600498.2600500
https://doi.org/10.1103/PhysRevA.69.032106
https://doi.org/10.1073/pnas.49.6.910
https://doi.org/10.1103/PhysRevLett.109.115703
https://doi.org/10.1038/nature10012
https://doi.org/10.1038/s41586-021-03585-1
https://doi.org/10.1103/PRXQuantum.4.010302

