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Spin-orbit-coupling-induced geometric squeezing in rotating Bose-Einstein condensates
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Squeezed states play a key role in diverse frontiers of quantum physics. Geometrically squeezed states,
squeezed states in the orbital phase space of rotating Bose-Einstein condensates (BECs), have been convention-
ally generated by anisotropic-trapping potentials. In this work, we propose a different route to generate geometric
squeezing via spin-orbit coupling (SOC) in a pseudospin-1/2 BEC. We show that the SOC enables effective two-
phonon transitions within the lowest Landau level via virtual spin-flip processes, leading to exponential squeez-
ing dynamics in both spin components. Furthermore, by applying a 7 /2 spin rotation, the two spin channels
can be coherently coupled to produce two-mode geometric squeezing. We also investigate the influence of inter-
atomic interactions on squeezing performance and identify parameters where robust squeezing can be achieved.

Our work provides a viable pathway to realize and manipulate geometric squeezing in spinor quantum gases.

DOI: 10.1103/dfm2-2cwf

I. INTRODUCTION

Squeezed states are characterized by the reduction of quan-
tum fluctuations in one phase-space quadrature below the
standard quantum limit (SQL), at the expense of increased
quantum noise in the conjugate variable [1,2]. Intuitively,
squeezed states are defined by an elliptical uncertainty distri-
bution in phase space, in contrast to the circular distribution of
coherent states. The squeezed states serve as critical resources
in various topics of quantum information science, such as
quantum-enhanced sensing [3,4], communication [3,5], and
computation [3,5]. Since the pioneering experimental demon-
strations in optical parametric oscillators (OPOs) [6-8],
squeezed states have been extensively studied and observed
across a wide variety of quantum platforms, including op-
tomechanical resonators [9—11], trapped ions [12,13], atomic
ensembles [14,15], and superconducting circuits [16,17]. No-
tably, squeezed light has enabled gravitational-wave detectors
such as LIGO to surpass the SQL [18] and has been applied
to quantum teleportation [19] and secure communication pro-
tocols [20,21].

Geometric squeezing refers to the squeezed states in orbital
phase spaces of rotating Bose-Einstein condensates (BECs),
pioneered by the seminal experiment by Fletcher et al. [22].
When the rotation frequency 2 of the trapping potential ap-
proaches the radial confinement frequency w, the centrifugal
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force nearly cancels the external confining potential, leading
to a massive energy degeneracy in the guiding-center mode.
This degeneracy corresponds to the formation of Landau lev-
els, analogous to the charged particles in a magnetic field.
In this regime, an additional weak anisotropic potential (pro-
portional to x> — y?) induces two-phonon transitions within
the lowest Landau level (LLL), closely mirroring the two-
photon processes in OPOs [6,7]. This mechanism enables the
generation of single-mode geometric squeezed states, where
the quadrature uncertainty is exponentially compressed in
one direction of the guiding-center phase space. Subsequent
investigations have explored the dynamic control of rotation
frequency and anisotropic strength to optimize the produc-
tion of both single-mode [23-25] and two-mode geometric
squeezing [26], as well as the rich interplay between geomet-
ric squeezing and interatomic interactions, leading to exotic
phenomena such as bosonic quantum Hall states and vortex
crystals [27-33].

In addition to the external orbital degrees of free-
dom, ultracold atoms possess rich and controllable internal
states [34], i.e., the pseudospin degrees of freedom. By
engineering transitions between different spin states and
exploiting state-dependent interactions, spinor BECs have
emerged as a versatile platform for exploring exotic quantum
phenomena, including magnetic phases [35-38], topologi-
cal excitations [39—42], and quantum turbulence [43,44]. In
spinor quantum gases, one of the most significant break-
throughs has been the experimental realization of spin-orbit
coupling (SOC) [45-47]. Typically, Raman-induced SOC of
the form o, p, (where o, is the Pauli spin operator and p; is
the momentum operator in the x direction) coherently couples

©2026 American Physical Society


https://orcid.org/0009-0006-9713-7338
https://orcid.org/0000-0001-6588-6373
https://orcid.org/0000-0002-6236-5326
https://ror.org/035z18f46
https://ror.org/03y3e3s17
https://ror.org/035z18f46
https://ror.org/03y3e3s17
https://ror.org/01jeedh73
https://ror.org/017zhmm22
https://crossmark.crossref.org/dialog/?doi=10.1103/dfm2-2cwf&domain=pdf&date_stamp=2026-07-17
https://doi.org/10.1103/dfm2-2cwf

ZHU, GUO, ZHANG, HUANG, ZHANG, AND CHEN

PHYSICAL REVIEW A 114, 013316 (2026)

the atom’s internal spin to its external momentum. The SOC
gives rise to a variety of novel phenomena [48-51] such
as striped supersolidlike phases [52-60], topological phase
transitions [61-64], exotic vortex configurations [65,66], and
spin-squeezed or spin-entangled states [67,68]. However, pre-
vious studies [22-26] on geometric squeezing have been
confined to scalar BECs, where all atoms occupy a single
internal state with the spin degrees of freedom being frozen.
This raises a natural question: Can SOC induce geometric
squeezing in spinor BECs?

In this paper, we demonstrate that the Raman-induced SOC
is capable of generating single-mode geometric squeezing in
each spin component. Our scheme operates through a mech-
anism fundamentally distinct from the traditional approach
based on anisotropic-trapping potentials. In contrast to the
anisotropic potential (proportional to x> — y?) that is inher-
ently quadratic, the SOC term (proportional to o, p,) is merely
linear in the momentum operator. Nevertheless, we show that
second-order virtual processes within the LLL manifold result
in an effective quadratic Hamiltonian, which serves as the key
driver for geometric squeezing. Building upon this, we further
demonstrate that a 7 /2 spin rotation can coherently couple
the two spin components, leading to the two-mode geometric
squeezing. Additionally, the influence of interatomic interac-
tions on the squeezing dynamics is also discussed.

The rest of the paper is organized as follows. In Sec. II
we review the geometric squeezing induced by anisotropic
trapping in scalar BECs. In Sec. III we present the mecha-
nism of SOC-induced geometric squeezing in a spin-1/2 BEC
and provide numerical validation of single-mode squeezing
dynamics. In Sec. IV we discuss the generation of two-mode
geometric squeezing via spin rotation and characterize the
joint noise properties. In Sec. V we analyze the effects of inter-
atomic interactions on the squeezing performance. In Sec. VI
we discuss the experimental realization and an observation
scheme for the guiding-center quadrature variances. A sum-
mary of our findings is given in Sec. VIL

II. ANISOTROPIC-TRAP-INDUCED
GEOMETRIC SQUEEZING

We first review how geometric squeezing emerges in a
scalar rotating BEC subject to a weak trap anisotropy [22-26].
The central insight is that as the rotation frequency 2 ap-
proaches the harmonic trapping frequency w, the condensate
naturally decomposes into two independent sectors: a high-
energy cyclotron mode and a near-degenerate guiding-center
mode. Then a weak harmonic confinement leads to an ex-
ponential deformation of the quantum-noise ellipse in the
guiding-center phase space.

The single-particle Hamiltonian in the rotating frame
(setting /i = 1) reads

P>
ho = S— + Vo(r) — QL,, ey

2m
where r = (x, y)" and p = (p,, py)T denote the position and
momentum operators, L, = xp, — ypy is the z component of
angular momentum, and Vo(r) = 3me*r? is an isotropic har-
monic trap. Near the critical rotation 2 &~ w, the phase-space
structure naturally separates into two independent sectors,

i.e., the cyclotron and guiding-center mode. For the cyclotron
mode,
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while for the guiding-center mode (LLL geometric degree of
freedom),

_X-iy o X4 @
Vaig T Nl
with the conjugate quadratures
X Py y Px
X == —, =Z— . 5
2 * 2mw 2 2mw )

Here Ig = 1/4/2mw is the magnetic length, which sets the
characteristic width of LLL wave packets [27,29]. The two
sectors are decoupled: Each pair (£, ) and (X,Y) spans a
canonically conjugate phase space, while operators from dif-
ferent sectors commute, i.e.,

[a,a"] = [b,b'] =1,
(£, 0] = —[X.Y] = il},
[a,b] = [a,b'] = 0. (6)

Expressed in this modal basis, the Hamiltonian decomposes
into two independent harmonic oscillators, i.e.,

hy = moloy(E* + 1) + o_(X* + Y?)]
=w,; (a';“a + %) + w_ (bJ'-b + %), @)

where wy = w + Q. The eigenbasis is labeled by |ng,, np),
with non-negative integers n, and n, counting excitations
in the cyclotron and guiding-center modes. At the critical
rotation frequency 2 = w, the guiding-center frequency w_
vanishes, rendering this sector completely degenerate. The
spectrum collapses into Landau levels, with the LLL spanned
by |n, = 0, np).

The geometric squeezing can be dynamically realized by
introducing a weak-anisotropic-trapping potential [22]

£ma)2

V() =Vo(r) + ——@* —y?), ®)
where ¢ is a small dimensionless parameter. The anisotropy
breaks the rotational symmetry, inducing quadratic cou-
pling between the modes. To expose the resulting squeez-
ing structure, one applies a unitary transformation G =
exp(—ikmwxy), with k = ew/292. Under G, the spatial coor-
dinates remain unchanged while the momenta acquire linear
corrections Gp,G' = p, + kmwy and prGT = py + kmwx;
choosing ¥ = ew/2<2 cancels the bare anisotropic potential
exactly. Expressed in the (a, b) ladder-operator basis and re-
taining terms to leading order in x ~ O(¢), the transformed
Hamiltonian takes the form (see the Appendix for a complete
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derivation)
hy=wi(a'a+ 1) +o-(b'b+ 1)
- %(a"‘a"‘ + aa — b'b" — bb), )

where ¢ = kw = ew?/2Q characterizes the strength of the
two-phonon transition induced by the anistropic potential.
The crucial feature emerges at the critical rotation
(2 = w). Here w_ = 0 while the squeezing terms %(b’rb"' +
bb) remain active. It drives the guiding-center mode toward
a single-mode geometrically squeezed state (formally analo-
gous to parametric down-conversion in quantum optics), i.e.,

exp(—ihot)]0, 0) & |0, S(1)). (10)

The phase-space signature is an exponentially deforming
noise ellipse in the X-Y plane. To make the relevant ob-
servables explicit, we introduce the rotated guiding-center
quadrature X (6) = X cos @ + Y sin 6 and its variance

AXO,1) = (X)) — (X(0))*, (11)

which characterizes the noise of the guiding-center mode
along an arbitrary direction 6 in the X-Y phase space. The
minimum and maximum quadrature variances Arznin Jnax (E)
are the extrema of A%(@,1t) over 6 or, equivalently, the two
eigenvalues of the X-Y covariance matrix. For the squeezing
dynamics governed by Eq. (9) at 2 = w, they take the analytic

form

Afin(0) = Ajqre ™,
Al () = AgLe™, (12)

where A3, =13/2 is the SQL. In contrast, the cyclotron

mode remains unsqueezed due to the dominating term a'a

in Eq. (9) with strength w; = 2w > ¢. This term induces
rapid rotation of the £-n phase space, thereby suppressing the
formation of squeezing in the cyclotron mode.

III. SPIN-ORBIT-COUPLING-INDUCED
GEOMETRIC SQUEEZING

A. Effective Hamiltonian

We now turn to an isotropic two-component BEC
(pseudospin-1/2 system) subject to the Raman-induced SOC.
We will demonstrate that the SOC can induce geometrically
squeezed states within the framework of perturbation theory,
a fundamentally distinct mechanism from the anisotropic po-
tential approach described above.

The Hamiltonian of the spin-1/2 BEC with Raman-
induced SOC is given by

H=h®I—Jo,+ap.o,, (13)

where hy is given in Eq. (7) and T is a 2x2 identity matrix.
The last term « p,o, characterizes the SOC, with o, ; the Pauli
matrices; p, the momentum operator, which can be expanded
in terms of the ladder operators as

pe= "N~ )+ G - D) (14)

A\

A N A A A

N
QO o W x Vo x W Qo QO b

X

FIG. 1. Landau level diagrams for the spin-orbit-coupled rotating
BEC with o = 0, showing the energy spectrum and virtual transition
processes within the (a) spin-up and (b) spin-down subspaces. The
black double-headed arrows and yellow arrows correspond to diago-
nal and off-diagonal corrections, respectively.

o the strength; and J the Raman Rabi frequency. This form
of SOC can typically be realized through a two-photon pro-
cess in which two noncollinear, largely detuned laser beams
illuminate the atoms [45,48]. Note that our SOC Hamiltonian
differs from the commonly used form in the literature by a
spin rotation, namely, o, — o, and o, — —o7. This rotation is
merely for the convenience of discussion and does not lead to
any additional physical consequences. Since p, is linear in the
ladder operators a andb [Eq. (14)], the SOC term ap,o, can-
not directly generate the quadratic coupling b* 4 b'? required
for guiding-center squeezing, in contrast to the anisotropic
potential which does so at first order [Eq. (9)]. We will show
that such a quadratic coupling is instead generated at second
order in perturbation theory, through virtual interspin transi-
tions within the LLL manifold.

In the spin-1/2 BEC, the basis states are |n,, np, o), with
the additional o = {1, |} denoting the spin index. In the ab-
sence of SOC (o = 0), we deine the Hamiltonian as Hy =
Hy—o =hy®1 — Jo,. The states |n,, np, o) are eigenstates
of Hy. At Q = w, the Raman J term simply breaks the spin
degeneracy, resulting in a gap 2J between the Landau levels
of different spin components, as shown in Fig. 1. In particular,
within the LLL manifold {|0, n,, o)}, one has Ep 4 = w —J
andEy |y =+ J.

Next we turn on a weak SOC and treat H' = ap,0, as
a perturbation, i.e., apg < J, with py ~ /mw the oscillator
momentum scale. Therefore, the effect of H' on the LLL
manifold is described by degenerate perturbation theory. We
first focus on the LLL of the spin-up component whose
projector is Py = an |0, 1y, 1)(0, np, 1|. Since H' flips the
spin, the first-order correction within this degenerate subspace
vanishes, i.e., PyH'P; = 0. Hence, the leading effect comes
from the second-order correction, which yields the effective
Hamiltonian

H{Y =PH'Q QH'P;, (15)

Ey 4+ — Hy
where Q = 1 — P, is the projector onto the complementary
subspace.

As illustrated in Fig. 1(a), there exist only two types
of virtual processes contributing to He(fo): (i) diagonal

013316-3



ZHU, GUO, ZHANG, HUANG, ZHANG, AND CHEN

PHYSICAL REVIEW A 114, 013316 (2026)

corrections, denoted by black arrows, arising from the verti-
cal round-trip excitation |0, np, 1) — |1, np, ) — |0, np, 1)
and the horizontal round-trip transition |0, np, 1) — |0, np &
1,{) — 10,np, 1), which contribute effective b'b terms,
and (ii) off-diagonal processes, denoted by yellow arrows,
from the two-step horizontal virtual transition |0, np, 1) —
|0,y £ 1, ) — |0, n, =2, 1), which produces the (b")> +
b* terms serving as the key ingredient for inducing single-
mode geometric squeezing, as we will demonstrate in
Sec. III B.

A straightforward derivation yields the effective Hamilto-
nian

HY =—¢b'b+ %[(b*)2 + b1+ &, (16)
where
o’mew
= 17
¢ 47 A7)
1 3 2"7(1) azmw
is non-negative for J > 0 and & = —J — %7 — gom

is a constant. On the other hand, for the spin-down LLL
manifold, one can perform a similar analysis in the subspace
P = Zn,, [0, np, 1)(0, np, 4 |. All the contributing processes
are visualized in Fig. 1(b), and the effective Hamiltonian turns
out to be

¢

Héé) =¢b'h— E[(b”r)2 + 17 + &, (18)
Ve, o

For a single spin component (1 or | ), the diagonal correc-
tion F¢b'h in Eqgs. (16) and (18) can be removed by a small
shift of the rotation frequency €2 away from the critical value
w, according to Eq. (7). Specifically, we choose 2 = w — ¢ to
cancel the diagonal term of the spin-up component, leading to

¢
2
Similarly, we choose 2 = w + ¢ for the spin-down compo-
nent, yielding

HY = Z[(b) + b7, (19)

HY = =106 + 171, (20)

Hence, the corresponding dynamics would lead to ideal
single-mode geometric squeezed states [|0, S(¢), 1) or
|0, S(¢), | )], with the quadrature variances in the X, -Y, phase
spaces following the exponential behaviors shown in Eq. (12).

However, since the diagonal corrections for the spin-up
and spin-down components have opposite signs, i.e., F¢, they
cannot be simultaneously eliminated by a single shift of 2
away from the critical value w. Without any shift, i.e., at
Q = w, both components retain their diagonal terms with
symmetric strengths F¢. In this case, the dynamics exhibits
sheared squeezing in both phase spaces, where the quadrature
fluctuations follow

Aiﬁmin(t) = AéQL[m - é‘t]zs
A2 () = Ao VT + (60 + ¢t Q1)

At short times ¢t < 1, A7 /max (1) Teproduces the expo-

nential scaling proportional to e™2¢’, whereas at longer times

t ~ 1/¢, the squeezing dynamics deviates from the exponen-
tial scaling due to the phase-space rotation induced by the
diagonal corrections. Here and throughout the paper, A2 (6, t)
and A2 /max (1) carry the same meaning as Eq. (12), but in
the spin-independent phase space X,-Y,. A detailed protocol
for reconstructing these variances from spin-resolved real-

space density images is presented in Sec. VL.

B. Numerical results

Now we present the numerical benchmark of the pre-
dictions mentioned in the preceding section. Consider the
following protocol. (i) Prepare the isotropic spinor BEC in
the ground state without rotation and SOC. (ii)) Ramp up
the rotation frequency 2 into the near-critical regime, dur-
ing which both spin components remain isotropic. (iii) At
t = 0, suddenly turn on the weak SOC, e.g., via Raman cou-
pling. The system then evolves under the total Hamiltonian H
[Eq. (13)]. We simulate the squeezing dynamics by numeri-
cally solving the time-dependent Schrodinger equation in the
coordinate representation, i.e., i0,W(r,t) = H¥(r,t), with
W(r, 1) = (Yr(r, 1), Y, (r, 1))

We take the BEC experiments with Raman-induced SOC
as areference [45], where two internal states are coupled using
a pair of Raman lasers. For two Raman beams of wavelength
A intersecting at an angle 0, the transferred momentum is
2kg with kg = (2w /1) sin(8/2), giving an SOC coefficient
of order o >~ kg/m; hence o can be tuned by changing the
angle 0. The recoil energy Er = k,%/Zm is typically in the
kilohertz range, whereas radial trap frequencies are usually
tens of hertz to about 100 Hz; thus we take a Raman Rabi
frequency J = 10w as a representative off-resonant parameter
regime. For the parameters used below, a = 0.5/w/m gives
a/mo ~ 050 K J.

We first consider longitudinally polarized initial states: the
spin-up polarized state with ¥(r, 0) = (¢o(r), O)T or the spin-
down polarized state with ¥(r, 0) = (0, ¢0(r))T, where

po(r) = e /M (22)

1
A/ 27TIB

is the ground-state wave function. As discussed previously,
with the rotation frequency microtuned to Q2 &~ w F ¢ for the
two cases, the system prepares perfect single-mode squeezed
states. The corresponding numerical results are presented in
Figs. 2(a) and 2(b). We take J = 10w and o = 0.5\/w/m in
the calculations. Figures 2(al) and 2(bl) show the time evo-
lution of the quadrature fluctuations A2 . (¢) and A2 . (1)
in the X-Y phase space for the spin-up and spin-down polar-
ized cases, respectively. The solid lines represent numerical
results, while the dashed lines correspond to the analytical
exponential behavior given by Eq. (12). The excellent agree-
ment confirms the exponential squeezing and antisqueezing
dynamics.

Figures 2(bl) and 2(b2) display the real-space den-
sity distributions p, (r, ) = |V, (r,?)|> at ¢t = 1.5. For the
squeezing dynamics governed by the effective Hamiltoni-
ans (19) and (20), the density distributions of single-mode
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FIG. 2. Squeezing dynamics for the longitudinally polarized ini-
tial states. (a) Time evolution of minimum and maximum quadrature
variances A2 . and A2 in the guiding-center phase space, where
solid lines represent numerical results and dashed lines show the
analytical exponential scaling. Dotted lines show the standard quan-
tum limit. (b) Corresponding real-space density distributions p, (r, 1)
at ¢t = 1.5. (al)—(bl) Spin-up polarized initial state and (a2)—(b2)
spin-down polarized initial state. In the calculation, we take J =
10w, o = 0.5\/w/m, and 2 = w F ¢, with ¢ = 0.006 25w.

squeezed states possess analytical expressions [22,26]

exp {—[1 —tanh(gt)]w —[1+tanh(§t)]ﬂ}

(r.t)= 412 412
prin = 2712 cosh(¢1) ’
exp {—[1+tanh(;t)]% —1 —tanh(;t)]%}
py(r,1)= .

271} cosh(¢r)
(23)

Both distributions are two-dimensional anisotropic Gaussian,
with the density stretched along the 7 /4 direction for spin-up
and along the — /4 direction for spin-down, respectively. The
numerical density profiles shown in Figs. 2(b1) and 2(b2) are
in excellent agreement with the analytical predictions.

Next we consider the transversely polarized initial state
Y(r,0) = %(d)o(r), $o(r)", ie., an equal-weight superpo-
sition of spin-up and spin-down components. The dynamical
results are shown in Fig. 3, where Q2 = w is fixed. As predicted
in the preceding section, this leads to the sheared squeez-
ing dynamics due to the residual diagonal strengths F¢ for
the two spin components. Figures 3(al) and 3(a2) show the
phase-space fluctuation dynamics for both components. The
solid lines represent numerical results, while the dashed lines
correspond to the analytical sheared squeezing behavior given
by Eq. (21). The numerical and analytical results are in ex-
cellent agreement. Compared to the polarized cases in Fig. 2,
the exponential behavior is still evident at short times, but at
longer times {t ~ 1, the residual diagonal terms become rel-
evant, causing the quadrature fluctuations to deviate from the
ideal exponential scaling. At ¢t = 1.5, as shown in Figs. 3(b1)
and 3(b2), the density distributions also exhibit anisotropic

@l . 5 .
100 L i 1 00 _( )
[l Slaa)
& N
aF o

—r =,

— A7 — A

= SSQL | e SQL

0
ZE/ZB

0
£L‘/lB

FIG. 3. Squeezing dynamics for the transversely polarized initial
state at critical rotation 2 = w. (a) Time evolution of quadrature
variances A2 . and A2 . where solid lines represent numerical
results and dashed lines show the analytical sheared squeezing (21).
(b) Density distributions p,(r, ¢) at {t = 1.5. (al)—(b1) Spin-up and
(a2)—(b2) spin-down components. The calculation parameters are the
same as those used in Fig. 2.

Gaussian patterns, but the stretch directions are deviated from
+ /4.

IV. TWO-MODE GEOMETRIC SQUEEZING

In the above, we have shown that weak SOC induces
single-mode squeezing in the two LLL spin subspaces. Here
we explain how these two single-mode squeezing channels
can be converted into a two-mode geometrically squeezed
state by a linear mode mixing. The key idea is that, according
to the Bloch-Messiah reduction [3,5], any multimode Gaus-
sian unitary can be decomposed into passive linear mixing and
single-mode squeezing. In our cold-atom setting, spin mixing
is implemented by a /2 spin rotation (77 /2 pulse), which is
formally equivalent to a 50:50 linear mixer in quantum optics.

We consider the effective Hamiltonian of LLL within
guiding-center subspaces [according to Eqs. (16) and (18)
with constant terms being neglected]

H = %[(bb2 + 0]~ ¢blby — %[(sz +01+¢bib,
(24)

where the quadratic terms have opposite signs for b4 and
b, corresponding to orthogonal single-mode squeezing direc-
tions as mentioned before. The relation between the modes
before and after the /2 spin rotation [illustrated in Fig. 4(a)]
are ¢ = (b, +by)/~2 and d = (b, — by)/~/2. Rewriting
Eq. (24) in terms of ¢ and d yields

Hi" = —¢(c'd" + cd) + ¢(cTd +dTe),  (25)

where the first two terms form the standard two-mode
squeezing Hamiltonian, whereas the last two terms are
mode-exchange terms which originate from the residual di-
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FIG. 4. (a) Schematic illustration of the generation of two-mode
geometric squeezing using a mode transformation. The 7 /2 spin
rotation maps the input modes (b4, b;) to the output modes (c, d).
(b) Time evolution of the minimum joint noise Sy,;,(¢). The red and
blue solid lines denote the numerical and analytical results, respec-
tively. The black dashed line shows the ideal exponential scaling
proportional to e~ for a standard two-mode squeezing Hamilto-
nian. All parameters are the same as those used in Fig. 3.

agonal contributions proportional to b} b, in Eq. (24). The
mode-exchange term is of the same order as the two-mode
squeezing term and therefore qualitatively modifies the finite-
time dynamics.

It is worth mentioning that the connection between single-
mode and two-mode squeezing can be also understood from
the perspective of su(l, 1) algebra. The su(l, 1) genera-
tors satisfy the commutation relations (Ko, Ki] = £K4 and
[IQ, K_]= —2K,. For the single-mode squeezing Hamiltoni-
ans [Eqgs. (16) and (18)], the generators are 125“ = (b:f,bg +
D/2, R = (b])?/2,and K = b2 /2, with & € {4, |}. For
the two-mode squeezing part in Eq. (25), the generators
become Ky = (cfc +dd +1)/2, K, = ctdf, and K_ = cd.
The two squeezing scenarios correspond to different represen-
tations of the su(1, 1) algebra, which are connected by the 7 /2
transformation.

We quantify the two-mode squeezing by the joint-noise
factor [69,70]

1
S@,1) = l—z[<<Aﬁ9)2> + ((ADe)H)], (26)
B

where ug = [X.(0) + X4(0)]1/+/2 and vy = [Y.(0) — Y4(0)]/
/2 are the joint operators. Here we have defined the quadra-
ture operators Xge(.q) = lp(B + B)/+/2 and Yg = Ip(B —
B5)/(—in/2), and X4(0) = Xz cos 6 + Yy sin 6 are the rotated
quadratures, with 8 € {c,d} and 6 the measurement angle.
Note that the vacuum state has § = 1. The cases with § < 1
indicate the two-mode squeezing.
For the dynamics generated by Eq. (25), we obtain

S@O,1) =1—2¢tsin20 + 2¢°12. (27)

Taking the derivative of Eq. (27) with respect to 6, the
optimal joint measurement angle is determined by Oy, =
7 /4(mod 7). Substituting 6, back into Eq. (27), we obtain

the minimum factor
Smin(t) = 1 —2¢t + 2222, (28)

where the joint noise is reduced below the vacuum level
only within the finite time window 0 < ¢ < 1. The strongest
two-mode squeezing occurs at {t = 1/2, where Spi, = 1/2.
Therefore, in contrast to an ideal standard two-mode squeez-
ing Hamiltonian, for which Sy, (¢) e~ decreases mono-
tonically, the present full effective Hamiltonian produces
transient two-mode squeezing. This transient behavior is
caused by the number-conserving mode-exchange term in
Eq. (25). In Fig. 4(b) the numerical result agrees well with
the analytical expression in Eq. (28).

V. INFLUENCE OF INTERATOMIC INTERACTIONS

In the previous sections, we have discussed the physical
picture of SOC-induced geometric squeezing based on the
single-particle Hamiltonian H [Eq. (13)]. Now we investigate
the influence of interatomic interactions on the squeezing dy-
namics. To this end, we numerically solve the time-dependent
Gross-Pitaevskii (GP) equation, which is the mean-field de-
scription of BECs with two-body s-wave collisions. The
GP equation for the spin-1/2 BEC is in the well-known
form [45,54,55]

ia%\ll(r, 1) =(H+G)¥(r,1), (29)

where

_ (eI P+l P 0 ) 30
g < 0 gLl P +gplyn P ) G0

with g5, and g4 denoting the intraspin and interspin interac-
tions, respectively. In our following calculations, we simply
take gy = g, = g1y = & This condition can be naturally
satisfied in the most commonly used atomic species, such
as 2Na and 3'Rb, where the difference between goo and
g4} 1is less than a few percent [34,45]. Our numerical results
are presented in Fig. 5. The reduced two-dimensional s-wave
interaction is given by g = /8w w,/may [24,26], where a; is
the three-dimensional s-wave scattering length and w, is the
trapping frequency in the z direction. Hence, the dimension-
less interaction strength used in the simulations is gNm =
N./8mtmw,a,. For a quasi-two-dimensional 23Na condensate
with ag >~ 52a¢ [34], w,./2m ~90Hz, and w,/w; =~ V3,
this gives gNm =~ 0.010N. Particularly for N = 10 atoms,
gNm =~ 10. In our calculations, we gradually increase the di-
mensionless interaction strength gNm from the noninteracting
limit (gNm = 0) and examine the changes in the squeezing
dynamics.

Figure 5(a) displays the minimum variance of the guiding-
center mode for the spin-up component, i.e., A% min> With
different curves corresponding to varying interaction strength
g. Here the initial state is set to be the spin-up polarized state,
ie., ¥(r,0) = (¢q(r), 0)', in which ¢y (r) is the isotropic
ground-state wave function (¢ = 0) for a given interaction
strength g. All other parameters, except for g, are the same
as those in Fig. 2(al). Particularly, g = 0 exactly corresponds
to the noninteracting case whose dynamics has already been
shown in Fig. 2(al).
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FIG. 5. Squeezing dynamics of interacting BECs. (a) Time
evolution of A%,min for the spin-up component at J = 10w, o =
0.5y w/m, and Q@ = w — ¢, with ¢ = 0.00625w. Different lines cor-
respond to different interaction strengths g. (b) Time evolution of
AZ i (left axis) for both spin components and the minimum joint
noise Sy, (right axis) at fixed interaction strength gNm = 10, o =
2.5/w/m, and Q = 0.6w. The initial state is (a) the longitudinally

polarized state and (b) the transversely polarized state.

As clearly shown in Fig. 5(a), the interaction g suppresses
the generation of geometric squeezing. For gNm = 0.3, the
short-time dynamics still exhibits an exponential decay (sim-
ilar to the noninteracting case), while the long-time behavior
deviates substantially from the exponential trend and eventu-
ally exhibits an upward drift. When gNm = 10, the squeezing
effect completely vanishes, with A%min exhibiting weak pe-
riodic oscillations around its initial value. Similar oscillatory
phenomena also occur as the initial state is prepared in the
spin-down polarized state or the transversely polarized state.
In fact, similar periodic oscillatory behavior has already been
observed in scalar BECs [24], where the underlying mech-
anism is that interactions modify the BEC stability, and the
oscillation corresponds to a certain collective excitation near
the equilibrium.

We further find that by increasing ¢ (namely, increas-
ing «) and reducing 2 away from unity, we can achieve
a stronger squeezing effect. Specifically, we fix gNm = 10,
choose o =2.5,/w/m and Q = 0.6, and then propagate
the GP equation from the transversely polarized initial state
Y(r, 0) = (¢ (r), (j)g(r))T/\/i. Figure 5(b) shows the mini-
mal quadrature fluctuations Af,qmin for both the spin-up and
spin-down components. In addition, we also display the min-
imum joint-noise factor Spi, (quantified on the right axis),
which corresponds to the two-mode squeezing protocol il-
lustrated in Fig. 4(a). As can be seen from the figure,
the spin-up fluctuation A%,min exhibits an exponential-like
squeezing behavior, whereas the spin-down fluctuation Aimm
shows periodic oscillations without squeezing. Benefiting
from the former, two-mode squeezing begins to emerge at

¢t 2 0.8 (manifested by Syin < 1). Additionally, note that,
based on our limited numerical explorations, we have not
yet found a parameter regime where both spin components
simultaneously exhibit exponential-like squeezing behavior.

VI. DISCUSSION

We first discuss the experimental realization of our pro-
posal. Unlike conventional static SOC configurations, the
rotating-frame Hamiltonian H [Eq. (13)] requires the Raman
recoil direction to corotate with the trap. A viable scheme,
originally proposed in Ref. [71], is to let the Raman recoil
direction to corotate with the trap; then the laboratory-frame
Hamiltonian takes the form

2
Hyap = (p_ + Vo(Rl(t)r)> QI —Jo,
2m

+ a(p, cos Qt + p, sin Qt)o,, (3D

which, under the standard rotation transformation U(t) =
el reduces exactly to Eq. (13). Since the recoil direction
in a Raman scheme is set by the relative geometry of the laser
beams, this corotation could be implemented, for example, via
acousto-optic deflectors or rotating optical elements; however,
such schemes require additional engineering effort compared
to a static beam geometry.

We now outline how the guiding-center quadrature vari-
ances AZ(0,1) and the principal extrema A2 . () can
be reconstructed from experimentally accessible observ-
ables. The key observation is that the real-space coordinates
split into guiding-center and cyclotron parts x = X, + &,
and y =Y, + n,, so the real-space projection in an arbi-
trary direction 6 is the sum r(ga) =X,(0)+ Pg([’c)yL of the
guiding-center quadrature X, () = X, cosf + Y, sinf de-
fined in Eq. (11) and the corresponding cyclotron quadrature
Pe(f'c;c =&, cosf + n, sinf. Since the two sectors are sta-
tistically independent, the real-space variance W2(0,t) =
(ré")z) - (r(g"))2 in the direction 9 satisfies

W20, 1) = A2(0,1) + (P7)2). (32)

6,cyc

For a Gaussian state in the LLL regime, which corresponds
exactly to the noninteracting BEC considered in Secs. II-1V,
the cyclotron mode remains in its zero-point vacuum and

contributes the #-independent floor (ng’c)yzc) = [3/2 such that

12
A2(,t)=W20,1) — EB (33)

Experimentally, W2(0,1) can be obtained from the spin-
resolved in situ density profile p,(r,z) via the sec-
ond moments Ci7’ = ((r; — Fio )(rj — Fio))o (ir j € {x,3}),
giving
W2(0,1) = C9 cos® 0 + ZCS) sin 6 cos O + C)(,;’) sin” 6.
(34)

The principal extrema A2 . () are obtained by diago-

nalizing C“) and subtracting [2/2, and the squeezing-axis
orientation follows from tan(26,) = 2C{9/(C\?) — C\7).

Moreover, using the mode transformation ¢ = (b, + by)/ V2
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FIG. 6. Inference of (a) single-mode and (b) two-mode geomet-
ric squeezing by density distributions. (a) Time evolution of the
minimum guiding-center quadrature variance Az,mm (t) obtained by
calculation (solid line) and by the inferred observation (dashed line)
from Eq. (33). (b) Time evolution of the minimum joint-noise factor
Smin(?) obtained by calculation (solid line) and by the inferred obser-
vation (dashed line) from Eq. (35).

and d = (b, — by)/ V2, the joint-noise factor S(6, t) defined
in Eq. (26) can be reexpressed as

1 2 2 T
S(é’,t):l—2 Al(G,t)—i—AT 9+5,t
B
1
_l§

[Wf(e,t) + Wﬁ(@ + % t) - 12], (35)

which is also fully determined by the spin-resolved density
distributions.

For more general non-Gaussian states, particularly those
with significant Landau-level mixing or strong interactions,
the reconstruction becomes considerably more involved: The
cyclotron mode may no longer remain in its zero-point vac-
uum, and the guiding-center and cyclotron sectors can develop
nontrivial correlations such that neither Eq. (33) nor the de-
composition Eq. (32) remains valid. Therefore, developing
measurement protocols for the guiding-center fluctuations of
non-Gaussian states is an interesting problem that deserves
further investigation.

We numerically verify the density-based inference
schemes in Eqgs. (33) and (35) and present the inferred re-
sults as dashed lines in Figs. 6(a) and 6(b), respectively.
Figures 6(a) and 6(b) correspond to the dynamics of geometric
squeezing starting from a transversely polarized initial state.
Specifically, Fig. 6(a) corresponds to the case discussed in
Fig. 3(al), while Fig. 6(b) corresponds to the case in Fig. 4(b).
The solid lines in both panels represent the results obtained by
numerical calculation, which have been previously displayed
in Figs. 3(al) and 4(b). The results inferred from the density
distribution match the calculated results.

VII. CONCLUSION

We have demonstrated that, in a rotating pseudospin-1/2
Bose-Einstein condensate, a weak Raman spin-orbit cou-
pling is capable of inducing single-mode geometric squeezing
within each spin component. The underlying mechanism orig-
inates from spin-dependent momentum transfer, which drives
effective two-phonon processes within the lowest Landau-
level manifold. Furthermore, these two independent squeezing
channels can be converted into two-mode squeezing via a
passive 7 /2 spin rotation. We further showed that, within
the Gross-Pitaevskii mean-field framework, many-body in-
teractions suppress the dynamical squeezing. By enhancing
the spin-orbit-coupling strength and adjusting the rotation fre-
quency, we can restore the geometric squeezing in interacting
BECs. Our results provide a theoretical foundation for ex-
perimentally realizing and manipulating rich single-mode and
two-mode geometrically squeezed states in spinor quantum
gases. Looking forward, laser-induced synthetic gauge fields,
which generate an effective magnetic field analogous to the
Coriolis force in a rotating frame [72,73], offer a complemen-
tary platform for realizing Landau levels without mechanical
rotation; extending the present geometric-squeezing mecha-
nism to such synthetic-field systems is an interesting direction
for future work.
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APPENDIX: SQUEEZING HAMILTONIAN
VIA ANISOTROPIC POTENTIAL

We present the derivation of the effective squeezing
Hamiltonian (9) from the rotating BEC Hamiltonian with
weak anisotropic confinement. Using the Baker-Campbell-
Hausdorff formula, we find that G leaves the spatial coordi-
nates invariant,

GxG' =x, GyG' =y, (A1)
while the canonical momenta are shifted linearly in «,
GpG' = p, + kmwy, prG% = py + kmwx. (A2)

Substituting Eq. (A2) into the full Hamiltonian p?/2m +
V(r)— QL, [with V(r) given in Eq. (8)] and choosing
k = ew/2%2 to cancel the anisotropic term, the transformed
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Hamiltonian /iy = GhoG" takes the exact form
- 2 maw?(1 + 2
hO — P_ + #

2m 2
— QL; + ko(xpy + ypx).

® +y%)
(A3)

The squeezing physics is now encoded in the cross term
Kw(xpy + ypx).

To express Eq. (A3) in terms of ladder operators, we intro-
duce scaled canonical variables that absorb the renormalized

trap frequency w+/1 + k2,
F=1+e)x pe= A+ py,
)~) — (1 + K2)1/4y, ﬁy — (1 + K2)71/4py,

and the corresponding scaled cyclotron and guiding-center
quadratures

(A4)

g f _ Py 5 2 Px
&= 2 2mo 7 2 + 2mw
- T G (AS)
2 2mw 2 2mow
together with the associated ladder operators
a=mo@ +in), ' =mwE - i),
b= VmoX —i¥), b = /moX +iY). (A6)

After straightforward algebra, the transformed
Hamiltonian (A3) expressed in the scaled basis reads

ho = G+ )(aa+ 1) + (o — (5’5 + 1)

- %(aT2 +& — b2 — ), (A7)

with A = +/1 + 2. This is the squeezed-mode representation
of the transformed Hamiltonian.

Expressing (&, b) again in terms of the original cyclotron
and guiding-center operators (a, b) defined in Sec. II, the
result is

B K2 ) IC2
o = [sz + a)(l + 7)]&1 + [—Q +a)(1 + 7)]17%

2
+ %(GTH + ab) — %(aT2 +a®> —b"™ — b*) + const.

(A8)

The hierarchy of terms in Eq. (A8) is transparent. The
dominant single-mode squeezing sector —(kw/2)(a"* + a® —
b — b?), with kw =¢, is O(k) ~ O(e). Neglecting the
O(k?) ~ O(g?) terms in Eq. (A8) yields Eq. (9).
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