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Enhanced Kerr nonlinearity based on wave-number mismatch in hot atoms
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Optical Kerr nonlinearity is important for various applications in both classical and quantum regimes. It
has been shown that Kerr nonlinearity can be considerably enhanced based on electromagnetically induced
transparency in cold atoms. However, in a hot atomic ensemble the Kerr nonlinearity is usually weakened by the
Doppler effect. Here we show that the Kerr nonlinearity can be enhanced by tuning the wave-number mismatch
between the probe and control fields in hot atoms. When the wave number of the control field, denoted by
kc, is larger than that of the probe field, denoted by kp, the transition strength for the probe field from the
ground to two dressed states created by the control field becomes stronger, leading to an increased nonlinear
dispersion and absorption. Upon increasing the ratio kc/kp further, the effective number of atoms contributing to
the interaction decreases such that the nonlinear dispersion and absorption are eventually reduced. Nevertheless,
the peak nonlinear dispersion and absorption are enhanced by factors of up to 3 and 2, respectively, for kc/kp > 1
in comparison to the case of kc/kp = 1. Our results may be beneficial for a variety of applications where the Kerr
nonlinearity is crucial.

DOI: 10.1103/77hm-ktyj

I. INTRODUCTION

The optical Kerr effect represents an important class of
nonlinear phenomena that is crucial to a variety of important
applications [1]. In classical optics, Kerr nonlinearity can be
utilized for the realization of self-phase modulation [2–5],
optical solitons [6–10], bistability [11–14], etc., while in the
quantum regime, Kerr nonlinearity has been widely explored
to generate quantum squeezing and entanglement [15–20] and
to realize quantum nondemolition measurement [21–23].

Conventional approaches to obtain the Kerr effect are
based on light-matter interaction in the far-off-resonance
regime such that the material can be simply characterized by a
third-order nonlinear coefficient [1]. In the far-off-resonance
regime, the nonlinear coefficient is usually very weak. One
of the most major developments to enhance the nonlinearity
is based on electromagnetically induced transparency (EIT)
[24–31]. In a typical EIT scheme consisting of a weak probe
and a strong control field coupled near resonantly to atoms
with a three-level structure, the control field creates two
dressed eigenstates with eigenfrequencies determined by its
Rabi frequency. For a resonant probe field, the transition am-
plitudes between the ground and the two dressed states are
equal but of opposite signs, leading to destructive quantum
interference such that the otherwise opaque atomic medium
becomes transparent for the probe field. This subsequently
allows simultaneous suppression of linear absorption and
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giant enhancement of Kerr nonlinearity [32–43]. In particular,
it has been investigated that Kerr nonlinearity based on an EIT
scheme in cold atoms can be enhanced by several orders of
magnitude [32,34], highlighting its potential for nonlinearity-
dependent applications.

However, in a hot atomic ensemble, one has to take into
account the effect of atomic motion, which introduces the
Doppler effect. Due to the Doppler effect, the eigenfrequen-
cies of the two dressed states depend not only on the Rabi
frequency of the control field but also on the velocity of
the moving atoms. As velocity increases, one eigenfrequency
vanishes while the other moves towards infinity, suggesting a
broadened and attenuated absorption spectrum with a signifi-
cantly narrowed and shallowed transparency window [44–49]
and therefore a weakened Kerr nonlinearity.

Recently, it has been found that in ladder-type EIT schemes
a frequency gap between the two dressed eigenstates can
be created in which the probe transition is not allowed,
when the wave number of control field, denoted by kc, is
larger than that of the probe, denoted by kp [50–55]. As
a result, the absorption of the probe field is considerably
suppressed, thereby improving the EIT spectrum with a much
deepened transparency window. Furthermore, the absorption
peaks in the EIT spectrum are enhanced for kc/kp > 1 as com-
pared to the case of kc/kp � 1, suggesting stronger interaction
between the probe field and the thermal atomic ensemble in
the regime of kc/kp > 1.

In particular, for a three-level ladder EIT configuration, the
effect of wave-number mismatch on the EIT spectrum has
been analyzed in detail [55]. It was shown that the width
of the EIT window initially increases to a maximum and
then gradually decreases with increasing kc/kp. However, the
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FIG. 1. (a) Counterpropagating geometry for the control and
probe fields which are incident to a hot atomic ensemble where each
atom has a three-level ladder-type structure as shown in (b). The
probe field with Rabi frequency �p and carrier frequency ωp couples
the lower transition |1〉 ↔ |2〉, while the upper transition |2〉 ↔ |3〉
is driven by the stronger control field denoted by its Rabi frequency
�c and carrier frequency ωc.

underlying mechanism behind this behavior has not been
fully elucidated. Furthermore, studies on the wave-number
mismatch effect have been confined to the linear regime. It
remains unclear whether a similar effect can be observed in
the nonlinear regime, as nonlinear responses exhibit a more
complex dependence on the Doppler effect.

In this work we explore the possibility to enhance the Kerr
nonlinearity via tuning the wave-number mismatch between
the two fields in a three-level ladder EIT system. We first cal-
culate the atomic response perturbatively with respect to the
weak probe field, and the resulting third-order susceptibility
is analyzed under the laser geometry where the probe and
control fields propagate in opposite directions. We find that in
the regime of kc/kp > 1 the third-order susceptibility can be
enhanced. More specifically, the Kerr dispersion can be maxi-
mally improved approximately by a factor of 3 while the Kerr
absorption can be improved by around 2 times. Both the Kerr
absorption and dispersion feature an initially rising and then
gradually falling behavior for increasing kc/kp; the underly-
ing mechanism is thoroughly explained in the dressed-state
picture in terms of transition strength and effective atomic
number involved in the light-atom interaction. Such a mech-
anism can also be employed to explain the similar behavior
for the width of the EIT window as a function of kc/kp, as
illustrated in Ref. [55].

II. THEORETICAL MODEL

We consider a three-level ladder scheme as illustrated in
Fig. 1 , which has been explored previously to demonstrate
improved EIT based on wave-number mismatch in a hot
atomic system [50–52,55]. The two transitions |1〉 ↔ |2〉 and
|2〉 ↔ |3〉 are coupled by the probe and control fields whose
Rabi frequencies are denoted by �p and �c, respectively.
For simplicity, �p and �c are assumed real in the following.
The probe (control) field is detuned from the resonant transi-
tion frequency ω21 (ω32) by �p = ωp − ω21 (�c = ωc − ω32).
Here ωp (ωc) denotes the frequency of the probe (control)
field. In the interaction picture and under the dipole and

rotating-wave approximation, the Hamiltonian is given by

Ĥ = h̄

⎡
⎢⎣

0 −�p 0

−�p −�p −�c

0 −�c −(�c + �p)

⎤
⎥⎦. (1)

The atomic dynamics is governed by the density-matrix
equation

dρ

dt
= − i

h̄
[Ĥ, ρ] + Lρ, (2)

where the first and second terms on the right-hand side de-
scribe the coherent and dissipative processes, respectively.
Here the dissipative processes are mainly due to the sponta-
neous decay of the two excited states |2〉 and |3〉. We assume
a dilute atomic gas such that the dissipation due to atomic
collisions is negligible. We can then write Lρ = L21ρ + L32ρ,
where

L21ρ = �2

2
(2σ̂21ρσ̂12 − σ̂11ρ − ρσ̂11), (3)

L32ρ = �3

2
(2σ̂32ρσ̂23 − σ̂22ρ − ρσ̂22) (4)

are the two decaying channels, respectively [56], � j is the
decay rate for the state | j〉 for j ∈ {2, 3}, and σ̂i j = |i〉〈 j| is
the atomic operator.

To calculate the atomic response for the probe field, we first
obtain the related density-matrix equations

ρ̇11 = i�p(ρ21 − ρ12) + �2ρ22, (5a)

ρ̇22 = i[�p(ρ12 − ρ21) + �c(ρ32 − ρ23)] − �2ρ22 + �3ρ33,

(5b)

ρ̇33 = i�c(ρ23 − ρ32) − �3ρ33, (5c)

ρ̇21 = i[�p(ρ11 − ρ22) + �cρ31 + �pρ21] − �2

2
ρ21, (5d)

ρ̇31 = i(�cρ21 − �pρ32) +
(

i�c + i�p − �2 + �3

2

)
ρ31,

(5e)

ρ̇32 = i[�c(ρ22 − ρ33) − �pρ31] +
(

i�c − �3

2

)
ρ32. (5f)

We then calculate the nonlinear atomic susceptibilities for
the probe field, which is determined by the atomic coherence
ρ21. Assuming a weak probe field such that �p � �c, the
density-matrix element can be expanded in series as ρi j =∑

n ρ
(n)
i j , where ρ

(n)
i j is of O(�n

p). Furthermore, in the limit of
�p � �c, most of the atoms reside in the ground state |1〉, i.e.,
ρ

(0)
11 � 1, ρ

(0)
22 � 0, ρ

(0)
33 � 0, and

∑3
j=1 ρ

(n)
j j = 0 for n � 1.

Then the third-order ρ
(3)
21 , which is associated with the Kerr

nonlinearity for the probe field, can be obtained as

ρ
(3)
21 = �p

[
(�p + �c + i �3

2 )
(
ρ

(2)
11 − ρ

(2)
22

) + �cρ
(2)
32

]
�2

c − (
�p + i �2

2

)(
�p + �c + i �3

2

) . (6)

Here the lower-order solutions are given by

ρ
(2)
22 = i�p

(
ρ

(1)
12 − ρ

(1)
21

)
�2

, (7)
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ρ
(2)
33 = 2�p�c

D
{(�2 + �3)

[
2i�c

(
ρ

(1)
12 − ρ

(1)
21

)

− �2
(
ρ

(1)
13 + ρ

(1)
31

)] + 2i�2�c
(
ρ

(1)
13 − ρ

(1)
31

)}
, (8)

ρ
(2)
32 = 2�p

D
{�3(�2 + �3 + 2i�c)

[
�c

(
ρ

(1)
21 − ρ

(1)
12

)

− i�2ρ
(1)
31 ] + 2i�2�

2
c

(
ρ

(1)
13 − ρ

(1)
31

)}
, (9)

ρ
(1)
21 = 2(2�p + 2�c + i�3)�p

D1
, (10)

ρ
(1)
31 = −4�c�p

D1
, (11)

where D = �2[4�2
c (�2 + �3) + �3(�2 + �3)2 + 4�3�

2
c]

and D1 = �2�3 − 2i�2�c − 2i�p(�2 + �3) − 4�2
p − 4�p

�c + 4�2
c . The Kerr nonlinear susceptibility is then given

by [35,36]

χKerr = N |d12|4
ε0 h̄3�3

p

ρ
(3)
21 , (12)

where N is the atomic density, ε0 is the vacuum dielectric
constant, and d12 is the electric dipole moment between state
|1〉 and state |2〉. From Eqs. (6)–(11) it can be checked that
ρ

(3)
21 , which corresponds to the nonlinear polarization of the

medium, is proportional to �3
p. We then divide it by �3

p to
obtain the Kerr susceptibility, which does not depend on the
probe field itself. In the following, we assume that the lower
transition for the probe field is fixed such that the dipole mo-
ment d12 remains unchanged. Furthermore, the atomic density
and the medium length are maintained to give the same optical
depth. In this way, χKerr is solely determined by ρ

(3)
21 . We then

define a rescaled Kerr nonlinearity χ (3) for convenience as

χ (3) = ρ
(3)
21

�3
p

. (13)

The χ (3) differs from χKerr only by a constant factor but
depends only on the laser parameters like �p, �c, and �c,
as can be checked based on Eqs. (6)–(11). The calculation
presented above is based on cold atoms. In the case of hot
atoms, the atomic motion will introduce the Doppler effect
such that the single-photon detunings �p and �c have to be
replaced by �p − kpvz and �c + kcvz, with k j = ω j/c for
j ∈ {p, c} being the corresponding wave number. Here, for
simplicity, we have considered that the two fields propagate
collinearly in the z direction. In addition, the two fields are
assumed to be antiparallel with respect to each other, in order
to compensate for the Doppler effect on the two-photon detun-
ing [55]. By averaging contributions from all atoms based on
the Maxwell-Boltzmann distribution, we obtain the nonlinear
susceptibility for thermal atoms as

χ (3) =
∫ ∞

−∞

fMB(vz )ρ (3)
21 (vz )

�3
p

dvz, (14)

where fMB(vz ) = e−v2
z /v2

th/
√

πvth is the Maxwell-Boltzmann
distribution function and ρ

(3)
21 (vz ) is the same as ρ

(3)
21 except

that �p, �c, ρ
(2)
11 , and ρ

(2)
22 are now velocity dependent due

to the Doppler effect. In addition, vth = √
2kBT /m is the most

FIG. 2. Nonlinear (a) dispersion Re(χ (3) ) and (b) absorption
Im(χ (3) ) as a function of �p for different ratios kc/kp with fixed kp.
Here kp is chosen for the D2 transition of 87Rb whose wavelength
is 780.2 nm, while kc given in increasing order corresponds to |3〉
chosen as 5D5/2, 7S1/2, 7D5/2, and 100S1/2 with associated wave-
lengths of 776.0, 741.0, 572.6, and 480.0 nm, respectively. These
values are derived from the alkali Rydberg calculator package [61].
The parameters are �c = 1.5�2, �3 = 0.1�2, �c = 0, and T =
300 K.

probable velocity, where T is the temperature of the thermal
atomic ensemble and m is the atomic mass.

To investigate the effect of wave-number mismatch on the
Kerr nonlinearity, we consider the probe transition as the D2

line of 87Rb, with a fixed probe wave number kp = 2π/λp,
where λp = 780.24 nm. The coupling wave number kc is
varied by selecting different Rydberg states |3〉 with distinct
principal quantum numbers. At relatively high temperature
such as room temperature or even higher, additional deco-
herence mechanisms such as atomic collisions, transit-time
broadening, and other dephasing processes become signifi-
cant [57–59]. These effects are particularly pronounced for
high-lying Rydberg states, whose intrinsic spontaneous decay
rates are extremely low [60]. Consequently, the total deco-
herence rate �3 may vary for different kc. In the following,
we first assume a constant �3 = 0.1�2 to isolate the effect
of wave-number mismatch; this choice corresponds to the
5D5/2 state with kc/kp = 1.01. The influence of �3 on the Kerr
nonlinearity will be addressed later in Fig. 6 by phenomeno-
logically incorporating decoherence effects, which effectively
increase �3. We then numerically calculate Eq. (14) at room
temperature T = 300 K. The resulting nonlinear dispersion
and absorption as a function of probe detuning �p are plot-
ted in Figs. 2(a) and 2(b) for different kc/kp. Here kc/kp in
increasing order corresponds to the state |3〉 chosen to be
5D5/2, 7S1/2, 7D5/2, and 100S1/2, respectively. For growing
kc/kp, both the peak nonlinear dispersion and absorption are
first enhanced and then attenuated. To illustrate such a be-
havior, we allow kc to be continuously increasing, and the
peak dispersion and absorption are shown in Figs. 3(a) and
3(b), respectively. In general, it can be seen that both the peak
dispersion Re(χ (3) )max and the absolute value of the maximal
absorption |Im(χ (3) )min| are simultaneously improved for the
chosen range of 1 < kc/kp < 2.0 as compared to the case of
kc/kp = 1. For kc/kp slightly greater than 1, Re(χ (3) )max is
maximally enhanced by a factor of approximately 3, while
an enhancement factor of approximately 2 can be achieved
for |Im(χ (3) )min|. For even larger kc/kp, the dispersion and
absorption will be reduced eventually. Nevertheless, the Kerr
nonlinearity is enhanced for a certain range of kc/kp, which is
the key result of our work.
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FIG. 3. Maximal third-order (a) dispersion and (b) absorption
for increasing kc/kp with fixed kp. The discrete data points at
different kc/kp in increasing order correspond to |3〉 chosen as
5D5/2, 7S1/2, 7D5/2, 10S1/2, 15S1/2, 20S1/2, and 100S1/2, respec-
tively. The wavelengths corresponding to 10S1/2, 15S1/2, and 20S1/2

are 539.2, 497.6, and 488.1 nm, respectively [61]. The other pa-
rameters are the same as in Fig. 2.

The first rising and gradually falling behavior of the en-
hanced Kerr nonlinearity due to the wave-number mismatch
can be well explained in the dressed-state picture. The two
peaks in the nonlinear absorption are associated with two
probe transitions from the ground state to the two dressed
states created by �c [55], which for atoms moving with speed
vz are determined by the eigenstates of[−�p + kpvz −�c

−�c −�p − �c + (kp − kc)vz

]
. (15)

The eigenfrequencies are given by

λ±(vz ) = kpvz + −kcvz ± √
(kcvz )2 + 4�2

c

2
(16)

and the corresponding eigenvectors are

|± (vz )〉 = c2±(vz )|2〉 + c3±(vz )|3〉, (17)

with c2± and c3± the normalized coefficients such that
|c2α|2 + |c3α|2 = 1 and c2α/c3α = �c/(λα − kpvz ) for α ∈
{+,−}. Here we have chosen �p = �c = 0 for simplicity.

We first plot the eigenvalues λ± as a function of vz in
Fig. 4 for different kc/kp, which correspond to Figs. 2(a) and
2(b) . For �c = 0, the two eigenvalues reduce to λ+ = kpvz

FIG. 4. Eigenvalues λ+ (upper branch) and λ− (lower branch) as
a function of vz for different kc/kp. An anticrossing appears when
kc/kp > 1. Here �p = 0, �c = 0, and �c = 1.5�2.

FIG. 5. (a) Velocity range �v and (b) |c2+(vz )|2 as a function of
kc/kp for kc/kp > 1. The parameters are the same as in Fig. 2. Addi-
tionally, v1 = v+ − �2/2(kc − kp) and v2 = v+ + �2/2kp in (b).

and λ− = (kp − kc)vz. Obviously, for kc/kp > 1, λ− has a
negative slope with respect to vz. When turning on �c, an
anticrossing appears near vz = 0, i.e., λ+ has a local mini-
mum while λ− has a local maximum. The anticrossing defines
a frequency gap in which the probe transition to the two
dressed states is not allowed. As discussed previously, this
gap corresponds to the EIT window [55], and also the spectral
distance between the two dips in the nonlinear absorption
spectrum. Furthermore, the spectral position of the right dip
locates approximately around min(λ+), which corresponds to
a velocity group vz = v+, where v+ can be determined from
dλ+/dvz = 0, which is given by

v+ = (kc − 2kp)�c

kc
√

(kc − kp)kp
, (18)

which is valid for kc/kp > 1. In a similar manner, the left dip
is located approximately at max(λ−), and the corresponding
velocity group vz = v− is defined by dλ−/dvz = 0, leading to
v− = −v+.

The nonlinear absorption spectrum results from summing
over the probe transitions to the two dressed states for all vz. In
particular, the right and left dips in Im(χ (3) ) are determined by
the velocity groups centered at v+ and v−, respectively. Since
the spectral width of the dips is on the order of �2 as shown
in Fig. 2(b), it then follows that the right dip is mainly deter-
mined by the contributions from moving atoms with detuning
approximately in the range [min(λ+) − �2

2 , min(λ+) + �2
2 ],

which is translated to a velocity range of [v+ − �2/2(kc −
kp), v+ + �2/2kp]. Similarly, the left absorption dip is deter-
mined by atomic contributions in the velocity range [v− −
�2/2kp, v− + �2/2(kc − kp)]. We notice that the sizes of the
two velocity ranges are the same as each other and are
given by

�v = �2

2kp

(
1 + kp

kc − kp

)
. (19)

As shown in Fig. 5(a) , it can be seen that �v decreases rapidly
for increasing kc/kp.

The nonlinear peak absorption is not only determined by
the number of atoms involved in the interaction which is
governed by �v, but also dependent on the effective transi-
tion strength between the ground and dressed states, which
is proportional to the absolute square of the coefficient of the
component |2〉 in |±〉, i.e., |c2±(vz )|2. As a result, the height of
the absorption plotted in Fig. 3(b) is dominated by |c2±(vz )|2
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FIG. 6. Maximal nonlinear (a) dispersion and (b) absorption as
a function of �3 for different �c. The parameters are the same as in
Fig. 2 except that kc/kp = 1.12, which is the ratio corresponding to
maximal enhancement of Kerr nonlinearity.

for vz in the velocity range presented above. In this narrow
range �v, |c2+(vz )|2 becomes larger for increasing kc/kp, as
shown in Fig. 5(b) , where we have plotted |c2+(vz )|2 for
three different velocities v1 = v+ − �2/2(kc − kp), v+, and
v2 = v+ + �2/2kp. It can be checked that similar behavior can
be also found for |c2−(vz )|2. The increasing |c2±(vz )|2 would
enhance |Im(χ (3))min|. However, with increasing kc/kp, the
velocity range �v that contributes to |Im(χ (3) )min| becomes
narrower, as shown in Fig. 5(a) , indicating that fewer atoms
participate in the interaction, which tends to reduce the peak
nonlinear absorption. The competition between the amplified
coefficients |c2±(vz )|2 and the narrowing velocity range �v

for increasing kc/kp leads to an initial increase followed by
a gradual reduction in |Im(χ (3) )min|, as shown in Fig. 3(b) .
Accordingly, Re(χ (3))max follows a similar behavior, as shown
in Fig. 3(a) . We notice that the width of the EIT window
varies in a similar manner as a function of kc/kp, as has been
shown in previous work [55]. However, we have identified
the physical mechanism underlying this behavior as resulting
from the competition between transition strength and effective
atom number.

In the preceding discussion, we assumed a small and con-
stant �3 for different kc to facilitate a direct comparison.
However, in room-temperature alkali-metal atoms, atomic
motion introduces additional decoherence effects that become
important for higher-lying Rydberg states |3〉, even though
their spontaneous decay rates are low [60]. To account for
this, we now incorporate these effects phenomenologically
and present Re(χ (3) )max and Im(χ (3))min as a functios of �3

in Fig. 6. In general, a larger �3 corresponds to stronger
dissipation, which in turn reduces the Kerr nonlinearity.

III. DISCUSSION AND CONCLUSION

In analyzing the effect of wave-number mismatch on the
Kerr nonlinearity, we have assumed a constant control Rabi
frequency. For larger kc, which corresponds to a smaller dipole
moment for the upper transition, this implies the need for a
stronger control field to maintain the same Rabi frequency.
Fortunately, the maximal enhancement of the Kerr nonlin-
earity occurs near kc/kp � 1.1, where the dipole moment for

the upper transition is not substantially smaller than that at
kc/kp � 1. This suggests that the enhancement effect due to
wave-number mismatch is experimentally verifiable in practi-
cal conditions.

We have theoretically analyzed the Kerr nonlinearity in-
cluding both nonlinear dispersion and absorption in hot
atomic ensemble under ladder-type EIT configuration. The
control and probe fields are assumed in an antiparallel ge-
ometry to compensate for the two-photon Doppler effect and
subsequently enable an EIT-like nonlinear spectrum for the
probe field. When the wave number of the control field ex-
ceeds that of the probe field, i.e., kc > kp, the eigenvalues
of the two dressed states for a nonzero control field exhibit
an avoided crossing with respect to velocities, respectively,
effectively creating a frequency gap which corresponds to the
transparency window for the probe field. For increasing kc/kp,
the transition strength to the two dressed states around the
avoided crossing is amplified, whereas there are fewer atoms
contributing to the nonlinearity. As a result of the interplay be-
tween these two mechanisms, the Kerr nonlinearity including
both the maximal dispersion and absorption features an initial
increase followed by a gradual reduction. Nevertheless, both
the dispersion and absorption are enhanced as compared to the
case of kc = kp in the considered regime 1 < kc/kp < 2. An
optimal enhancement can be easily achieved when kc slightly
exceeds kp, due to the two competing mechanisms explained
above. In principle, our results may facilitate nonlinear opti-
cal applications in both classical and quantum regimes using
hot atomic vapors. While incorporating our findings with
quantum applications would require a more comprehensive
analysis of additional decoherence effects, which lies beyond
the scope of the present work, our results are directly appli-
cable to classical nonlinear optical phenomena. These include
the realizations of self-phase modulation [2–5], optical soli-
tons [6–10], and optical bistability [11–14] at reduced probe
power.
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[22] I. Fushman and J. Vučković, Analysis of a quantum nonde-
molition measurement scheme based on Kerr nonlinearity in
photonic crystal waveguides, Opt. Express 15, 5559 (2007).
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