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We study the magnetic-field dependence of the interactions between two alkaline-earth(-like) Rydberg atoms,
8Sr and '7*Yb. Considering the pair of Rydberg states |ns, 381, my) and |(n + 1)s,3S,, my), we show that the
effective Hamiltonian takes the form of an XXZ-type quantum spin model, as in the alkali-atom case [M. Kunimi
and T. Tomita, Phys. Rev. A 112, L051301 (2025)]. We find that the behavior of the anisotropy parameter
for '"Yb at zero magnetic field is significantly different from that for other atomic species. This behavior
arises from the interplay of strong spin-orbit coupling and the resulting multichannel redistribution of Forster
defects in '7*Yb. We systematically calculate the interaction parameters of the XXZ model in the presence of a
magnetic field and show that they can be tuned by the field. As applications to quantum many-body problems,
we investigate one-dimensional systems in the large-anisotropy regime and show that the folded XXZ model can
be realized in '"*Yb systems without fine-tuning of the field. We also investigate two-dimensional square-lattice
systems and show that a supersolid phase can emerge in the ground state at the mean-field level.
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I. INTRODUCTION

Quantum simulation with highly controllable quantum sys-
tems provides a powerful approach to exploring quantum
many-body phenomena. A variety of platforms for quantum
simulation have been developed, including ultracold atoms
[1-3], ultracold molecules [4,5], trapped ions [6,7], Rydberg
atoms [8,9], and superconducting qubits [10,11]. In particu-
lar, Rydberg-atom quantum simulators have advanced rapidly,
driven by recent progress in quantum control and engineer-
ing. These simulators have enabled experimental studies of
various quantum many-body phenomena, including quantum
many-body scars [12], topological edge states [13], quan-
tum spin liquids [14], and spontaneous continuous symmetry
breaking [15].

To perform quantum simulations, one needs to engineer
the desired system Hamiltonian, a process often referred to
as Hamiltonian engineering. Rydberg-atom platforms offer a
high degree of programmability: static and/or time-dependent
external fields can be applied, and anisotropy of interactions
can be tailored through the choice of Rydberg states, driv-
ing schemes, and the geometry of the atomic array. In such
platforms, standard spin-1/2 models have been realized, in-
cluding the Ising [12,14,16-44], XY [13,15,33,45-60], and
XXZ [33,51,55,61-64] models. Beyond these standard cases,
higher-spin and more exotic models, including S =1 spin
models [65-68] and the Kitaev honeycomb model [69], have
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also been realized [70,71]. For models that have not yet been
realized experimentally, extensive theoretical proposals have
been made [72-88].

Here, we focus on spin-1/2 XXZ models, which are widely
studied across a variety of fields. In our previous work [89],
we showed that the anisotropy parameter § in the XXZ model
can be tuned using static magnetic fields. By appropriately
choosing the Rydberg states and tuning the magnetic field,
we further demonstrated that the isotropic Heisenberg point
(6 = 1) can be made experimentally accessible. We note that
Ref. [89] focused on alkali Rydberg atoms such as Li, Na, K,
Rb, and Cs.

Recently, alkaline-earth(-like) Rydberg atoms have at-
tracted increasing attention in neutral-atom quantum comput-
ing, owing to their favorable properties such as a rich set of
isotopes, ultranarrow optical transitions, controllable ion-core
excitation, and optical trapping of Rydberg states [90-103].
For high-quality quantum simulation and quantum compu-
tation, it is essential to characterize alkaline-earth Rydberg
states, because Rydberg-Rydberg interactions are used for
engineering many-body Hamiltonians and two-qubit gates.
In contrast to alkali atoms, alkaline-earth(-like) Rydberg
states require a multichannel description: the Rydberg-
electron wave function is influenced by an ionic-core structure
and can be described using multichannel quantum defect
theory (MQDT) [104-110] rather than the single-channel
theory [111]. Recent theoretical [112-115] and experimental
[116-120] advances have substantially improved MQDT-
based models, paving the way for quantitative calculations
of interaction strengths between alkaline-earth Rydberg atoms
[121-124].

©2026 American Physical Society
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In this paper, we extend our previous work [89] to alkaline-
earth(-like) Rydberg atoms. We focus on %8Sr and '74Yb,
which are bosonic isotopes without nuclear spin. Specifi-
cally, we consider a pair of Rydberg states, |ns, 381, my) and
|(n+ 1)s,3S), my), where n is the principal quantum number
and my is the magnetic quantum number, and map them onto
an effective spin-1/2 degree of freedom. As in our previous
analysis of alkali atoms, we obtain the XXZ model as the effec-
tive Hamiltonian. We find that the behavior of the anisotropy
parameter in '74Yb is significantly different from that in 38Sr
and in alkali atoms. In particular, the anisotropy parameter
reaches |§| 2 10 without fine-tuning of the field. We also
find that '7*Yb exhibits a Forster resonance around n = 83
at low magnetic fields (= 0.1 G). As applications of these
properties, we show that the folded XXZ model [125-127] can
be realized in one-dimensional chains of '7#Yb Rydberg atoms
and that a supersolid phase of hard-core bosons can emerge in
a two-dimensional array [128-131].

This paper is organized as follows. In Sec. II, we present
the method used to derive the effective quantum spin Hamil-
tonian. In Sec. IIT A, we present the interaction parameters
in the absence of a magnetic field and discuss the difference
between 38Sr and '7#Yb. In Sec. III B, we discuss the physical
origin of the large anisotropy parameter in !74Yb. In Sec. III C,
we present the corresponding results in the presence of a
magnetic field. In Sec. IIID, we derive the effective Hamil-
tonian for one-dimensional systems in the large-|§| regime.
In Sec. IITE, we investigate the ground-state phase diagram
of a two-dimensional square-lattice system and discuss the
possibility of a supersolid phase. In Sec. IV, we summarize
our results. Technical details are provided in the appendixes.

II. METHODS

In this section, we explain how the effective XXZ model is
derived for Rydberg atoms and how the interaction parameters
in the Hamiltonian can be tuned. Our method is based on stan-
dard second-order perturbation theory [80,89,132-135]. For
completeness, we review the framework used in our previous
work and its application to the present system.

A. Single-atom Hamiltonian

Here, we consider a single Rydberg atom in the presence
of a magnetic field applied along the z axis. The single-atom
Hamiltonian is defined by

ﬁsingle = ﬁRyd + Hmaga (1)

where ﬁRyd is the field-free Hamiltonian of a single Rydberg
atom, and ﬁmag describes the interaction with the magnetic
field. The eigenstates of the field-free Hamiltonian are denoted
by |nl, >*1L;, my), where n is the principal quantum number
of the Rydberg electron, [ is the orbital angular momentum
of the Rydberg electron, S is the total spin, L is the total
orbital angular momentum, J is the total angular momentum,
and my is the magnetic quantum number. In this paper, we
do not consider ion-core excitations. Thus, the orbital angular
momentum of the ion core is zero, and the total orbital angular
momentum of the atom coincides with that of the Rydberg
electron, i.e., L = [. Since the label [ is redundant in this

case, we omit it hereafter and denote the Rydberg state by
In,>*1L;, m;). This state is hereafter referred to as a bare
state. The corresponding eigenenergy is given by
I’lCRM
2

E=1 , 2)
where I is the ionization threshold for the singly excited
Rydberg series, h is the Planck constant, ¢ is the speed of
light, Ryy = Roo/(1 + me/M) is the mass-reduced Rydberg
constant, R, is the Rydberg constant, m, is the electron mass,
M is the atomic mass, v = n — ¢ is the effective principal
quantum number, and . is the effective quantum defect.

We next consider the effects of a magnetic field. For a
magnetic field B, the Hamiltonian Hmag can be written as
[115,119]

! @ xB?, (3

ﬁmagEﬁZ‘i‘I:IDE—ﬂ'B‘i‘S
€

N

= —ugll. +1; + g,Gc + 8], 4)

where wp is the Bohr magneton, g; is the electron g factor, i or
are the orbital angular momentum operators for the core and
Rydberg electrons, §.; are the corresponding spin operators,
and d is the electric dipole operator. The first and second terms
in ﬁmag represent the Zeeman term and the diamagnetic term,
respectively. For B = Be_, where e, is the unit vector along
the z direction, the diamagnetic term reduces to [115,119]
2p2
iy = S5V [Yoom - imm], 5)
12m, J5

where e (>0) is the elementary charge, 7 is the electron po-
sition operator, and Y;,,(-) denotes the spherical harmonics.
Here, we denote the eigenstates of the single-atom Hamilto-

nian in the presence of the magnetic field by |n, 25+1L;, m;),
and refer to them as dressed states. The presence of the Y
term in Hp implies that a dressed Rydberg state is given by a
superposition of bare states with the same parity. In particular,
dressed S and P states are formed by superpositions of S and
D bare states, and of P and F bare states, respectively.

B. Interaction Hamiltonian

Here, we consider the interaction between two Rydberg
atoms. In this work, we retain the dipole-dipole interaction
as the leading term in the multipole expansion.

We assume that one atom is located at the origin, while
the other is located at R = R(sin 6 cos ge, + sin 6 sin pe, +
cosfe;), where R is the interatomic distance, e, , are the unit
vectors along the x and y directions, and 6 and ¢ are the polar
and azimuthal angles, respectively.

The dipole-dipole interaction Hamiltonian Vg4 is given by
[47]

V _ 1 3132—3(31R)(32R)
Y dre R?
5\71 +V2+V37 (©6)

. 1—3cos?6
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where ¢, is the electric constant, R = R/R, c?i" (u =
x,y,z; i =1, 2) is the dipole operator of the ith atom, ﬁli =
qi(c?j‘:l:ic?iy)/\/z and c?io Eﬁf The terms Vi, Vs, and Vs
change the total magnetization M = my, +my, by 0, £1,
and %2, respectively. For V, and V5, we also introduce the op-
erators Vf’%, which change the total magnetization by +1 and

+2, respectively. Their Hermitian conjugates satisfy (\72%3 )=

:F
Vois.

C. Perturbation theory

In this subsection, we derive the effective Hamiltonian us-
ing second-order perturbation theory. Based on the results of
the previous subsections, the two-atom Hamiltonian is given
by

ﬂtwo = Asingle ® 12 + il & Hsingle + Vddv (10)

where 1 j (j=1,2) denotes the identity operator for the

jth atom. We consider a pair of dressed states, |n, 381, my)

—_~—

and |n+ 1,38, m;), and identify them with the spin-1/2

basis states as [1) = |n+ 1,38, m;) and |]) = |n, S|, my).
We denote the corresponding eigenenergies by Ey and E,
respectively.

We  define the target subspace as Hp=
Span{|11). [11). [L1). [L4)}. The corresponding unper-
turbed pair energies are 2E;, E; +E|, and 2E,. We then
apply nondegenerate perturbation theory separately to [11)
and |} |), and degenerate perturbation theory within the
subspace spanned by {|1]), |{1)}. The resulting effective
Hamiltonian is given by [80,89,132—134]

Ag =AY + A, (11)

[

AY = 2E,111) (M + By + EDUM L) (M 4+ DD
F2E 1L (12)

H? = It A+ T 1D L
F I (M U+ D A

J
AT+ DAL, 13)

_y |(n[VaalaeB) 2 _ hCg"
AEg(n,a,B) RS’

_Z<N|Vdd|n><n|vddm> hCs

Jup = a.p=14 (14

n

AR B A

J
2

where A e(g) and ﬁéfzf) are the zeroth- and second-order effective
Hamiltonians, respectively; Jog and J denote the strengths
of the diagonal and off-diagonal van der Waals interactions,
respectively; Cg F and Cs are the corresponding van der Waals
coefficients; n = (n|, n,) labels the intermediate pair states;
n; is the label of the intermediate state of the jth atom;
AEgr(n,a, B) = E,, + E,, — E, — Eg is the Forster defect;
and E,; is the energy of the intermediate state of the jth atom.
In this case, the intermediate pair states are P states due to
the selection rule of the dipole operators. Due to this, the
first-order effective Hamiltonian vanishes.

_ We introduce the spin-1/2 operators as follgws:
SZ = 'Tfmf" Ay EA(SJ.*)T, Si=@+8)/2, 5=
(87 =87)/2i), and 85 = (I1,){(4;| = 1,)(};1)/2. Using
these operators, the effective Hamiltonian can be rewritten as

- Jy—J A A
Heff = <E¢ —E¢ + %)(Si +S§)
+ J (85785 + 5785 + 88553)
1
+ET+E¢+Z(‘,TT+JN+2‘]Ti)’ (16)

I+ J =20y GGt -2
J B 2Cs

§ =

, A7)

where § denotes the anisotropy parameter. Therefore, as in the
case of alkali atoms [89], we obtain the effective XXZ model.
Here, we remark on the property of the interaction strength
J. Although the matrix elements (n|Vyq|{1) and (1] |Vyq|n)
can in general be complex for 6 # 0, owing to the factors
e and e*?¥ in Egs. (8) and (9), the interaction strength J
remains real. This follows from the fact that the initial and
final states have the same magnetic quantum number, together
with the selection rules of the dipole operators. The only non-
vanishing contributions are of the form (1 |VzﬁE |n) (n|\7;F [41)
and (T¢|\73i|n)(n|\73¢|¢T), for which the phase factors e*'*
and ¢*%% always cancel. As a consequence, the ¢-dependent
phase factors drop out, and the effective Hamiltonian becomes
independent of ¢.

Here, we discuss the validity of the perturbative approach.
For perturbation theory to be valid, the ratio of the matrix ele-
ment to the Forster defect must be sufficiently small. Previous
work [132] introduced a critical radius R. defined by

v,
R} = max (R‘é“ﬂ)3 = max _nlValep) R3. (18)
a,p n.o.p AEF(”, o, 18)

The condition for the validity of the perturbation theory is
given by R* > R> [136]. In this paper, we evaluate R, using
bare states in the numerator of Eq. (18), while the Forster
defect is evaluated from the energies in the presence of the
magnetic field. This approximation is adopted to reduce the
computational cost, and we find that it does not significantly
affect the results except close to the Forster resonance points.

D. Numerical calculations

Here, we explain how numerical calculations are per-
formed to evaluate the parameters of the effective Hamilto-
nian; see also Ref. [89]. First, we calculate the single-atom
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wave functions in the presence of a magnetic field (dressed
states) using the Pairlnteraction software [115,121,124].

We then identify a dressed state |n,25t!L;, m;) as the
eigenstate that has the largest overlap with the corre-
sponding bare state |n, >*!'L;, m;). In most cases, a single
bare state gives the dominant contribution to the over-
lap. However, in some parameter regions, we find that
several bare states have almost the same overlap with a
given eigenstate in the presence of the magnetic field due
to accidental degeneracies. For example, for %8Sr at B =

163.9 G, we find that [(51,3S), m; = 1|51,38;, my = 1)[? ~

0.503 and |(50,'D,, my = 1|51,38;, m; = 1)|> ~ 0.497, in-
dicating strong mixing between these two bare states. In such
cases, we do not evaluate the interaction parameters.

After identifying the dressed states, we evaluate the Cg
coefficients defined in Egs. (14) and (15). To evaluate the
sums in these equations, we introduce artificial cutoff pa-
rameters, since the number of Rydberg states is countably
infinite. In single-atom calculations, we include the Rydberg

states |n, 25t1L;, m;) with principal quantum numbers in the
range [n — An, n + 1 + An] and orbital angular momenta up
to Ly = F. For the summations defining the interaction
strengths in Eqs. (14) and (15), we include only the intermedi-
ate states satisfying the condition —AE + E || < E, < Eyy +
AE, where AE = Ey4 — E| | denotes the energy difference
between the pair states |11) and || ). In the following, we
present the results for An = 3. We have confirmed this by
comparing with calculations performed using the larger cut-
offs AE =2(Eyy — E ), An =4, and Ly« = G, and found
that the anisotropy parameter § is accurate to approximately
two digits.

At the end of this section, we briefly discuss why we do
not use electric fields. Previous works have shown that the
interaction between Rydberg atoms can be tuned by applying
electric fields [19,137]. Because the electric-field term breaks
the spatial inversion symmetry, a dressed S state is generally
given by a superposition of S and P states. This S-P mixing
leads to nonzero dipole matrix elements between dressed S
states, which are forbidden by the dipole selection rules for the
bare states. As a result, the dipole-dipole interaction appears
already at first order in perturbation theory [132]. This modi-
fies the functional form of the effective XXZ Hamiltonian. On
the other hand, a magnetic field yields dressed S states with
S-D mixing, which do not induce dipole-dipole interactions.
Consequently, the functional form of the XXZ Hamiltonian
remains unchanged under the magnetic field. Therefore, we
employ magnetic fields, which tune only the parameters of
the XXZ model.

III. RESULTS

In this section, we present the results of our perturbative
calculations for the interaction parameters of the alkaline-
earth(-like) Rydberg atoms in the absence and presence
of a magnetic field in Secs. IIIA and IIIC, respectively.
In Sec. IIIB, we discuss the physical origin of the large
anisotropy parameter in '"*Yb at zero magnetic field. In
Secs. III D and I E, we discuss applications of these results

(a) 10° clb0:e cllo: (b) 10° Ccib0:e cilo:

o Q
& 108 | CE50:4 Cik0:a - 108 F Ci50:a Cik0:a
’Es‘ , | chbo:v clko:v E , [ cibo:v clho:v
™ 1071 cgs0:m Cg0:m ™M 107 F G>0:m Gge0: 11
&, 10 & 10
&S 10° &S 10°
102 88Sr, |my| =1 102 88Sr,my =0
30 40 50 60 70 80 90 100 30 40 50 60 70 80 90 100
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CéLO:o Cgr<0:o CéLO:o Cgr<0:o
& 108 F Ci50:a Cik0:a & 108 F Ci50:a Cik0:a v
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& 10 & 10
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102 102 Yb,my; =0

30 40 50 60 70 80 % 100 30 40 50 60 70 80 % 100

FIG. 1. Principal quantum number dependence of the Cs coeffi-
cients in the absence of the magnetic field for (a) $8Sr with |m;| = 1,
(b) 8Sr with m; =0, (c) " Yb with |my;| = 1, and (d) '7*Yb with
my = 0. The solid black line represents the n'! scaling as a guide to
the eye.

to many-body problems. Hereafter, we assume that the two
Rydberg atoms lie in the xy plane, i.e., 8 = 7 /2.

A. In the absence of a magnetic field

Here, we present the results for the interaction parameters
in the absence of a magnetic field. Figure 1 shows the principal
quantum number dependence of the Cy coefficients for 38Sr
with |m;| = 1 and m; = 0 [Figs. 1(a) and 1(b)], and for 174Yp
with |m,| = 1 and m; = 0 [Figs. 1(c) and 1(d)]. In the absence
of a magnetic field, the cases with m; = %1 yield identical
results owing to time-reversal symmetry.

For %8Sr, we find that all the Cs coefficients depend
smoothly on the principal quantum number and take almost
the same values at large n. At low n, however, Cg ¥ and Ce
clearly deviate from the other Cg coefficients. This behavior
originates from the Forster resonances |36, 381, my =
+1)]37, 38, my = £1) < |36, 3P, my = £2)%%  and
136,381, my = 0Y[37,381, my = 0) < |36,3P,, my = +1)®2.
The corresponding Forster defect is AEg/h >~ 26.2 MHz. On
the other hand, for '7*Yb, Cg ¥ and Ce clearly deviate from

the remaining Cg coefficients, and the difference between C6T v
and Cs is also significant. This behavior originates from the
Forster resonances |83,3S, my = £1)(84,38,, m; = £1) <
184,3P,, my = +£2)(82,3P,, my = £2) and 83,35, my; =
0)|84,3S1,m; = 0) < |84, 3P, my = £1)|82, 3Py, my =
+1). The corresponding Forster defect is extremely small,
AEg/h >~ 436 kHz. As a result, the critical radius becomes
R. =377 um for my = £1 and R, = 29.9 um for m; = 0.
These large R. values suggest that the perturbative treatment
at n =83 is not appropriate under current experimental
conditions, because the experimentally accessible system
size is at most about 1 mm x 1 mm [138]. In many-body
systems, this strongly restricts the number of atoms that
can be accommodated. We discuss a treatment beyond the
two-level approximation in Sec. III C.

Figure 2 shows the principal quantum number dependence
of the anisotropy parameter §. For 38Sr, the anisotropy param-
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FIG. 2. Principal quantum number dependence of the anisotropy
parameter 8 in the absence of the magnetic field. (a) %3Sr. The
dotted green and dashed magenta lines represent § = —1 and 6 = 0,
respectively. (b) '74Yb. The dotted green and dashed magenta lines
represent 6 = 0 and § = 10, respectively.

eter tends to satisfy |§| < 1. The origin of this behavior is that
all the C¢ coefficients take almost the same values at large n,
as mentioned above. This tendency is similar to that in alkali
atoms [89,133].

For '74Yb, the behavior of the anisotropy parameter is
significantly different from that in the other atomic species.
We find that |§| 2 10 over a wide parameter range. This be-
havior originates from the inequality |Cg i| > |Ce|, as shown
in Figs. 1(c) and 1(d). For alkali atoms, realizing a large
anisotropy parameter |§| = 1 requires fine-tuning of the mag-
netic field close to a Forster resonance [89], which makes
experimental realization difficult. By contrast, in the '7#Yb
case, large values of |§| can be realized without such fine-
tuning. This feature makes '"*Yb a promising platform for
exploring the large-|5| regime. We discuss applications of this
property to many-body problems in Secs. III D and IIT E.

B. Physical origin of large |§| for 7*Yb

In this subsection, we discuss why the behavior of the
anisotropy parameter in '74Yb is significantly different from
that in the other atomic species. The mechanism for the large
18] in '"*Yb can be summarized as follows. Strong spin-orbit
coupling induces singlet-triplet mixing and, together with the
multichannel character of the intermediate P states, increases
the number of dipole-coupled intermediate channels. It also
produces a large splitting of the P manifold. These effects
redistribute the Forster defects over a broad energy range. As
a result, near-resonant intermediate states with both positive
and negative Forster defects contribute to the van der Waals
coefficients, leading to sign-changing perturbative contribu-
tions. Combined with the Cauchy-Schwarz trend discussed in
Appendix A, this yields |C]"| > |Cs| and hence a large |8|.

Here, we discuss the roles of spin-orbit coupling. We first
consider the differences in the intermediate P states between
88Sr and '"*Yb. According to the dipole-selection rules, the
states |1, 3Py, m}) (J =0, 1,2) are coupled to |n, 381, my) by
the dipole operator. In the case of '"*Yb, in addition to these
states, ', ' P, m}) is also coupled to |n, 3y, m;) by the dipole
operator. This arises from singlet-triplet mixing induced by
strong spin-orbit coupling. This effect is incorporated into
recent MQDT models [119,120]. Consequently, '7*Yb has a
larger number of possible intermediate states than 3Sr.

The second role of strong spin-orbit coupling is to produce
large energy splittings within the intermediate P manifold.

10° ¢ , —s5—
17497
102 | A
T
G, 10 ¢ E
5.0
[T 10 3 E
<
107! ]
102 L ‘ ‘ ‘
25 50 75 100 125

FIG. 3. Principal-quantum-number dependence of the energy
splittings of the intermediate P states. The energy splittings are
evaluated as the maximum energy difference among the 3P; states
for #8Sr, and among the P; and ! Py states for '"#Yb. The maximum
energy splittings of ®*Sr are given by Esp, — Esp . The maximum
energy splittings of '"Yb are given by Esp — Eip, for n < 55 and
Esp, — Eip forn 2 56.

Figure 3 shows the energy splittings of the P manifold, A Egyj;,
for 8Sr and "Yb. The energy splittings are evaluated as
the maximum energy difference among the p; states for
88Sr, and among the *P; and ' p; states for '7#Yb. This result
shows that the energy splitting in '"*Yb is about two orders
of magnitude larger than that in 33Sr. To clarify the effects
of the large energy splitting, we introduce the energy dif-
ference of an intermediate P state from the average energy,
defined by $E,;, = E,, — E,‘fj, where E,?j is the average en-
ergy of the 3P, manifold for ®Sr and of the combined 3P,
and ' P, manifold for '7*Yb. We then rewrite the Forster de-
fect as AEr(n, o, B) = AEI(:)(n, o, B)+8E,, + SE,,, where
AEIQ (n, a, B) is the Forster defect evaluated using E,?f. From
the above results, the range of $E,, + 8E,, in "*Yb is broader
than that in 8Sr. In addition to the fact that the number of
allowed intermediate pair states in '"*Yb is larger than that
in 38Sr, this suggests that '"*Yb has more Forster resonance
points than #8Sr.

Although the large energy splitting may account for the
large number of Forster resonance points, it does not explain
why |C2 ¢| > |Cs|. To clarify the origin of this behavior, we
next examine the Forster defects. Figure 4 shows histograms
of the Forster defects for n = 80 and |m;| = 1. We find that
the distribution of the Forster defects in '"*Yb is broader
than that in 38Sr. To quantify this trend, we calculate the
participation ratio (PR) of the distribution of Forster defects,
which is larger for a broader distribution and smaller when the
distribution is concentrated in a small number of bins. The PR
is defined as

1
5
2P

PR = (19)

where p; is the normalized weight of the jth bin. The results
are shown in Fig. 5. We find that the PR of '74Yb is larger than
that of 8Sr for all principal quantum numbers, suggesting that
the Forster defects in !74Yb are more broadly distributed.
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FIG. 4. Histograms of Forster defects for (a) 3¥Sr and (c) '"*Yb
at n = 80 and |m,| = 1. [(b) and (d)] Magnified views of the near-
resonant region around AEr = 0 in panels (a) and (c), respectively.
Here, 11, 1), and || denote the Forster defects AEg(n, 1, 1),
AEg(n, 1, ), and AEg(n, |, |), respectively. Only intermediate
states satisfying R. > 0.1 nm are included to exclude narrow res-
onances. The three spin channels are shown in separate vertically
stacked subpanels for each case. The bin width is 0.1 GHz. The
vertical dashed line marks AEg = 0.

Here, we focus on the distribution of the Forster defects
around AEg ~ 0. In this regime, the Forster defects take
negative values for 38Sr [see Fig. 4(b)]. This behavior can
be understood from the quantum defects. For the case of
o = 7t and B = |, the intermediate pair states that give small
Forster defects are |n, 3Py, my)®%. According to the MQDT
model for 8Sr [114], the quantum defects for 3S; and 3P,
have weak energy dependence and can be approximated by
Betr 35, =2 3.37 and S 3p, = 2.88. The Forster defect can then
be approximated as

ABpm, 1, 1) 2 N 1
heRy  — (n—2.88)2  (n—2.37)?
1
=3 20

where n = |n, 3Py, my)®2. One can show that AEg(n, 4, |) <
0 for n > 40, which is consistent with our numerical results.
In addition, we find that the numerator in the expression for
Ce, (14 |\7dd |n){n |Vdd |4 1), is positive for the intermediate pair

(b) a00

(a) 300

250

25 50 75 100
n n

FIG. 5. PR of the distribution of the Forster defects for (a) |m;| =
1 and (b) m; = 0. Here, 11, 1], and | | represent the Forster defects
AEg(n, 1, 1), AER(n, 1, ), and AEg(n, |, |), respectively.

(a) 200

150

S100
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40 50 60 70 80 90 100

FIG. 6. Magnetic-field and principal quantum number depen-
dence of the anisotropy parameter. (a) 3Sr with m; = 1 and (b) '"*Yb
with m; = 1. The white region in (a) indicates the absence of data
due to strong S-D mixing. The gray-shaded regions indicate the
parameter regions where R, > 10 um.

states with small |AEg|. From these observations, we con-
clude that Cg ¥ and Ce for ®Sr take almost the same values
at zero magnetic field, because the dominant contributions to
the expressions for C, ¥ and Cy have the same sign.

By contrast, for l-?“Yb, the Forster defects take both pos-
itive and negative values around AEp ~ 0, as shown in
Fig. 4(d). This redistribution of the Forster defects can be at-
tributed to the large energy splittings and multichannel mixing
of the intermediate P states. In addition, we find that, for most
of the dominant intermediate pair states, the matrix elements
(14 |Vaalm) (n|Vaq| L 1) are positive. These results imply that
the dominant summands in the expressions for CGT Y and G,
can have both signs. This property can lead to deviations
between Cg ¥ and G owing to cancellations among different

terms. The trend |C6T l| > |Cg| can be understood from the
Cauchy-Schwarz inequality. See Appendix A for details.

In summary, the large |8| in !7*Yb does not originate from
spin-orbit coupling alone. Strong spin-orbit coupling induces
singlet-triplet mixing and produces much larger splittings of
the intermediate P manifold than in 38Sr. Together with the
multichannel character of the intermediate states, these effects
redistribute the near-resonant Forster defects on both sides of
AEg = 0, in contrast to the 38Sr case. Since the dominant
matrix-element products are mostly positive, the signs of the
perturbative summands are mainly controlled by the signs of
the Forster defects. This leads to cancellations among dif-
ferent contributions and, together with the Cauchy-Schwarz
argument in Appendix A, explains the trend |C6T Y| > |Cs| and
the resulting large |3].

C. In the presence of a magnetic field

Here, we discuss interactions between Rydberg atoms in
the presence of a magnetic field. In this subsection, we focus
on several representative points. The complete data are shown
in Appendix B.

First, we consider 38Sr atoms. The magnetic-field and
principal quantum number dependencies of the anisotropy
parameter for m; = 1 are shown in Fig. 6(a). We find that the
anisotropy parameter can be tuned continuously by changing
the magnetic field as in the case of the alkali atoms [89]. The
gray-shaded regions in Fig. 6 indicate the parameter regions
where R. > 10 um. Since the validity of the perturbative
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TABLE I. List of parameters for representative values of 6. J
is the exchange interaction evaluated at R = 2R., for which the
estimated fourth-order correction is about 1.6% of the second-order
contribution [136].

B R, J/h  ds/dB
Species n G) 8 (um) (MHz) (G
8Sr,m; =1 84 19575 —-0.001 6.75 2.00 —-0.12
8Sr,m; =0 86 176.60 0.004 7.37 2.08 —-0.17
88Sr, m; = —1 48  190.75 0.002 2.39 142 -0.16
8Sr,m; =1 38 182.40 1.001 1.38 1.10 -0.14
8Sr,m; =0 85 180.00 1.000 7.08 1.76  —-0.37
88Sr, m; = —1 85 194.25 0.996 17.10 1.05 -0.33
8Sr,m; =1 80 9535 —4998 567 —145 -0.35
8Sr,my =0 64 17585 —-5.001 359 —-130 -0.21
88Sr, m; = —1 78 119.25 —-5.004 5.05 -2.13 -040
74Yb, my = 1 81 42.40 0.005 564 —1.04 0.25
174Yb, my = 0 69 148,50 —0.001 3.15 —4.64 0.03
7Yb, my = —1 92 159.75 0.001 845 —-1.92 2.8
74Yb, my = 1 46 5.35 1.000 1.29 —-8.82 —0.027
174Yb, my = 0 80 106.65 0999 548 —146 —-0.039
4Yb, my = —1 46 13.30 0996 171 —1.89 0.2
74Yb, my = 1 60 16440 —-5.001 3.32 —-0.71 0.12
174Yb, m; =0 46 126.15 —4999 182 —-1.62 -0.036
4Yb, my = —1 80 16240 —4998 620 —1.16 0.11

treatment depends on the interatomic distance through the
condition R* > R3, we use R. = 10 um as a practical thresh-
old for flagging regions where the perturbative description
may not be quantitatively reliable. In the shaded regions, the
effective XXZ parameters should be regarded as qualitative
indicators unless R is sufficiently larger than R..

Here, we focus on several representative points, such
as § ~0, 1, and —5, which correspond to the XY model,
the Heisenberg model, and the large-anisotropy XXZ model,
respectively. The parameters are summarized in Table I
In addition to the system parameters, we evaluate d&/dB,
which represents the sensitivity of § to magnetic-field fluc-
tuations [89]. For most of the representative points in Table I,
|d8/dB| is of order 1072-10~! G~!. A magnetic-field fluc-
tuation of 0.1 G therefore results in |AS| < 4 x 1072 for
most of these points. Several works [139-142] have reported
magnetic-field stability of order 0.01 G. Therefore, the re-
quired magnetic-field stability is achievable within current
experimental techniques.

We note that, in the case of ®Sr with m; = £1, some
dressed 3$) states have a strong overlap with D states, as indi-
cated by the white regions in Figs. 10 and 12. As mentioned in
Sec. II D, we do not evaluate the Cg coefficients in these cases
because it is difficult to identify the dressed state uniquely.
Here, we show only the data for which the overlaps between
the dressed pair S states and the corresponding bare pair S
states are all larger than 0.5.

Next, we consider '"*Yb atoms. The magnetic-field and
principal quantum number dependencies of the anisotropy
parameter are shown in Fig. 6(b). As in the ¥Sr case, we
consider the cases § >~ 0, 1, and —5. The results are summa-
rized in Table I. The characteristic interaction time, /i/|J| =
[27|J]/h]~", is on the order of 0.1 us for the representative

1400
1200
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800 r
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400
200
0
-200
-400

-600
0.00 0.05

AEg/h [kHz]

010 015  0.20
B[G]

FIG. 7. Magnetic-field dependence of the Forster defect. Here,
AEg(my, m)) denotes the Forster defect for a pair of 35, states
with magnetic quantum number m; and a pair of 3P, states with
magnetic quantum number m). The solid black line indicates
AEF(m], m}) =0.

points listed in Table I, sufficiently shorter than the exper-
imentally reported 10-100 us coherence and lifetime scales
of alkaline-earth 3§; Rydberg states [91,94] to permit the
observation of coherent interaction dynamics.

As in the case of alkali atoms, we find that magnetic
fields can induce Forster resonances and continuously tune
the anisotropy parameter. Alkaline-earth(-like) atoms tend to
exhibit many more Forster resonance points than alkali atoms
(see the Supplemental Material of Ref. [89]). This may be
attributed to the larger number of possible intermediate pair
states. By exploiting this rich Forster resonance structure, one
can engineer many-body Hamiltonians over a wide parameter
range.

Here, we discuss the Forster resonances of 74Yb for
n = 83 in the presence of a magnetic field. As mentioned
in Sec. IIMA, the Forster resonances |83,3S),my =
+1)184,381, m; = £1) < (82,%Py, m; = £2)|84,3p, m; =
+2) for my = £1 and |83, 38, m; = 0)(84,38;, m; = 0) <
182,3P,, my = £1)|84, 3P, my = +1) form; = 0 are already
present at zero magnetic field. The Forster defects for these
processes are extremely small but nonzero. We find that
these Forster defects can be further reduced by applying
a weak magnetic field. Figure 7 shows the magnetic field
dependence of the Forster defects. For m; = —1, the Forster
defect becomes smaller than 1 kHz at B >~ 0.156 G, whereas
for m; = 0 it becomes smaller than 1 kHz at B >~ 0.103 G.

We now evaluate the C; coefficients for these resonances.
We first consider the case m; = £1. For notational simplic-
ity, we define |1) = (83, 3S,, m; = £1), [2) = |84,3S;, m; =
+1), 13)=182,3Py, my =42), and [4) =184,3P,, my; =
42). The interaction Hamiltonian for this four-level system
can be written as

N hCE
A== =R—;(|3> ® 4 (1] ® 2]+ 1) ® 12)(3| ® (4]

int

+4) ® 13) (2| @ (1] + 12) ® [1){4| ® (3])
==

hC;}
7 (14) @ 13)(11 ® 2] + 1) ® 12){4| ® (3|

+ 3420 (1+12) @ [1)3I® ), (2I)

+
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3 . .
CE=———_(31d*|11){4|d*|2), 22
3 8Moh(l 11)(4]d~2) (22)
3 . .
Cr=———(41d*|11)(3|d*|2). 23
s 8Moh(l 11)(3]d~2) (23)

We numerlcally evaluate C and C’i and obtain Ci
—23.30 GHzum? and C;* = —0.40 GHz um? at zero mag-
netic field. In the weak- magnetlc -field regime, the magnetic-
field dependence of the C; coefficients is very weak, and we
therefore neglect it.

We next consider the case m; =0. We define |1)
= [83,%S1,m; = 0), |2) = (84,751, m; =0), 13) = [82,°P,,
my=1), |4) =184,3P,,m; = 1), |5) = 82,3 P, my = —1),
and |6) = |84, 3p,, m; = —1). The interaction Hamiltonian
for this six-level system is written as

q0 _ hC3
Hip = 75 (3) ® 1411 @ (2] + 1) ® [2)(3] ® (4]

+14) ®13)(2] @ (1] + 12) @ [1){4| ® (3]

+15) @ 16)(1] @ (2] + [1) ® [2)(5] ® (6]

+16) @ 15)(2| @ (1] + |2) ® [1)(6] ® (5])

0

2 (14) @ 13)(11 @ (2] + 1) ® [2)(4] ® (3]
+13) @ 4)(2[ @ (1] + 12) @ [1) (3] @ (4]

+16) ® [5)(1] ® (2] + |1) ® [2){6] ® (5]

+15) ® 16) 2] @ (1] +12) @ [1){(5| @ (6]),  (24)

= — G BT @)
:—8;’60,1 (5171161 12). (25)

€ = = )31
=—8n3€0h (6ld~[1)(5|d"12), (26)

where we have used time-reversal symmetry at zero magnetic
field. The resulting C; coefficients are Cy = —11.65 GHz um?
and C{? = —0.20 GHz um>.

D. Application to one-dimensional chains

Here, we apply our results to many-body problems. In
this subsection, we consider M Rydberg atoms arranged in a
one-dimensional ring or an open chain. In our previous work
[89], we proposed realizations of the spin-1/2 J;-J, Heisen-
berg chain and the spin-1 Heisenberg model by appropriately
choosing the atomic positions and the magnetic-field strength.
In the present work, we focus on the large-|§| regime, because
174Yb can readily access this regime, as shown in the previous
sections.

For the ring case, we place the M Rydberg atoms on a
ring in the xy plane. The position of the jth atom is given by
rj = r(cos ¢je, + sin¢je,), where r is the radius of the ring
and ¢; =2x(j—1)/M (j=1,2,...,M). From Eq. (16),

the many-body Hamiltonian for periodic boundary conditions
(PBCs) is given by

+hZZSZ,

Jok, j#k
27
2hCs
Jp=—"25_ 28
& |"j—"1<|6 29
clt -t
W =E, —E, +h—"———C%F, (29)
2r0
M
1 1
F = , 30
0 8M6;(1—00s¢j)3 (30)

where we have defined ry = r/M. For sufficiently large M, we
obtain Fy ~ 3.3 x 1073,

Here, we derive the effective Hamiltonian in the large-
anisotropy regime (|8 >> 1). As discussed in Sec. IIL A, '74Yb
is ideal for exploring this regime. To this end, we define the
Hilbert subspace as

Hp = Span{ln) € H|(nj, njs1) # (1}, 1;41) forallj}, (31)

where H is the spin-1/2 Hilbert space, |n) = |ny, na, ..., ny)
is a product basis in H, n; = Tj, ¢j, and ny41 = n; due to
the periodic boundary conditions. In this subspace, no state
contains the local configuration 14. The projection operator
onto the subspace Hp is defined as

M

P=TJa-2P,. (32)
N U
Pi=2+5; (33)

We decompose the Hamiltonian into nonperturbative and per-
turbative parts as

Hpge =Hy + V., (34)

M M
Hy=611 ) 88, +h )5, (35)

j=1 j=1

M M

=J Z $185,, + 887, )) + 8 Z o +H' (36)
where J1 = 2hCe/[2r sin(w /M )]° and S =
2hCs/[2r sin(2w /M)]®  denote the strengths of the
nearest-neighbor and next-nearest-neighbor interactions,

respectively. The effective Hamiltonian up to first order is
given by

7PBC __
Hett -

M
(885 88 )P+ (=80 Y S5
= j=1

WME

+PA'P, (37)
- & (38)

Here, we omit the constant terms arising from 751-7075
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When the next-nearest-neighbor interaction terms and A’
are neglected, this Hamiltonian reduces to the folded XXZ
model [125-127], which is integrable. In our setup, how-
ever, integrability is broken by the additional J, term and
the longer-range interactions contained in A’, both of which
originate from the van der Waals 1/R® interaction. If we
neglect H' while retaining the next-nearest-neighbor J, ZZ in-
teraction, the Hamiltonian becomes identical to that discussed
in Ref. [143]. That work showed that this model exhibits
Hilbert-space fragmentation, in which the Hilbert space splits
into exponentially many dynamically disconnected sectors
[144,145]. In this case, the origin of the Hilbert-space frag-
mentation is the conservation of the domain-wall (DW)
number:

N:;ac_zz(

Our proposal therefore provides a way to observe Hilbert-
space fragmentation in the large-|§| regime.

Other interesting phenomena have also been discussed in
the folded XXZ model. Recently, quantum spin transport in
this model has been investigated, and it has been shown ana-
lytically that some spin probability distributions are described
by the Gaussian unitary ensemble Tracy-Widom distribution
[146]. The origin of this behavior may be related to the
integrability of the folded XXZ model. We expect that this
nontrivial distribution could be observed in our setup as a
transient phenomenon.

For open chains, we place the M Rydberg atoms in a
one-dimensional array with a lattice constant d in the xy
plane. From Eq. (16), the many-body Hamiltonian for open
boundary conditions (OBCs) becomes

- S;S§+l> (39)

M

- 1 ordx | QYA L 5070

Hopc = 5 Z ij(S}fSi +855 + SSjS,ZC) + Z 1S
j=1

77
ok jF#k
(40)
2hCe
s 41
"= G5 — o @D
C cH
W, =E; — E¢+h—6f,, (42)
1 .
fi=) ——— j=L2...M, (43)
G~k

where Jj; is the strength of the interaction between the sites
j and k, and h; is the strength of an effective magnetic field.
Although the third term in Eq. (42) has spatial dependence
through f;, which originates from interaction-induced Zee-
man terms, we neglect it for simplicity. We can expect that the
spatial dependence does not significantly affect the properties
of the bulk because the nonuniformity of this term arises
only on the edges of the system as shown in Fig. 8. If one
desires a more accurate Hamiltonian, the nonuniformity can
be compensated by applying an additional AC Stark shift at
the edges of the system. This procedure has been demon-
strated experimentally [53]. Hereafter, we use A® instead
of h3.

1.8 1
_ 16 [N 2 ]
= M=50 []

1.4 | ]

1.2t 1

to@ o 4 L

0 10 20 30 40 50
Site

FIG. 8. Spatial dependence of f; for M = 10, 20, and 50.

To derive the effective Hamiltonian for open boundary
conditions, we define the Hilbert subspace as

HRPC = Span{n) € H|(nj, nj1) # (1), 1j41)
forj=1,2,....M — 1}. (44)

We note that HPBC # Hp, because the configuration with
n; = 1, and nyy = 71, is allowed in the case of open boundary

conditions. The projection operator onto the subspace H92C is
defined as

rPOBC

]_[ (1—PP. ). (45)

We decompose the Hamiltonian into nonperturbative and per-
turbative parts as

HOBC _HOBC 4 VOBC’ (46)
M—1 M
7OBC _ ¢ 70 Sz 8z Qz
AQRC =572 N 8380+ & (47)
j=1 j=1
M—-1
7OBC _ 7OBC o QX
VOBC = ¢ (8387, +878%,))
j=1
M-2
+8J9PC D 885 + Hige (48)

j=1

where JOBC = 2hCq/d® and JPBC = hCe/(32d°) = JPBC /64.
The effective Hamiltonian for open boundary conditions is
given by

M—
HOBC = jOBC Z 18385, + 88,1) Pia

M=2
JZOBCS Z rPOBCstz POBC
j=l1

M
SJOBC Z

JOBC

+ (85 + 85, (49)

+ ﬁOBCHéBCﬁOBC 5

where ﬁo =1 and ﬁM+1 = 1. In contrast to the periodic
boundary conditions, this Hamiltonian does not commute with
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the domain-wall-number operator defined as

M—1

R 1 ..

NQBC =23 (Z - § §+1>. (50)
j=1

The noncommuting contributions arise at the edges of the
system. For example, consider the following process:

(585 + $183) 11142 ds) o 14112 d3). (51)

In this process, the domain-wall number changes from 1 to 2.
To compensate for the edge effects, we modify the Hamilto-
nian and the domain-wall-number operator as

JPBCS

A[0BC = {OBC _ T(S’f + wa) (52)

M
. 1 ..
Ngwc=2%" (Z — SjS;H)
j=0
. 1. 1
=Npwe + (5 +S§> + (5 +S;4), (53)

where S‘é = —1/2 and §1Z14+1 = —1/2. A direct calculation
shows that the modified domain-wall-number operator com-
mutes with the modified effective Hamiltonian,

7/OBC _ 7OBC JloBCB oz N4
Hyp™ = Hgg 5 (85 +85)- (54)

A similar modification has been used for the DH model
[80,147]. The edge magnetic-field terms can be realized by
applying the AC Stark shift at the edges of the system [53] as
discussed above.

E. Application to two-dimensional square lattices

We now consider applications of our results to two-
dimensional systems. Since spin-1/2 systems can be mapped
onto hard-core boson systems, the XXZ model can be re-
garded as a hard-core Bose-Hubbard model with 1/7° hopping
and density-density interactions. This model is similar to
the Bose-Hubbard model with nearest-neighbor hopping and
dipolar interactions (1/r*), which is known to exhibit a super-
solid phase [128-131].

The supersolid phase is characterized by the coexistence
of superfluidity and crystalline order [148—150]. In continuum
systems, the supersolid phase has been observed in ultracold
dipolar bosonic systems [151-155]. In lattice systems, the
supersolid phase has been discussed extensively and is char-
acterized by the spontaneous breaking of discrete translational
symmetry [156]. Although the dipolar Bose-Hubbard model
has been realized experimentally [157,158], the supersolid
phase has not yet been observed in lattice systems.

In this subsection, we explore the ground-state phase
diagram of our XXZ model within the mean-field approxi-
mation. Our method is similar to that used in previous works
[129,131,159,160].

For simplicity, we consider an infinite two-dimensional
(2D) square lattice. The position of the jth lattice site is de-
noted by R; = d(nje, 4+ mje,), where d is the lattice constant

and n; and m; are integers. The Hamiltonian is defined as

Hop =2 ) Ju(Si8i + 8380 +0855) —ho 3 S5,
' i

J.k, j#k
(55)
2hC, Jod®
ik = 6 = 0 < (56)
IR; — Ry| IR; — Ry|
CTT _ C”
ho = — (Ey —E}) —2h———-C,, (57)

d

-1 o 1

C, = Z;‘ = +n;1 ey SIS 69
In the hard-core boson representation, we map the states |1)
and ||) onto the empty and occupied states |0) and |1), re-
spectively. We assume Jy > 0 and § < 0, corresponding to
positive hopping and repulsive density-density interactions.
For example, this parameter regime can be realized in '"*Yb
for n 2 80 at zero magnetic field (see Figs. 1 and 2). For
nonzero magnetic fields, we find Cs ~ —185.33 GHz um® and
§~—-2.06forn=70andmy =1atB =90G.

Here, we perform a mean-field (MF) analysis. We assume
that the ground-state wave function is given by

[Wye) = [ Jle ™72 cos(®;/2)11 ;) + /% sin(0;/2)14, )],
' (59)

where 0 < 0; < and 0 < ¢; < 2m. We define the mean-
field energy as

Enr = (Wvr|Hop| W) (60)
Using Eq. (59), the mean-field energy reduces to

1 . .
Ewr =5 Z Jjk{lcos(; — ¢r)]sin 0 sin O
Jok, j#k

ho
+ 8cosbjcosb} — ?;cosé’j. (61)

Without loss of generality, we may set ¢; = 0 for all j, be-
cause we consider the ground state and the system possesses
U (1) symmetry. The spins are then aligned in the xz plane. In
addition, we employ the two-sublattice ansatz [129,131]

%(sin Ose, + cosbae;), j € sublattice A

S; = (62)

%(sin Ope, + cosOge,), j € sublattice B,

where sublattices A and B are defined by n; + m; being even
and odd, respectively, and §; = (\IJMF|S‘.,~|\IJMF) is the mean-
field spin expectation value. The mean-field energy density
then reduces to

N/
E = _§°(C+ — C_)(sin’ 4 + sin® Op)

Ji
_ ZO(C+ + C_)sin 6, sin g

8Jy 2 )

— ?(CJr — C_)(cos” 64 + cos” Op)
8Jy ho

— T(CJr 4+ C_)cos B4 cosp — Z(cos 04 + cosbp),

(63)
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- DT

_ (_1)n+m71
C_= ZT + Y = 0.874,  (64)
n=1 n,m=1

where £ is defined as the mean-field energy per site.
Within the two-sublattice ansatz, the following five phases

appear in the ground state [129,131]:

0r =6p =0 (empty), (65)
04 =0pg=m (M), (66)
0y =05 =60 (0<0<m) (SF), 67)

6p=0and g =m, or0y =mwand g =0 (CS), (68)

00 £ 0p (0 <6405 <m) (CSS), (69)

where M1, SF, CS, and CSS denote the Mott insulator, su-
perfluid, checkerboard solid, and checkerboard supersolid,
respectively. The energy densities of the empty, MI, and CS
states are given by

ho 8JoC.
Eompy === = — au) (70)
h 8JoC.
Evi = +§—%, (71)
8JoC_
Eos = 02 . (72)

Substituting Eq. (67) into Eq. (63) and minimizing £ with
respect to 6, we obtain the solution for the SF state,

h
6 = COS71 —0
2C.(1 — 8)Jo

h
for —2C (1 —8) < J—O <20,(1-96), (73)
0

where we have used 1 — 6 > 1. Therefore, the energy density
of the SF state is given by
JoC h?
St 0 . (74)
2 8C+(1 —68)Joy

By minimizing Eq. (63) with respect to 64 and 6g under the
condition 84 # 0p, we obtain the energy density of the CSS
state as follows (see the derivation in Appendix C):

Esk =

cree, ZSNC- T £V -a?(C —C_+ 28C_)Jol?
5= =7 8(1 — 8)Jo(C —C_) ’
(75)
Cy+C_
o= +t (76)

—(C, —C_)—28C_°

where + (—) represents the solution for 64 + 0 < 7 (64 +
O > ).

By comparing the energy densities, we can construct the
mean-field ground-state phase diagram. The phase boundaries
are obtained as

h
J—O = +2C.(1+18]) (SF-empty), (77
0

ho

- ="2C,(1+3)) (SF-MD), (78)
0

FIG. 9. Ground-state phase diagram. The solid red lines repre-
sent the MI-SF and empty-SF phase boundaries, the dashed blue
line represents the SF-CSS phase boundary, and the dotted green line
represents the CSS-CS phase boundary.

h —C
J—O = 1-0{2%(—C++C7+2|5|C7)7
0 —

for 8| > C,/C_ (SF-CSS,), (79)
h C
Lo V12— + O+ 218100,
Jo C_
for |8 > C./C_ (SF-CSS_), (80)
h
J—(’ = +v1—a?(—=Cs + C_ +2[5|C),
0
for 8] > C,/C_ (CSS,-CS), (81)
h
J—O = V1 —a2(=C, + C_ +2/5|C_),
0
for 8] > C,/C_ (CSS_-CS). (82)

We note that all phase transitions are second order. The
ground-state phase diagram is shown in Fig. 9. The supersolid
phase appears in the region with large |§| and intermediate
ho/Jo. This behavior is similar to that of dipolar hard-core
bosons [129,131]. As shown in those previous works, in the
large-|8| regime, long-period structures that cannot be cap-
tured by the two-sublattice ansatz emerge. Therefore, the CSS
phase boundary may be modified in the intermediate-|§| and
intermediate-ho/Jy regions, which are readily accessible in
174Yb systems.

Here, we discuss the stability of the CSS phase beyond
the mean-field approximation. Previous work showed that the
hard-core Bose-Hubbard model on the square lattice with
next-nearest-neighbor interactions does not exhibit a super-
solid phase based on quantum Monte Carlo calculations [161],
whereas the hard-core Bose-Hubbard model with dipolar in-
teractions (1/r*) does exhibit supersolid phases [130]. These
results indicate that it is nontrivial whether our model, namely,
hard-core bosons with 1/r° hopping and density-density in-
teractions, exhibits a supersolid phase beyond the mean-field
approximation. Therefore, the stability of the CSS phase
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should be examined using beyond-mean-field methods, such
as quantum Monte Carlo simulations [162].

Another possible route to realizing a supersolid phase is
to consider hard-core bosons on triangular lattices. Previous
works showed that supersolid phases of hard-core bosons
on triangular lattices can survive beyond mean-field theory
[163,164]. These results suggest that supersolid phases on
triangular lattices are more robust against quantum fluctua-
tions than those on square lattices. Since triangular lattices are
feasible in current experiments, hard-core bosons on a trian-
gular lattice may provide a promising candidate for realizing
a supersolid phase in Rydberg-atom quantum simulators.

Finally, we remark on previous works discussing super-
solidity in Rydberg tweezer arrays [165,166]. Those works
consider spin-1 systems with dipole-dipole interactions (1/r3)
encoded in three Rydberg states. In contrast, our system is a
spin-1/2 system with van der Waals interactions (1/r°).

IV. SUMMARY

In this paper, we investigated the interactions between the
alkaline-earth(-like) Rydberg atoms 38Sr and '"#Yb. We con-
sidered two Rydberg states, |n, 381, my) and [n+ 1,38, my),
and showed that the effective interaction Hamiltonian be-
comes an XXZ model as in the case of the alkali atoms. We
found that the behavior of the anisotropy parameter of '74Yb
at zero magnetic field is markedly different from that of 38Sr
and alkali atoms. This difference arises from the interplay of
strong spin-orbit coupling, multichannel mixing of the inter-
mediate P states, and the resulting redistribution of Forster
defects. We also investigated the interaction properties in the
presence of a magnetic field. As in the case of alkali atoms, the
interaction parameters can be tuned by the magnetic field [89].
In addition, we found that '7#Yb exhibits a Forster resonance
at n = 83 with an extremely small Forster defect.

As an application of the above results to quantum many-
body problems, we considered two different setups. One is a
one-dimensional ring or chain. In this setup, we showed that,
in the large-|§| regime, the effective Hamiltonian is reduced to
the folded XXZ model with additional interaction terms. Be-
cause this model has a nontrivial conserved quantity, namely,
the domain-wall-number operator, Hilbert-space fragmenta-
tion may emerge.

The other setup is a two-dimensional system. Since the
spin-1/2 XXZ model can be mapped onto a hard-core boson
model with long-range hopping and density-density inter-
actions, a supersolid phase may arise in the corresponding
hard-core boson system. Our mean-field analysis suggests that
such a supersolid phase may appear in the regime of large |3|
and intermediate /1y /Jj.

The present work suggests several interesting directions
for future study. One possible extension is to generalize our
analysis to dual-species or dual-isotope Rydberg systems
[167—174]. As we have shown, '7*YDb exhibits interaction
properties that differ from those of other atomic species.
Exploiting this feature, one may be able to engineer more
complex XXZ Hamiltonians. For example, ancillary atoms
of a second species could be used as Rydberg mediators to
engineer effective interactions between the primary Rydberg
atoms [175,176]. Several theoretical proposals have also ex-

plored quantum simulation with dual-species Rydberg-atom
arrays [177-179]. Another interesting direction is the study
of three-dimensional systems. For example, in the large-
anisotropy regime, the XXZ model on the pyrochlore lattice
reduces to a ring-exchange Hamiltonian [180], which exhibits
a spin-liquid ground state (we note that another route to
realizing a ring-exchange Hamiltonian in Rydberg systems
has also been proposed [85]). Three-dimensional atom arrays
have also been developed [24,26,181,182]. In the future, such
exotic phases may be observed in Rydberg-atom quantum
simulators.
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APPENDIX A: TREND FOR |C}'| > |C|

In this appendix, we discuss the origin of the trend |Cg Y-
|Cs| for 7*Yb. Let us consider a set of intermediate pair
states {n} that share the same Forster defect. We introduce the
following quantities:

Fnh = Y 1alValt WP = S 1mlValb NP, (AD
{n} {n}
Ginh = 3 Ut Valm) alVaal 14),  (A2)

{n}
where in the second equality of Eq. (A1) we have used the
exchange symmetry of the dipole-dipole interaction. Here, we

assume that (}1|Vaq|n) (r|Vaa|1 1) is positive for all states in
{n}. Using the Cauchy-Schwarz inequality, we obtain

F({n}) = G({n}).

This result suggests that, for intermediate states with the same
Forster defect, the absolute value of the corresponding con-
tribution to Cg ¥ is no smaller than that of the corresponding

(A3)

contribution to Cg. This explains the trend |Cg ¢| > |Ce|.

APPENDIX B: MAGNETIC-FIELD AND PRINCIPAL
QUANTUM NUMBER DEPENDENCE OF THE PHYSICAL
QUANTITIES

In this appendix, we present the complete data for the Cg
coefficients, R., and 8. Figures 10-15 show the magnetic field
and principal quantum number dependence of the physical
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quantities, including the Cs coefficients, the critical radius,
and the anisotropy parameter, for 38Sr and '"*Yb. We do not
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APPENDIX C: DERIVATION OF THE ENERGY DENSITY
OF THE CHECKERBOARD SUPERSOLID STATE

In this appendix, we derive the expression for the energy
density of the CSS state [Eq. (75)]. To this end, we first rewrite
Eq. (63) as

Jo ho
E(61,05) = =7 (Cy = C-) = = (c03 6 + cos )

J
_ ZO(CJr + C_)sin 6, sin O

Jo(Cy —C)(1 —6)
8

(cos 64 + cosOp )2

J
- ZO(Q — C_ +28C_)cosfycosfy. (Cl)

We then minimize £(0,4, ) with respect to 64 and 6p:
0E(O4, 6, h N/ .
% = ZO sin@, — ZO(C+ + C_)cos 6, sin O
(€ —C)(1 = 8)
4

(cos By + cosBg)sin by

J\
+ Z"(Q — C_ +28C_)sinfy cosfp = 0,
(C2)
9E(04, 0 hy . J .
(8+BB) = ZO sin g — ZO(CJr + C_)sin 4 cos Op
(€= C)(1 = d)
4

(cos B4 + cos Bg) sin Op

J
+ ZO(C+ — C_ +28C_)cosf, sinfp = 0.
(C3)

By multiplying Eq. (C2) by sin 85 and subtracting Eq. (C3)
multiplied by sin 6,4, we obtain the condition

sin B4 sin 0p = (1 + cos 84 cos Hp), (0]
Cy+C-
—(Cy —C_)—=28C_"

Similarly, by multiplying Eq. (C2) by sinfp and adding
Eq. (C3) multiplied by sin 64, we obtain the condition

(C5)

o=

hg sin 6, sin Og
Ji
— EO(CJr 4+ C_)(cos B4 + cosOg)(1 — cos by cos Op)
— Jo(Cy — C_)(1 — 8)(cos By + cosbp) sin 6, sin Op

J
+ 5O(C+ — C_ +25C_)(cos 04 + cos Op) sin O, sin O = 0.
(Co)

For convenience, we introduce the variables [156]

t = cos by + cos b, (C7)

u = cos 64 cosbp. (C8)

Using Eqgs. (C7) and (C8), Eq. (C4) reduces to

t=+v1—a2(1 +u). (C9)

The sign + (—) corresponds to the solution 64 + 05 < 7 (64 +
0p > m). Because 1 — a? > 0, we obtain the condition

C
§>1lord < —C—*. (C10)

Since we assume § < 0, the condition for the CSS state is
given by § < —C,/C_. Substituting Eq. (C9) into Eq. (C6),
we obtain

L Eho/Jo + V1 —a28(C. +C.)
VT2l =8)(Ce—C)

From the relation between the solutions and the coefficients
of a quadratic equation, cos 64 and cos 6g are solutions of

(C12)

(C11)

72 —tZ4+u=0.

Since cos 84 and cos 6p are real, the following condition must

hold:
2 > 4u. (C13)

Using Egs. (C9) and (Cl11), and |u| < 1, inequality (C13)
reduces to

1— —C, —5C_
P ). (C14)
l+a  (1-68)C_
Then, we obtain
h C
:I:J—O <VJ1-— oﬂc—*(—g +C_ —28C.). (C15)
O —

From Eq. (C11) and |u| < 1, we can obtain another inequality:
— V1 —0a%Cy —C_+25C.)

h
< :i:J—O <V1—a2(C,. —C_—25C,). (C16)
0

Therefore, we obtain the following inequalities for hg/Jy:

V1—a(—=Cy +C_ —25C.)
h C
< ij—‘) <V1- cxzc—*(—c+ +C_—28C_). (C17)
0 —

Using the above results, we obtain expression (75).
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