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Dark and subradiant states have emerged as promising resources for stabilizing open quantum batteries against
dissipation, but existing studies are largely limited to qubit ensembles and symmetry-based constructions. Here,
we introduce a systematic, thermodynamically consistent framework for identifying long-lived energy storage
states in interacting multilevel quantum batteries, combining the Davies master equation with a Morris-Shore-
type decomposition of dissipative coupling blocks. Focusing on a minimal model of two interacting qutrits
coupled to a common bath, we analytically construct dark, bright, and funnel states; excited states that decay
exclusively into protected manifolds. We also derive quantitative robustness conditions governed by the ratio of
interaction strength to anharmonicity. We show that multilevel ladder structure and exchange interactions enable
energetic storage states beyond the qubit case. Numerical simulations confirm that these states exhibit long-lived
energy storage under typical Markovian dissipation. Finally, we show that high-energy funnel states provide a
natural design target for multilevel quantum batteries, as their decay pathways are highly structured and directed
toward protected manifolds. The knowledge and understanding of these pathways offer a principled basis for

developing future protection and control strategies in superconducting multilevel platforms.
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I. INTRODUCTION

Quantum batteries (quantum systems designed to store and
deliver energy) have attracted increasing attention as potential
applications of quantum coherence, correlations, and collec-
tive effects [1-3]. Early theoretical studies demonstrated that
collective charging protocols can enhance charging power
relative to classical bounds [4—7], while subsequent work
emphasized the critical role of dissipation in determining
practical battery performance.

In realistic settings, quantum batteries operate as open
systems and inevitably suffer from energy leakage and self-
discharge [8,9]. A particularly promising strategy to mitigate
these effects is the use of dark or subradiant states [10-12],
which are protected against dominant decay channels by de-
structive interference or symmetry. Such states have been
proposed and employed as long-lived storage manifolds in
qubit-based batteries, excitonic systems, and open-system
charging protocols [11-14]. However, most existing ap-
proaches relied on symmetry arguments and are largely
restricted to ensembles of two-level systems.

At the same time, many experimentally relevant quantum
platforms (most notably superconducting transmon circuits
[15—17]) are intrinsically multilevel systems. Truncating these
systems to qubits neglects the internal ladder structure that
can, in principle, be exploited to enhance both energy density
and lifetime [18]. Despite this, a systematic framework for
identifying and exploiting protected energy storage states in
interacting multilevel quantum batteries remains lacking [19].
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In this work, we address this gap by introducing a con-
structive and thermodynamically consistent method to analyze
dissipation in multilevel quantum batteries. Our findings align
with recent studies showing that increasing the local Hilbert
space dimension (e.g., higher-spin chains) significantly en-
hances the charging energy and power of interacting quantum
batteries [20]. Our approach combines the Davies master
equation, which ensures correct thermalization behavior, with
a Morris-Shore (MS)-type decomposition [21] applied to
Bohr-frequency-resolved dissipative coupling blocks. This
framework allows us to classify excited states according to
their dissipative role and to identify not only dark states, but
also a hierarchy of excited states that act as dissipative funnels,
decaying exclusively into protected manifolds.

In the broader context of controlling energy flow and
dissipation in open quantum systems, it is crucial to distin-
guish between reciprocal and nonreciprocal regimes. Recent
studies demonstrated that introducing nonreciprocity can sig-
nificantly alter the thermodynamics and efficiency of quantum
batteries [22,23]. Our study, in contrast to classical “recip-
rocal” dissipative channels, identifies “funnel” channels that
create a geometrically structured dissipative pathway in a
reciprocal passive-bath model through MS decomposition.
While standard dissipative models predict the thermal equilib-
rium of energy with the environment, our described “funnel”
mechanism allows for the selective channeling of energy into
“dark” manifolds under dissipative interaction.

We apply this Davies-MS framework to a minimal yet
nontrivial model: two interacting qutrit quantum batteries cou-
pled to a common bath. This model captures the essential
features of superconducting transmon platforms, including
ladder-dependent transition strengths and weak anharmonic-
ity. We analytically construct dark, bright, and funnel states;
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derive quantitative robustness conditions governed by the ra-
tio of interaction strength to anharmonicity; and validate our
predictions through numerical simulations. Beyond passive
dark-state storage, we propose a battery design strategy in
which high-energy funnel states are actively used as storage
targets. When combined with selective suppression of specific
decay channels, these states can store more energy than the
corresponding dark states while maintaining long lifetimes.

The rest of the work is organized as follows. We discuss
the quantum battery model and the Davies master equation in
Sec. II and present the MS transformation and singular value
decomposition in Sec. III. We determine the optimal charging
protocol in Sec. IV. Finally, we conclude our findings in
Sec. V.

II. MODEL AND DAVIES MASTER EQUATION

Each quantum battery is modeled as a weakly anharmonic
three-level system (qutrit) with eigenenergies [24]

n=0,1,2, (1)

E, = Lntn—1)
L = nw 2nn ,

where w is the transition frequency in the absence of anhar-
monicity (i.e., « = 0), and « characterizes the strength of
the anharmonicity. As a typical physical system with such
anharmonic three-level structure, we consider superconduct-
ing transmon qutrits for which o > 0 and o < w; hence the
upper energy gap E, — E; = w — « is smaller than the lower
one £| — Ey = w.

For a transmon qutrit, the lowering operator truncated to
the three lowest levels can be written as [25,26]

a=10) (1] +~211) 2]. )

We consider a system of two identical quantum batter-
ies, coupled via an exchange interaction, whose Hamiltonian

reads
2

Hs= " Y E,In); (nl+J(alas + asa}),  (3)
J=A,B n=0
where J is the coupling strength. For transmon qutrits, such
an interaction can be realized by capacitive coupling under
the rotating wave approximation (RWA) [16]. Additional indi-
rect coupling could be mediated by using a transmission line
resonator coupled to both the quantum batteries, which we
do not consider here. The RWA reduces the capacitive cou-
pling term (S, — S¥)(S; — S3), to the exchange interaction
term J (a;ag + aAa;). The condition for the RWA is given by
min{w, w — a} > J.
For charging the batteries, we consider classical drive fields
such that the charging Hamiltonian can be written as

Hy(t) = iQr(t)(a) — al) +Hec., 4)

where Qg(t) is the Rabi frequency associated with the tran-
sitions. The choice of an antisymmetric (out-of-phase) drive
is not arbitrary but due to an optimization, which will be
explained in Sec. IV.

The batteries are coupled to a common electromagnetic
environment through

Hsg = [(aa + ap) + (a, +a})] @ B, (5)

where B stands for bath operators.

For a weakly coupled bath, we employ Davies’ construc-
tion to write the Gorini-Kossakowski-Sudarshan-Lindblad
(GKSL) master equation [27,28]

p = —ilHs + Hy(t), p] + Dplpl, (6)

where, assuming a low temperature (7" — 0), the dissipator
has a contribution only from spontaneous emission described
by

- i 14t
Dplpl =) F(Q)<A(Q)pA () — A" (DAQ), p}>-

Q>0
(7

Here,

AQ)= Y TMc(as+ap) Mo, ®)

€' —e=Q

with T1, the spectral projector of Hg onto energy €. The term
I'(2) in Eq. (7) represents the microscopic interaction of the
system with its environment. In our numerical analysis, a con-
stant damping ratio of y = 0.1 was assumed for all transitions
to reduce complexity.

The Davies jump operators are constructed from the eigen-
basis of the undriven interacting system Hamiltonian Hy. The
charging field H,(¢) is then added as an external coherent
control term in the Schrodinger-picture master equation. This
separation allows us to identify dark, bright, and funnel states
of the interacting open system independently of the specific
charging protocol. It is justified provided the drive does not
substantially modify the Bohr-frequency structure entering
the Davies decomposition. It holds when the drive varies
slowly on the reservoir memory timescale. A sufficient con-
dition is

1l < 1, QO] 75 < 1, ©)

where 73 is the bath correlation time. In practice, this requires
the drive modulation timescale

20
(o)

to be long compared with the dissipative timescale I'™!.

Tmod (t) ~ (10)

III. MORRIS-SHORE TRANSFORMATION
AND SINGULAR VALUE DECOMPOSITION

The Davies generator decomposes the system-bath cou-
pling into Bohr-frequency-resolved jump operators A(S2),
each connecting eigenstates of Hs whose energies differ by
Q2. For a fixed €2, the operator A(€2) therefore defines a linear
map between two excitation manifolds: for instance, an upper
manifold H® and a lower manifold HV.

Choosing orthonormal bases {|1ﬂ](-A))} in the upper manifold

and {|¢l.(B ))} in the lower manifold, the jump operator can be
written as

A@) =Y My |p®) (v

iJj

) (11

where the matrix elements are obtained directly from the jump
operator as

M = (oA [v(Y). (12)
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Thus, the matrix M is simply the representation of the
Davies jump operator between two excitation manifolds. It
contains the dissipative transition amplitudes from the upper
manifold to the lower one.

The mathematical mechanism underlying the MS transfor-
mation is the singular value decomposition (SVD) in linear
algebra. Traditionally used in closed quantum systems to
reduce complex coherent drives to independent two-level sub-
systems, this method [21] has been extended to open quantum
systems in the framework we present and applied to dis-
sipative coupling blocks decomposed to Bohr frequencies
[13,29,30].

When SVD is applied to the jump matrix M of dimensions
Np X Ny, it is factorized as

M=UxVT, (13)

In this separation, the physical meanings of the matrices
match as follows.

The columns of the unitary matrix V define orthonor-
mal linear combinations of states within the upper manifold,
representing the effective source states that participate in
dissipative transitions. Correspondingly, the columns of the
matrix U characterize the orthonormal basis of the lower
manifold, acting as the designated farget states for these dis-
sipative channels. Finally, the nonnegative diagonal elements
o; of the matrix ¥ quantify the effective coupling strengths
of each independent decay channel, thereby providing a com-
plete characterization of the dissipative landscape. We note
that this MS-type decomposition provides a natural basis
to separate collective dissipative channels, a methodology
sharing conceptual similarities with approaches used to distin-
guish local and global master equations in quantum thermal
machines [31]. It is worth underscoring that this MS-type
formulation serves as a foundational notation and stands as
a principal result of our paper. The key consequence of this
decomposition is that each singular vector pair defines an
independent dissipative pathway connecting one rotated upper
state to one rotated lower state. If a singular value is exactly
zero (o; = 0), the corresponding upper-state combination is
annihilated by the jump operator

MU,':O, (14)

and therefore does not decay through this dissipative block.
These null vectors define the spectator states of the MS
transformation. When such states are also eigenstates of Hy,
they become exact dark states of the open-system dynamics
[13,32]. Conversely, singular vectors with nonzero singular
values define dissipative channels. Depending on their decay
targets, these states may act as funnel or bright states, as
classified below.

A. Dark, funnel, bright, and spectator states

The Davies-MS decomposition leads to a natural classifica-
tion of eigenstates based on the structure of the jump operator.

a. Dark states. States annihilated by all relevant jump op-
erators and invariant under the coherent Hamiltonian. These
states do not decay under collective dissipation and form
decoherence-free storage manifolds.

b. Funnel states. Excited states corresponding to nonzero
singular values whose decay targets lie entirely inside the dark
subspace of the lower manifold. These states act as dissipa-
tive loading channels, transferring population irreversibly into
protected storage states.

c. Bright states. States whose decay channels connect to
radiative sectors that eventually lead to the ground state. These
states rapidly lose stored energy and are unsuitable for battery
operation.

d. Spectator states. Null vectors of a dissipative block
that are not eigenstates of the system Hamiltonian. When
hybridization with Hy is weak, these states behave as approx-
imate dark states.

In contrast to qubit batteries, multilevel ladder structure
enables funnel states at energies higher than the dark states
themselves.

B. Explicit determination of dark, funnel, and bright states

The RWA Hamiltonian (3) conserves the total excitation
number

N:VZA + ng, (15)

so that the Hilbert space decomposes into invariant manifolds
N =0, 1,2, 3, 4. The physically most important ones for the
present discussion are N = 1 and N = 2.

1. N = 1 manifold
In the basis {|10), |01)}, the Hamiltonian block is

HO = (‘J” C{)) (16)

Hence the exact eigenstates are
|B1) = %(llOH—IOl)), Ep =w+J, 7
D) = L(|10> —[01)), Ep, =w—J. (13)

V2

Acting with the collective lowering operator
L=ay+ap (19)
gives
L1Bi) = ¥2100),

Therefore | D) is an exact dark state of the collective dissipa-
tion and also an eigenstate of Hg.

L|D;) =0. (20)

2. N = 2 manifold
In the bare basis {|20), |11}, |02)},

20 —a 2] 0

V2] 20 V27 |. 1)
0 «/EJ 20 — o

H® —

It is convenient to introduce the symmetric and antisymmetric
spectral edge states of the three-level system

1 1
—=(120) +102)), |A2) = —2(|20) —102)). (22)

1S2) = 7 7
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|E4)

| A2)
|E-)
|B1) |D1)
00)

FIG. 1. Dressed-state decay structure of the two-qutrit system.

In the basis {]A>), |S2), |11)}, the block becomes

20 — o 0 0
H® = 0 20—a 27 |. (23)
0 2J 20

Thus |A;) is an exact eigenstate of Hg with energy
Ey, =20 — a, (24)

while |S) hybridizes with |11) into two bright-sector eigen-
states

47
|[E+) =cosf |Sy) £sinf |11), tan20 = —, (25)
o

with eigenenergies
1
Ey=20— 3+ 2o’ +16/2, (26)

C. Dissipative MS decomposition

The decisive object for decay classification is not only Hy
but the action of the collective lowering operator L = a4 + ap
between excitation manifolds.

N =2 — N =1block

Using the {]Az),|S2),|11)} basis in N =2 and the
{|ID1), |B1)} basis in N = 1, one finds

LAy) = v2|Dy), (27)
LIS:) = V2B, (28)
L|11) =~/2|By). (29)

Therefore the dissipative coupling matrix is

V2.0 0
1»[2_91 = (i 0 \//i. \/Eé)

where the rows correspond to {|D;) , |B;)} and the columns to
{lA2) . 1S2) , [11)}.

This block immediately yields the correct taxonomy, sum-
marized schematically in Fig. 1.

a. Funnel state. Because

L|A2) =2|Dy), 31)

(30)

the state |A,) decays exclusively into the protected N = 1 dark
state. It is therefore an exact funnel state.
b. Spectator state of the dissipative block. The null vector
of the second row of Eq. (30) is
S2)) o V2185) — V211) o [20) — V2 [11) +02) . (32)

spec

By construction,

L[SE))=o0. (33)

spec

Hence this is a spectator state of the N =2 — 1 dissipative
block.

D. Effect of anharmonicity and interaction

While |X;pec) is annihilated by the dissipative block M;_. 1,
it is not, in general, an eigenstate of Hs when a # 0. Re-
stricting the Hamiltonian (3) to the N = 2 manifold yields
the Hamiltonian (21), seeking an eigenstate of the symmetric
form

[¥) oc (1, x, 1), (34)

one finds that x satisfies the quadratic equation
V2Ix2 —ax — 23/27 = 0. (35)

For weak anharmonicity o < J, the physically relevant solu-
tion is

V2a o?
x>~ =2+ 7 J+O<J2>' (36)

Equation (36) quantifies the deviation of the exact eigen-
state from the ideal spectator state and provides a robustness
criterion: The overlap with the dark manifold improves as J/«
increases. Therefore, the spectator state is an exact dark state
only in the harmonic limit &« = 0. For weak anharmonicity,
it is not exact, but remains an approximate dark state when
a/J <K 1[32].

Bright states. The orthogonal combinations in the
{1S2), |11)} sector couple to |B;) and then to |00). These are
the bright states. In the exact eigenbasis, they are the two
dressed states |EL) of Eq. (25).

IV. DETERMINATION OF OPTIMAL CHARGING

MS analysis allows us to determine an optimal charging
model. Bright states |[Ey) of the N = 2 excitation manifold
are attractive to charge due to their high energies, but the zero
temperature environment couples them to the bright state |B),
and hence they are short-lived in open system conditions. The
spectator state is also of high energy, but it is not a true dark
state of the anharmonic qutrit system. The exact dark state
|Dy) of the system is the longest-lived but at a lower energy.
Hence, our optimal choice would be the funnel state |A,).

Provided the drive is turned off after preparation or is
engineered not to destabilize the protected sector, the funnel
state |A,) is therefore an optimal charging target, as it sits at
higher energy than the dark state |D;) of the system and its
decay is structured so that it feeds the protected dark state
|Dy) rather than the bright lossy channel.

For the simple two-qutrit model, we can analytically iden-
tify the charging mechanism leading to the funnel states.
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As the bath operator is symmetric, L = a4 + ap, an anti-
symmetric drive excites the initially ground state |00) to the
antisymmetric states in the single-excitation N = 1 manifold
first, then the other antisymmetric states in the higher excita-
tion manifolds.

Here, we consider continuous antisymmetric driving as a
proof-of-principle and numerically convenient protocol. Our
approach is prone to leakage into higher excitation sectors and
to imperfect charging with low fidelity to the funnel and dark
state. Alternatively, one could use a pulse protocol to achieve
higher-fidelity charging into the funnel state. Another alterna-
tive, which is also scalable for a larger number of qutrits or
multilevel systems (qudits), is constructed in the next section.

A. Funnel-state targeting and scalable charging protocol

The continuous antisymmetric driving considered above
provides a simple proof-of-principle charging mechanism,
but is not optimal. Because the drive acts simultaneously on
multiple transitions, population leaks into higher excitation
manifolds and bright sectors, leading to imperfect loading
of the desired funnel state. A more consistent strategy is to
first identify the funnel states of the interacting open system
and then design a charging protocol that selectively transfers
population into those states.

This viewpoint generalizes naturally to larger arrays of
qutrits or, more generally, multilevel qudits.

1. Identification of funnel states

Let {|¢x)} denote eigenstates of the interacting Hamilto-
nian Hg,

Hy |¢) = Ex |x) - 37

The dissipative structure is determined by the Davies jump
operators, which are given in Eq. (8) from which one con-
structs the decay graph between eigenstates.

A state |¢) is classified as follows:

(1) Dark if A(2) |¢x) = O for all ;

(2) Funnel if the action of A(£2) maps it entirely into the
protected dark manifold;

(3) Bright if it decays into radiative sink states.

This classification is independent of the charging protocol
and depends only on the interacting Hamiltonian and the
system-bath coupling.

2. Targeted funnel-state charging

Once the funnel states are identified, the charging problem
reduces to preparing a chosen funnel state. Let |¢r) denote
a selected funnel state. The objective is to design a control
Hamiltonian

Hen(t) =) ue(t)H, (38)
l

such that
UT)Yo) =~ |9rF) ,
T
U(T)=Texp [—i/ [Hg +Hch(t)]dti|, 39)
0

where [) is the initial ground state. In Eq. (38), the u;(t)
parameters represent the time-dependent laser pulses that we
apply externally. H; are the physical transitions that we can
manipulate in the system.

The optimization target is to maximize the fidelity with the
funnel state

max F = {¢r|p(T)|pF) . (40)

i.e., the overlap between the final state p(7') and the funnel
state ¢ [33]. The optimization of the control fields u;(¢) to
maximize the fidelity F can also be performed using gradient-
based algorithms such as GRAPE [34], which are well-suited
for high-dimensional multilevel systems.

After the charging pulse is turned off, dissipation drives the
system toward the protected dark manifold

|¢pr) —> dark manifold. 1)

Thus, the funnel state acts as a high-energy loading state,
while the dark subspace provides long-term storage.

3. Selection among multiple funnel states

If multiple funnel states exist, one may compare them using
their stored energy

Ep = (¢r|Hs |pF) (42)

and we define an effective decay rate I'r for each funnel state
to quantify its stability

Tr =) y(Q) ($r|AT(AQ) |6r) . (43)

Q>0

The optimal target is typically the highest-energy funnel
state whose decay graph terminates in the protected dark
manifold. Importantly, this comparison is performed after
identifying funnel states, rather than searching over arbitrary
eigenstates.

4. Scalable recipe

The proposed scalable protocol for efficient charging of
quantum batteries follows these steps. First, the system
Hamiltonian (Hy) is diagonalized to generate Davies jump
operators decomposed into Bohr frequencies. Next, the SVD-
based MS transform is applied to the dissipative matrix, which
represents the transitions between excitation manifolds, to
determine the new bases and decay channels of the system.
Through this separation, dark states (zero singular values),
unaffected by the bath, and funnel states that direct energy
directly to protected subspaces are identified. In the final
stage, a laser pulse is applied to prepare the selected funnel
state with high fidelity, ensuring that the system subsequently
relaxes toward the protected dark manifold when the drive
is switched off, allowing for long-lasting dark states. This
procedure separates the identification of protected energetic
states from the control design and scales naturally to larger
qudit arrays.

Dark states provide maximal protection against dissipation
but typically occur in lower excitation manifolds and therefore
store limited energy. Funnel states, in contrast, lie in higher-
energy sectors while decaying exclusively into the protected
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dark manifold. Consequently, they are metastable rather than
strictly dark, but their decay loads long-lived storage states.
From a quantum battery perspective, this is advantageous:
charging into a funnel state stores more energy initially, while
dissipation subsequently transfers population into the pro-
tected dark manifold. The relevant figure of merit, therefore,
balances stored energy and lifetime, and funnel states gener-
ally outperform direct dark-state charging due to their higher
excitation energy, combined with structured dissipative pro-
tection.

5. Two-qutrit example

For the two-qutrit model discussed above, the antisymmet-
ric two-excitation state |F>) acts as the funnel state, while the
antisymmetric single-excitation state |D;) forms the protected
dark manifold. The charging protocol therefore aims to pre-
pare |F,), after which dissipation loads the long-lived storage
state |Dy).

In our approach, the dark-state condition is defined with re-
spect to the collective bath coupling operator, not with respect
to the charging Hamiltonian. Consequently, the one-excitation
dark state |D;) can still be coherently accessed by a suitably
chosen antisymmetric drive. The reason for not targeting |D)
directly is therefore not poor controllability, but limited stor-
age capacity: |D;) lies in a lower excitation manifold than the
funnel state |F;) and stores less energy. The funnel state is
thus the preferred charging target because it combines higher
stored energy with a structured dissipative pathway into the
protected dark manifold. In this sense, the charging strategy is
not “dark-state preparation” but rather “high-energy funnel-
state preparation followed by dissipative loading into the dark
storage sector.”

We restrict the charging field to a minimal single-envelope
ansatz, in which the same Rabi amplitude drives both local
0 < 1 and 1 < 2 transitions with fixed relative matrix ele-
ments inherited from the transmon ladder operator. Within this
restricted control family, the physically relevant optimization
variables are the relative phase between the two local drives,
the pulse amplitude, and the pulse duration. The optimization
does not generate a qualitatively different charging mecha-
nism; rather, it identifies the antisymmetric configuration as
the optimal one for loading the funnel sector, while the pulse
area determines the best transient fidelity to the target state.
A more selective charging protocol would require transition-
resolved controls for the O—1 and 1-2 transitions separately,
enabling sequential |00) — |D,) — |F;) population transfer
with reduced leakage, which we leave for future work.

B. Possible experimental realization

The minimal model considered here is naturally motivated
by superconducting transmon circuits operated beyond the
computational qubit subspace [35,36]. The three lowest trans-
mon levels provide a weakly anharmonic ladder {|0) , |1), |2)}
with transition frequencies wg; and w;y = wy; — o, which
is precisely the local qutrit structure assumed in Eq. (1).
Experimental superconducting-qutrit processors have already
demonstrated addressable qutrit levels, single-qutrit control,
qutrit randomized benchmarking, and two-qutrit operations
[24-26]. The coherent exchange term J (a;aB + aAalz) can

arise from capacitive coupling between neighboring trans-
mons in the rotating-wave regime, provided J < wyi, 13-
The antisymmetric charging Hamiltonian used in our simula-
tions corresponds experimentally to microwave drives applied
to the two qutrits with a relative phase of . More selective im-
plementations could use transition-resolved pulses on the 0 <>
1 and 1 < 2 transitions, as commonly employed in qutrit-
control experiments. The collective decay channel assumed
in the Davies construction requires the two qutrits to couple
predominantly to a common electromagnetic environment, for
example, a shared resonator, transmission line, or waveguide
[37]. In that case, the radiative system operator is proportional
to as + ap, giving the collective lowering operator used in
Eq. (5). Local relaxation and dephasing would reduce the
lifetime of the protected component, but the dark-bright-
funnel classification remains the relevant starting point
whenever the collective radiative channel is the dominant
decay pathway [38].

The required ingredients are therefore within the scope
of present superconducting-qutrit technology. Experiments
have demonstrated weakly anharmonic three-level transmon
ladders, coherent qutrit control, two-qutrit operations, and
qutrit-level benchmarking. Our model assumes the stan-
dard transmon hierarchy wq;, w1 > J, Qg, y, together with
a dominant collective radiative channel. These assumptions
are consistent with superconducting-circuit architectures in
which qutrit transitions are individually addressable and mul-
tiple artificial atoms are coupled to a shared electromagnetic
environment.

V. RESULTS AND DISCUSSION

Numerical simulations of the charging and discharging
phases are performed using the Davies-type Markovian mas-
ter equation derived in Sec. II [Eq. (6)].

A. Energy storage dynamics

We first examine the dissipative energy storage dynamics
by calculating

AE(t) = Tr[Hsp(1)] — Eg (44)

starting from the ground state, following an optimized charg-
ing protocol. By keeping the initial state fixed, we analyze
how the system’s anharmonicity («) influences its ability to
naturally populate protected states without the need for ex-
plicit dark-state preparation.

The spectator-state fidelity approaches a finite plateau after
the charging stage in Fig. 2. The stored energy Fig. 2(a) and
the fidelity with respect to the N = 2 MS spectator reference
state Fig. 2(b) are shown for two-qutrit batteries driven by an
antisymmetric continuous-wave field. Upon activation of the
charging field, the system exhibits coherent oscillations as-
sociated with population transfer across excitation manifolds.
As shown in Fig. 2(a), the stored energy AE(t) increases
rapidly during the charging phase and reaches a maximum
value determined by the accessible excitation sectors. The
subsequent dynamics after the drive is switched off are gov-
erned solely by dissipative processes described by the Davies
master equation [Eq. (6)]. At this stage, the antisymmetric
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FIG. 2. (a) Energy storage dynamics and (b) fidelity to the
N = 2 MS spectator reference state for the two-qutrit system under
various anharmonicity («) levels. Energy and time are measured in
dimensionless units. The charging field is turned off at the exact mo-
ment (¢, ~ 3.0/w) the population of the target spectator state reaches
its global maximum during the evolution of the harmonic system
(¢ = 0). The dashed black curve in (a) represents an asymptotic
exponential fit to the postcutoff data for the ideal harmonic limit
(o = 0), strictly confirming that the exact dark state dynamics stabi-
lize to a finite steady-state energy storage. In panel (b), fidelity to the
N = 2 spectator state (=0.40 for the blue and green) is dynamically
generated and persists at long times, explaining the residual stored
energy in the panel (a). The insets show the long-time behavior of the
steady-state dynamics. Parameter values are settoJ = 1.0, y = 0.1,
and w = 10.0.

drive not only maintains the system at N = 1 but also, be-
cause of the multilevel ladder structure, facilitates access to

higher excitation manifolds, leading to a significant increase
in the stored energy by activating funnel states in manifolds at
N = 2 (and above).

The absence of an initial lag in the energy uptake is
attributed to the direct coherent drive causing immediate ex-
citation of accessible sectors, while subsequent dissipative
pathways transfer the appropriate component into the pro-
tected manifold. Furthermore, the initial transient oscillations
observed in both the stored energy and the spectator state
fidelity originate from the interplay between the coherent
charging field and the dissipative environment. During the
early stages of charging, the coherent drive induces under-
damped Rabi-like oscillations between the ground state and
the funnel states. These coherent population fluctuations are
directly reflected in the total energy and modulate the instan-
taneous decay rate into the dark manifold, causing the ripples
in F(¢) before dissipation fully stabilizes the system into the
steady-state plateau.

In Fig. 2(a), the fact that the stored-energy curves for
different values of « relax to distinct postcharging plateaus
highlights the critical impact of anharmonicity on energy re-
tention. Ideal (harmonic) or low-harmonic transmon qutrits
maximize the asymptotic energy because they more easily
preserve access to higher levels. When anharmonicity be-
comes too high, symmetry is broken, disrupting the structure
of dark-spectator or funnel states, and energy is dissipated
more efficiently into the bath, settling on lower-level plateaus.
This behavior is consistent with a suppression of higher-level
population due to increased anharmonicity, which effectively
limits transitions into higher excitation manifolds [39].

Figure 2(b) shows that the spectator-state fidelity ap-
proaches a finite plateau after the charging stage. The reason
it cannot reach exactly perfect (unit) fidelity is that the con-
tinuous drive is not transition selective, it populates several
excitation sectors, preventing unit fidelity with the target
spectator state; therefore, some of the energy is necessarily
distributed to other excitation sectors. However, the fact that
fidelity remains stable on a horizontal line confirms that the
battery has established a stable, nondecaying reservoir of dark
states for « = 0 and only an approximate dark state when
o #0.

The postcutoff oscillations of the target-state fidelity in
Fig. 2(b) have a distinct origin from the dissipative relaxation
of the stored energy. The reference state in the two-excitation
sector contains components in the |20), [11), and |02) config-
urations. For o # 0, the anharmonic contribution shifts these
components unequally, so that the ideal MS spectator-state
combination is not, in general, an exact eigenstate of Hy. After
the charging field is switched off, its dressed-state compo-
nents therefore acquire different dynamical phases, producing
coherent beating in the fidelity. In contrast, the correspond-
ing energy expectation value is conserved under the unitary
evolution generated by Hy after the cutoff; its remaining time
dependence is consequently governed mainly by dissipative
relaxation and is much smoother.

B. Multilevel advantage: Qutrit versus qubit batteries

A central motivation for considering multilevel quantum
batteries is the possibility of increasing the stored energy per
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FIG. 3. Performance comparison between qubit and qutrit bat-
tery systems under an antisymmetric drive. (a) Stored energy versus
time and (b) fidelity to the N = 1 exact dark state versus time are
given in dimensionless units. The vertical gray dotted line indicates
the universal charger cutoff time (t. ~ 0.26/w) for all curves, which
is calibrated specifically for the harmonic qutrit scenario (¢ = 0) to
maximize its dark state population. The insets show the long-time
behavior of the steady-state dynamics. Other parameters are J = 1.0,
y = 0.1, and ® = 10.0.

constituent without sacrificing robustness against dissipation.
To assess this advantage, we compare the two-qutrit battery
with a qubit benchmark under an otherwise identical system-
bath coupling and interaction strength.

We show the stored energy in Fig. 3(a) and dark-state
fidelity in Fig. 3(b) for two-qubit and two-qutrit batteries,
following the same charging-and-relaxation protocol. How-
ever, the charging process in this instance has excited the

system to the N = 1 manifold, ensuring a fair comparison
between the qubit and the qutrit. For the qubit benchmark, the
anharmonicity parameter is irrelevant; consequently, the two
qubit curves overlap [40]. However, for the qutrit case, we see
the difference between them. The results for « = 1, @ = 0.2,
and the harmonic limit @ = 0 are ordered according to their
anharmonicity levels. This behavior arises because increased
anharmonicity acts as an effective barrier that suppresses pop-
ulation transfer to the upper states of the N = 2 manifold,
thereby preventing the system from fully exploiting the mul-
tilevel structure. Consequently, this effective level blockade
reduces the overall storage capacity toward the two-level qubit
limit [39].

The steady-state stored energy in the qutrit system exceeds
that of the qubit benchmark by a factor of approximately 1.7—
1.8 under identical coupling conditions, as can be seen from
the inset given in Fig. 3(a). This enhancement arises from
access to higher excitation manifolds enabled by the mul-
tilevel structure. This increase originates from an increased
effective Hilbert space that allows population to be distributed
across higher-energy states before dissipative relaxation. The
oscillations in the fidelity in Fig. 2(b) are absent in the N = 1
sector relevant to Fig. 3. Since the local anharmonicity term is
proportional to n(n — 1), it vanishes for occupations n = 0, 1.
The antisymmetric state |D1) = (]10) —|01))/ V2 therefore
remains an exact eigenstate of Hs for arbitrary «, accumulat-
ing only a global phase after the charger cutoff. Its fidelity
consequently does not show postcutoff coherent oscillations.

The asymptotic fidelity saturates at approximately 0.45,
consistent with partial population transfer into the protected
subspace under continuous driving and dissipative dynamics.
This highlights that the multilevel advantage in the present
setting is not enhanced charging speed or stronger coherence,
but increased energy density under dissipative evolution. Im-
portantly, this enhancement arises without invoking additional
symmetries or fine-tuned control, and is naturally captured by
the Davies-MS analysis.

It is crucial to highlight the ultimate effect of anhar-
monicity on the storage dynamics of a quantum battery.
Anharmonicity alters battery output based on total charging
time. As @ — 00, an energy level blockade occurs. The |2)
state receives an energy penalty, and the drive stops interacting
with these upper states; consequently, the storage capacity
of the qutrit battery drops toward that of the two-level qubit
benchmark, as evidenced by the degraded plateaus in Fig. 2.
However, in the ultrashort charging regime, the « = 1.0 curve
in Fig. 3 shows a larger trapped energy at the selected cutoff
time. This should be interpreted as a transient timing effect:
anharmonic detuning changes the phase of the Rabi-like os-
cillations and can suppress population return to the ground
state at that particular cutoff time.

Another notable feature in the postcutoff fidelity dynamics
in both Figs. 2(b) and 3(b) is the slight but continuous post-
cutoff rise observed exclusively for qutrit batteries. During the
rapid charging phase, the multilevel ladder structure of qutrits
allows for the transient population of higher excitation man-
ifolds (N 2> Nirger)- Once the drive is abruptly switched off,
the subsequent cascade decay from these higher bright states
is effectively funneled into the respective target spectator-dark
states. This delayed dissipative feeding mechanism, which
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is fundamentally limited in strict two-level qubit systems,
further enhances the steady-state fidelity and demonstrates a
distinct structural advantage of utilizing d > 2 artificial atoms
for dark-state energy storage.

Our numerical solver explicitly splits the dynamics into a
driven phase and a purely dissipative phase postcutoff. The
perfectly horizontal plateaus observed for ¢ > 7, confirm that
once the external drive is removed, the populated dark state
lies entirely within the kernel of the dissipator (L[ pguk] = 0),
completely halting any further energy exchange or population
leakage.

The relaxation dynamics after the charging stage exhibit
a clear separation of timescales: an initial transient decay
followed by convergence to a finite asymptotic energy. This
long-time behavior reflects the presence of protected sub-
spaces that inhibit complete relaxation to the ground state. The
apparent difference between the fidelity and energy curves
after the charger cutoff originates from the fact that they
quantify different parts of the state. The fidelity in Fig. 2(b)
measures the projection of the evolved density matrix onto the
chosen protected target state or manifold. Once this projected
component has been generated, it remains approximately
stationary because it lies in, or close to, the kernel of the
collective dissipator. By contrast, the stored energy in Fig. 2(a)
is computed from the full density matrix as defined in Eq. (44)
and therefore includes population in bright and other non-
protected components populated during the charging stage.
After the drive is switched off, these nonprotected components
continue to relax through the Davies dissipator, reducing the
total stored energy, while the projection onto the protected
target subspace remains nearly constant. Thus the saturated
fidelity and the decreasing energy are not contradictory:
they reflect the coexistence of a protected state component
and residual unprotected population in the full postcharging
state.

C. Qubit benchmark and connection to subradiance

For the qubit benchmark, the observed behavior can be
interpreted in terms of well-known superradiant and subradi-
ant decay channels [41]. Antisymmetric states are protected
against collective emission, leading to long-lived energy
storage.

In the multilevel case, however, protected behavior is no
longer restricted to the single-excitation sector. The internal
ladder structure of qutrits enables spectator and dark states in
higher excitation manifolds, as well as states that decay pref-
erentially into protected subspaces. This qualitative difference
underlies the enhanced storage capacity of multilevel batteries
and has no direct analog in qubit systems.

D. Robustness against anharmonicity

Weak anharmonicity, relevant for transmon platforms,
breaks exact dark-state conditions. Analytically, we find
that the deviation of the optimal dark manifold from the
exchange-symmetric subspace scales as O(«/J), where « is
the anharmonicity. Numerical simulations confirm that in-
creasing the interaction strength restores approximate dark
behavior, as shown in Fig. 4.

0.8 -

0.7 -

0.6 - — Spectator State _
=== Exact Dark State

05 1 1 1 1 1 1
0 2 4 6 8 10

Jla

FIG. 4. Robustness of the approximate dark states as a function
of interaction strength under strong anharmonicity (o = 1.0). The
plot shows the overlap between the MS spectator state and the true
dark eigenstate of the anharmonic Hamiltonian as a function of the
dimensionless ratio J/«. Increasing interaction strength relative to
anharmonicity restores the approximate dark behavior, consistent
with the analytic scaling derived in Eq. (36). All simulations are
performed with a system-environment coupling rate y = 0.1.

E. Funnel states as dissipative intermediates

Funnel states play a distinct dynamical role as
intermediate-energy states that decay exclusively into
protected dark subspaces. As illustrated in Fig. 5, these
states initially store a relatively large amount of energy and
subsequently transfer population into long-lived dark states
under dissipative evolution.

This behavior establishes a separation between energy stor-
age and long-term protection: funnel states provide access
to higher-energy sectors, while the dark manifold ensures

0.25 T T ! !
0.20 S~ ]
N
. N
0.15F = Ss_ ]
3 R T
o 0.10F ~ T i
J .
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FIG. 5. Decay dynamics of different initial states under an anhar-
monicity @ = 0.2. The horizontal axis is scaled by the effective decay
rate I', where we assume a uniform system-environment coupling
y = 0.1 for all numerical simulations, and energy is dimensionless.
The dark state exhibits a longer lifetime than other states. The funnel
state decays to the N = 1 manifold dark state and becomes steady
there. The bright state decays rapidly to the ground state, losing all
its energy. Other parameters are / = 1.0, and w = 10.0.
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stability at long times. The resulting dynamics are charac-
terized by an initial energy loading phase followed by a
controlled relaxation into a protected subspace, rather than
direct preparation of a stationary dark state.

In this sense, funnel states are not optimal for infinite-time
storage, but they provide an efficient mechanism for accessing
high-energy configurations whose decay is constrained by the
dissipative structure of the system.

VI. CONCLUSION

We introduce a Davies-MS framework for the systematic
identification of long-lived energy storage states in interacting
multilevel quantum batteries. Applied to a minimal two-qutrit
model, the method reveals a hierarchy of dissipative roles
(dark, funnel, and bright states) that cannot be inferred from
symmetry arguments alone.

In this framework, the multilevel ladder structure enables a
specific class of excited states, termed “funnel states,” which
decay exclusively into protected manifolds. While not opti-
mal for infinite-time storage, these states provide a practical
route to accessing higher-energy protected subspaces without
requiring the direct preparation of dark states. The Davies-MS
decomposition further reveals the dominant decay pathways
governing energy loss, offering a principled basis for de-
signing targeted control and protection strategies in future
implementations.

The framework naturally generalizes to larger systems and
higher-dimensional local Hilbert spaces, where the number
of protected states increases rapidly. Our results suggest that
optimal quantum battery operation is achieved not solely by
preparing dark states, but by exploiting structured dissipative
pathways that connect high-energy states to protected man-
ifolds. This perspective opens a route toward scalable and
robust quantum energy storage in superconducting circuits
and other multilevel architectures.
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APPENDIX A: BASIS TRANSFORMATION
AND THE N = 2 MANIFOLD

To clarify, we present the Hamiltonian H of the N =
2 subspace in two ways in Sec. III B. Equations (21) and
(23) are not different physical limits or an emergent physi-
cal degeneracy; they are related by a simple unitary change
of basis. We also denote as Héﬁe the matrix representation
of the two-qutrit Hamiltonian in the bare multiatom basis
{120), |11), |02)}. We introduce the symmetry-adapted basis
{1A2), |S2), [11)}, where |A2) = (|20) —[02))/+/2 and |S,) =
(]20) + |02))/ﬁ. Therefore, the unitary transformation U
which transforms the bare states to the symmetry-adapted
states {|A2), |S2), |11)} is given by

1/vV2  1/¥2 0
U= 0 0 1 (A1)
—-1/v2 1/¥2 0

The transformed Hamiltonian is known as the symmetry-
adapted Hgmiltonian Hggn, and is given by Hgfn =U TH](;:CU .
By definition, bare and symmetry-adapted Hamiltonians have
the same physical spectra (the same eigenvalues). This basis
invariance preserves all the spectral characteristics and makes

the actual invariant subspace (the |A2) component) explicit.

APPENDIX B: SENSITIVITY TO POPULATION
REDISTRIBUTION WITHIN THE DEGENERATE SECTOR

We numerically tested the spectator state fidelity against
controlled redistributions of the initial population in the de-
generate subspace to directly address the physical impact of
the spectral degeneracy in the N = 2 manifold. We define the
initial state density matrix p(0) such that the total population
in the symmetric sector is fixed, but redistributed among the
orthogonal degenerate states. The time evolution of the target-
state fidelity F(¢) for different initial population weights is
shown in Fig. 6. The steady-state plateaus overlap perfectly
showing that the fidelity is a function of only the total popula-
tion transferred through the funnel channel into the protected
state and is intrinsically insensitive to the specific coordinate
distribution within the orthogonal degenerate subspace.

APPENDIX C: ANALYTICAL CHECKS
OF THE DYNAMICS

1. Dark-state and funnel conditions

The structure of the collective dissipator analytically guar-
antees the robustness of the steady-state plateaus observed in
our numerical results. A state is perfectly robust to dissipa-
tion for a system coupled to a common bath with collective
jump operator L = (as + ap) if it is in the kernel of L. A
case in point is the N = 1 antisymmetric target state |D;) =
\/%(HO) — |01)), which has

L
V2
1
—=(]00) —100)) = 0.
75100 = 100))

L|Dy) = —=(aa + ap)(|10) — |01))

(ChH
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FIG. 6. Spectator-state fidelity as a function of time for different
initial population assignments in an orthogonal sector. The overlap
of the long-time fidelity plateaus shows that the target-state fidelity
is governed by the population transferred through the funnel chan-
nel and is insensitive to the specific population distribution within
the orthogonal subspace. The parameters used in this simulation
are dimensionless and chosen generically to illustrate the asymp-
totic insensitivity of the target state fidelity to the initial population
distribution.

This confirms that the state is an exact eigenstate of the dissi-
pative block. Another case is the funnel state we mentioned in
Eq. (31). Acting on the collective dissipator L on this funnel
state on the N = 2 manifold yields

1

ﬁ(aA +ag)(]20) — [02)) = [10) — [01) = v/2|D;)

L|As) =
(C2)

demonstrating the antisymmetric state in the N = 2 manifold
behaves as a funnel state that funnels into the lower manifold
dark state |D;) under the collective dissipator.

2. Short-time expansion of stored energy

The rapid initial energy uptake at + = O warrants a closer
look. To trace its physical origin, we examine the short-time
expansion of the stored energy under the total Hamiltonian,
H = Hg + Hharge- The relevant expectation value is straight-
forward: E(t) = Tr[Hgp(t)]. Assuming initialization in the
ground state p(0) = |G)(G], the early density matrix evolu-
tion follows the standard expansion

2
p) = p(0) —it[H, p(0)] — %[H, [H, p(O)]].

Notice the first-order term. It vanishes completely. Be-
cause the coherent drive operator Hcpage 1S entirely
off-diagonal within the system’s eigenbasis, it forces
Tr(Hg[Hcharge, £(0)]) = 0. The lowest-order nonzero contri-
bution must therefore come from the second derivative.
Evaluating the trace of that double commutator leaves a
strictly positive result, one that scales directly with the squared

effective driving amplitude

l2
AE (t) ~ ETI'(HS [Hcharge» [P(O)y Hcharge]]) o8 (Qefft )2~

This #?> dependence tells a clear physical story. At the very
onset of the charging process, the stored energy undergoes
coherent parabolic growth. The system essentially outpaces
dissipation, bypassing any initial lag before environmental
decay channels can fully set in.

3. Perturbative scaling in the weak-anharmonicity limit

In the two-excitation sector, the ideal MS spectator state
is broken by local anharmonicity « to an exact eigenstate.
We consider the local anharmonicity term H,,, [whose en-
ergy spectrum is defined in Eq. (1)] as a perturbation to the
exchange interaction J. The first-order correction of the spec-
tator state |[A,) comes from the admixture from the symmetric
sector |¢y) :

anh |A2>

H,
o)~ 142) + 3 T2
k

E, (C3)

We can see that the energy denominator AE} scales with the
exchange coupling J, so the amplitude of the admixture scales
as «/J. Therefore, the loss in fidelity, which goes as the square
of the overlap, has a perturbative reduction of order (a/J)? for
al/] L 1.

4. Limiting cases relevant to Figs. 2 and 3
a. Harmonic limit, o« = 0

In the harmonic limit, the two-qutrit Hamiltonian has an
enhanced ladder symmetry. The collective dark and specta-
tor combinations obtained from the MS decomposition are
aligned with eigenspaces of Hg. Consequently, after the charg-
ing field is switched off, the protected component evolves only
by an overall phase and remains in the kernel of the collec-
tive dissipator. This explains the nearly stationary long-time
plateaus observed for the low-anharmonicity curves in Figs. 2
and 3.

b. Single-excitation target in Fig. 3
For the N = 1 target state
L(|10) —101)),
V2

the local anharmonicity term proportional to n(n — 1) van-
ishes identically because only occupations n =0, 1 occur.
Therefore

Hg |Dy) = (w0 = J) D),

|Dy) =

L|Dy) = 0.

Thus |Dy) is simultaneously an eigenstate of Hg and a dark
state of the collective dissipator for all «. This gives an an-
alytical explanation of the flat postcutoff fidelity plateau in
Fig. 3(b).

¢. Two-excitation reference state in Fig. 2

The N = 2 spectator reference state contains the compo-
nents |20), [11), and |02). For « £ 0, the anharmonic term
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shifts these components unequally, so the ideal MS spectator
combination is generally not an exact eigenstate of Hy. After
the drive is removed, its projection therefore contains phase
factors e~/ En—Enl between dressed components, producing
coherent beating in the fidelity. The corresponding stored
energy, however, is evaluated as AE(¢) = Tr[Hsp(?)] — Ejg;s.
Its unitary part is conserved after cutoff, and the remain-
ing decay is due to the dissipator acting on nonprotected
population.

d. Strong-anharmonicity limit, a/J > 1

For large anharmonicity, the upper transmon transition is
detuned and population transfer into the two-excitation mani-
fold is suppressed. Equivalently, the mixing between the ideal
MS spectator or funnel sector and the exact Hamiltonian
eigenstates is no longer perturbatively small. The qutrit then
behaves increasingly like an effective two-level system, which
explains the reduction of the multilevel storage advantage in
the large-a curves in Fig. 2(a).
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