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Nonperturbative transverse mode coupling in high-order harmonic generation
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This paper is a joint publication with the paper by Vimal et al. [Phys. Rev. Lett. 131, 203402 (2023)]. High-
order harmonic generation (HHG) is an extreme nonlinear optical phenomenon at the heart of modern ultrafast
physics. When HHG is driven by two noncollinear beams, one being significantly weaker than the other, the
yields of the harmonic emission channels obey a perturbative power law with respect to the drivers’ intensity
ratio, even though HHG has a nonperturbative efficiency in general. Here, we drive HHG with two different
transverse modes and show this power law to be directly imprinted in the spatial structure of the harmonic
beamlets. As the driving beam intensities are brought closer, changes in the beamlet profiles reflect a transition
from a perturbative to a nonperturbative behavior, understood by generalizing the photon-pathway formalism
introduced in the companion paper. This work provides a visual method to study the efficiency of nonlinear
optical processes and paves the way for finer all-optical shaping of extreme ultraviolet light.
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I. INTRODUCTION

High-order harmonic generation (HHG) in gases is a highly
nonlinear strong-field optical process which is nowadays rou-
tinely used to convert infrared (IR) radiation into trains of
extreme ultraviolet (EUV) pulses with attosecond duration
[1]. In the past two decades, these ultrashort light pulses
have been used to probe the dynamics of electrons in atoms,
molecules, and solids at their natural timescale. In the fre-
quency domain, the HHG emission takes the form of a comb
of odd harmonics of the fundamental IR frequency [2,3]. The
process is usually explained with a semiclassical approach in
which the driving field is a strong classical wave distorting
the atomic potential of the gas atoms [4]. In this distorted
potential, an outer electron successively undergoes tunnel
ionization, acceleration in the continuum, and recombination
with the parent ion accompanied by the emission of a burst of
EUV radiation.

The HHG spectrum exhibits a characteristic plateau, as
a broad range of harmonic orders are emitted with similar
efficiency: in practice, the yield of a harmonic order q within
the plateau region is approximated as Aqeff , where A is the
strength of the driving field and qeff is an effective nonlinearity
order, roughly independent of q in the plateau [5,6]. This is
in contrast to the processes of perturbative nonlinear optics
[7], for which this exponent is equal to the number of input
photons exchanged to generate a photon at the new frequency
(which would predict qeff = q for HHG). Despite this non-
perturbative nature, HHG is often pictured as a parametric
process involving the absorption of a well-defined number
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of photons from the driving beams and emission of an EUV
photon—an image that proved particularly useful in under-
standing the conservation of various properties of the photon
in HHG, such as its spin and orbital angular momenta [8–10].
In addition, it was shown that when HHG is driven by two
noncollinear IR beams [11–18], one being significantly less
intense than the other, the EUV emission can be interpreted
with the tools of perturbative nonlinear optics [19,20]. In
such an experiment, each harmonic separates angularly into
several beamlets originating from the absorption of a different
number of photons in each beam, and the yield of a beamlet
involving p photons from the weak beam follows a αp power
law, where α = |E2/E1| is the amplitude ratio of the two driv-
ing fields. However, deviations from this perturbative-yield
scaling law were rapidly observed as α increases, challeng-
ing the underlying parametric interpretation. Investigating the
high-α regime, we proposed in the companion paper [21]
a description that fully reproduces these deviations while
still lending itself to both a field-based and a photon-based
understanding.

In this paper, we drive HHG with two spatially structured
noncollinear beams and show that for low values of α, the
perturbative power law leaves a trace on the transverse pro-
file of the emitted EUV radiation; that is, it can be directly
deduced from an image of the far-field harmonics. The high-
order harmonic channels can be expressed as powers of the
driving transverse amplitudes and obey two-dimensional par-
ity conservation. Upon increasing the intensity of the second
beam, we observe changes in the spatial structure of the beam-
lets, hinting at deviations from the perturbative power law.
The results broaden the scope of the photon-pathway frame-
work introduced in Ref. [21], demonstrating that it can be
generalized to predict not only the yields but also the spatial
modes of the harmonic beamlets.
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FIG. 1. Principle of noncollinear HHG with different transverse
modes in the driving beams. Here, the main IR beam is a Gaussian
mode, and the weak secondary beam is a H1,0 mode. At the crossing
point, the intensity and phase of the IR field exhibit a gratinglike
structure. The generated harmonic beamlets are separated angularly,
as dictated by conservation of the linear momentum of the absorbed
photons. Each beamlet is observed to have a specific transverse
profile.

II. HHG DRIVEN BY TWO STRUCTURED BEAMS

As further detailed in the companion paper [21], an ana-
lytical development of the so-called thin-slab model (TSM)
of HHG [6] can be used to derive the yield of the beamlets;
we show here that this formalism extends to predicting their
transverse profiles. We consider two beams crossing with a
small relative angle θ , both linearly polarized in the same
direction (neglecting the small longitudinal polarization com-
ponents). Beam 1 propagates along z with wave vector �k1, and
its transverse profile at the crossing point is given by the com-
plex scalar field E1(x, y). Beam 2 propagates in the y-z plane
with wave vector �k2, and its transverse profile at the crossing
point is given by E2(x, y)ei�k⊥y, where �k⊥ = (�k2 − �k1) · ŷ
(see Fig. 1). The total field at their crossing is

E (x, y) = E1(x, y) + E2(x, y)ei�k⊥y. (1)

From here on, we drop the (x, y) dependence of the fields. In
the TSM, the harmonic near field is given by

Enf
q = |E |qeff eiq arg [E ]. (2)

In our experimental conditions, the effective nonlinearity or-
der of HHG is qeff ≈ 3.5 [6]. For positions (x, y) of the
generating plane where |E2| < |E1|, the harmonic field is
rewritten as (see Appendix B)

Enf
q = |E1|qeff

+∞∑
p=−∞

eip�k⊥yei(q−p) arg [E1]eip arg [E2]

×
+∞∑
n=0

∣∣∣∣E2

E1

∣∣∣∣|p|+2n

an
p, (3)

with an
p = ( q+

n+ |p|+p
2

)( q−

n+ |p|−p
2

)
, where

(s
n

) = ∏n−1
m=0(s − m)/n!

are generalized binomial coefficients. We also introduced

q± = qeff±q
2 . In the above expression, each value of p corre-

sponds to a beamlet of harmonic q in the far field, emitted at
angle pθ/q, that can be understood, from linear-momentum
conservation, as coming from the net absorption of p photons
from beam 2.

In the perturbative limit, that is, when the power of beam
2 is much lower than that of beam 1, Eq. (3) alone approxi-
mates well the harmonic field: indeed, the validity condition
|E2(x, y)| < |E1(x, y)| is held in most regions of high laser
intensity which effectively contribute to the harmonic emis-
sion. Keeping only the leading term in the power series, the
transverse amplitude of beamlet p is expressed as

E p
q ∝ ei(q−p) arg [E1]eip arg [E2]|E1|qeff−|p||E2||p|. (4)

From this formula, HHG may be described as behaving per-
turbatively with respect to the weak secondary beam (with
which |p| photons are exchanged) and nonperturbatively with
respect to the main one, which retains a qeff power scaling.
We remark that the phase of beamlet p is built from q − p
times that of the first beam and p times that of the second,
in perfect agreement with a photon-pathway picture, with
demonstrated orbital angular momentum up-conversion rules
in noncollinear high-order harmonic generation (NCHHG)
[9].

The corresponding far-field transverse amplitude is then
computed as the Fourier transform of Eq. (4). With two driv-
ing beams having the same transverse envelope (E1 = αE2 for
all x, y), no effect on the transverse amplitude is expected: all
beamlets have the same profile |E1|qeff , as can be seen in the
companion paper in the case of two identical Gaussian beams
[21]. However, using two differently structured light beams,
for instance, distinct Hermite-Gaussian (HG) modes [22], we
expect the beamlets to exhibit different transverse-amplitude
profiles, as an imprint left by the perturbative power law
(Fig. 1). As the magnitude of E2 is increased, additional terms
become important in Eq. (3), and transverse profiles should
evolve accordingly. Note that since the two driving beams do
not have the same transverse profile, the ratio |E2/E1| now
varies in space. In the following we will instead use the ratio
ᾱ = √

P2/P1, where P2 and P1 are the powers of each IR beam,
as measured experimentally with a power meter.

To verify these predictions, we drive HHG with two non-
collinear beams, one being Gaussian and the other being a
HG mode. HG beams are transverse modes in free space that
naturally emerge when solving the propagation equation in
Cartesian coordinates [22]. They are determined by two in-
dices, j and m, describing the number of amplitude nodes
in the two spatial directions. In this work we consider only
the case where the vertical index is null, i.e., modes of the
type H j,0, although the results can be generalized to two-
dimensional HG modes. To make the notations more concise,
we drop the second index. In this frame, the electric field of
the HG modes at the focus (z = 0) is written as

H j (x/w0) = CjHj

(√
2x

w0

)
e−(x/w0 )2

, (5)

with w0 being the beam waist. Hj are the Hermite polynomi-
als, in their physics definition, and Cj = (2/π )

1
4 /

√
2 j j! is a

normalization factor.
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III. EXPERIMENTAL RESULTS

We perform the following experiment, depicted in Fig. 1.
We drive HHG with a Ti:Sa laser delivering pulses of 25-fs
duration and 1.3-mJ energy at an 800-nm wavelength. The
beam is divided into two arms in a Mach-Zehnder interfer-
ometer with a 50:50 beam splitter. A set with a half-wave
plate and a polarizer allows us to adjust the intensity of the
secondary beam. A phase plate with a π step is used to
convert the secondary beam into a H1 mode at focus. The two
beams are focused by 75-cm focal-length lenses, then recom-
bined noncollinearly, and overlapped temporally and spatially
at the output of the interferometer. Their relative angle is
θ = 24 mrad. Harmonics are generated at the focus of the IR
beams in a jet of argon gas. The gas jet is located slightly
downstream of the focal points of the laser beams, so that
long-trajectory contributions can be neglected [23]. In order to
resolve the transverse harmonic profile, we use a near-normal
incidence spectrometer consisting of a refocusing spherical
mirror (600-mm curvature radius) and a normal-incidence
grating. The harmonic intensity is finally recorded with a
set of microchannel plates and a phosphor screen, imaged
by a CCD camera. Figure 2(a) shows the far-field intensity
of harmonic q = 11 for a ratio of the driving pulse energies
ᾱ ≈ 0.17. The harmonic beamlets all have different profiles,
exhibiting |p| + 1 horizontal intensity lobes. This observation
is a telltale signature of the perturbative power law of Eq. (4).
To see why, let us consider a Gaussian beam E1 = H0(x/w0)
and the HG mode E2 = ᾱH1(x/w0) in Eq. (4). The near-field
horizontal profile of the pth beamlet is given by

E p
q ∝ |E1|qeff

[
E2

E1

]|p|
∝ e−qeff (x/w0 )2

[
H1

(√
2x

w0

)]|p|
. (6)

The H1 polynomial raised to the power |p| can be expressed as
a superposition of Hermite polynomials with an order inferior
or equal to |p| and of the same parity as |p| [24], yielding a
decomposition of the form (see Appendix B)

E p
q ∝

�|p|/2	∑
m=0

g(p)
|p|−2mH|p|−2m

(
x
√

qeff

w0

)
. (7)

Here, g(p)
j are coefficients of the HG mode decomposition,

which take real and positive values. We propagate each H j

mode to the far field, taking into account the accumulated
Gouy phase ( j + 1)π/2. Since our beamlets are superposi-
tions of HG modes of the same parity, the propagation consists
of simply imposing a π phase shift between successive HG
components. In the far field, the pth beamlet is written as

F
{
E p

q

}
(u) ∝

�|p|/2	∑
m=0

g(p)
|p|−2m(−1)mH|p|−2m

(
u

w∞

)
(8)

∝ e−(u/w∞ )2
H|p|

(
u

w∞

)
, (9)

where u is the horizontal far-field coordinate, dimensionally
equivalent to a length (in Fig. 2, v denotes the corresponding
vertical coordinate), and w∞ is the waist of the beam in the
detector plane. In fact (see Appendix B), this profile can also
be described as a Gaussian envelope multiplied by a single
Hermite polynomial of order |p| (note that this does not make

FIG. 2. (a) Experimental beamlet intensities for harmonic q =
11 driven by an intense Gaussian beam and a weak H1 mode in a
noncollinear geometry for ᾱ ≈ 0.17. The inset shows the intensity
profile of the driving field. (b) Horizontal lineouts of the beamlets
in (a) (top) and corresponding HG mode spectra (bottom) obtained
by a fit of the intensity profiles. The best fit with a superposition of
the first five HG modes is shown with red curves in the top row. The
error bars correspond to the standard deviation associated with each
of the five parameters of the fit. (c) Thin-slab simulation [Eq. (2)]
of the experiment in (a) (ᾱ ≈ 0.17). The inset shows the intensity
profile of the driving field. (d) Horizontal intensity profiles (top) and
HG mode spectra (bottom) of the first four beamlets, according to the
perturbative law, Eq. (8).

a pure HG mode due to the missing
√

2 in the argument of
the polynomial). Accordingly, the beamlets in Fig. 2 feature
|p| + 1 intensity peaks, but the outer peaks are less intense
than they would be in pure HG modes. We decompose the
transverse profiles in a series of HG modes by minimizing
their root-mean-square distance to a sum of HG functions with
real leading coefficients [Fig. 2(d)]. The experimental results
are consistent with the TSM simulations results shown in
Fig. 2(b). As expected from Eq. (8), beamlets p = 0 and p = 1
are pure HG modes, while higher beamlets are superpositions
of HG modes of the same parity as p, with alternating signs. It
must be noted that this field structure is in agreement with that
observed in perturbative second-order harmonic generation
driven by a HG mode [25].

To further validate our theory, we also performed the HHG
experiment in two complementary situations: one in which
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FIG. 3. (a) Far-field image of harmonic q = 11 as a function of the power ratio of the drivers, ranging from ᾱ ≈ 0.05 to ᾱ ≈ 0.4.
(b) Horizontal lineouts of three beamlets (p = 1, 0,−1) in (a). (c) Normalized intensity profiles of the beamlets obtained by thin-slab
simulations based on Eq. (2) for the same parameters as in the experiment. (d) HG mode decomposition of the profiles in (c) as a function
of ᾱ.

the main beam is a H1 mode and the secondary beam is
Gaussian and one in which both drivers are H1 modes (see
Appendix A). In the first case, we observe a situation opposite
to that in Fig. 2: the number of horizontal lobes in the profile
decreases with increasing p, while the barycenter of the HG
mode spectrum shifts toward zero. In the second case, both
the density of lobes in the profile and the HG mode spec-
trum remain roughly constant with p, which agrees with a
(H1)qeff−|p|(H1)|p| = (H1)qeff scaling.

We now broaden our scope, going beyond the perturbative
limit. To do so, we increase the intensity of the secondary
beam up to ᾱ ≈ 0.4. Because of the strongly nonperturbative
nature of HHG, we expect deviations from Eq. (4) that should
be observable in the far-field amplitude of the beamlets. Fig-
ure 3 displays the results of this power scan. In Fig. 3(a),
we show the intensity profile of harmonic q = 11 as a func-
tion of ᾱ: as it increases, more beamlets that all obey parity
conservation show up. Horizontal lineouts of beamlets p = 0
and p = ±1 are shown in Fig. 3(b). We observe that the p =
0 beamlet starts from a Gaussian shape, then progressively
elongates in the horizontal direction, and finally obtains a

doubly-lobed profile. For beamlets p 
= 0, the profiles remain
structurally similar, but the distance between intensity max-
ima increases. These qualitative features are well reproduced
by TSM simulations [Fig. 3(c)]. The discrepancy between the
TSM and experimental curves, in particular the observation
of left-right asymmetry, is probably a consequence of slight
misalignments of the two beams, gas target, and detection
system, although we have not identified its precise origin thus
far.

Using the present theory and observations, we can gen-
eralize the photon-pathway formalism introduced in the
companion paper to account for the mode structure of the
harmonic beamlets. Equation (3) suggests that for each beam-
let p, we must identify all photon exchange processes that
result in emission of a harmonic q photon at angle pθ/q and
sum the associated amplitudes. In addition to the perturbative
channel, which takes q − p photons from the first beam and p
from the second, there are higher-order pathways involving
absorption and subsequent stimulated emission of photons
in the secondary beam, as pictured in Fig. 4. Pathways involv-
ing the exchange of |p| + 2n photons with beam 2 contribute
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FIG. 4. Generalization of the photon-pathway formalism to spa-
tial modes. Equation (3) formulates each beamlet as a power series,
conveniently interpreted as a natural continuation of the paramet-
ric picture of HHG: photon pathways involving the exchange of
|p| + 2n photons with beam 2 add contributions beyond the leading
perturbative term, with profiles scaling as |E2/E1||p|+2n(x, y). Here,
the total profiles are those observed for ᾱ ≈ 0.4. Note that as ᾱ is
increased, the validity condition |E2/E1|(x, y) < 1 for using Eq. (3)
is violated in more and more regions. However, the mirror formula
for |E2/E1|(x, y) > 1 still has the same form of a series expansion,
and the photon-pathway understanding remains valid, albeit with less
trivial spatial envelopes, which become functions of ᾱ.

the term ∝ |E2/E1||p|+2n(x, y) to the series. This explains why
the HG spectrum of the beamlets [Fig. 3(d)] exhibits grow-
ing contributions of the |p| + 2n components. The sum of
all pathways therefore determines both the yield and spatial
profile of the beamlets. Figure 4 shows as an example the
first three pathways contributing to beamlets p = 0 and p = 1.
For p = 0, the amplitude of the leading term evidently has a
Gaussian shape (from the global |E1|qeff factor). Higher-order
contributions have more and more lobes and extend over a
wider transverse range. As a result, they tend to elongate the
beamlet profiles horizontally, as observed in both the exper-
iment and simulation. For p = 0, contributions with negative
values at the center tend to carve the Gaussian peak, producing
the doubly-lobed profile observed in experiments for ᾱ ≈
0.4 and sketched in Fig. 4. Note that the existence of these
additional contributions—and therefore the observations in
Fig. 3—is a direct consequence of the nonperturbative nature
of HHG: in the perturbative case where qeff = q, the sum over
n vanishes in Eq. (3), leaving only the perturbative leading
term.

IV. CONCLUSION

In this study, we used transverse laser modes to monitor the
transition between perturbative and nonperturbative behavior
in the two-beam HHG process via spatial mode coupling in
the EUV. The analysis of the far-field harmonic structure al-
lowed us to deduce in a visual manner the previously reported
perturbative power-law scaling when one of the two beams
is much weaker than the other. For larger intensities in the
second beam, we observed evolutions of the beamlet pro-
files as a direct consequence of the nonperturbative nature of

HHG. These were interpreted by generalizing the framework
introduced in the companion paper: each higher-order photon
pathway that contributes to the yield can, in fact, be associated
with a specific spatial envelope, and in summing all pathways
we recover the observed transverse beamlet profiles.

These experiments and theoretical formalism pave the
way for finer, all-optical control of the spatial mode struc-
ture of high-order harmonic beams. The experiment could
be extended to other mode families, for instance, Laguerre-
Gaussian (LG) modes [26,27] and Bessel beams [28], that
carry orbital angular momentum (OAM). The power law
would generate radial structures [29,30] in the far field which
would be modified in a nonperturbative regime. In that spirit,
we note that the H1 mode can be expressed as a sum of two LG
modes with OAM � = ±1 [31] and thus that our results could
possibly be seen through the prism of OAM conservation in
HHG. Other developments could include beams with different
frequencies, polarization states, or schemes involving more
than two beams. The underlying parametric understanding
calls for a quantum-optical theory of NCHHG that would
explicitly involve the spatial modes of the driving photons.
Finally, we emphasize that our approach provides a general
method for investigating efficiency scaling laws in nonlinear
optical phenomena: the same concepts could find use in other
processes such as solid-state HHG [31] and four-wave mixing
[7].
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APPENDIX A: ADDITIONAL EXPERIMENTAL DATA

In Fig. 5 we provide a camera image of the NCHHG beam-
lets for several harmonic orders. The qualitative observations
made for q = 11 in the main text hold for other orders.

In Fig. 6 we present additional experimental data for
NCHHG driven by a H1 mode in the main beam and either
a Gaussian or another H1 mode in the secondary beam.

APPENDIX B: ANALYTICAL DERIVATIONS

1. Derivation of Eq. (3)

A detailed derivation of the photon-pathway formula given
as Eq. (3) in the main text is described in the Supplemental
Material of the companion paper, where it is listed as Eq. (5).
The mirror formula for when |E2/E1| > 1 is listed as Eq. (6).
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FIG. 5. Raw image recorded at the back of the MCP for a Gaus-
sian main driving beam and a H1 secondary beam. It corresponds
to ᾱ ≈ 0.8 (the highest amplitude ratio that we could reach with
our setup) to show many beamlets with the expected parities and
clear deviations from the perturbative-regime profiles. The white
horizontal line indicates the position of the p = 0 beamlet for all
harmonics.

2. Derivation of Eqs. (7)–(9)

We now derive Eqs. (7)–(9). We start from Eq. (6) of the
main text for the near field of beamlet p in the perturbative

FIG. 6. (a) Intensity profile of harmonic q = 11 with a H1 main
driving beam and Gaussian secondary beam. The digits indicate the
order p of each beamlet. The inset image displays the IR intensity at
focus. (b) Top: lineouts along the horizontal lines in (a) (blue) and the
best fit with the sum of the first ten HG modes (red lines). Bottom:
corresponding HG mode decompositions. The vertical dashed line
indicates the barycenter of the spectrum. (c) Intensity profile of har-
monic q = 11 with the same H1 mode in both the main beam and the
secondary beam. The inset displays the IR intensity at focus. (d) Top:
lineouts along the horizontal lines in (c) (blue) and the best fit with
the sum of the first ten HG modes (red lines). Bottom: corresponding
HG mode decomposition.

limit:

E p
q ∝

[
H1

(√
2x

w0

)]|p|
e−qeff (x/w0 )2

=
[

2
√

2x

w0

]|p|
e−qeff (x/w0 )2

.

We use the inverse definition of the Hermite polynomials

xn = n!

2n

�n/2	∑
m=0

1

m!(n − 2m)!
Hn−2m(x)

to rewrite the field as a sum of Hermite polynomials with the
argument

√
2x/W , where W = w/

√
qeff is the waist of the

harmonic beam:

E p
q = e−(x/W )2

�|p|/2	∑
m=0

[
1√
qeff

]|p|
(|p|)!

m!(|p| − 2m)!
H|p|−2m

(√
2x

W

)

=
�|p|/2	∑
m=0

[
1√
qeff

]|p|
(|p|)!

m!(|p| − 2m)!

1

C|p|−2m
H|p|−2m

(
x

W

)

=
�|p|/2	∑
m=0

g(p)
|p|−2mH|p|−2m

(
x

W

)
.

This is Eq. (7) from the main text. H j are eigenmodes of
paraxial propagation, and upon Fourier transformation to the
far field, they differ by only the accumulation of a Gouy phase
( j + 1)π/2:

F
{
E p

q

} ∝
�|p|/2	∑
m=0

g(p)
|p|−2mei(|p|−2m+1)π/2H|p|−2m

(
u

w∞

)

∝
�|p|/2	∑
m=0

g(p)
|p|−2m(−1)mH|p|−2m

(
u

w∞

)
,

where u is the horizontal coordinate in the far field and w∞ is
the beam waist in the far field. The formula above is Eq. (8)
from the main text.

For γ ∈ R, the Hermite polynomials obey the following
scaling property:

Hj (γ x) =
� j/2	∑
n=0

γ j−2n(γ 2 − 1)n

(
j

2n

)
(2n)!

n!
Hj−2n(x).

Recalling the expression of the g(p)
j coefficients, we can make

use of this theorem with γ = 1/
√

2 to rewrite the profile as

F{E p
q } ∝ e−(u/w∞ )2

�|p|/2	∑
m=0

(−1)m(|p|)!
m!(|p| − 2m)!

H|p|−2m

(√
2u

w∞

)

∝ e−(u/w∞ )2
H|p|

(
u

w∞

)
,

which is Eq. (9) of the main text.

053509-6



NONPERTURBATIVE TRANSVERSE MODE COUPLING IN … PHYSICAL REVIEW A 108, 053509 (2023)

3. Alternative derivation of Eq. (9)

In this section, we provide an alternative derivation of the
beamlet profiles in the perturbative regime, Eq. (9) of the
main text. Here, instead of using the photon-pathway series
expansion, we adopt a more “wave-based” approach by ap-
plying the small-ᾱ approximation to the amplitude and phase
of the driving field separately and plugging the results in the
thin-slab formula.

We consider NCHHG driven by a Gaussian on-axis laser
beam (wave vector k1 = kuz) and a weak H1 mode (wave
vector k2 = k cos θuz + k sin θuy) coming at an angle θ . The
two drivers lie in the vertical yz plane. In the following, we
consider that HHG occurs in an infinitely thin plane located at
z = 0. The electric fields of the beams read

E1(x, y) = e−r2/w2
0 eik1·r = e−r2/w2

0 ,

E2(x, y) = ᾱC1
2
√

2x

w0
e−(x2 cos2 θ+y2 )/w2

0 eik2·r

= ᾱC1
2
√

2x

w0
e−(x2 cos2 θ+y2 )/w2

0 eiky sin θ ,

where r = xux + yuy is the position vector in the transverse
plane, r = |r|, and C1 is a normalization constant for the H1

mode.
Approximation 1. In practice, θ is of the order of a few

tens of milliradians. θ � 1 allows us to merge the transverse
planes of the two beams: cos θ ≈ 1 in the above formula, and
we assume sin θ ≈ θ . The total field is given by

Es(r) ≈ e−r2/w2
0

(
1 + ᾱC1

2
√

2x

w0
e−ikyθ

)
.

The amplitude and phase of this field are

|Es(x, y)| = e
− r2

w2
0

√
1 + ᾱC1

4
√

2x

w0
cos(kyθ ) + 8(ᾱC1)2

y2

w2
0

,

ϕ(x, y) = tan−1

(
ᾱC1

2
√

2x
w0

sin(kyθ )

1 + ᾱC1
2
√

2x
w0

cos(kyθ )

)
. (B1)

Approximation 2. We consider the secondary beam to be
much weaker than the main one (perturbative regime); hence,
ᾱ � 1. At first order, the modulus and phase of the total field
simplify to

|Es(x, y)| ≈ e−r2/w2
0

(
1 + ᾱC1

2
√

2x

w0
cos(kyθ )

)
,

ϕ(x, y) ≈ ᾱC1
2
√

2x

w0
sin(kyθ ). (B2)

Approximation 3. We approximate one step further and
neglect the term linear in ᾱ in Eq. (B2),

|Es(x, y)| ≈ e−r2/w2
0 . (B3)

This is the same as assuming that all the information on the
active grating structure is encapsulated in the phase ϕ. Using
these results in the thin-slab formula [Eq. (2) of the main text]
and taking the two-dimensional Fourier transform, we obtain

the far-field amplitude of harmonic q,

Aq(u′, v′) =
∫∫

dxdyeiqᾱC1
2
√

2x
w0

sin(kyθ )

× e−qeffr2/w2
0 e−i(u′x+v′y),

where u′ = kqu
D and v′ = kqv

D , with u and v being the horizontal
and vertical coordinates in the far-field transverse plane, lo-
cated at a large distance D from the focus. In order to compute
this integral, we use the Jacobi-Anger identity to write the
phase term as a sum of Bessel functions:

eiqᾱC1
2
√

2x
w0

sin(kyθ ) =
+∞∑

p=−∞
Jp

(
qᾱC1

2
√

2x

w0

)
eipkyθ ,

with Jp being the pth Bessel function of the first kind. The pth
term of the sum corresponds to the pth beamlet of harmonic
order q. The amplitude can now be written as a product of two
integrals on the separate variables x and y:

Aq(u′, v′) =
+∞∑

m=−∞

I p
y (v′ )︷ ︸︸ ︷∫

dye−qeffy2/w2
0 eiy(pkθ−v′ )

×
∫

dxJp

(
qᾱC1

2
√

2x

w0

)
e−qeffx2/w2

0 e−iu′x

︸ ︷︷ ︸
I p
x (u′ )

.

I p
y (v′) corresponds to the profile of the pth beamlet along the

vertical coordinate v. We have

I p
y (v′) = w0

√
π

qeff
exp

(
− w2

0

4qeff
(v′ − pkθ )2

)
.

As expected, the profile of the pth beamlet in the v (vertical)
direction is given by a Gaussian function emitted at an angle
v/D = pθ/q. Let us now consider the second integral, I p

x (u).
It gives the profile of the pth beamlet along the horizontal
coordinate u. For convenience, we rewrite the integral in a
simpler form,

I p
x (U ) = w0

qᾱC12
√

2

∫
dXJp(X )e−aX 2

e−iUX ,

with X = qᾱC12
√

2x/w0, U = w0u′/(2
√

2qᾱC1), and a =
qeff/(8q2ᾱ2C2

1 ).
Approximation 4. We have ᾱ � 1, so X � 1. In addition,

the e−aX 2
factor will tend to suppress the near-field amplitude

when qeffx2/w2
0 is not negligible compared to 1. For those

reasons, we can consider that the only appreciable contribu-
tion in I p

x (U ) comes from the neighborhood of x = 0. We
can therefore use the well-known approximation of the Bessel
functions

Jp�0(X � 1) ≈
(

X

2

)p 1

	(p + 1)
,

with 	 being the Euler integral of the second kind, such that
	(p + 1) = p!. The validity of this approximation is illus-
trated in Fig. 7. Note that it also holds for negative diffraction
orders (i.e., for p < 0) by using the appropriate expression
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FIG. 7. Comparison between the exact near-field amplitude
Jp(X )e−aX 2

of Eq. (B3) (red lines) and the approximation using
Eq. (B3) (blue lines) for ᾱ = 0.05, qeff = 3.5, and q = 11 for dif-
ferent beamlets p.

Jp<0(X � 1) ≈ ( 2
X )

p (−1)p

(−p)! . The integral thus becomes

I p
x (U ) = w0

qᾱC12
√

2

2−p

p!

∫
dXX pe−aX 2

e−iUX

= w0

qᾱC12
√

2

1

p!

(
i

2

)p d p

dU p

∫
dXe−aX 2

e−iUX

= w0

qᾱC12
√

2

√
π/a

p!

(
i

2

)p d p

dU p

(
e−U 2/4a

)
.

This last formula is, up to an inverse Gaussian prefactor, the
definition of the Hermite polynomials. Indeed, ∀ K ∈ R,

Hp(K ) = (−1)peK2 d p

dK p
e−K2

.

So we can finally write

I p
x (U ) = w0

qᾱC12
√

2

√
π/a

p!

( −i

2
√

a

)p

e−U 2/4aHp(U/2
√

a).

Coming back to the previous notations, we get

I p
x (u′) = w0

√
π√

qeff p!

(−i
√

2qᾱC1

2
√

qeff

)p

e− w2
0 u′2

4qeff Hp

(
w0u′

2
√

qeff

)

= w0
√

π√
qeff p!

(−i
√

2qᾱC1

2
√

qeff

)p

e
− w2

0 (kqu)2

4qeffD2 Hp

(
w0kqu

2D
√

qeff

)
.

The horizontal profile of the pth beamlet is therefore given
by a Hermite polynomial of order p multiplied by a Gaussian
envelope: this exactly matches the results of the main text,
obtained by starting from the series expansion of the thin-slab
formula. Note the ᾱp dependence, characterizing the pertur-
bative regime.
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