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Analytical and numerical studies of periodic superradiance

Hideaki Hara ,1,* Yuki Miyamoto ,1,† Junseok Han ,1,2 Riku Omoto,1 Yasutaka Imai ,1 Akihiro Yoshimi ,1

Koji Yoshimura ,1 Motohiko Yoshimura,1 and Noboru Sasao 1,‡

1Research Institute for Interdisciplinary Science, Okayama University, Okayama, 700-8530, Japan
2Department of Physics and Astronomy, Seoul National University, Seoul 08826, Korea

(Received 3 December 2024; accepted 24 February 2026; published 8 April 2026)

We conduct a theoretical study to understand the periodic superradiance observed in an Er:YSO crystal. First,
we construct a model based on the Maxwell-Bloch equations for a reduced level system, a pair of superradiance
states, and a population reservoir state. Analysis of the eigenvalues of the linearized differential equations shows
that periodic superradiance can be realized only for certain parameters. We also derive two-variable equations
consisting of the coherence and population difference between the two superradiance states, which contain the
essential feature of the periodic superradiance. The two-variable equations clarify the mathematical structure
of this periodic phenomenon and give analytical forms of the period, pulse duration, and number of emitted
photons. Our model successfully reproduces the periodic behavior, but the actual experimental parameters are
found to be outside the parameter region for the periodic superradiance. This result implies that some other
mechanism(s) is (are) required. As one example, assuming that the field decay rate varies with the electric field,
the periodic superradiance can be reproduced even under the actual experimental conditions.
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I. INTRODUCTION

Superradiance (SR), predicted by Dicke [1], is one of
the coherent phenomena caused by cooperative spontaneous
emission. Unlike ordinary spontaneous emission, a short in-
tense optical pulse with a peak height proportional to N2,
where N is the number of atoms involved, is emitted due
to the creation of a macroscopic dipole. For SR generation,
this macroscopic dipole must develop within a decoherence
time T2. Many studies on SR have been carried out both
theoretically and experimentally. So far, SR has been observed
in gases [2–4] and solid-state materials [5–9].

Recently, we observed SR pulses with a quasiperiodic time
structure in an Er:YSO crystal [10]. The periodic behavior
persists during a continuous-wave (cw) laser excitation. We
refer to this phenomenon as “periodic superradiance.” Pe-
riodic SR exhibits periodic behavior without any external
modulation of the input parameters. This seems similar to the
phenomenon called a time crystal [11], while the origin of
periodicity is different. We provided a qualitative model to
understand the periodicity of SRs, in which a cyclic process
of a continuous supply of population inversion and a sudden
burst of SR is repeated. The excitation power dependence
measurements supported the validity of the model. However,
our model was entirely qualitative and could not reproduce
any observed SR quantities, such as period, pulse duration,
and number of SR photons emitted.
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SR is often described by the Maxwell-Bloch equations
[12], which are nonlinear differential equations representing
the dynamics of population, coherence, and radiation. For
example, a single SR pulse can be obtained as a numerical
or analytical solution of the Maxwell-Bloch equations for a
fully excited two-level system. Because periodic SR has been
observed only recently, there have been no quantitative the-
oretical studies using the Maxwell-Bloch equations or other
frameworks. A similar phenomenon, self-pulsing in laser me-
dia, is well known, where persistent pulses are generated
under cw excitation. Numerous theoretical studies have ad-
dressed this phenomenon and successfully reproduced it using
rate equations [13]. However, since coherence plays a central
role in SR, such treatments cannot be directly applied to
periodic SR.

In this paper, we report on more quantitative studies of
the periodic SR than the model we constructed in Ref. [10].
First, we construct a model based on the Maxwell-Bloch
equations for a reduced number of energy levels, a pair of
SR states, plus a population reservoir state. We find that the
model, abbreviated as the extended two-level Maxwell-Bloch
model (X2MB), can successfully generate periodic SR pulses
under cw laser excitation. One of the important results of the
X2MB model is the classification of the parameter space into
two separate regions: the periodic SR region and the other
region. Only the periodic SR region exhibits periodic SR.
The classification is done by analyzing the eigenvalues of the
linearized X2MB equations around the equilibrium points. We
find that, somewhat unexpectedly, our experimental parameter
set lies outside the periodic SR region. This result holds even
when we allow the parameters to vary over a wide range of
their uncertainties. We therefore conclude that some other
mechanism(s) is (are) required to reproduce the observed
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FIG. 1. (a) Energy diagram of an Er3+ ion doped in a YSO
crystal. The dashed, rounded square shows an enlarged view of the
4I15/2 ground state. (b) Example of the waveform of the observed
periodic superradiance in the middle 3 ms of the excitation and from
1 ms before the excitation laser is turned off. The excitation laser is
turned on for 40 ms from t = 0.

periodic SR. As an example of such mechanisms, we intro-
duce a modulation of the field decay rate, i.e., the rate of
electric-field emission to the outside of the crystal. The X2MB
model with this modification is found to give much more
satisfactory results. We also derive from the X2MB equations
a pair of nonlinear differential equations of coherence and
population difference, which are referred to as the truncated
two-level Bloch model (T2B). We show that this simple two-
variable equation contains the essential feature of periodic
SR pulses. In fact, the characteristic quantities of SR, such
as period, FWHM (full-width-half-maximum) pulse duration,
and number of emitted photons, can be expressed analytically
by its integral. We believe that the above studies explore
intriguing aspects of the Maxwell-Bloch equations and shed
new light on SR physics.

This paper is organized as follows: In Sec. II, a brief sum-
mary of our experimental results [10] is given. In Sec. III, the
basic equations for our experimental system are introduced,
and they are solved both analytically and numerically. The
necessary condition for the periodic SR is also investigated. In
Sec. IV, we discuss other possible mechanisms that cause the
periodic behavior and modify the equations with a modulation
of the field decay rate.

II. SUMMARY OF EXPERIMENTAL RESULTS

First, we briefly summarize our experimental results [10].
The relevant energy diagram of Er3+ ions doped in a YSO
crystal is shown in Fig. 1(a). The crystal field splits each
state into multiple Stark levels. An excitation laser at 808 nm

pumps up Er3+ ions from the ground state to the lowest Stark
level of the 4I9/2 state. After rapid decay via nonradiative
processes, the population accumulates in the lowest Stark
level of the 4I13/2 state with a long lifetime of about 10 ms.
The SR pulses with a wavelength of 1545 nm are generated in
the transition between the two SR states, i.e., from the lowest
Stark level of the 4I13/2 state to the second lowest Stark level
of the 4I15/2 ground state. It was confirmed by a wavelength
measurement using a monochromator.

The Er3+ ions at site 2, whose number density is about
5 × 1018 cm−3, are used in our experiment. The excitation
laser diameter (2w0) is about 300 μm and the input power
is 90 mW. It propagates through the 6-mm-long crystal. The
excitation laser is turned on for 40 ms every 200 ms, and the
40 ms excitation data are acquired repeatedly. The detailed
setup and procedure are described in Ref. [10].

Under the above experimental scheme, we observed pe-
riodic SR pulses as shown in Fig. 1(b). The pulses appear
several ms after the excitation laser is turned on (t = 0) and
disappear right after it is turned off (t = 40 ms), occasionally
followed by one additional SR pulse. The mean period be-
tween SR pulses (T ) and the standard deviation determined
by the Gaussian fit to the peak interval histogram are 160 and
20 μs, respectively. The mean FWHM pulse duration �T of
SR and the standard deviation are 20 ns and 5 ns, respectively.
The number of photons (NSR) in a single SR pulse is estimated
to be O(1012). For future convenience, we summarize our
main experimental results:

(T,�T, NSR ) = (160 μs, 20 ns, 1012). (1)

Note that, in addition to the pulse-to-pulse fluctuations,
(T,�T, NSR ) vary with experimental conditions such as the
position of the excitation laser; therefore, they must be consid-
ered as representative values [10]. The periodic time structure
can be understood qualitatively by a simple model in which a
cyclic process of a continuous supply of population inversion
and a sudden burst of SR emission is repeated.

III. EXTENDED TWO-LEVEL MODEL BASED ON THE
MAXWELL-BLOCH EQUATIONS

In this section, we first construct a model based on
the Maxwell-Bloch equations with reduced energy levels
(Sec. III A). This model, which can only be solved by nu-
merical integration, is the basis of all the results presented in
this paper. We refer to this model as an extended two-level
model based on the Maxwell-Bloch equations (X2MB model
for short) for a reason explained below. The X2MB model
contains many physical parameters. We discuss how we de-
termine the central value and uncertainty of these parameters
(Sec. III B). They are used in the numerical simulations. We
find that the periodic SR occurs only in a certain restricted
region of the parameter space. The conditions for the param-
eters necessary for the periodic SR to appear are clarified
by analyzing linearized X2MB equations around equilibrium
points (Sec. III C). We then perform numerical simulations
with parameters both inside and outside of the “predicted”
periodic SR region (Sec. III D). We also present a much sim-
pler model that reveals essential features of the periodic SR
(T2B model) (Sec. III E). It is a set of nonlinear differential
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FIG. 2. Reduction to an extended two-level system in our model.
The states |1〉 and |2〉 correspond to the lowest and the second
lowest Stark levels of the 4I15/2 ground state, respectively. The state
|3〉 corresponds to the lowest Stark level of the 4I13/2 state. The
solid arrow represents the coherent transition. The dashed arrows
represent the incoherent decay. The double chain arrow represents
the combination of the pumping (coherent process) and subsequent
nonradiative decay (incoherent process).

equations with only two variables, coherence and population
difference between the two SR states. Analytical solutions of
this simple two-variable model are shown to reproduce the
main features of the X2MB simulation results. Finally, we
conclude this section by searching for a parameter set that
reproduces our experimental results (Sec. III F).

A. Extended two-level model: Concept and basic equations

As described in the previous section, the actual process
observed in our experiment involves many ionic states and
transitions among them. It is virtually impossible to reproduce
this complicated process quantum mechanically. Fortunately,
we find that the transitions may be classified into two broad
categories: coherent transitions, which require quantum treat-
ments, and incoherent ones, which can be described by rate
equations. In our case, the transition between the SR states is
coherent and needs to be treated by the Schrödinger (or Bloch)
equation. All other transitions are incoherent. Note that the
pumping process by a laser beam is, in principle, coherent,
but the Er3+ ions pumped up by the laser decay rapidly by
nonradiative processes and lose their phase memory before
reaching the upper SR state. Thus, in fact, we may consider it
an incoherent pumping process.

The above considerations lead to a highly simplified model
of the process shown in Fig. 2. In the following, this model is
explained in more detail using Fig. 2. The states |1〉 and |2〉
correspond to the lowest and the second-lowest Stark levels
of the 4I15/2 ground state, and |3〉 corresponds to the lowest
level of 4I13/2, respectively. As mentioned above, coherence
develops only between |3〉 and |2〉 and generates SR pulses.
This level system can be thought of as a Maxwell-Bloch
system in the two levels between |3〉 and |2〉, with the addition
of |1〉 as a reservoir. Hence the name “extended two-level
model.” The excitation to the lowest Stark level of the 4I9/2

state and the subsequent nonradiative decay |3〉 are combined
and represented by a single pumping rate P13. Among the
deexcitation processes from |3〉 to the various Stark levels of
the 4I15/2 ground state, only the radiative decay rate A32 from
|3〉 to |2〉 contributes to the SR. The deexcitation processes
from |3〉 to other than |2〉 and the other incoherent processes

between |3〉 and |2〉 are together represented as a deexcitation
rate A31 from |3〉 to |1〉. The population of the state |2〉 decays
to the state |1〉 with a rate of A21, which is dominated by
nonradiative decays, making the development of macroscopic
dipoles practically impossible.

We are now in a position to write Maxwell-Bloch type
equations based on Fig. 2. After applying a rotating-wave
approximation and a slowly varying envelope approximation
[12], we readily arrive at a set of equations (X2MB equations)
shown below:

dρ11

dt
= −P13ρ11 + A31ρ33 + A21ρ22, (2)

dρ22

dt
= �sρ32 + A32ρ33 − A21ρ22, (3)

dρ33

dt
= −�sρ32 + P13ρ11 − (A31 + A32)ρ33, (4)

dρ32

dt
= �s

2
(ρ33 − ρ22) − γ32ρ32, (5)

∂�s

∂t
= −κ�s + �2

0ρ32 + �0Rspρ33. (6)

Here ρi j are the density-matrix elements of states |i〉 and | j〉.
As shown in Eq. (2), the population change of |1〉 is caused by
the pumping and decay processes. The populations of |2〉 and
|3〉 change with the SR generation in addition to the pumping
and decay processes. The population changes due to the SR
generation are represented by the first terms on the right-hand
side of Eqs. (3) and (4). The Rabi frequency �s is defined as

�s ≡ i
d32E0√

3h̄
, (7)

where d32 is the transition dipole moment between |3〉 and
|2〉, and E0 is the slowly varying envelope of the electric
field �E due to the SR radiation. In this study, without loss of
generality, we set �s and ρ32 as real numbers. Equation (5)
represents the time evolution of the coherence ρ32, where
γ32 is the decoherence rate. As mentioned above, we only
consider the coherence between these states. Equation (6) is
derived from the Maxwell equation and represents the time
evolution of the SR electric field. Note that the differential op-
erator ∂/∂z in the Maxwell equation is replaced by 1/L. This
replacement is justified because the crystal length L is short
enough that the change in E0 can be neglected (homogeneous
approximation). In this approximation, the emission of the SR
electric field to the outside of the crystal is represented by the
field decay rate κ (=c/n0L), where c and n0 are the speed of
light and the refractive index of the crystal at the wavelength
of SR, respectively. The second term in Eq. (6) represents the
field development due to coherence, while the last term is a
contribution to the SR electric field by spontaneous emissions.
Although the rate Rsp is extremely low, it is necessary for the
system to start the coherence development. In the following,
we call Rsp the coherence trigger rate.

When analyzing and solving the X2MB model, it is conve-
nient to introduce a frequency that characterizes the timescale
of the system. This frequency, denoted by �0, is given by

�0 =
√

N0d2
32ω32

3ε0 h̄
, (8)
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TABLE I. Experimental parameters. The upper part consists of the input parameters to the X2MB equations. The middle part shows the
parameters calculated by others. The bottom part is related to the crystal property, energy level, and laser. The measure of uncertainty of each
parameter is also displayed. Here, the uncertainty does not mean 1σ , but is only a guide. The “Factor U” represents the uncertainty from factor
1/U to U .

Symbol Description Central value Measure of uncertainty Remark

P13 Pumping rate 200 Hza ±100
A32 Radiative decay rate 4 Hza Factor 10b

A31 Decay rate 100 Hza 70 � A31 � 110

A21 Decay rate 2.5 × 106 Hz Factor 3 Ref. [10]
γ32 Decoherence rate 107 Hza Factor 10a

Rsp Coherence trigger rate 10−30 × �0
a See main text

κ Field decay rate 2.8 × 1010 Hz Factor 3c c/n0L

d32 Transition dipole moment 2.3 × 10−32 C m Factor 3
√

3πε0 h̄c3A32
ω3

32

�0 Characteristic frequency of SR 3.3 × 1010 rad/s Factor 10
√

N0d2
32ω32

3ε0 h̄

N0 Number density of Er3+ ions at site 2 4.7 × 1018 cm−3 Factor 10d 0.1% concentration
NEr Total number of Er3+ ions at site 2 2.0 × 1015 Factor 10 N0πw2

0L
n0 Refractive index 1.8 ±0.1 Ref. [14,15]e

L Crystal length 6 mm Negligible
w0 Excitation laser radius 150 μm ±10
ω32 Angular frequency 1.2 × 1015 rad/s Negligible Ref. [16]

aDiscussed in the main text.
bThis uncertainty is mainly due to the uncertainty in N0.
cThe uncertainty determined from the crystal length is small, but the actual uncertainty should be large.
dThe uncertainty determined from the concentration of the preparation is small, but the actual uncertainty is large due to the inhomogeneity of
the crystal.
eThe value of the refractive index at room temperature is estimated using the Sellmeier equation [14]. Applied from the microwave case [15],
the refractive index is only a few percent different between 4 K and room temperature.

where N0 is the number density of Er3+ ions at site 2 and ω32 is
the angular frequency between |3〉 and |2〉. Another important
observation is the hierarchy of timescales in the frequency
parameters. In fact, the relationship between the magnitude
of each rate,

κ � γ32, A21 � P13, A31, A32 � Rsp, (9)

is useful to understand the properties of our system. The
field decay rate κ , O(1010) Hz, is the highest and domi-
nates the time evolution of the system. The decoherence rate
γ32, O(107±1) Hz and the decay rate A21, O(106) Hz, are
much lower than the field decay rate, but are much higher
than the other pumping and decay rates P13, A31, and A32,
O(101±1) Hz. The coherence trigger rate Rsp is the smallest
among the parameters: it does not play a significant role once
it initiates the coherence development. The detailed values are
given in Table I.

B. Experimental parameters

In the following part, we consider the condition for the
periodic SR and perform the numerical simulation for the
different experimental parameter sets. Before that, we in-
troduce the experimental parameters. The parameters in our
experiment are shown in Table I. The upper part consists of
the input parameters necessary to solve the X2MB equations.
Only these parameters will be discussed in detail here. The
pumping rate P13 is estimated from the approximately 85%

absorption of the 90 mW excitation laser. The radiative decay
rate A32 is estimated from the fluorescence spectrum [16] and
the absorption spectrum measured in our system. The decay
rate A31 is estimated by subtracting A32 from the decay rate de-
termined by the fluorescence lifetime of |3〉 (9.20 ± 0.02 ms
[16]). The decay rate A21 is measured by the time constant
of the change in absorption from the lower state of SR to the
third lowest Stark level of the 4I9/2 state [10]. The decoherence
rate γ32 is estimated from the fact that the decoherence time
should be longer than the duration of the SR pulses [O(10) ns]
and shorter than twice the lifetime of the lower state of SR
(2 × 400 ns). In principle, the coherence trigger rate Rsp may
be estimated by considering the spontaneous emission rate,
its phase variation, and the modes of SR emission. In practice,
however, it is difficult to estimate accurately because of its
random nature. Fortunately, the final result is insensitive to
this parameter. For example, even if it differs by ten orders
of magnitude, the results for the main quantities—period,
FWHM pulse duration, and SR photon number—as well as
the timing of the first SR pulse, change by a factor of less
than 2. We arbitrarily assume a very small value in this paper;
Rsp = 10−30 × �0.

A few comments are in order here. First, we note that
most of the parameters are not accurately determined. We
give rough estimates of their uncertainties in Table I and
in its footnotes, along with their central values. Second,
given the rather large parameter uncertainties, we varied
them widely in the simulation to study their dependence. We
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find that our conclusion is essentially unchanged, as shown
below.

C. Conditions for periodic SR

Given a set of parameters, it is desirable to know whether
the X2MB equations produce periodic SRs. Since it is im-
possible to run a simulation for every parameter set, such
predictability is essential to draw the conclusion of this sec-
tion. To this end, we linearize the X2MB equations around
equilibrium points and analyze the eigenvalues of the resulting
Jacobi matrix. We classify the parameter space based on the
sign of the eigenvalues and exclude the region where periodic
SR cannot occur. This analysis is elaborated below.

1. Linearized X2MB equations and Jacobi matrix

We first rewrite the original X2MB equations,
Eqs. (2)–(6), into dimensionless forms. This is done in
Appendix A to obtain Eqs. (A9)–(A12). We then expand them
around the equilibrium points given by Eqs. (A17)–(A20).
The final form of the linearized equations is

d�y
dt̃

= J�y, J =

⎛
⎜⎜⎝

−b00 1 0 0
ue

2 −b11 ue
0 0

−ue
1 −ue

0 b22 b23

0 0 b32 b33

⎞
⎟⎟⎠, (10)

where J is a Jacobi matrix and yi ≡ ui − ue
i (i = 0, 1, 2, 3)

is a deviation from the equilibrium point. The solution of
Eq. (10) can be expressed as �y = ∑3

i=0 Ci�xi exp (λit̃ ) using the
eigenvalues λi of J , the eigenvectors �xi for each eigenvalue,
and the constants Ci. As noted above, the behavior around
the equilibrium point is determined by the eigenvalues of the
Jacobi matrix. For example, if the real parts of the eigenvalues
are all negative, then the system approaches the equilibrium
point (�y → �0). In other words, the periodic SR generation
requires the system to be outside such a region. In fact, there
are two equilibrium solutions to the X2MB equations. One is
the “trivial solution” with zero electric field, and the other is
the “nontrivial solution” with finite electric field. For periodic
SR, the system is expected to move away from the equilibrium
point of the nontrivial solution. Thus, the system should be in
the region where at least one real part of the eigenvalues is
positive for the nontrivial equilibrium point. This is a neces-
sary condition, but it may not be sufficient. It does not hold in
principle, but has been investigated under several conditions
and found to be correct. Our expectation is confirmed by the
numerical simulation results. We refer to the above region,
where the periodic SR is expected to occur, as the “periodic
SR region.”

2. Plot of the periodic SR region

As pointed out in Sec. III B, there are five important pa-
rameters in our model; P13, A31, A32, A21, and γ32. Among
them, only P13 is controllable by the experiment. Nevertheless,
we have varied all these parameters to study the parameter
dependence of the periodic SR region. For easier understand-
ing, only (A21, P13) are treated as variables at first, while the
other parameters are fixed at certain values. Then all other
parameters are varied one by one, as discussed below.

FIG. 3. Periodic SR regions in the (A21, P13) plane for different
A32 with (A31, γ32) fixed at (102, 107) Hz. The periodic SR regions
are colored. The blue dotted, green solid, black dashed, and red
dot-dashed lines are the region boundaries for A32 = 3, 4, 20, and
100 Hz, respectively. VL; vertical line. DL; diagonal line. The purple
diamond represents the parameter used in the simulation of Fig. 4(a).
The orange circle represents the actual experimental parameter.

Figure 3 shows the periodic SR regions in the (A21, P13)
plane for different A32 with (A31, γ32) fixed at (102, 107) Hz.
Here, and below, the underline below the numerical value
indicates that it corresponds to the actual experimental value
shown in Table I. The blue dotted, green solid, black dashed,
and red dot-dashed lines are the boundaries of the periodic
SR regions for A32 = 3, 4, 20, and 100 Hz, respectively. The
periodic SR regions within these boundaries are colored. The
green region corresponds to the case with the actual value of
(A31, A32, γ32) but not of (A21, P13). When A32 is varied to a
higher frequency, the diagonal line (DL) shifts to the lower
right. The vertical line (VL) shifts to the lower-frequency side
for A32 < 20 Hz, and it shifts to the higher-frequency side for
A32 > 20 Hz. We also examine how the results change when
the other parameters, γ32 and A31, are varied. If γ32 is changed
from 0 to 108 Hz with (A31, A32) = (102, 4) Hz, the results
are almost the same as the green region. If A31 is changed
from 102 Hz to 10 or 103 Hz with (γ32, A32) = (107, 4) Hz,
the vertical line (VL) shifts to the left or right. In the next sec-
tion, we examine the validity of the periodic and nonperiodic
classification discussed above using simulation.

D. Numerical simulation

1. Results of the numerical simulation

In this section, we present numerically integrated solu-
tions of the X2MB equations, actually the dimensionless
version Eqs. (A2)–(A6), solved by the Runge-Kutta fourth-
order method. We first show a typical solution both inside and
outside the periodic SR regions. We then give a brief summary
of our numerical simulation studies.
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(a)

(c)

50 ns

(b)

(e)(d)

FIG. 4. (a) Example of a numerical simulation result within the periodic SR region. The waveforms at the initial part (t ≈ 5 ms) and
after a very long time (t ≈ 500 ms) are shown. The parameters are (P13, A21, A31, A32, γ32) = (104, 103, 102, 4, 107) Hz. The magenta line is
the square of the absolute value of the electric field, which is proportional to the instantaneous light intensity due to the emitted photons.
(b) Extended view around a single SR pulse. The magenta crosses are the simulation results. The blue line is the fit by a sech-squared function.
(c) Time evolution of the population inversion between |3〉 and |2〉 (left axis, green dashed line) and the population of the ground state n1

with respect to the equilibrium value ne
1 (≈0.05) (right axis, red dotted line). (d) Time evolution of the coherence between |3〉 and |2〉 on a

logarithmic scale. (e) Period (left axis, red line) and SR photon number (right axis, blue line) until t = 500 ms.

Inside the periodic SR region. As an example, we ar-
bitrarily pick up a parameter set (P13, A21, A31, A32, γ32) =
(104, 103, 102, 4, 107) Hz within the periodic SR region. It is
represented by the purple diamond in Fig. 3. The simulation
is started at t = 0 with the initial populations ρ11, ρ22, and ρ33

determined from the Boltzmann distribution at 4 K. This nu-
merical simulation is run up to t = 500 ms. Figure 4(a) shows
the square of the electric field of both initial (t ≈ 5 ms) and
final (t ≈ 500 ms) stages, which corresponds to the instanta-
neous light intensity of the emitted photons. In the simulation,
the pulses start to appear at around t ∼ 1 μs; however, this
initial stage is not shown in Fig. 4(a). The first SR pulse
emerges after a finite delay time (≈1 μs in the present case),
reflecting both the coherence buildup and the formation of
a population inversion through pumping. The peak interval
and pulse shape gradually change until about t = 5 ms, after
which they remain constant; in other words, the optical pulses
of the identical shape are generated at a constant interval.

The optical pulses are generated periodically at least until
t = 500 ms. There is no tendency for the SR behavior to
change. One of the pulses at around t = 5 ms is shown in
Fig. 4(b). The magenta crosses are the simulation output. The
FWHM pulse duration is O(10) ns, which is 106 times shorter
than the lifetime of the higher state of this transition (10 ms).
The short pulse duration is one of the characteristics of SR.
The blue line is the fit by a sech-squared function, which
is another characteristic of SR when the macroscopic polar-
ization (coherence) develops homogeneously over the target
[17]. Figure 4(c) shows the population inversion between |2〉
and |3〉 (left axis, green dashed line) and the population of the
ground state n1 with respect to the equilibrium value ne

1 (right
axis, red dotted line). The population inversion increases lin-
early due to the pumping and the various decay processes, and
decreases suddenly when the SR pulses are generated. The
number of photons emitted in a single SR pulse is proportional
to the sudden decrease of the population inversion. The time
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FIG. 5. Example of a numerical simulation result outside the
periodic SR region. The parameters are (P13, A21, A31, A32, γ32) =
(200, 2.5 × 106, 102, 4, 107) Hz, which are the actual experimental
parameters.

evolution of the coherence ρ32 is shown in Fig. 4(d) on a
logarithmic scale. After an SR burst, the coherence initially
decreases, mainly due to a change in the sign of the population
inversion, as described by Eq. (5). The minimum value of ρ32

is close to the order of Rsp, as revealed by numerical simu-
lations. As constant pumping gradually restores a population
inversion, ρ32 grows again, eventually leading to the next SR
burst. This development of coherence under constant pumping
results in periodic SR, in agreement with our expectations.
Amplified spontaneous emission (ASE) can also occur in
the presence of population inversion without coherence. It
was observed in our experiment, but its contribution is much
smaller than that of SR, and we do not discuss it further in
this paper. Similar periodic behavior can be reproduced for
other parameters within the periodic SR region. While on the
other hand, the change of the ground state population (n1) is
much smaller than that of the population inversion between
|2〉 and |3〉 (n3 − n2). This result corresponds to Eq. (A34) in
Appendix A. Figure 4(e) shows the period (left axis, red line)
and SR photon number (right axis, blue line) until t = 500 ms.
After about 5 ms from the start of excitation, the periodic be-
havior does not change. Although about 105 SRs are generated
at t = 5–500 ms, the relative standard deviations of the period
and photon number are less than 10−4, and it can be argued
that the SR behavior does not change at least until t = 500
ms. The main purpose of the above simulation is to show that
periodic SR is reproduced without any external periodic input
in a certain parameter space. The period differs significantly
from the experimental value due to the different parameters
from the experimental values.

Periodic SR we are considering is a phenomenon that dif-
fers from relaxation oscillation in laser systems. Coherence
plays an important role in our system. The rate equations used
in the case of relaxation oscillation only give a damped oscil-
lation solution. See Appendix B for more details.

Outside the periodic SR region. Outside the periodic SR re-
gion, we pick up the parameter set (P13, A21, A31, A32, γ32) =
(200, 2.5 × 106, 102, 4, 107) Hz. It corresponds to the actual
experimental parameters represented by the orange circle in
Fig. 3. The initial populations are the same as above. Figure 5
shows the instantaneous light intensity due to the emitted

photons. Several optical pulses are generated, but they decay
within 15 μs after the start of pumping. The system reaches
equilibrium, and the variables such as population, coherence,
and electric field are almost constant. Thus, the periodic SR
is no longer observable. This behavior is consistent with our
expectation in Sec. III C. Similar decays are observed for other
parameters outside the periodic SR region.

2. Brief summary of numerical simulation

As shown above, we performed the numerical simulation
of the X2MB model by selecting one point each from inside
and outside the periodic SR region. As expected from the
analysis of the eigenvalues of the linearized X2MB equation,
the periodic SR is reproduced inside the periodic SR region,
and the SR pulses decay outside the region. Furthermore,
we confirmed that this conclusion holds for at least 20 other
points within each region. Near the boundary, however, the
behavior of the numerical simulation does not exactly match
the result of the eigenvalue analysis; roughly speaking, the
boundary is blurred over a width of ≈A21/4.

E. Truncated two-level Bloch model

As mentioned in the introduction to this section, a much
simpler model, the truncated two-level Bloch model (T2B
model), can be derived from the X2MB equations. The model,
which captures the essential physics of cyclic motion, can be
intuitively understood as follows: it assumes only coherence
and constant pumping terms between the two SR levels of |2〉
and |3〉. The coherence grows as the upper-state population
increases until it suddenly emits SR pulses. The population
damped in the lower state will be pumped up again to re-
peat the cycle. The model ignores all spontaneous decay and
decoherence processes that are considered to be in a steady
state, leaving no contribution to differential equations. The
T2B model is useful to shed light on essential features of
the SR periodicity and will be discussed in more detail in
Appendix A.

To arrive at the T2B model, we first eliminate ρ11 using the
relation ρ11 + ρ22 + ρ33 = 1. Second, the time derivative in
Eq. (6) is ignored because the field decay rate κ is very high
and dominates the time evolution of the system. This approxi-
mation makes the SR electric field directly proportional to the
coherence ρ32. The tiny contribution of Rsp is also ignored.
Finally, we assume the population of |1〉 is nearly empty based
on the physics picture described in Appendix A. With these
approximations and after making Eqs. (2)–(6) dimensionless,
the following differential equations are obtained:

dX

dτ
= XY, (11)

dY

dτ
= −(X 2 − 1). (12)

Here X is proportional to the coherence ρ32 and thus to the SR
electric field. Y is proportional to the deviation of ρ33 − ρ22

from the equilibrium point. τ is the dimensionless time. In
this paper, we refer to these equations as the T2B model.

Let us examine what the T2B model tells us. As is well
known [18], the global feature is best analyzed by a streamline
plot. Figure 6(a) shows the streamlines of Eqs. (11) and (12).
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(a)

(b)

(c)

FIG. 6. (a) Streamline of Eqs. (11) and (12) in the XY plane.
(b) Solution of the T2B model. The magenta solid line is X , which
is proportional to the SR electric field. The green dashed line is Y ,
which is proportional to the deviation of the population inversion
from the equilibrium point. The minimum coherence required to find
C is assumed to be O(10−29). (c) Extended view of panel (b) around
a single pulse. The magenta crosses are X . The blue line is the fit to
X by a sech function. The green dashed line is Y .

As can be seen, the stream flows clockwise and circles around
the equilibrium point (1, 0) in the XY plane, suggesting cyclic
behavior. The line along which the solution (X,Y ) moves
depends on the initial value of (X,Y ). The cyclic motion in
the XY plane corresponds to the periodic behavior.

Figure 6(b) shows the numerical solution of the T2B
model. The magenta solid and green dashed lines are X and
Y , respectively. Since X is proportional to the SR electric field
in our approximation, the magenta solid line indicates that
the short optical pulses are generated periodically. The green
dashed line indicates that the population inversion increases
linearly due to the pumping and decay processes and that it
drops rapidly due to the SR pulse generation. Figure 6(c) is
the extended view of Fig. 6(b) around a single pulse. The
magenta crosses are X . The blue line is the fit to X by a
sech function, which is one of the characteristics of SR when
coherence develops homogeneously over the target [17].

The analytical solution of the period T is obtained as fol-
lows: A simple manipulation of Eqs. (11) and (12) yields

Y dY = 1 − X 2

X
dX. (13)

Integrating Eq. (13), we obtain

Y 2 = C − [X 2 − ln(X 2)], (14)

where the integration constant C has the relationship C =
ln(eX 2

max,min/X 2
max,min) = 1 + Y 2

max,min with the maximum and
minimum values of X and Y . After eliminating Y using
Eq. (14), Eq. (11) becomes

dτ = {X
√

C − ln(eX 2
/X 2)}−1dX. (15)

Integrating Eq. (15) along the streamline from Xmin to Xmax,
the period T is obtained as follows:

T =
∫ wmax

wmin

dw{w
√

C − ln(ew/w)}−1, (16)

wmin = −W0(−e−C ), wmax = −W−1(−e−C ), (17)

where w = X 2 and WJ is the Lambert W function with branch
index J .

Similarly, the half of the FWHM pulse duration �T/2 is
obtained by integrating Eq. (15) along the streamline from
Xmax/

√
2 to Xmax, recalling that X is proportional to the SR

electric field. The FWHM pulse duration �T is given by

�T =
∫ wmax

wmax/2
dw{w

√
C − ln(ew/w)}−1. (18)

By the way, by expanding WJ (x) in series of x or ln(−x)
[19], we can derive approximate fomulas for T and �T when
C � 1: T 
 (2/

√
C) ln 2

√
C + 2

√
C and �T 
 1.76/

√
C.

The number of photons emitted in a single SR pulse is
estimated as Ymax − Ymin multiplied by an appropriate factor,
since the sudden drop in the population difference in Fig. 6(b)
is caused by the SR generation.

The T2B model succeeds in capturing the essential features
of SR periodicity. First, the periodic pulses can be reproduced
by the T2B model. Second, the T2B model can also reproduce
the temporal shape of the electric field of the sech function,
which is characteristic of SR. Furthermore, the period, the
FWHM pulse duration, and the number of photons emitted
are expressed analytically with a single integration constant C.
Unfortunately, it is not yet possible to derive C from a given
set of parameters.
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Finally, the validity of the analytical solution of the T2B
model is mentioned. Only a summary is given here, see Ap-
pendix C for more details. We compare the analytical solution
of the T2B model and the numerical simulation result of the
X2MB model for the same parameter set. The period, FWHM
pulse duration, and number of emitted photons are in good
agreement. This result shows the validity of the T2B model
derived using several approximations.

F. Summary of the extended two-level model

In this section, we constructed a model to reproduce the
observed periodic SRs. The model, X2MB, is based on the
Maxwell-Bloch equations with the reduced number of energy
levels and can be solved by numerical integrations. We first
found that the X2MB results show periodic SR for constant
input parameters in a certain parameter region. By analyzing
the eigenvalues of the linearized X2MB equations, we were
able to identify the parameter space where periodic SRs occur.
Detailed numerical simulations support the validity of the
eigenvalue analysis. We also derived the T2B model from
X2MB. It is at least partially integrable and gives analytical
expressions for the SR period T , pulse duration �T , and the
number of SR photons. These predictions are found to be in
good agreement with the numerical simulation results of the
X2MB model (see Appendix C).

The model indicates that self-organizing periodicity stems
from the nonlinear nature of the differential equation. We
also find that coherence is another important factor in this
respect. Standard rate equations that use stimulated emission
or absorption terms do not produce everlasting periodic pulses
in the desired parameter space (see Appendix B for details).

The important question here is whether the model as a
whole can reproduce our experimental results. As already
mentioned, the result of the simulation with the actual exper-
imental parameters does not show any periodicity. In other
words, the experimentally realized periodic SR is outside the
theoretically predicted periodic SR region. This conclusion
holds even if we consider the uncertainties of the parameters.
The above conclusion implies that some other mechanism is
needed to reproduce the observed periodic SR for the actual
experimental parameter set.

IV. OTHER POSSIBLE MECHANISMS FOR PERIODIC SR

In this section, we present other possible mechanisms that
may explain the experimental results. So far, we have treated
the parameters in X2MB as constants in time in a single sim-
ulation run. In the following, we assume that the parameters
may vary dynamically due to certain nonlinear effects. For
example, the decoherence rate γ32 and the decay rates A31

and A21, associated with phonon decay processes, may vary
due to the local increase in crystal temperature caused by
the electric field generated. Recalling the optical Kerr effect,
where the refractive index varies with the electric-field inten-
sity, the field decay rate κ may also vary due to the electric
field. The intensity-dependent loss rate was also discussed
in the previous study on self-pulsing [20]. Furthermore, the
reduction of the group velocity in a gain medium, as reported
in Ref. [21], provides another example of dynamical variation
in the field decay rate κ .

Field decay rate modulation

In this section, we study in more detail the case in which
the field decay rate κ depends on the intensity of the SR
electric field (κ modulation). The origin of the modulation can
be intuitively understood from the following physical picture.
When an electric field begins to grow, a standing wave is
formed in the crystal and generates a strong-weak-intensity
stripe. This leads to a periodic variation of the refractive
index n due to the optical Kerr effect. Then the modulation
of n increases the effective reflection coefficient at the media
boundaries (i.e., edges with different n), making an apparent
cavity (or crystal) length longer and thus κ smaller. A more
rigorous derivation, along with a numerical estimate, can be
found in Appendix D.

We assume that the field decay rate κ in Eq. (6) decreases
for the strong SR electric field. For simplicity, we binarize κ

with respect to the threshold electric field as follows:

κ (E0) =
{
κ0 (|E0| < Eth )
κ0/q (|E0| > Eth ), (19)

where E0 is the slowly varying envelope of the SR electric
field, κ0 = c/n0L is the original field decay rate, and Eth is
the electric field threshold. The quantity q (q > 1) defines
how much κ decreases and can approximately be regarded
as the finesse of the cavity. In the following, we refer to
(q, Eth ) as the modulation parameters. We note that binarizing
κ [Eq. (19)] is merely a convenience to simplify the calcula-
tion. See Appendix D for more details.

When the modulation of κ is introduced, the periodic
SR can occur even under the actual parameter set
(P13, A21, A31, A32, γ32) = (200, 2.5 × 106, 102, 4, 107) Hz.
In this case, coherence and the electric field increase slowly
at first. Then, when |E0| exceeds the threshold Eth, coherence
develops faster than without modulation due to the reduced
κ . In effect, SR pulses are emitted more easily for a broader
parameter space. To find the best parameter set, we use the
following search strategy. First, we vary the actual parameters
within the uncertainty range shown in Table I with the fixed
modulation parameters (q, Eth ). We then vary q while keeping
Eth fixed to see if we can achieve the experimental result.
The process is repeated many times (so the study is of a
trial-and-error nature). We found that the best result gives

(T,�T, NSR ) = (45 μs, 14 ns, 8.5 × 1012), (20)

with the parameter set of (P13, A21, A31, A32, γ32) =
(100, 2.5 × 106, 110, 3, 108) and (q, Eth ) = (2, 10−5 ×√

3h̄�0/d32). Figure 7(a) shows the resulting SR pulses
from the numerical simulation. Equation (20) should be
compared with Eq. (1), the observed values: our simulation
results deviate from the actual ones by a factor of ≈4.
We note that the above simulations are rather insensitive
to Eth as long as Eth < 10−4 × √

3h̄�0/d32. We also
note that if we allow P13 to vary outside the uncertainty
range, we can obtain a much more satisfactory result:
(T,�T, NSR ) = (137 μs, 16 ns, 7.7 × 1012), which is
realized with the parameter set (P13, A21, A31, A32, γ32) =
(30, 2.5 × 106, 110, 3, 108) Hz and (q, Eth ) = (2, 10−5 ×√

3h̄�0/d32). Although P13 lies outside the uncertainty range,
it may reasonably take a lower value for the following
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(a)

(b)

FIG. 7. (a) Result of a numerical simulation with κ mod-
ulation. The magenta line is the square of the absolute value
of the electric field. The parameters are (P13, A21, A31, A32,

γ32) = (100, 2.5 × 106, 110, 3, 108) Hz and (q, Eth ) = (2, 10−5 ×√
3h̄�0/d32). (b) Dependence of the period on q in Eq. (19).

reason. After excitation to the 4I9/2 state, it is assumed
that nonradiative decay leads to population accumulation in
the lowest Stark level of the 4I13/2 state (|3〉). However, if
alternative relaxation pathways that depopulate |1〉 without
passing through |3〉 exist and their branching ratios are
high, the effective pumping rate P13 would decrease. Such
processes, involving energy exchange with the surrounding
host material, are plausible given the complexity of the
solid-state crystals.

Figure 7(b) shows the dependence of the period on q. The
longer period can be seen for the higher q. The actual value
of q is not clear and should be determined by experiments.
The quantity q can be quite high in our model in Appendix D.
The parameter we have chosen (q = 2) is within a reasonable
range, since it only doubles the effective length. Whether or
not the κ modulation is realized in our actual experiment
also remains unanswered in this study. We may be able to
prove or disprove the proposed mechanism by an experiment,
for example, with a crystal having nonparallel exit and entry
surfaces or surfaces with an appropriate antireflection coating.
Such an experiment is also left as a future task.

V. SUMMARY

In this paper, we have performed theoretical and simulation
studies to investigate the periodic superradiance observed in
an Er:YSO crystal [10]. Our particular motivation is to un-
derstand the phenomena more quantitatively. In particular, we

want to reproduce by simulation the characteristic SR quanti-
ties such as the period T , the pulse duration �T , and the SR
photon number NSR. See Eq. (1) for the experimental values.
For this purpose, we first constructed a model based on the
Maxwell-Bloch equations. This model, X2MB, has a reduced
number of energy levels, i.e., a pair of the SR states and a
reservoir, and is solved by numerical simulation in this study.
It is found that the model successfully generates periodic SR
pulses under continuous laser excitation.

The original X2MB model has many parameters, and it
exhibits periodic SRs for a certain limited region of the param-
eter space. It is not obvious that a nonlinear equation system
such as the X2MB model can exhibit periodic solutions, such
as periodic SR pulses, under static input parameters. It is
found possible to classify the parameter space into two distinct
regions, the periodic and nonperiodic regions, for a given
set of parameters. The classification is made by analyzing
the eigenvalues of the linearized X2MB equations around the
equilibrium points and is confirmed to be valid by the X2MB
numerical simulations. This analysis reveals that periodic SR
can occur intrinsically from nonlinear dynamics, even with
static input parameters.

Having established the analysis tool mentioned above, we
investigated whether periodic SR can be realized under the
actual experimental conditions. We found that our experimen-
tal parameter set is outside the periodic SR region, and that
this conclusion holds even when we allow the parameters to
vary over a wide range of uncertainties. We conclude that
some other mechanism(s) is (are) required to reproduce the
observed periodic SR.

As an example of such mechanisms, we presented a modu-
lation of the field decay constant κ , i.e., the electric field emis-
sion rate to the outside of the crystal, as a function of the elec-
tric field strength. It is found that the X2MB model with this
modification exhibits periodic SR even for the actual param-
eter set. With some parameter adjustments within the uncer-
tainties, the best simulation results of (T,�T, NSR ) turn out to
be off by a factor of 4 from the experimental values. See Eq.
(20). Furthermore, the orders of magnitude of the experimen-
tal values can be reproduced by assuming input parameters
outside the uncertainty range, which can be justified by rea-
sonable physical considerations. We conclude that the X2MB
model with this modification gives much more satisfactory
results. Whether or not the κ modulation is realized in our
actual experiment remains unanswered in this study, and its
experimental verification or refutation is left as a future task.

We also derived a simpler model from X2MB. This model,
T2B, is actually a set of nonlinear differential equations with
only two variables, the coherence and the population dif-
ferences between the two SR states. A nice feature of the
model is that it has an integral: indeed, the SR characteristic
quantities (T,�T, NSR ) can be expressed analytically with an
integral. Obtaining analytical solutions allows the effects and
sensitivities of individual parameters to be evaluated without
the need for full-scale numerical simulations. In fact, it is
found that the prediction by the analytical expressions and the
numerical results by X2MB simulations are in good agree-
ment. It is clear that this model contains essential features of
the periodic SR: nonlinearity and coherence.
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The periodic SR is an interesting phenomenon because
it seems to be in sharp contrast to the stochastic nature of
SR. The study presented in this paper contributes to a deeper
understanding of the new properties of the SR; in particular, it
reveals the mathematical structures behind this phenomenon.
The study is also important for the application of the phe-
nomenon to other systems. If the level system is found in real
atomic or ionic systems that satisfy the necessary condition for
the periodic SR, it would be possible to predict and prepare a
system that emits periodic optical pulses in response to a cw
input without any complex mechanisms such as modulation of
the field decay rate. This system has potential as a light source,
where coherent optical pulses are periodically generated in
a simple system without Q switching. Periodic SR may be
related in a broad sense to the dissipative structure theory
by Prigogine [22]. It demonstrates the phenomenon of self-
organization in a nonequilibrium open system due to energy
dissipation. In our experiment, an excitation laser works as an
energy input driving the system into a far-from-equilibrium
state, and deexcitation processes are considered as a kind of
dissipation.

We believe that the above studies explore intriguing aspects
of the Maxwell-Bloch equations and shed new light on SR
physics.

ACKNOWLEDGMENTS

We thank Professor K. An for helpful discussions and
warm encouragement. This work was supported by JSPS
KAKENHI (Grants No. JP19H00686, No. JP20H00161, No.
JP21H01112, No. JP25K00940, No. JP25K01027, and No.
JP25K07337) and the Korea Research Foundation (Grant No.
2020R1A2C3009299).

APPENDIX A: DERIVATION OF EQUATIONS

In the main text of this paper, we introduced the T2B
model, Eqs. (11) and (12). Here we derive these equations
from the X2MB equations, Eqs. (2)–(6).

First, to make the equations dimensionless, we introduce

εSR ≡ �s

�0
, t̃ ≡ t�0. (A1)

As mentioned in the main text, we set �s and ρ32 as real
numbers without loss of generality. Thus εSR is a real number.
The dimensionless Maxwell-Bloch equations are given by

dρ11

dt̃
= −p13ρ11 + a31ρ33 + a21ρ22, (A2)

dρ22

dt̃
= εSRρ32 + a32ρ33 − a21ρ22, (A3)

dρ33

dt̃
= −εSRρ32 + p13ρ11 − (a31 + a32)ρ33, (A4)

dρ32

dt̃
= εSR

2
(ρ33 − ρ22) − γ̃32ρ32, (A5)

∂εSR

∂ t̃
= −κ̃εSR + ρ32 + R̃spρ33, (A6)

where p13 = P13/�0, ai j = Ai j/�0, γ̃32 = γ32/�0, κ̃ =
κ/�0, and R̃sp = Rsp/�0.

Introducing the new variables

u0 ≡ εSR, u1 ≡ ρ32, (A7)

u2 ≡ ρ33 − ρ22

2
, u3 ≡ ρ33 + ρ22

2
, (A8)

and using the relation ρ11 + ρ22 + ρ33 = 1, Eqs. (A2)–(A6)
are reduced as follows:

du0

dt̃
= −b00u0 + u1, (A9)

du1

dt̃
= u0u2 − b11u1, (A10)

du2

dt̃
= −u0u1 + b20 + b22u2 + b23u3, (A11)

du3

dt̃
= b30 + b32u2 + b33u3, (A12)

where

b00 ≡ κ̃, b11 ≡ γ̃32, (A13)

b20 ≡ p13

2
, b22 ≡ −a31 − a21 − 2a32

2
, (A14)

b23 ≡ −2p13 − a31 + a21 − 2a32

2
, b30 ≡ p13

2
, (A15)

b32 ≡ −a31 + a21

2
, b33 ≡ −2p13 − a31 − a21

2
. (A16)

The coherence trigger term in Eq. (A6) is ignored here.
When the time derivatives in Eqs. (A9)–(A12) are set to

zero, ui at the equilibrium point are given by

ue
0 = b−1

00 ue
1, (A17)

ue
1 = ±

√
b00

(
b20 + b00b11b22 − b23

b33
(b30 + b00b11b32)

)
,

(A18)

ue
2 = b00b11, (A19)

ue
3 = −b30 + b00b11b32

b33
. (A20)

There is also the following trivial solution:

ue,triv
0 = ue,triv

1 = 0, (A21)

ue,triv
2 = −b33b20 − b23b30

b22b33 − b23b32
, (A22)

ue,triv
3 = b32b20 − b22b30

b22b33 − b23b32
. (A23)

So far, we have rewritten the X2MB equations into a di-
mensionless form. Below, we derive the T2B equations using
several approximations. In Eq. (A9), the time derivative of u0

can be ignored because b00, which corresponds to the field
decay rate κ , is very high and dominates the time evolution of
the system. Using this approximation, u0 = b−1

00 u1, the electric
field is proportional to the coherence. By introducing the
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following new variables:

X ≡ u1

ue
1

, Y ≡ u2 − ue
2

ue
1

, τ ≡ ue
1

b00
t̃, (A24)

Eq. (A10) is reduced to

dX

dτ
= XY. (A25)

Equation (12) is derived as follows: We first transform
Eqs. (A11) and (A12) into the following form:

du2

dt̃
= c21

{(
u1

ue
1

)2

− 1

}
+ c22

(
u2

ue
2

− 1

)
+ c23

(
u3

ue
3

− 1

)
,

(A26)

du3

dt̃
= c32

(
u2

ue
2

− 1

)
+ c33

(
u3

ue
3

− 1

)
, (A27)

where

c21 = − (ue
1)2

b00
→ a21

1

1 + η
∼ O(10−8), (A28)

c22 = b22ue
2 → a21γ̃32κ̃ ∼ O(10−12), (A29)

c23 = b23ue
3 → p13

1 − η

1 + η
∼ O(10−7), (A30)

c32 = b32ue
2 → a21γ̃32κ̃ ∼ O(10−12), (A31)

c33 = b33ue
3 → p13 ∼ O(10−7), (A32)

with η ≡ a21/2p13. On the right of the arrows above, major
parameter dependence is shown considering the hierarchy of
Eq. (9). Here we note κ̃ 
 1 and the rest (γ̃32, p13, a21) are
10−3 or less, indicating that c22 and c32 are much smaller than
c21, c23, c33. Similarly, the equilibrium population ue

3 can be
expressed as

2ue
3 = ρe

22 + ρe
33 → 1

1 + η
≈ 0.95. (A33)

The values inside the symbol O above represent those ob-
tained by the X2MB simulation at the purple diamond point
in Fig. 3. Now if u3 stays near ue

3 or (u3/ue
3) − 1 � 1, then

the right-hand side of Eq. (A27) becomes negligible because
c32 � 1, or

du3

dτ
≈ 0, (A34)

which in turn guarantees u3 to be constant. In addition, as
2ue

3 ∼ 1 for η < 1, the population of ρ11 is almost empty.
In fact, we found by the X2MB simulation (u3/ue

3) − 1 ≈
O(10−6), (u2/ue

2) − 1 ≈ O(1), and (u1/ue
1)2 − 1 ≈ O(102) at

the purple diamond point, and confirmed similar results are
obtained at seven different points in the periodic SR region
of Fig. 3. With the above approximation, the second and third
terms in Eq. (A26) are negligible compared with the first term.
After appropriate variable transformations, we obtain

dY

dτ
= −(X 2 − 1). (A35)

The T2B model, Eqs. (11) and (12), is derived by the above
procedure.

APPENDIX B: ANALYSIS USING RATE EQUATIONS

Here, we show that the rate equations used for relaxation
oscillation in laser systems only give a damped oscillation
solution. For the Maxwell-Bloch equations (2)–(6), neglecting
coherence and replacing the Rabi oscillation terms with stim-
ulated emission and absorption terms, we obtain the following
rate equations:

dρ11

dt
= −P13ρ11 + A31ρ33 + A21ρ22, (B1)

dρ22

dt
= (ρ33 − ρ22)

∫
B32ρ(ω)g(ω)dω + A32ρ33 − A21ρ22,

(B2)

dρ33

dt
= −(ρ33 − ρ22)

∫
B32ρ(ω)g(ω)dω

+P13ρ11 − (A31 + A32)ρ33, (B3)

∂I

∂t
= −2κI + h̄ω32N0c

n0
(ρ33 − ρ22)

∫
B32ρ(ω)g(ω)dω

+R′
sp

h̄ω32N0c

n0
A32ρ33. (B4)

Here I is the intensity of the generated optical pulse. B32 =
π2c3

n3
0 h̄ω3

32
A32 is the Einstein B coefficient. ρ(ω) = (n0/c)I f (ω)

is the energy density per unit frequency, where f (ω) is the
spectral function. g(ω) is the ionic line-shape function. For
simplicity, f (ω) and g(ω) are approximated by rectangular
functions with widths of 2π × 0.1 GHz and 2π × 1 GHz,
respectively. These widths are set based on the measurement.
The last term of Eq. (B4) is a contribution to the generated
optical pulse by spontaneous emissions. The rate R′

sp is ex-
tremely low.

Using the relation ρ11 + ρ22 + ρ33 = 1 and the appropriate
variable transformations, Eqs. (B1)–(B4) are reduced as fol-
lows:

du′
1

dt̃
= −b′

11u′
1 + b′

12u′
1u′

2, (B5)

du′
2

dt̃
= −b′

21u′
1u′

2 + b′
20 + b′

22u′
2 + b′

23u′
3, (B6)

du′
3

dt̃
= b′

30 + b′
32u′

2 + b′
33u′

3, (B7)

where

t̃ ≡ t�0, u′
1 ≡ I, (B8)

u′
2 ≡ ρ33 − ρ22

2
, u′

3 ≡ ρ33 + ρ22

2
. (B9)

The last term of Eq. (B4) is ignored here. If the obtained
Eqs. (B5)–(B7) are expanded around the nontrivial equi-
librium point ((u′

1)e, (u′
2)e, (u′

3)e), the following linearized
differential equations are derived:

d �y′

dt̃
= J ′ �y′,

J ′ =
⎛
⎝−b′

11 + b′
12(u′

2)e b′
12(u′

1)e 0
−b′

21(u′
2)e b′

22 − b′
21(u′

1)e b′
23

0 b′
32 b′

33

⎞
⎠, (B10)

043713-12



ANALYTICAL AND NUMERICAL STUDIES OF PERIODIC … PHYSICAL REVIEW A 113, 043713 (2026)

FIG. 8. (a) Region of (u′
1)e > 0 in the (A21, P13) plane with

(A31, A32) fixed at (102, 4) Hz. The purple diamond represents
the parameter used in the simulation of panel (b). (b) Numer-
ical simulation result for the parameter set (P13, A21, A31, A32) =
(104, 103, 102, 4) Hz. The red line is the intensity of the generated
optical pulses.

where J ′ is a Jacobi matrix and y′
i ≡ u′

i − (u′
i )

e (i = 1, 2, 3) is
a deviation from the equilibrium point.

Figure 8(a) shows the region of (u′
1)e > 0. This means

that the intensity at the equilibrium point is positive. In this
region, it is revealed that one of the eigenvalues of J ′ is a
negative real number and the other two are imaginary numbers
with negative real parts. The system is expected to reach
equilibrium and no longer generate a sustained pulse train.
The above mathematical discussion is also presented for re-
laxation oscillation in laser systems [23]. Figure 8(b) shows
the intensity of the optical pulses generated. We choose the
same parameter set as in the simulation in Fig. 4(a). That is,
(P13, A21, A31, A32) = (104, 103, 102, 4) Hz. It is represented
by the purple diamond in Fig. 8(a). Initially, many optical
pulses are generated, but as expected, the system reaches
equilibrium and no longer generates intense pulses. In the
region of (u′

1)e < 0, the equilibrium point is outside the phys-
ically meaningful region. It is natural to assume that there
are no solutions orbiting around the equilibrium point. We

also performed numerical simulations within the region of
(u′

1)e < 0 and confirmed that the sustained pulses are not
reproduced.

As shown above, the Maxwell-Bloch equations with coher-
ence and the rate equations without coherence yield different
results. These results indicate that coherence plays an impor-
tant role in our experimental system, and the phenomenon we
are considering is different from the relaxation oscillation in
laser systems.

APPENDIX C: COMPARISON OF THE ANALYTICAL
SOLUTION OF THE T2B MODEL AND NUMERICAL

SIMULATION OF THE X2MB MODEL

To confirm the validity of the T2B model [Eqs. (11) and
(12)] derived using several approximations, we compare the
analytical solution of the T2B model and the numerical simu-
lation result of the X2MB model for the same parameter set.
We vary A21 or P13 in the periodic SR region while keep-
ing the other parameters fixed. In the numerical simulation,
we take the values after the period and pulse shape have
become constant. As a point of caution, the analytical solu-
tion requires the prediction of the integration constant C. We
use the maximum value of coherence ρmax in the numerical
simulation to find C. Therefore, one numerical simulation is
necessary to obtain an analytical solution. With C above, the
period, FWHM pulse duration, and SR photon number are
obtained.

The left column of Fig. 9 shows the period [Fig. 9(a)],
the FWHM pulse duration [Fig. 9(b)], and the SR pho-
ton number [Fig. 9(c)] for the different decay rates A21

under (P13, A31, A32, γ32) = (104, 102, 4, 107) Hz. This corre-
sponds to the variation on the horizontal line P13 = 104 Hz
in the green region of Fig. 3. The middle column of Fig. 9
shows the results for the different pumping rates P13 under
(A21, A31, A32, γ32) = (103, 102, 4, 107) Hz. This corresponds
to the variation on the vertical line A21 = 103 Hz in the
green region of Fig. 3. The right column of Fig. 9 shows
the results for the decay rate A21 under (P13, A31, A32, γ32) =
(200, 102, 100, 107) Hz. This corresponds to the variation on
the horizontal line P13 = 200 Hz in the red region of Fig. 3.
The blue crosses and red circles represent the results of the
analytical solution of the T2B model and the numerical sim-
ulation of the X2MB model, respectively. They are in good
agreement. This result shows the validity of several approxi-
mations used in the T2B model. The FWHM pulse duration,
O(10) ns, and the SR photon number, O(1012±1), are compa-
rable with those in the experimental data. The period, O(1) μs,
is two orders of magnitude shorter than that in the experiment.
As A21 increases, the period becomes shorter. This is because,
as A21 increases, the population inversion reaches the thresh-
old of SR earlier. On the other hand, as A21 increases, the
FWHM pulse duration becomes shorter, and the number of
SR photons increases. The FWHM pulse duration is inversely
proportional to the SR photon number, which is one of the
characteristics of SR. The fact that the results change little
when P13 is varied suggests that the rate-limiting factor of
change in the system is due to other parameters.

043713-13



HIDEAKI HARA et al. PHYSICAL REVIEW A 113, 043713 (2026)

(a)

(c)

(b)

(d)

(e)

(f)

(g)

(h)

(i)

FIG. 9. Comparison of the analytical solution of the T2B model and the numerical simulation of the X2MB model. The left column shows
(a) the period, (b) the FWHM pulse duration, and (c) the SR photon number for the different decay rates A21 under (P13, A31, A32, γ32) =
(104, 102, 4, 107) Hz. The middle column shows (d) the period, (e) the FWHM pulse duration, and (f) the SR photon number for the pumping
rates P13 under (A21, A31, A32, γ32) = (103, 102, 4, 107) Hz. The right column shows (g) the period, (h) the FWHM pulse duration, and (i) the
SR photon number for the decay rate A21 under (P13, A31, A32, γ32) = (200, 102, 100, 107) Hz. The blue crosses and red circles represent the
results of the analytical solution and the numerical simulation, respectively.

APPENDIX D: POSSIBLE MECHANISM OF FIELD DECAY
RATE MODULATION

In Sec. IV, we perform the numerical simulation assuming
that the field decay rate κ varies as a function of the electric
field. A possible mechanism for dynamically varying κ is
presented here. In summary, the electric field due to photons
emitted from the Er3+ ions creates a standing wave in the
crystal, resulting in a modulation of the refractive index. The
refractive index modulation increases the effective reflectance
R. In our model, R can be quite high. Taking into account
the propagation loss of the light in the crystal, κ can be
approximated to a binary function as in Eq. (19). The details
are described below.

1. Principle

a. Formation of refractive index modulation

The population of |3〉 in Fig. 2 is gradually increased by
the pumping P13. The excited Er3+ ions deexcite to |2〉 with
photons, which generate an electric field. The reflection of
the electric field at the two crystal surfaces creates a very-

low-finesse cavity. The surface reflection, estimated from the
refractive index, is 8%. A small standing wave is formed, and
the electric-field intensity is periodically modulated. At the
antinodes, the population of |3〉 decreases faster than at the
nodes due to the higher stimulated emission rate. The electric
field at the antinodes is further increased. The refractive index
of the crystal n changes in response to an electric field due to
the optical Kerr effect.

n = n0 + 2ñ2|E |2, (D1)

where E is the electric field, n0 is the refractive index in
the low-intensity limit, and ñ2 is the optical Kerr coefficient.
Therefore, the refractive index modulation is generated.

b. Decrease in field decay rate due to increased finesse

For simplicity, we assume a medium whose refractive in-
dex has two values of nH and nL, which change periodically
with a period of d along the z axis, as shown in Fig. 10(a). We
define the mean and difference index as

n̄ = nH + nL

2
, �n = nH − nL

2
. (D2)
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(a)

(b)

z

d

nH nL

FIG. 10. (a) Multilayer structure whose refractive index has two
values of nH and nL, changing periodically with a period of d along
the z axis. (b) Dependence of the reflectance R on the refractive index
variation �n.

The wavelength of the electromagnetic wave propagating in
the medium is λ0 = 4n̄d when measured in vacuum. The
transfer matrix [24] for the region j ( j = H, L) is given by

M j (�z) ≡
(

cos(k j�z) i
n j

sin(k j�z)
in j sin(k j�z) cos(k j�z)

)
, (D3)(

E (z + �z)
cB(z + �z)

)
= M j (�z)

(
E (�z)
cB(�z)

)
, (D4)

where k j = n jk0 is the wave vector of the photon traveling
through the crystal. Now we look at the multilayer structure
again. If we denote the input and output fields by Ein, cBin and
Eout, cBout, respectively, they are connected by the following
relationship:(

Ein

cBin

)
= [MH(d )ML(d )]−Np

(
Eout

cBout

)
. (D5)

The number of the index pairs Np can be roughly estimated as

Np = n̄L

λ0/2
≈ 104, (D6)

for the mean refractive index n̄ = 1.8, the target length L =
6 mm, and the wavelength of SR λ0 = 1.545 μm. If the
incident beam is injected from the left, then there are both
right-moving (injected) and left-moving (reflected) beams
at the input boundary, but there is no left-moving field
at the output boundary. Denoting the incident field by E1,
the reflected field by ER, and the transmitted field by ET,

we have

Ein = E1 + ER, cBin = E1 − ER, (D7)

Eout = ET, cBout = ET. (D8)

Denoting the matrix elements of (MHML)−Np by mi j , we
obtain the complex reflectivity r as

r ≡ ER

E1
= (m11 + m12) − (m21 + m22)

(m11 + m12) + (m21 + m22)
. (D9)

Figure 10(b) shows R (=|r|2) as a function of �n. There
seems to be a threshold around �n ≈ 1 × 10−4, above which
R is close to 1. This is a highly nonlinear effect. For a cavity
with reflectivity R, length l = 2L, and energy reduction e−αl

in a round trip, we can write the electric-field decay rate
κ = κ0 × (αl − 2 ln R), where κ0 = c/n0L is the original field
decay rate. It is natural to assume that κ/κ0 is lower than 1,

κ/κ0 = min [1, αl − 2 ln R]. (D10)

The 1 here is a conceptual number determined from the re-
ciprocal of the time it takes for a photon to propagate through
the target, and is an approximate value. κ/κ0 can be viewed
as a function with respect to an electric field that varies from
1 to ≈αl (because R ≈ 1). This functional form can be ap-
proximated by a tanh function and further by a step function.
By setting 1/q = αl , Eq. (19) is derived. In fact, it is difficult
to determine the loss α. This is equivalent to determining
the higher value of the step function. The threshold electric
field can be determined by the detuning δ, in Appendix D 2.
The field decay rate κ decreases by a factor of q. This is the
possible mechanism by which the field decay rate κ varies as
a function of the electric field. For the strong electric field, the
refractive index variation �n increases, and the field decay
rate κ decreases significantly.

2. Refractive index variation �n

We estimate the refractive index variation �n for a given
electric field ESR. According to the results of Ref. [25], in
particular Eq.(6.3.28),1 the electric susceptibility χe is given
by

χe = −α0(0)

ω32/c

δT2 − i

1 + (δT2)2 + |E |2/∣∣E0
S

∣∣2 , (D11)

|E0
S |2 = h̄2

4|d32|2T1T2
, (D12)

α0(0) = −ω32

c

[
N0(ρ33 − ρ22)|d32|2 T2

ε0 h̄

]
, (D13)

where α0(0) is the absorption coefficient at zero detuning, N0

is the number density of Er3+ ions at site 2, ρi j is the density
matrix element, d32 is the dipole moment, δ is the detuning,
T1 is the lifetime of |3〉, and T2 is the decoherence time. The
third-order susceptibility χ (3)

e has the relation ñ2 = 3χ (3)
e /4n0

with ñ2. Expanding Eq. (D11) with respect to |E |/|E0
S |, the

1It assumes a near-resonant, steady-state two-level system.
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third-order susceptibility χ (3)
e is

χ (3)
e = α0(0)

3ω32/c

δT2

[1 + (δT2)2]2

1∣∣E0
S

∣∣2 . (D14)

The number density of Er3+ ions relevant to the index vari-
ation �n is given by the SR electric field ESR. The number
density can be replaced by

N0(ρ33 − ρ22) ∼ ε0n2
0|ESR|2
h̄ω32

. (D15)

With this substitution, the refractive index variation �n is
estimated by

�n ∼ 2
3

4n0

∣∣�χ (3)
e

∣∣|ESR|2 (D16)

∼
[
ε0n0|ESR|2

2h̄ω32
|d32|2 T2

ε0h̄

]
δT2

[1 + (δT2)2]2

|ESR|2∣∣E0
S

∣∣2 . (D17)

To estimate �n, we need to know several parameters, of which
δ and ESR are the least well known. Naively δ is expected to

be smaller than the width of the Er3+ ion ensemble, i.e., δ <

109 Hz. Remembering that �n ≈ 10−4 is the threshold for the
sharp increase in R or the sharp decrease in κ , we evaluate ESR

that gives �n = 10−4. It turns out that

|ESR| ≈ 6 × 105 V/m, (D18)

for δ = 109 Hz. The number of photons giving this electric
field is estimated to be

ε0n2
0|ESR|2
h̄ω32

πw2
0

c

n0
�T ≈ 1 × 1013. (D19)

�T is the duration of the SR pulse and is here set to 10−8 s.
On the other hand, the electric field estimated from the mea-
sured SR pulses is ≈2 × 105 V/m. We note that if we assume
δ = 108 Hz, then we find |ESR| ≈ 1 × 105 V/m and the corre-
sponding photon number ≈3 × 1011, much smaller than those
of Eqs. (D18) and (D19). These considerations suggest that
the modulation of the field decay rate κ may occur.
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