
PH YSI CAL REVIEW VOLUME 95, NUMBER 2 JULY 15, 1954

Centrifugal Distortion in Asymmetric Toy Molecules. III. H,O, D,O, and HDOt
D. W. POSENER AND M. W. P. STRANDBERG
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Structural and potential constants obtained from infrared data are used with the theory of vibration-
rotation interaction to obtain rotational and distortion parameters for the molecules H20, D20, and HDO;
transition frequencies calculated using these parameters are compared with those observed in the microwave
region, and, in the case of HDO Q-branch lines, a simple relation between the two sets is obtained. The
validity of approximation theories as applied to HDO Q-branch transitions is discussed. Methods of ana-
lyzing the observed spectrum of HDO are described, and so-called "observed" parameters for this molecule
are obtained; the rotational constants are found to be a=7.0396&0.0005X10' Mc/sec, b =2.7360+0.0005
X10' Mc/sec, c=1.9186&0.0005X10' Mc/sec, e= —0.6841&0.0002.

1. INTRODUCTION
' 'HE careful investigation of the infrared spectrum

of water by a number of workers' has led to
its rotational spectrum becoming probably the most
thoroughly studied of any asymmetric top molecule.
Moreover, its equilibrium structure and force constants,
through quartic terms, are also known to various
degrees of accuracy, from analysis of the vibrational
spectrum.

This molecule, familiar to all, and simple enough at
6rst sight, shows many interesting and complicated
eRects in its spectrum. Not the least of these arises from
the fact that the molecule is so light that vibration and
rotation cause comparatively large distortion of the
equilibrium structure, and this has to be taken into
account in any detailed description of the spectrum.

Contributions to the theory of centrifugal distortion
in polyatomic molecules have been made by a number
of authors, ' " but only a very little comparison with
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experiment has been carried out because most molecules
are so heavy that the eRects of centrifugal distortion
in their spectra are almost negligible. The distortion
eRects observable in the water spectrum are so large,
however, that a detailed check of the theory is possible
in this case; the microwave method is particularly
suited to such a study because its accurate frequency
measurements immediately show up small perturba-
tions (centrifugal distortion is, after all, a high-order
effect). The present work is a contribution to such an
investigation.

A number of microwave absorption lines due to some
isotopic modifications of water have been reported by
various workers. " '4 Many of these transitions were
found either by chance or as the result of searching in
the general region of the positions predicted from
infrared data. Tables" of such predictions are particu-
larly useful in the case of HDO, although based on
rigid rotor calculations, because distortion eRects in
adjacent energy levels partially cancel and thus ob-
served a-type Q-branch transitions are found fairly
close to the predicted rigid values. Moreover the
relative abundance of HDO Q-branch lines in the
microwave region makes this isotopic variety a much
more useful subject for study than H20 or D&O, since
more information can be extracted from it. Accordingly,
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the present work is concerned primarily with the HDO
microwave spectrum and its analysis.

An attempt at such an analysis has previously been
made, "but inadequacy of the then known data pre-
vented it from being very successful. Concurrently with
the present work, Weisbaum and Beers have investi-
gated this problem and published a preliminary report4
their results will be discussed below.

where

XQ, (g,(88'&g (8"g"'))/oi 2

b, '«'& = (1/I„'I, ) (I8/rd, )

2. ROTATIONAL ENERGIES OF MOLECULES

Nielsen" "has derived expressions for the energies of
the general vibrating-rotating molecule. We wish to
express some of his results in terms of the phase choice
of KHC I ' our notation is similar to that of reference
14, though we have made minor alterations; the details
of some of our equations do, however, differ somewhat
from those given in the works cited.

We use a central-force coordinate system in which to
express the potential energy. Let s;; and s,,' be the
distance and equilibrium distance, respectively, between
the i-th and j-th nuclei in the molecule, and let t,;
=s;,—s;,' be the "relative displacement" from equi-
librium. The potential energy, through cubic terms,
may be written V= Vs+ Vi, where Vs is the quadratic
term and V~ the cubic term. For the water-type mole-
cule, numbering the central (oxygen) nucleus "1," and
writing r&, r2, r3=—r», r», r», respectively, we have:

Vo ——Eii(ri'+ r2')+ Kssr 3'+2E12rir 2+ 2E18 (ri+r 2)rs

—4Z. l- '»l - "'~.'/(~ '—~.')
—3oi,p, k„,g, «&'/(boi. )l].

Here g, g', etc. , stand for x, y, s in the equilibrium
principal axis system, I«" is an equilibrium moment
or product of inertia, P, is the component of total
angular momentum along the g-th axis, the e, are
vibrational quantum numbers defining the eth vibra-
tional state, 6« is the Kronecker delta, and u,,«g',
A.„&'&'&, and l,„«& have been defined elsewhere. ' "

Since the b, «&' are small, we may write

I„=1/ „"=I„(5„.+I„g,(.,+2)b,&-'&],

from which a useful expression for the inertia defect'
of a planar molecule can be obtained. With the usual
convention I, &~ Ibb&~ I„,and with

6 =I '—I "—Ibb"

2Zs ~s Qs —2~2 s Oisqs s

it is easily shown that
(1)

where Q, is the s-th normal coordinate, oi, = 28ri, = 22rcv,
is the sth normal angular frequency, and q, = (&o,/5)'Qs s

The cubic term is

Vl K111(rl +22 )+K112rlr2(rl+r2)+K113r3(rl +r2 )

+K1382 8 (21+r2)+K338r8 +K128r18 22 3

8~ ~l (~1/
&- " 'Q Q"Q" = 2 &- "q.qs

s q" .
ss's"

(2)

By neglecting effects due to the electronic contribu-
tion to the rotational energy, "and omitting discussion
of degeneracies, Coriolis, and other vibrational effects
(which do not interfere with the ground states of the
molecules under discussion), the rotational energies, to
the second order of perturbation theory, may be
obtained as follows.

The Hamiltonian is

2Z I78 +88

+sZss .-.- r- .-'"I'8I'8 I'3-I'8- (3)
26 W. H. Lewis, thesis, Massachusetts Institute of Technology'

1951 (unpublished).
22 King, Hainer, and Cross, J. Chem. Phys. 11, 27 (1943);

hereafter referred to as KHC I.
'8 B. F. Burke and M. W. P. Strandberg, Phys. Rev. 90, 303

(1953).

~ = —E.('+ 2) (&/~.) ((g.")'/I-'
—L(g ")'+(g '")']/I '
—L(g (»))2+ (g, (s»)2]/Isss

+4K,"(l- ")'~'/(~' ~"')} —(6)

For the water molecule this approximation is good to a
few percent. '

In a symmetric top representation, with the phase
choice of KHC I, the matrix elements of the Hamil-
tonian (3) become:

(K I
II18

~
K)=Re+R2K2 DrrK', —

(E~a~~K~1)=l g(J, E~1)]'(2K~1)P(&,."~8&..')
+ (R,&»a 8R,&»)J(J+1)
+ (R,& &+ 8R,&»)[E2+(Ka1)']},

(E
~
IIg

~
E&2)=Lg(J, E~1)g(J, E~2)]'*{(Rs~ 8R8')

—(Rs+ 8R3')LK'+ (K&2)']},

(K
~
II18

~
E+3)= t g(J, K&1)g(J, E&2)g(J, E&3)]'*

X (2Ea3) (Rii»a 8R2&*&),

(K~II18 ~K+4) =(g(J, E&1)g(J,E&2)g(J, K&3)

Xg(J, E&4)]1(Re~iRs'),
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where

Rp ——-'(B '+B ")J(J+1)—DgJ'(J+1)',
R,=B.; ', (B—.:—+B„„)D,—J(J+1),
R4 ', (B——„-„" B„—")+opJ(J+1),

R4'= ',B,u"+-og'J(J+ 1),
v $2~ I v(eff) $2/21, v(eff)gg' 2 gg' 1 gg'

symmetry, e.g., HDO. For the latter molecule, in a I"
representation, the b, &' ) are nonvanishing, and a 8, '
exists; then the first term of the Hamiltonian is not a
sum of squares, but can be made so by a simple rotation
of axes (which also mixes up the r's of the second
term). 'p

Following the notation of KHC I, we can rewrite
certain terms in the rotational matrix (7) thus:

,v(eff) &,e DgQ gg gg &

g(J, E&1)=J(J+1)—E(E+1),

D-=P (r.z**+ryyyy 2r.xy—y+4r*ysu

12ry zy z+ 8r zx zx) )

Duw=P(r +ruwuy 2r* ww+4r w w

+8ryzyz 12rzxss))

(«)

Rp ——-', (a+ c)J(J+1)+-,'(a —c)FJ(J+1)
—D '(J+1)'

(13)
R2 ,'(a c)——(G——F) Dg—xJ(—J+1),
R4= ', (a -c)H—+f')gJ(J+1),

where, for a I" representation, F= -'. (y:—1), G F-
= ——',(~—3), H= —-,'(u:+1), and a = (2b —a—c)/(a —c).

For the particular case of HDO in a I"representation,
after transforming the 8«" to principal axes, it is
convenient to write

D..= —:(D..+ D„)+ 3P(...,.+.....),
Dzy = 2OPry z zx)

Dy z = &P (ryzxx ry zyy 2rzwzz) )

Dzx= 3P(rzzxx rzxyy+2rxyws))

2P (3rzzzz+3ryyyw+2 zxyw+4 zwzw))

Dx=Dz 16P (rzzzs rzzxz ryyzz 2ryzyz 2rzxzx))

Dzx Dz Dx ——16P—'r sss—s)—
&z= 4P (rzxxx ruwuu))

~& =8P (r»*u+ruu*w))

Rp= 2P (rzzxx ryyyy+2ryyss 2rszzz

+4 rzysy4rszsx))

H = ', (a+c)J-(J+1) D,J'(J—+1)'+ ', (a c)F--, (—14)

where E is the redlced energy matrix with elements

Fx x=FJ(J+1)
+DG F) D,xJ(J+1—)]E'—DxE4—

Fx x~g ——&pLg(J) E&1)]'*(2E&1)(—', R7&*&

yR, ~ ~J(J+1)+Rp& ~[E2+(E~1)2]),

Fx x~p ——Lg(J) E&1)g(J)E~2)]'(-',H+8J J(J+1)
RpkE'+ (Ea—2)']) (15)

Fx x~p +egg(J, E+——1)g(J, E~2)
Xg(J, Ea3)]'(2Ea3)Rr& &,

Rp =4P (rzxzy+ ryyzy 2rzzzy 4r uzzz))

Rp=p (rxzz*+rywuu 2r*xuu 4rxuzu))

R,'= —4P'(....„—.„„.„),

R,t-& = —4P'(.....—...„„—2..„„.),
R7'"'= 4P'(r*w- —r*wu. +2r*—w* )

Rp =4p (ry zxz+3ryzyy+ 2rzusz))

Rp =4P (3rzzxx+rzzyy+2rzyyz))

Rpt ' —— Rut*'+SP'ru„„—
R,&» = R,&»+8P'r „„, —

in which DJ~, DJ;, bJ, E.5, E6, R7 *'p E8 ~', and E9 "'
now stand for the original distortion constants divided
by p(a —c); they are the reduced distortion constants.
The above result is equally applicable to H&O and 020,
but the vanishing of E7(', E8~», and E9(» for these
molecules very considerably simplifies computational
problems.

It is apparent that the major complexity of the
problem lies in the reduced energy matrix. This can
be transformed to a basis of Wang functions, using the
transformation X of KHC I in the usual manner. In
the presence of (E~E&1) and (E~E&3) elements, the
resulting matrix can now be factored into two sub-
matrices only, corresponding to symmetric (+) and
antisymmetric (—) Wang functions, and these sub-

matrices are of order J+1 and J, respectively; they

in which P= h /8. P

The efI'ective reciprocal moments 8«" are usually
denoted by a, b, and c, and ordered so that a~&b&&c.
"OA-diagonal" terms may appear in molecules of low

FIc x/4= t g(J, E&1)g(J,E&2)
(12) Xg(J, Ea3)g(J, Ea4)]~R„
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take the forms

H00 H01 H02 H03 H04

H10 Hll H12 H13 H14 H15

H20 H21 H22 H23 H24 H25 H26

H30 H3l+ H32 H33 H34 H35 H36

(+)= H4p H41 H42 H43 II44 H43 II43

0 H51 H52 H53 H54 H55 H56

0 H62 H63 H64 H65 H66

H20 D20
HDQ

(a) (b)

a
b
4
d =B.*'

8.3172247
4.3413336
2.7779216

0

EBective rotation constants
(Mc/sec )&106)

4.6128487 6.97845341
2.1741669 2.72550273
1.4504848 1.91859173

0 —0.03262965

6.97876766
2.72522145
1.91863695

0

0.07609087

Inertia defect
(g cmm )&10-4o)

0.10381619 0.08676075 0.08676075

Asymmetry parameter
-0.43552032 —0.54231577 —0,68105413 —0.68120013

TABLE I. "Theoretical" parameters. (a) Before principal axis
transformation. (b) After principal axis transformation.

H 11 H12 H13 H14 H15

H21 H22 H23 H24 H25 H26

Dg
Dz
DJE
Bg
+6
RQ
g)(*)

gg(11)

28.92348858
729.36580935—112.71978845
14.00262952
31.16163450—3.05588799

0
0
0

Distortion constants
(Mc/sec)

7.45681896 9.01676826
225.00743493 279.94933771
-32.66381366 41.47209724

3.46850038 3.24683339
8.12053047 9.03150455—0.69525362 —0.54839883

0 3.05952301
0 —8.00882857
0 50.81694501

9.14172899
287.08933921
36.81321390
3.33311881—7.87718656-0.57220390
3.11603472-9.19943988

49.91730954

H31 H32 H33 H34 H35 H36

(—)=
H4] H42 B43 H44 H45 H46

H51 H52 H53 H54 +55 H56

H62 H63 H64 H65 H66

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ (16)~ ) i

Hp rc=2&Ep rc, (E= 1, 2, 3, 4)

Hx K'+=~K Ks~~—z x',

and otherwise
HK K' +K K'

Here

+—K —K—l +K K+1)

+K+l Z — +K K+1)

~—K —K+1—+K K-l)

+K+3 K= +K K+3)
(18)

etc.
Although these matrices may present a formidable

appearance for large J values, they can be handled, for
computation purposes, by an extension of the continued-
fraction method described by KHC I for the rigid rotor
case; a detailed account of the procedure is given in
Appendix D of reference 1.

3. THEORETICAL PARAMETERS

Our "theoretical" computations are based on the
following geometrical model of the water molecule 30

rpH=0. 9584&10 ' cm, ZHOH=104'27'. For atomic

+ For an electively similar treatment in the case of vanishing
(EiE'&1) and (KiE&3) matrix elements, see also B. I.. Craw-
ford, Jr., and P. C. Cross, J. Chem. Phys. 5, 621 (1937).' G. Herzberg, Iefrered and Remen Spectre of I"olyetomic
illoleelles (D. Van Nostrand Company, Inc. , New York, 1945),
p. 489.

masses we take m(H)=1.67341233&&10 " g, m(D)
=3.34428232X10 "

g, m(O") =26.55872000&&10 " g
As fundamental constants we use31 c=2.9979)(10"
cm/sec, k=6.62363&(10 "erg sec. On the assumption
that the equilibrium geometry and the potential con-
stants are invariant to isotopic substitution, the latter
constants may be obtained from infrared data "using
the normal "frequencies" (in cm '): H20, 11=3825.32,
P2= 1653.91, P3= 3935.59;D20, Pl = 2758.06, f 2 ——1210.25,
f3=2883.79, we obtain (in Idyne/cm)&10') E»
=9.04949641, E12=0.52397791, E18———1.2049'1839,
Esp=2.04835571. Reference 5 also gives the cubic
constants for H20 (in cm '), n1 —322, ——
n3=1, n4=216, n5= —909, +6=160; these are related
to our k„," according to kill=bc~i, kl12=kl„l=k211

hcn3/3i k122 k212 = k221 hcn4/3y k188 k318 k881
=hcn, /3, k233 k323 k33 hens/3, k222= —hcn2, from
them we get (in dyne/cm'&&10'2) E111———84.56753212,
E112=57.47345798, E113=—35.92925361, E133=24.-

61366648) E333 2 51799700) E'123 96 56701865
Here, as in the sequel, parameters are frequently

quoted to signi6cant 6gures far in excess of the accuracy
warranted by the data (for example, the cubic potential
constants are known to perhaps one significant 6gure
only). However, it appears to be undesirable to attempt
to work only to estimated accuracies since this may
easily lead to a rounding-oG errors. Accordingly, we
quote here the actual numbers used in our computa-
tions.

A detailed listing of intermediate quantities is given
in reference 1. Here we record only those parameters
which enter directly into the rotational matrix; Table I
shows these (in a I" representation).

8' J. A. Bearden and H. M. Watts, Phys. Rev. 81, /3 (1951).
8'W. H. Shaffer and R. R. Newton, J. Chem. Phys. 10, 405

(1942).
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TABLE II. H20 microwave absorption lines.

Transition Observed

220~313 ~ ~ ~

523~616 22 235.22~0,05

Frequency (Mc/sec)
KHC II RDGWa (this work)

184 000 182 000 187 471
23 380 20 400 24 588

a See reference 3.

S. MICROW'AVE SPECTRUM OF 920

The 22p—&313 and 532~441 transitions of D20 were
found in the- course of a general search, " though only
the first of these was identified; both lines were subse-
quently reported independently. " Their frequencies,

TABLE III. H20 energy levels.

Level

220
313

616

RDGWa
Distortion

Energy correction
(Mc/sec &(106)

4.080100 —0.004800
4.262100 —0.001500

13.386000 —0.026382
13.407000 —0.015000

This work
Distortion

Energy correction
(Mc/sec X106)

4.066769 —0.008787
4.254240 0.001449

13.352540 —0.040304
13.377127 0.025789

a See reference 3.

4. MICROWAVE SPECTRUM OF H20

The E-band "radar water line" at 22 235 Mc/sec 'r "
because of the 5~3~616 transition of H20, has been
observed by a number of workers, and is the only
microwave line known to belong to this molecule.

Examination of the KHC II tables shows that no
other H20 lines are likely to be found below about
180 000 Mc/sec (2QQ~3is transition); the difficulties of
working in this region, however, make it desirable that
a better prediction be available before searching is
carried out. The one known H20 line does not give us
enough information to improve our knowledge —the
KHC II tables, based on ~= —0.436426, predict it at
the rigid rotor frequency of 23 400 Mc/sec, some 1000
Mc/sec too high, and the term values of reference 3
show it at 20 400 Mc/sec, so it is apparent that better
parameters are needed. The present work shows no
better agreement with experiment; with the parameters
of Table I our calculations give the results shown in
Table II.

We will show in Sec. 6 that we can expect the
"theoretical" parameters to give a good estimate of
the distortion, so it is interesting to compare our
calculated energy levels with those of RDGW, ' as in
Table III; here the "distortion correction" is the total
energy (as shown) minus the calculated rigid rotor
energy.

There is little else we can say about H20 at present,
but it is hoped that eventually better values of the
parameters will be deducible from the results of
investigations of other isotopic modifications.

6. MICROW'AVE SPECTRUM OF HDO

A. Introduction

Until recently there has been little infrared work
carried out on HDO because of the difhculty of un-
tangling its lines from those of H20 and D20. From
one such infrared analysis, however, KHC II deduced

TABLz IV. 020 microwave absorption lines.

Transition

220~313

Frequency (Mc/sec)
Observed FRDa

10 919.39&0.05b
10 919.8 ~0.1'

7500

"Theoretical" b

10 670

532~441 10 947.13~0.05b
10 947 4 ~0 1o

16 000 17 472

a The KHC II tables give rigid rotor term values taken from FRD
(reference 4); in Tables IV and V we quote the FRD "corrected" levels,

b This work.
& Reference 22.

I;= —0.685, from which they constructed their rigid
rotor tables of expected HDO microwave transitions.

Previous to this publication, the only microwave line
of HDO known was the 533 +532 transition. ' "On the
basis of these tables, however, Strandberg" located the
2„1~22p 322~321, and 4]4~321 lines and estimated
~= —0.696.

Three other lines were then found by workers in
this Laboratory"; the 432—+431 line, the 744~743 line,
and an unidentified line at 26 880 Mc/sec. During the
present investigations the latter was found to have
been originally discovered by McAfee'4 who assigned
it to a D20 transition; it is the conclusion of this work
that it is the 624—+717 transition of HDO.

Concurrently with the present work, Weisbaum and
Beers'4 discovered a number of lines in the S-band
region, and identified the transitions 643—+642, 95~—&954,

1267~1266, and 422~5p5, we were advised of these
investigations privately, though the final identity of

~ Microwave Spectroscopy Laboratory, Research Laboratory
of Electronics, Massachusetts Institute of Technology (unpub-
lished work).

~ K. B. McAfee, Jr., Doctoral thesis, Harvard, 1949 (unpub-
lished).

together with those calculated from the parameters of
Table I, are shown in Table IV.

In the FRD work, distortion corrections were ob-
tained semiclassically; in Table V we compare the
distortion corrections calculated here with those given
by FRD.

It is expected that additional useful work can be
dome on D20. Two weak lines in the water spectrum
have been observed" at 30182.57&0.1 and 30 778.62
&0.1 Mc/sec, and these are as yet unidentified. In the
next section we investigate probable HDO transitions,
and find none in this region, though these calculations
are not conclusive. Thus there is a good chance that
these two lines may be due to D20.
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the lines was not reasonably certain until a late stage
in the present work.

Ke have now observed the 845~844, 1056~1.055, a,nd
1157—+1156 transitions.

The 845—+844 line has been independently reported, -"

and these workers also conclude from the Stark eGect
that the 26880-Mc/sec line is to be assigned to the
HDO 624—+717 transition.

The present state of experimental knowledge of the
HDO microwave spectrum is summarized in Table VI.

B. "Theoretical" Frequencies

In principal, transition frequencies may be calcu-
lated by diagonalization of the rotational matrix to
6nd the appropriate energy levels, then taking diGer-
ences. %e call this "exact." calculation, though in
practice it may involve finding characteristic values by
numerical approximation method; in our computations
we have used sufFicient significant figures to get within
the experimental error.

TABLE V. D20 energy levels.

Transition

221~220
322~321

331~330
432~431
533~532

643~642
744~743

845~844

955~954
1056~1055
1157~1156

1267~1266

414~321
422~505
624~717

Frequency (Mc/sec)

Q-branch transitions

10 278.99
50 236.90

824.64~0.05
5702.78

22 309 ~5
22 307.67~0.05

2394.56~0.05
8576.89
8577.7 ~0.1

24 884.77&0.05
24 884.85~0.1

3044.71~0.10
8836.95+0.1

22 581.1 ~0.2

2961 ~1
P- and R-branch transitions

20 460.40
2887.4 ~0.1

26 880.44
26 880.38~0.05
26 880.47~0.1

Reference

20
20

24'
33
17
19

24a
33

This work
This work

23

24'
This work
This work

24'

20
24~
34

This workb
23

TABLE VI. HDO observed microwave absorption lines.

Level

220
313
441
532

FRD
Distortion

Energy correction
(Mc/sec )(106)

2 2193 0
2.2268 —0.009000
8.0641 —0.001200
8.0481 —0.026400

This work
Distortion

Energy correction
(Mc/sec )(106)

2.2184 —0.003049
2.2291 —0.000694
8.0665 —0.049868
8.0490 —0.016747

As indicated in Sec. 3, the main problem is the
determination of the "reduced energies"; unless other-
wise stated, the following discussion will be in terms of
"reduced" parameters.

In the original assumption that (E
~
E&1) and

(E
~
E&3) matrix elements could be safely neglected,

we carried out some "exact" calculations for Q-branch
transitions, using the appropriate constants of column a
of Table I. With v'(Jrc) and v(Jrc) the observed and
calculated frequencies, the results are shown in Table
VII.

It is noticed that the differences (last column of
Table VII) increase in an apparently fairly regular
manner within each E family; a significant relationship
is obtained by simply taking the ratios r(Jz) = i (J&)/
v'(Jz), which are substantially constant (to about
five significant figures) for a given value of E. If we
use rx to denote the average of r(Jx), for diGerent J
but the same E, we 6nd, for r =2, 3, 4, 5, 6, that
r~ ——1.00937, 1.02013, 1.03163, 1.04242, 1.05445, re-

spectively, and that rs/r4 ——1.02212, r4/rs 1.02205, ——
rs/rs = 1.02185, or, rx/r& s —1.0220, approximately. —
(The values of rx/rrr i are less consistent. )

At the time of these calculations, only the identities

a This table quotes the latest reported measured values (see reference
24), which were not available to us at the time our work was carried out.
The 322~32& line was discovered subsequently, and is included here for com-
pleteness.

b Our identification of this transition is based partly on Stark (see
reference 21) and Zeeman (see reference 28) effect data, and partly on the
results of analysis of the remainder of the spectrum (see below).

TAnr. E VII. HDO Q-branch "theoretical" frequencies (1).

Transition&
JK

22
32

43
53
63

64
74
84

95
105
115

126

Observedb
vo(JK)

10 278.99
50 236.90

5702.78
22 307.67

2394.6
8577.7

24 884.77

3044.7
8836.95

22 581.1

2961

Frequency (Mc/sec)
Calculated

v(JK)

10 375.742
50 705.828

5817.548
22 756.857
65 714.268

2470.073
8849.329

25 673.369

3174.077
9211.967

23 536.847

3122.212

"(JK)—.(JK)

—96.752—468.928

—114.768
449.187

—75,473—271.629—788.599

—129.377—375.017—955.747

—161.212

& Here and in the sequel we will usually use JK to denote the Q-branch
transition JK 1, K1~JK 1 K1 1 with Z standing for Z 1, the index
denoting the K value of the limiting prolate symmetric rotor.

~ "Observed" frequencies listed here are those actually used in compu-
tations, before the later measurements of Table VI were available.

and frequencies of the lines 2g, 32, 43, 53, 74, 84 had
been definitely established. Assuming the ratio r&/rx s

(i.e., r4/rs) was significant, we predicted the 64, 9s, and
12s lines at 2394.2, 3045.1, and 2961.2 Mc/sec, respec-
tively. The agreement with the then tentatively re-
ported frequencies of these lines appeared so good that
we extended the predictions to the 63, 105, and 115 lines,



D. W. POSENER AND M. %. P. STRANDBERG

thus:
6g,

105,
115'

64 417 Mc/sec;
8836 Mc/sec;

22 577 Mc/sec.

TABLE VIII. HDO Q-branch "theoretical" frequencies (2).

Transition

22
32

43
5g

Calculated frequency (Mc/sec)
«'(~~)«(Jz}

10 369.484
50 670.284

10 369.413
50 670.692

5811.893
22 729.495

5812.013
22 727.785

—0.071
0.408

—0.116
1.710

64
74
84

95
10'
115

2466.454
8830.310

25 599.113

3163.981
9168.512

23 394.123

3099.340

2466.551
8835.272

25 611.148

3167.166
9182.991

23 426.396

3114.354

0.097
4.962

12.035

3.185
14.479
32.273

15.014

A search for the latter two lines subsequently showed
them at 8837 and 22 581 Mc/sec, respectively.

We may also "extrapolate" similarly to predict the
1, line at 80 743 Mc/sec, but the prediction is probably
not quite so accurate here because the dependence on
the distortion constants is less complicated functionally.

This simple "extrapolation method" of predicting
Q-branch frequencies of HDO therefore seems to be
quite reliable. It appears to have the significance that
the major contribution to v'(Jx) —v(Jx) comes from
variations in s (a—

&;) and «. This is reasonable since the
transition frequencies are most sensitive to small per-
centage variations in the effective moments, and these
in turn depend partly on the anharmonic potential
constants (which are not known accurately); moreover,
the distortion constants should be fairly reliable because
the harmonic portion of the potential is known accu-
rately.

Thus we conclude tentatively that the "theoretical"
distortion corrections are good approximations to the
true corrections.

The foregoing calculations have neglected the effects
of (E~E&1) and (E~E&3) matrix elements. The
major contribution from these arises from the off-

diagonal moment I, ; its removal by a principal axis
transformation leads to the parameters of column b,
Table I, which provide the frequencies v'(Jx) of Table
VIII. In this tabulation, v(Jx) denotes frequencies
computed on a similar basis to those of Table VII, i.e.,
with Ey( ', E8(», and E9'~' set equal to zero; the last
column, v'(Jrr) = v'(Jrc) —v (Jx), lists the correction
frequencies due to the 1- and 3-off matrix elements.

Relations between the r& now no longer hold so nicely
as before, either for v(Jx)/v'(Jx) or v'(Jx)/v'(Jx);
this fact seems to be due to some large error appearing
in the original I„. . However, the magnitude of the

v'(Jrc) shows that the effects of Rr&'&, Rs'», and Rs&»

certainly cannot be neglected. We note that the energy
level contributions, due to these parameters, arise
mainly from the (E~E&1) elements [particularly the
terms in Rs&»—as may be expected from Table Ij, and
increase with E; for the 126 levels the correction is
some —15 000 Mc/sec —about 0.5 cm ', which is of
sufhcient magnitude to interest the infrared spectros-
copists.

Including 1- and 3-off matrix elements, "theoretical"
frequencies for the three I'- and E.-branch transitions
of Table VI are shown in Table IX; we cannot yet
draw any useful conclusions from these results.

C. Approximate Calculations

A much simpler method of calculating Q-branch
transitions between E-doublet levels can be obtained
by expanding the matrices to first order in the distortion
parameters;"" we refer to the method as the HSKW

TABLE IX. HDO I'- and R-branch "theoretical" frequencies.

Transition
Frequency (Mc/sec}

Observed Calculated

414~321
422~505
624~7y7

20 460.40
2888

26 880.38

—13 397.134
10 761.553
27 811.867

formula, for short, and use the following notation. let
6&'& (Jx)=2EJ (J+1)8g/H

+ (E 1)J(J+1)D—gx/(G F)—
—(4/3) E(E'+2)Rs/H

+ (2/3) E(E—1)(2E—1)Drr/ (G F)—
+ (8/3)E(E' —1)(G—F)R,/Hs (19)

be the 6rst-order approximation to the (reduced)
distortion correction. Then, to first order, the transition
frequency is given by

v"'(Jx) = vE(Jrc)[1+6&'&(Jx)1,

where vE(Jx) is the calculated rigid rotor frequency.
This is, in effect, the HSKW formula in terms of
reduced distortion constants.

The HSKW formula is not claimed to be anything
more than a first order approximation; we wi}l show
its limitations for the case of HDO, where the distortion
effects are large, and where the approximation cannot
be expected to agree perfectly with the exact calculation.

Since (19) neglects 1- and 3-off matrix elements, it is
fair to compare v&" (Jrc), as calculated by (20), with

v(Jx) of Table VIII. In Table X we show v&" (Jx),
together with the "exact" calculated distortion cor-
rection v"(Jx)= v(Jrc) —vE(Jrc), the difference v(Jrc)
—v&" (Jx), and the percentage difference p= 100
&&[v(Jrc)—v&'&(Jx)$/v"(Jx). It is clear that for the
"theoretical" parameters, at least, the agreement be-
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tween the exact and HSKW methods is quite good for
low J and E, but cannot be pushed too far.

(a) Variation of all parameters

Assuming a 6t can be obtained by making only small
changes in the parameters x;, we may write

v'(Jx) —v'(Jx) = v(Jx)+Av(Jx), (21)

Bv(Jx)
Av(Jx) =P Ax, . (22)

The Bv/Bx; are readily calculable to sufficient accuracy.
Solution of this set of simultaneous equations for the
Ax;, and iteration of the process, gives results which do
not converge and which show large discrepancies be-
tween the v(Jx) and v"&(Jx). Similar difliculties arise
when the v'(Jx) are neglected. It thus appears that
close agreement cannot be obtained with seven
parameters.

(b) Variation of rs(a —c), x, only

Keeping the "theoretical" distortion parameters
constant Lthough modifying the reduced parameters
with change of sr(a —c)), we can simplify the method
(a) by varying only s (a—c) and x, using a least squares
reduction of the equations. This gives frequency diGer-
ences of the order of one percent of the distortion
corrections, and is the method finally used.

If we were to follow the Hillger and Strandberg
method, ""we would now use the HSKW formula to
vary the distortion parameters so as to improve the 6t.

D. Methods of Analysis of the Spectrum

It is apparent that we must first analyze the Q-branch
spectrum; only two parameters -', (a+c) and D~ are
then needed to account for other transitions.

In our attempt to analyze the microwave spectrum
of HDO so as to obtain "true" molecular constants we
have been guided by the behavior of the "theoretical"
(infrared) parameters. For example, it is apparent from
our discussion of these that the HSKW formula should
agree with "exact" calculations to a few percent; it is
our experience that, in the fitting process, the "theoretical"
distortion parameters cannot be varied by more than a fear
percent zoithoztt girding rise to serious discrepancies be
tzoeen the HSEW approximati on and "exact" calculations
(even though the distortion corrections remain sub-
stantially constant as required by the extrapolation
method).

We have tried several methods of obtaining a "fit,"
always using the "exact" calculations to check our
results. In these, we have assumed the v'(Jx), as given
in Table VIII, to be constant, and have made allowance
for them, thus attempting to fit the seven parameters
x,= s (a c), ir, Dgx, Dx—, bg, Rs, and Rs.

TAsLE X. HDO Q-branch "theoretical" frequencies (3).

Transition
Jz

22
32

0) (+K)

10 369,603
50 671.812

5812.112
22 727.744

Frequency (Mc/sec)
~d(ZZ) t (JX}-r &»(JX)

—50,026—322.733

—79.667—390.265

—0.119—1.529

—0.099
0.041

0.24
0.47

0.12—0.011

64
74
84

96
10;
1 1Q

126

2466.391
8829.172

25 588.117

3161.580
9158.796

23 345.677

3091.899

—71.639—311.383—1082.154

—197.722—6/6. 855—2008.58

—369.063

0.063
1.138

10.996

2,401
9.716

48.446

7.441

—0.088—0.37—1.02

1%2 1—1.44—2.41

—2.02

As in method (a), however, we 6nd that any such
attempts —when checked by "exact" calculations —are
doomed to failure.

The same difhculties were experienced when 1- and
3-oG matrix elements were completely neglected.

(c) Variation of —,'(a—c), x, heeping 6"'(Jx) constant

This method involves small changes in the "funda-
mental" distortion parameters, since 6"'(Jx) is a
function of rs (a—c) and x. It does not seem to be much
more satisfactory than (b), though it does give some-
what better agreement between v(Jx) and v&'&(Jx).

However, although the "theoretical" percentage di6er-
ences p of Table X are small, there does not appear to
be any reason why the true ones should be exactly the
same magnitude —convenient though this might be.

As a result of these investigations we conclude that
it is not possible to get a "perfect" fit with seven
parameters. The next approximation, inclusion of
(E~ Z&1) and (X~X+3) matrix elements, gives little
better results; we believe this is due to considerable
error in the v'(Jx) and/or neglect of other approxima-
tions, e.g., in the vibrational diagonalization of the
energy matrix. Unfortunately, there seems to be no
convenient way of varying the v'(Jx) so as to be able
to consider them adjustable in the fitting process; in
principal, this can be done by making small changes in
the three additional parameters Ry(", E8(», and E9(»,
and calculating the eGect on the v's; since we have been
unable to 6nd a simple way of doing this, it is apparent
that a considerable amount of labor would be involved.

At this stage, then, we have to be satisfied with
agreement to a few percent of the distortion corrections.
Method (a) does not give this since the changes in the
magnitude of the parameters which are required to
force a 6t become too large for the method to be valid.
Methods (b) and (c) do give reasonable agreement,
though there is little to decide between the two. We
arbitrarily choose method (b), because it involves
variation only of the effective moments, whose "theo-
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TABLE XI. HDO Q-branch frequencies (4).

retical" accuracy is more liable to suspicion because of
their dependence on the anharmonic potential con-
stants.

E. Results of Analysis of the Spectrum

Starting from Ta,ble VIII, but omitting the data on
the 10p and 11p lines (which were not then known), a
least squares solution for AP(a —c)j and h~ was ob-
tained from the nine equations of the form of (22),
leading to the following "observed" HDO parameters:
pi (a—c)=2.55544755)&10' Mc/sec, ~= —0.68410904,
Dg~ ——1.44057795 X10 ', D~——11.23440546X10 ', Bs
=0.13043190X10 ', R5= —0.30825076X10 ', and E6
= —0.02239153)&10 4. From these we get the v(Jx)
(as in Table VII), which give, with the v'(Jx) of Table
VIII, the i'(Jrc)= v(Jic)+i'(Jx) of Table XI. Here
also p and i "(Jrc) have the same meaning as in Table X,
while i (JK)=i'(Jx) —v~(Jx) is the total distortion
correction, and J' = 100&&l i '(Jx) —v'(Jx) 1/i D(Jx) is
the percentage discrepancy (referred to the total dis-
tortion) between observed and calculated frequencies.

The worst (percentage) discrepancy occurs for the
22 line, which also has the least distortion; we believe
this is a result of the least squares analysis, which
weights this line the least.

Although I' for the 11p line (which was not included
in the analysis) is of the same order of magnitude as
for the other lines, the actual frequency diGerence,
42 Mc/sec, between calculated and observed frequencies
is much larger than we would expect from consideration
of the extrapolation method discussed earlier; by
keeping 6&"(Jx) constant —method (b) of the pre-
ceeding sub-section —the diGerence is reduced to only
about 3 Mc/sec, but the 6t on the 84 line becomes worse
(about 25 Mc/sec), and the over-all picture is about.
the same.

TABLE XII. HDO "observed" rotation-distortion constants.

q~ (rs +c)
)(a —c)
K

Dz
DJK
Dz

4.48416164 &(10' Mc/sec
2.55544755 &(10' Mc/sec—0.68410904

11.56583333 Mc/sec
36.81321390 Mc/sec

287.08933921 Mc/sec

Bz
R5
R6
R7(&)

8(
Rg(tl)

3.33311881 Mc/sec—'7.87718656 Mc/sec—0.57220390 Mc/sec
3.11603472 Mc/sec—8.19943988 Mc/sec

.49.91730954 Mc/sec

vo(JE)
v'(JE) —v'(JE) v" (JZ) vD (JK)

JE (Mc/sec) (Mc/sec) (Mc/sec) p (Mc/sec)

2 g 10 275.660 3.330 —50.099 —2,2 —50.170 —6.6
3g 50 232.692 4.208 —322.636 —1.4 —322.228 —1.3

43 5701.757 1.023 —79.600 —3.3 —79.716 —1.3
5 3 22 307.350 0.320 —388.924 —2.8 —387.214 —0.083

64 2395.019 —0.419 —71.2 77 —4.2 —71,180 0.59
74 8582.081 —4.381 —308.872 —3.8 —303.910 1.4
84 24 865.250 19.520 —1096.841 —1.5 —1084.806 —1.8

95 3041.952 2.748 —196.823 —4.2 —193.638 —1.4
105 8829.125 7,825 —666,128 —4.8 —651.649 —1,2
115 22 538.263 42.837 —1972.977 —5.4 —1940.704 —2.2

126 2961.394 —0.394 —360.668 —5.9 —345.654 0,11

It is interesting to refer to Table X and note how
small changes in h~" (Jrc), because of the variation of
p(a —c) and a, markedly affect p, even though i "(Jx)
is almost the same in the two cases.

%'e believe the general agreement shown in Table XI
is as good as one can get using the present methods.
Slight improvement might be obtained by now feeding
in the 105 and 115 data, but this will not lead to any
significant change in our final results.

With the Q-branch spectrum "solved, " it is a simple
matter to analyze the E- and E.-branch lines. Since we
have concluded that the "theoretical" distortion con-
stants are good approximations to the true ones, we
ought to get fairly consistent values of —',(a+c) from
t:he

~
hJ

~

=1 transitions on the assumption that D~ is
also good. With the value of Dg given in column b of
Table I, the three lines of Table VI give an average
p (a+c) of (4.4827&0.0020) && 10' Mc/sec, which is
apparently good to about four significant figures (we
take this to be a measure of just how reliable our major
parameters are). This average value gives the following
frequencies: 4i4—+3», 21 058.871 Mc/sec; 4pp~5p p,

2740.896 Mc/sec; 694~7,i, 28 133.594 Mc/sec. Al-

though the agreement cannot be described as excellent,
it is a great improvement on Table IX, and argues for
some consistency in our work, as well as providing
support for the identification of the 26 880-Mc/sec line.
It shows that the distortion constants are fairly good,
and that reasonable correlation with experiment can be
obtained by changes in the eGective moments alone.

Further improvement is obtained if we allow Dg to
vary; a least squares solution for i (a+c) and D& gives
4.48416164&(10' and 11.56583333 Mc/sec, respectively,
from which the calculated frequencies now become
4,4~3», 20 515.856 Mc/sec; 4p p~5p p, 2983.326 Mc/sec;
6M~7i7, 26 843.995 Mc/sec. The differences between
observed and calculated frequencies are now —55.456
Mc/sec, —95.326 Mc/sec, and 36.385 Mc/sec, respec-
tively.

Since these results are obtained in a very straight-
forward manner, the agreement must be regarded as
quite good, even though we have had to change D,J by
some 25 percent.

Table XII summarizes the results of the foregoing
analysis of the HDO Inicrowave spectrum, the distortion
constants quoted being the "fundamental" values.

From 2(a+c), p (a—c), and ~, the effective moments
and reciprocal moments of inertia are easily obtained
and are shown in Table XIII.

There is less than one percent difference between
"theoretical" and "observed" values, and this change
in three parameters, together with a comparatively
large variation in D~, has been all we have introduced
to get a reasonably good fit to the spectrum.

Some rotational energy levels, calculated from the
constants of Table XII, are shown in Table XIV. The
effects of (E~E&1) and (E~E&3) matrix elements
have not been taken into account exactly here, though
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in some cases the corresponding "theoretical" energy
corrections have been included.

Using Table XIV, some of the ~AJ~ =1 transitions
expected from KHC II have been calculated, and are
shown in Table XV. Attempts to observe the 70,—-624

line, in the vicinity of 12 200 Mc/sec, have so far been
unsuccessful.

F. Discussion of Results

Level

221
220

322
321

Rigid
~R

3.282311
3.292637

4.681712
4.732267

Energy
(Mc/sec )&106)

Nonrigid
g7N

3.276432
3.286708

4.673735
4.723968

TABLE XIV. HDO rotational energies.

Distortion
~N ~R

—0.005879—0.005929

-0,007977—0.008299

TABLE XIII. HDO effective moments and reciprocal
moments of inertia.

Theoretical Observed

Although the agreement between observed and
finally calculated

~
hJ

~

= 1 transitions is considered
good, the large change we had to make in Dg is incon-
sistent with our assumption that the "theoretical"
distortion constants are very close to the true ones.
But it is apparent that the parameters entering into
the Q-branch frequencies must be known more accu-
rately before we can draw precise conclusions about
—',(u+c) and Dg', the values we get for these two
constants are therefore to be regarded as containing
the lumped errors of the other parameters, and this
has to be born in mind when examining the results of
Table XIII.

414

43,
431

Sos
524
523

532

6ps
624
6aa
643
64'

707
717
716
735
744
743

4.707305
6.684485
8.925689
8.931471

6.682430
8.848938
9.163016

11.285626
11.308320

9.225386
12.169757
14.186789
17.392922
17.395389

12.145962
12.184437
14.288870
17.429084
20.707197
20.716083

4,703452
6.671355
8.890918
8.896619

6.674338
8.834291
9.141062

11.241421
11.263728

9.210664
12.133066
14.127912
17.272528
17.274923

12.120853
12.159910
14.245622
17.349701
20.561306
20.569888

—0.003853—0.013130—0.034771—0.034852

—0.008092—0.014648—0.021954—0.044205—0.044592

—0.014722—0.036691—0.058877—0.120394—0.120466

—0.025109—0.024527—0.043248—0.079383—0.145891—0;146195

IQ
Is
Ic

6.97876766X10' Mc/sec
2.72522145X10' Mc/sec
1.91863695X10' Mc/sec

1.20206397X10 ' g cm'
3.07825449X10 4' g cm'
4.37233588X10 ~ gg cm'

7.03960919X 10' Mc/sec
2.73595687X10' Mc/sec
1.92871409X10' Mc/sec

1 19167485X10-4o g cm
3.06617597X10 ~ g cm~
4.34949132X10 46 g cm2

84s
844
8sa

946
9ss
9s4

24.504725
24.530675
28.685244

28.786442
32.950146
32.953382

24.324235
24.349100
28.376901

28.560607
32.S84549
32.587591

—0.180490—0.181575—0.308343

—0.225835—0,365597—0.365791

0.09201742X10 ~ g cm' 0.09164050X10 ~ g cm'

We would like to have Q-branch parameters that are
good enough to calculate "exactly" frequencies which
will agree with observations to within something like
1 Mc/sec, if not better. Any such agreement obtained
by the use of approximation methods (e.g., the HSKW
method) must be checked by "exact" calculations,
otherwise the constants obtained cannot be considered
the true molecular parameters, but are merely constants
in a semiempirical formula. We believe that the results
obtained by Weisbaum et al.'4 should be described in
the latter manner.

The present work has shown that such desirable
Q-branch parameters are unachievable if only the seven
quantities —',(a—c), s, Dgx, Dx, 5~, Rs, and Rs are
considered. Remaining discrepancies turn out to be of
the order of magnitude of the corrections introduced by
taking ET& ', E8'», and E9&» into account, but inclusion
of these corrections still leaves much to be desired.
The assumption of the essential correctness of the
"theoretical" distortion parameters leads one to expect
that only small changes in Ev& ), E8&», and E9&» should
be tolerated, and it is unlikely that such small changes

ioss
10ss

1is7
iis6

1267
1266

37.702535
37.712015

42.944157
42.968636

53.721091
53.724398

37.268638
37.277468

42.424541
42.447079

52.829222
52.832183

—0.433897—0.434547

—0.519616—0.521557

—0.891869—0.892215

TABLE XV. HDO predicted P- and R-branch frequencies.

Transition

7o7~624
524~431
523~606
642~73s
633~716
8sa~946

Frequency
(Mc/sec)

12 198
62 447
69 602
74 778

117 710
183 710

would lead to signi6cant differences in the corrections
v'(Jx). Thus it is probable that either our theories
and/or calculations involving R7'&, Rs&», and Rs&"' are
incorrect, or that we must look elsewhere to improve
our results; this means examination of higher terms in
the vibration-rotation theory, e.g. , terms in the Hamil-
tonian of the order of P', where P is an angular mo-
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)(a+c)
$ (a —c)

Dg
Dzz
Dz

TABLE XVI. HDO parameters.

Rotation-distortion constants

4.484
2.555-0.684
9.1

36.8
287

&0.002 X1(F Mc/sec
+0.005 )(105 Mc/sec
&0.00002
~1.5 Mc/sec
&0.5 Mc/sec
&5 Mc/sec

Bz 3.333+0.005 Mc/sec
Rs -7.877 &0.010 Mc/sec
R8 —0.572 &0.005 Mc/sec
R7(&& 3.12 +0.05 Mc/sec
R8(» —8.20 +0.05 Mc/sec
Rg(&& 50.0 &0.5 Mc/sec

a
b
c
Irs
If
Ie

Effective moments and reciprocal moments of inertia

7.0396+0.0005 )&10' Mc/sec
2.7360 %0.0005 )&105 Mc/sec
1.9186+0.0005 &(105 Mc/sec
1.1917%0.0005 X10 'o g cm2
3.0662 &0.0005 X10 4o g cm2
4.3495 &0.0005 X10 4o g cm2

these are obtained by rounding oG the constants of
Tables XII and XIII; the accuracies indicated have
been estimated by us on the basis of our experience
with the problem.

7'. CONCLUSION

By analysis of the microwave rotational spectrum
nf HDO we have obtained approximate values of the
molecular parameters which are in fairly good agree-
ment with the theoretically calculated constants. The
"theoretical" values, derived from infrared data on
H20 and D20, together with some observed microwave
frequencies enabled us to calculate HDO Q-branch

mentum operator. Rough calculations, based on orders
of magnitude, indicate that such terms probably will

be negligible for the present work, but one cannot be
con.elusive about this without going into considerable
detail.

It is our opinion that any improvement in the present
results will have to be obtained with the aid of a high-
speed digital computer to set up exactly and solve
equations of the type of (22). Notwithstanding the
conclusions of the previous paragraph, it may still be
possible to get a satisfactory solutions by including
variations of R7& ', Rs&», and R9'"', the corresponding
cia/r)x; being obtained by computer diagonalization of
the complete matrices; this possibility ought to be
considered early in any extension of this work, since
even small changes in the v'(Jx) could conceivably
bring about a neat fit—the transition frequencies are
much more sensitive to changes in certain parameters
(e.g. , «) than in others.

The good agreement we get for
~
AJ

~

= 1 transitions
gives some confidence in our final results. However,
it must be pointed out that the consistency vanishes if
the 26880-Mc/sec line is not the 6s4~7rr transition,
or if the 2888-Mc/sec line is actually the 5ss—+4ss
transition. Our information'-' is that the latter is the
4g2~5ps line, though we are not aware of any evidence
(e.g. , Stark data) to show the relative positions of the
levels.

To conclude this sub-section, we give in Table XVI
what we consider to be reasonable HDO parameters;

frequencies with rather unexpected accuracy; it must
be considered very gratifying that we can do this in
view of the rather tortuous calculations that have had
to be carried out in going from one isotopic molecule
to another.

Distortion eR'ects in this type of molecule have been
found to be large, so large that to get detailed agreement
between theory and observation (in the microwave
region) one must use higher approximations in the
theory than had previously been considered necessary.
Our results are by no means final, and possible methods
of improving them have been indicated.

During preparation of this paper several other
authors have reported infrared3' and microwave" work
on the water molecule, and comparison with the present
account be of interest when detailed descriptions are
published.
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