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because d'h changes to 100 dx', we wish to regard. the
quantities d'h as lengths, we still have not made a
change of unit. The change of unit will cause g.b to be
replaced by 100' g, and this will exactly compensate
the 100 ' factor caused by the change of coordinates,
leaving the components of the new metrical tensor
numerically equal to those of the old. In this sense g~
does behave like a set of pure numbers. But this par-
ticular eBect is due to our having combined the change
of units with a corresponding change of coordinates. 4

4This is precisely the situation in Cartesian vector analysis.
The transformation of coordinates given by (3) changes the
components of the metrical tensor from b,b to 100 ~b,f,. But the

Actually the two sets of numbers g~ that have equal
numerical values belong to different metrical tensors
and to di8erent coordinate systems. If whenever we
make a change of units we make this corresponding
change of coordinates, we can think of dx as lengths
and g~ as pure numbers, ds being a length. But there is
no need to make this coordinate change, and when we
refrain from making it we see that the dg are pure
numbers, the g~ have the dimensions (length)', and ds
is a length.

original metrical tensor b,f, is changed to a new one 100'B,b, and
thus the Gnal coefficients of the quadratic form for ds' are the
same as the original.
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The similarity theory of relativity is shown to contain the recent Dirac-Schrodinger theory of electrons as a
special case. The variational principle is built on the curvature scalar formed from the basic symmetric
similarity tensor 5 „and leads to a unified field theory of the gravitational Geld, the electromagnetic field, a
scalar iield of the sort used by Jordan in his theory of the variable gravitational constant, a charged scalar
particle field, and a vector particle Geld.

L THE DIRAC-SCHRODINGER EQUATIONS

ECENTLY Dirac has proposed' a new classical
theory of electrons in which the usual Maxwell

equations for free space are modified by a simple non-
linear condition on the electromagnetic potential four-
vector A, which fixes the gauge.

Let a, b, . take on the range 1, 2, 3, 4, with 4 re-
ferring to the time. Also, let the metrical tensor g, b have
the signature +++—(instead of the ———+ used

by Dirac). Then in the earlier form of Dirac's theory the
nonlinear gauge-fixing condition may be written

A.A = —m'c4/e',

where m and e are, respectively, the mass and charge of
an electron. Later Dirac modified this, but the present
paper has to do with the theory based on (I).

The Maxwell equations for free space can be derived
from the variational principle

8) 8(-g)& dx'Cx'dxsdx4=0,

where
g 1P Pab &Pa+b (3)

F,b BA /Bxb BAb/Bx———, (4)
' P. A. M. Dirac, Proc. Roy. Soc. (London) A209, 291 (1951);

Nature 168, 906 (1951); Proc. Roy. Soc. (London) A212, 330
(1952).

2= r Fa bp b —rsX(A A '+m'c4/e') (6)

where X is an unknown function. This leads to field
equations consisting of (I) together with

where

Pab ja (7)

and, as a consequence of (7),

the comma denoting the covariant derivative with re-
spect to g,b. Thus a current four-vector j enters auto-
matically, and Dirac showed that, without any further
assumptions either as to the law of force or the structure
of the electron, these equations correctly gave the non-
vortical motion of beams of charged particles having
m/e of electronic value.

The Dirac equations belonged to the special theory of
relativity. They have been written here in general
tensor form.

Schrodinger discovered' that these equations of Dirac

s E. Schrodinger, Nature 169, 538 (1952).

P b
—

g P b

&n Dirac's theory the restriction (I) is taken care of by
replacing (3) by
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could be-regarded as a limiting case of the Maxwell
equations combined with the relativistic quantum-me-
chanical Gordon-Klein-Schrodinger wave equation for a
scalar wave function representing charges. This wave
equation can be written

( se ) ( $'e $ m'c'
g"I ~ —A. l~ &b —As lk=

hc ) ( hc ] h'
(10)

where 8 denotes the covariant derivative operator and
It is Planck's constant divided by 2~.

From (10) one obtains the following expression for the
current four-vector

—ie ej.= (lf *tf..—44*..) ——A.lt 4*.
2hc hc

If, instead of the Dirac expression (8), one uses this
value of j in (7), one has a theory of electric charges in
an electromagnetic field in which the charges are
represented by the quantum-mechanical scalar wave
function P.

While Eqs. (7) and (11),are real, Eq. (10) is complex.
Moreover, unlike the Dirac equations, the set (7), (10),
(11) is gauge invariant and thus permits changes of
gauge. Schrodinger discovered a particular choice of
gauge that brings about a remarkable simplification.
When this particular gauge is used, Eqs. (7), ('10), (11)
may be replaced by the real equations

Pab ~e (7)

alid
j,= —(e/hc)A. los, (12)

f' e' msc')
g"~ .s=

~ . AA +
Ehsc' hs ) (13)

in which only real quantities occur.
Equations (7) and (12) correspond to Dirac's Eqs. (7)

and (8), with —(e/hc)ys corresponding to Dirac's X.
Further, Schrodinger pointed out that, if one assumes
that the wave amplitude p does not vary appreciably in
a distance comparable to the Compton wavelength of an
electron; the left-hand side of (13) may be neglected and
the equation then reduces essentially to the Dirac
gauge-fixing Eq. (1).

The set of Schrodinger Eqs. (7), (12), (13) can be
obtained. from the variational principle (2) with

e ( mc
Z= —,'F sF'.+g"q, .q, s+—

~

A A.+ ~q'. (14)
h' & e'

II. INADEQUACY OF THE PROJECTIVE THEORY

The fact that the Dirac Eqs. (1), (7), (8) are essen-
tially five equations for the 6ve field variables A, ) sug-
gests a possible connection with the projective theory of
relativity. Such a connection was found, ' but in the

s E. Hoffmann, Phys. Rev. 87, 703 (1952).

projective theory there was no scalar fieId quantity
directly corresponding to Dirac's field quantity X.

The Schrodinger Eqs. (7), (12), (13) are also five
equations for five field variables, namely, A and p.
And the possibility that these equations may belong to
the projective theory of relativity is strengthened by the
well-known fact' that the Gordon-KIein-Schrodinger
scalar wave Eq. (10), as also the expression (11) for the
current four-vector, may be obtained from a Lagrangian
density

&=V'kA*. e, (15)

1 8 logC0=—q ——
S Bx

(16)

Thus the five quantities 4, p occur only in the four
combinations 8 .

If G p were of zero index it would have fifteen inde-

4 O. Klein, Z. Physik. 37, 895 (1926); 46, 188 (1927).
t' The gauge variable x enters the components of a projective

tensor only through a factor of the form exp(Ex') that is common
to all the components. The constant E is called the index. Thus a
projective tensor of zero index does not contain x0. For further
details of the projective formalism and references to the previous
literature see the Grst paper listed in reference 7.

where n, P have the range 0, 1, 2, 3, 4 (with 0 referring to
the gauge variable), y e is the fundamental projective
tensor of zero index, s and P is a projective scalar of
index diBerent from zero.

In the projective theory of relativity one starts out
with a symmetric projective tensor G p of index 2Ã.
This has 6fteen components, and from these one can
construct a symmetric affine tensor g g, a projective
vector q of index zero and having go=I, and a pro-
jective scalar C of index E. The quantities g, &, p have
usually been identified, respectively, with the gravita-
tional and electromagnetic potentials, the p, acquiring
an added gradient under a gauge transformation. Thus
one could expect that the projective scalar 4 might be
identified with the projective scalar P in (15), and that
one could construct out of G p a unified field theory of
the gravitational, electromagnetic, and charge-scalar
fields.

This, however, is not possible in a projective theory
of the sort under discussion. For in such a theory G p is
not of zero index and so only the ratios of its components
are significant, and not the components themselves.
This has to do with the nature of a projective theory and
corresponds to the use of homogeneous coordinates in
projective geometry. It is taken care of in the formalism
by just the device of the index and the corresponding
gauge transformations. Consequently, of the fifteen
components of G p only fourteen are independent and
there is not a 6fteenth quantity available to play the
part of the projective scalar f in (15).In field equations
built in terms of the projective curvature tensor formed
from G p, the projective scalar 4 and the projective
vector p enter only in the gauge invariant combination
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pendent components. But then the projective scalar C

would be of zero index and so would not be suitable for
the role of P in (15).

III. THE SIMILARITY THEORY

The principle of similarity discussed in the preceding
paper' gives reasons for replacing the usual Riemannian
geometry of the general theory of relativity by some
form of general similarity geometry, so that the simi-
larity transformations

gab~gab ~ gaby
R2

where k is independent of the coordinates of space-time,
will be reQected in the underlying geometrical structure.

In previous papers' I developed the similarity geome-
try as a special case of the general conformal geometry.
The latter is characterized by transformations of the
type

gab &gab —P gab&
2

where p is any nonzero function of position. By special-
izing to the case where p is independent of the coordi-
nates and is thus only a numerical parameter k, we
obtain the similarity transformations (17).

There is an extensive literature dealing with the
general conformal geometry. The classical conformal
group in e dimensions has long been known to be related
to the rotation group in rb+2 dimensions, and the
geometers have found that the appropriate mathe-
matical tool for the study of the general conformal
geometry is a conformal tensor calculus which employs
entities T,... ", called conformal tensors, having
(or+2)" components, where r is the number of indices.
Thus in space-time, conformal tensors have 6" com-
ponents rather than the 4" components of affine tensors
or the 5" components of projective tensors. The same is
true of the similarity tensors in II.

There are many indications, in spinor theory, meson
theory, and elsewhere, that entities having 6' com-
ponents are of signi6cance for theoretical physics. Some
are mentioned in the papers in reference 7. Schouten
has discussed. this matter in detail from the point of view
of conformal geometry, and his arguments equally sup-
port the similarity geometry used here, which may have
a more plausible physical justification.

Acyl's theory, though conformal, did not employ the
full resources of the general conformal geometry since it
used tensors having only 4-" components. When one goes
over to the general conformal geometry, the extra
degrees of freedom release one from the necessity of
bringing in the electromagnetic potentials as measures
of a non-holonomy of length in parallel displacement.
This removes a major physical difFiculty in Weyl's

6 B. Hoffmann, Phys. Rev. 89, 49 (1953).' B. Hoffmann, Phys. Rev. 72, 458 (1947); 73, 30 (1948); 73,
1042 (1948). References to the previous literature given in these
papers need not be repeated here. The second of these papers will
here he referred to as II.' J. A. Schouten, Revs. Modern Phys. 21, 421 (1949).

theory. But there still remains the problem of 6nding an
initial physical justi6cation for the use of conformal
geometry. The preceding paper gives physical reasons
for the use of similarity transformations, but these
reasons do not seem to extend beyond that. In the
papers in reference 7 I was under the impression that
one has to seek an aKne metrical tensor g b. The
preceding paper shows that this is not desirable, and the
metrical tensor defined later in the present paper is one
that undergoes similarity transformations. It is worth
remarking that one can easily construct afFine metrical
tensors by simply dividing the metrical tensor used here
by a suitable similarity scalar. This corresponds physi-
cally to 6xing a particular unit of interval with reference
to the physical quantity represented by the particular
similarity scalar used in normalizing the metric. It thus
corresponds to picking a "fundamental length" as the
unit.

Let Greek letters 0-, 7, from the later part of the
alphabet have the range 0, 1, 2, 3, 4, 5, where 0 refers to
the gauge variable, 1, 2, 3 to space, 4 to time, and 5 to a
further variable associated with the ~ ' transformations
of the type (17). The basic definitions are given in II,
and we repeat here merely that the variables x trans-
form as

xo~go= xo+ cV
—' Iogk,

x~~S~=x~(xb),
x'~x'= k—'x'

(19)

and that the field equations in II were built up from a
symmetric second rank similarity tensor S„of index
2E. Like all similarity tensors, S,„is independent of x .
It contains x' only in a multiplying factor exp(2cVx ).

In II, for the sake of simplicity, the basic similarity
tensor S„was subjected to the restrictions' that

and that
S()5=0 (20)

Sbb/Soo be independent of x (21)

The field equations built on the curvature scalar formed
from this restricted S,were found to give a unified 6eld
theory of the gravitational, electromagnetic, and vector
meson fields.

In the present paper these restrictions on' S„are
removed, so that S, is here taken to be a general sym-
metric similarity tensor of index 2E. The physical
identifications of various combinations of the com-
ponents of S, that are made in the present paper
correspond to those made in II, but minor adjustments
are made in the light of the paper in reference 6.

The curvature scalar Z formed from the general
symmetric similarity tensor S, is computed in the
appendix to this paper, the result being given in (99).In
the course of the computation quantities g, b, f„e„io, oo

are defined, and Z is expressed in terms of them. Vnder
coordinate transformations these quantities behave like

' ll, Eqs. (20) and (21). LEquation (22) in II contains a mis-
print. It should read s«=S«/Soo. j



SI M ILARITY THEORY OF RELATIVI TY

ordinary afFine tensors of ranks corresponding to their
indices. Under similarity transformations they behave
as follows:

g»b +k gab» 4'a~k fa& f)a~ca&

tr&~&p/k
&

o&~Q&/k . (22)

Since this is a four-dimensional theory, we consider a
four-dimensional variational principle. The curvature
scalar Z is independent of x', but contains xo in the
initial factor 0 '. So if we write

Z= O'Z) (23)

Z will be independent of both x' and x'.
The quantity Z contains the curvature scalar E

formed from the g, s in the term R/o&. In the general
theory of relativity the Lagrangian density of the
gravitational field is E. This suggests that the appro-
priate variational principle to use here is

Let the metric be so chosen that the centimeter is
the unit of length. Let c be such that the second is the
unit of time. And let the gravitational constant be
chosen so that the unit of mass is the gram.

Consider first the case where g, ~ alone is significant;
that is, where s& is constant and 0„$,q are all zero
The variational principle then reduces to

R( g) fd—x'dx'dx'dx4= 0,

which is that belonging to the general theory of rela-
tivity. This justifies the identification of g & with the
gravitational-metrical tensor of Einstein s theory.

Next, keeping or constant, but only 8 and y zero, we
have

5 (crR o»J& g—f ' )( g)fdx—'dx'dx'dx4=0 (27.)

o&Z( g) *dx'dx—'dx'dx'= 0. (2&)

If we use this variational principle, however, we
encounter difFiculties in assigning numerical values to
certain quantities. To avoid these difhculties it is
necessary to alter the coefficient of E and to alter or
remove the term 20%'~. To alter the coefFicient of E. we
may add a term (cr—1)R(—g)

'* to the integrand, where o.

is a constant; and to remove the term 20S'co we can
simply subtract a term 201Po&(—g) f from the integrand.
Thus, as variational principle, we take

I
A„c( o& )

where ~ is the Einstein gravitational constant,

s= 8wy/c', (29)

This is the variational principle for the gravitational and
electromagnetic" fields in the general theory of rela-
tivity, with the electromagnetic potential four-vector
given by

where 0. is a numerical constant.
From (99) we see that (25) is the same as

8 logco 8 logco
+18g"

xa gx

1 $ c)&p )0» 0» +gbdp g»
ax") 8p Bp

rrR o»I&~,ys + gas
al 2'' Bx Bx'Bp Bp

gab
2Q) Bx Bx

+20E'(1/o&+g' P fs) &p' ( g)'*dx'dx'dx'dx—'=0 (30)

(~(g 20'&irs)g(~ 1)R}( g)fdxtdxsdxsdx4 0 (25) and y is the Newtonian gravitational constant.
aJ %hen or is allowed to be a function of x instead of

being kept constant, we have further terms to consider
in the variational principle. The significant point here is
that, by (28), we have, in o&, a "variable gravitational
constant" such as has been discussed by Jordan. "Some

R+ —, I
-g"(—g) of the additional terms in the variational principle are

( —g)l Bx Eo& clx' ) analogous to those in Jordan's theory, so that his

results may be applicable to the present theory.
+Pa f» Let us now go back to the case where co is constant,

and allow g s, P„and y to enter, keeping 0, zero. Then
we have

+, f~g "(—g)'*(As —l)s) }
o&( —g)l Bx'

X(—g) d dfxd xdxx4= 0. (26)

"In Eq. (79) the quantities &p s are defined with a —', factor, so
the ~~ factor in (3) is already included here."P. Jordan, Ann. Physik I, 15 (1947); Astron. Nachr. 276, 13
{1948);Schwerkraft end Weltall {Vieweg, Braunschweig, 1952); G.
Ludwig and C. Miiller, Ann. Physik 2, 76 (1948); Heckmann,
Jordan, and Fricke, Astrophys. J. 28, 113 {1951);G. Ludwig,
Fortschritte der I'roj ectieen Eelativitatstheorie (Vieweg, Braun-
schweig, 1951);see also P. Bergmann& Ann. Math. 49, 255 (1946).
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where we have omitted the term

&ox a
(~g"( g—)'Q&v' ~b))( g—)'

cu( —g)& Bx'

which is a divergence when co is constant and so con-
tributes nothing to the field equations in the present
case. This is precisely the Schrodinger variational
principle, based on the Lagrangian density (14), ex-
tended to general relativity. Specifically, if Schrodinger s

p is denoted for the moment by g, we have

p'/2n(u' = 2zh'p'/e'

20N'q '/mu = 2ans'c' g'/e'

(20N'/n) P'f, p'= (2a/c') A ~A, q
'

From these we have

(31)

(32)

(33)

or, by (28),
a)P~P = (8/m2c4)A 'A

e2/2 K~2c2 (34)

0. being a pure number.
If nz is the electronic mass and e the electronic charge,

0. is of the order 104'.

Finally, if we take g &, 0, to be variable, cu constant,
and P„q zero, we have

1

b) nR 8~i 8',+20N—'—8'8,

&((—g) ldx'dx'dx'dx4= 0, (35)

which corresponds to a combined gravitational and
vector particle field, the latter having the same mass as
the scalar field p above.

When all quantities g,i„8, P, q, ~ are allowed to
enter without restriction, various interaction terms
appear linking these various fields.

We see, then, that the present theory contains the
Dirac-Schrodinger equations as a special case. Since it
has been built up in terms of tensors rather than spinors,
there has been no possibility of its containing particles of
spin ~, so that electrons of the Dirac spinor type were
excluded from the start. This raises a question as to the
value of the mass m. If we take it to be the electronic
mass, we have a unified field theory of the gravitational
and electromagnetic fields containing scalar electrons of
the sort described by the Dirac-Schrodinger equations;
and alongside the scalar electron field there appears a
vector particle field having the same mass but inter-
acting differently with the Maxwellian part of the field.
If we take nz to be the mass of some meson, we have a
unified theory of the gravitational, electromagnetic,
vector meson, and charged scalar meson fields, the
charge of the latter being. taken equal to the electronic
charge. And in either case we have in addition the
further scalar field co which belongs to the theory of
Jordan.

v e=G e/Goo,

so that y p is independent of x' and

+00

Then one writes

Pa= Pao

(36)

(3&)

(38)

Since
gaP PaP Pa PP

g 0—=0,

(39)

(40)

the law of transformation shows that g, i, (a, b = 1, 2, 3, 4)

'2 For references regarding the following details of the projective
formalism, see II.

APPENDIX

In this appendix we compute the value of the curva-
ture scalar formed from the fundamental symmetric
similarity tensor 8,. The aim of the computation is to
express the curvature scalar in terms of certain combina-
tions of the components 5, that can be given immediate
physical significance, and the mathematical definition of
these combinations of the components goes hand in hand
with the computation of the curvature scalar.

It is doubtful that the present corqputations could
have been carried through without guidance from the
analogous, though simpler, computations that have to
be performed in the projective theory of relativity. The
present computations are performed by the successive
application of results known from the projective theory,
and these will be stated shortly.

It is necessary to employ indices having various
di8erent ranges. The following conventions will there-
fore be employed consistently, and will be restated
individually when first used:

Indices 0-, v-, . - from the middle of the Greek alpha-
bet will have the range 0, 1, 2, 3, 4, 5.

Indices n, P, from the beginning of the Greek
alphabet will have the range 0, 1, 2, 3, 4 (as in pro-
jective relativity).

Indices p, q from the middle of the English alpha-
bet will have the range 1, 2, 3, 4, 5.

Indices a, b, from the beginning of the English
alphabet will have the range 1, 2, 3, 4 (referring to
space and time).

The index 4 will refer to time, and indices i, 2, 3, to
space. The index 0 will refer to the gauge, and the index
5 will correspond to the extra variable associated with
the similarity transformations.

The components S, are independent of x' and con-
tain x' only in the form of a common multiplying factor
exp(2Nx'), where 1V is a constant. Thus S„has the form
exp(2Nx') f.,(x', x', x', x').

In the projective theory of relativity" one starts out
from a symmetric projective tensor G e(n, P =0, 1, 2, 3, 4)
of theform exp(2Nx')f e(x', x', x', x') and defines y e by
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4', = 8 log@/Bx'.

To calculate z, the curvature scalar of s „we write

is an affine tensor; it is identified with the gravitational- and
metrical tensor of Einstein's general theory of relativity.

From (39) one has

Defining p"t' by

VaP gaP+ gaPP

~aP~ pa

(41)

and then define w„by
pe = sop) (57)

one obtains, after a little computation,

a—b
g

ab +aO gab+ +OO —1+gab+ +b (43)
Thus

v«= s« —s,ps, p= s« —p,

'Nyp:—0.

(58)

(59)
Also one finds that

(44) By (58)
~ax =~a r+ Pa Pr ~ (60)

where p, g are, respectively, the determinants of p p and

g ab.
The curvature scalar formed from p p is denoted by

8 and turns out to have the form

By comparison with (38) to (43) we see that if p, q,
have therange 1, 2, 3;4, 5,

s~o=m ~a, s"'= ur~o b„o—s"=1+w~ qo, b„o(61)
B=R p g(p g)

where E is the curvature scalar formed from g ~,

(45) where
%~~VV q)

= 5~). (62)

b g Pcby

V.b= o(~~./»' ~V»/»') — (47)

Finally, the curvature scalar formed from G p is denoted
by P. and turns out to have the form

P=C-'{8+2mC, +e(n —1)C"C }, (48)

Also, by comparison with (44), we have

&=S) (63)

z= 8'—p~qp~„, (64)

where m, s are, respectively, the determinants of m ~, and
s„.And by comparison with (45) we have

where e is one less than the number of values that the
indices n, P can take (and thus, in projective relativity
x=4), the semicolon denotes the covariant derivative
with respect to p p, indices are raised by means of p ~, C

is defined by

where t/V is the curvature scalar of m „„

and
V"o

= o (~bo./»' —~ V'o/»")

(65)

(66)

and C by
Gpo) (49)

C = a logC/» . (50)

Next we have to compute lV, the curvature scalar of
m„,.Yo do this we follow again the pattern of equations
(38) to (48). Thus we write

&-/~oo, — (5'1) so that

so that s„ is independent of x' (and, of course, of x'
since S., is independent of x'), and Then we write

Ke apply these various results, suitably modi6ed, to the
present problem of computing the curvature scalar
formed from S«..

We begin by writing

tUg{)= i.

(68)

(69)

spp= i. (52)
(70)

Denote the curvature scalar of S, by Z and that of s„
by s. Then, from comparison with (36), (37), (48), (49),
(50), we have (taking x=5 in (48))

&=4-'{s+10+'&.+20+ O.}, (53)

where the solidus "/" denotes the covariant derivative
with respect to s«, indices are raised by s", '

and

so that

Pno=u) na ~A'm

Ons=o (72)

(73)

S S~~= 8 )r)

O'=Spp,

(54) and, defining t0"' by

(55) tO~ ~$ gg
= 8~) ) (74)
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we have Also, by (75), (76), (81), and (82), the last two terms in
(80) can be written

and
(76) co '

( —W)& Bxa

8 logu
ea'( —W) a

Bxb
where to, g are, respectively, the determinants of nr„,
and g b.

The curvature scalar W formed from e~, is then
logco 8 log&a

+12m '
Bx Bx

and
0"b= O'V. b,

W =R fag—b.,

where 8 is the curvature scalar formed from g, b,

(77)

8 8 1 8 logo) ~

-g"(—g)'*

(—g)& Bx a) Bxb

P.g
———',(8P./Bx' —8&g/Bx') (79)

I

To obtain the curvature scalar S' formed from zv„, we
now apply (48). While C contained xo, a& is independent
of the corresponding variable x'. Thus we obtain

12 8 logco 8 logs'
+ gab (84)

co Bx Bx

Combining (77), (78), (83), and (84), and writing

W=(u ' W+ Le '( —e)lB log(o/ax'j
(—u))l Bx'

8 10gco 8 log&@
+12@a'

xa

Finally, we must define the metrical tensor g b. Ke
want this to transform according to (17).From (58) we
see that under transformations of the form (19) w.,
behaves like s„.Thus m, b is unaltered, zv & acquires a
factor k ', and a&'(=—w») acquires a factor k 4. Then, by
(68),e, t, acquires k4 and ur, & acquires P. So, by (71), g, &

acquires k'. Thus we are led to define g b as

gab=gab,

since under a transformation (19) this g, q acquires a
factor k', in conformity with (17).

From (81),

we have

1
4"S=g'Var= g"Pa&= 4"a, —

M

6 8 8 logco
-g"(—g)'

(—g)&Ox' a& Bxb

6 8 loge 8 logo)
+ gab

xa ()x

8 8 1 8 loge
+ -g"(—g)'*

(—g)l Bx' s) Bxb

12 8 log~ 8 logos
+ g

ba Pa fb
M Bx Bx

(85)

g=co g, (82)

6 8 - 8 log(o
A=a)—' R+ g'( —g)'*

(—g)l Bx Bxb

8 logco 8 logco
+6g '

8x Bxb

where g is the determinant of g, b.

Let E be the curvature scalar formed from g b. Then,
from (48),

2 8 1 8 logco
=(v 'E+ —g"(—g)&

( —g)& Bx u) Bx'

18 8 log~ 8 logo&

+ gab —4'b4 '' (86)
xa gxb

To obtain the value of Z we must now compute the term
—

q "ay&„ in (64) and the terms 104'~, and 20+a@'
in (53).

Since q ~ does not contain x', we have, from (66),
6M 8, 1 8 loge

=o) 'R+ —g"(—g)'
( —g)'* Bx co 8xb

8 logo& 8 logco
+6ga 5 (83)

Ox

or, if we write

Vsy= V.~= 2~~6/»", —

~~p= Vp~= s~~/»'—
(87)

(88)
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Then, by (65), (66)„(68), (75), and (76), we have

= —'R""ZO 'P P

ct yea 45c~~dycgyzs

—2N cd cpcs pgs —2K 'lO

Apples

g 9 P bP~.+O'.P.b

l9p Bp
+248 b

8$ t9$

Bp 8p-!(+.V.~)-"
Bx Bx

Bp
g g &Pcb ada+ 4'a Pcb

Bx

1 Bp l9(p——g" . (89)
2(o Bx Bx~

Sa &—~a &—~—2~a &—~—2ga &—~—lga 5
7

In computing %' ) and 4 4 we shall need the values
of sab, s ', and sb'. From (61), (68), (75), (76), and (87)
we have

(90)

and

0 log% 8 log+ 8 log II 8 log%'
QO'Q Srr r SO.P

8 log+ 8 log% 8 log%'
=Sa' +2Ns ' +N's"

BXa 8@~ t9x

8 log+ 8 log%'
~—lga 5

Bx l9$
'g"(2 —0 V)

8 log%x- +N'(1+ v'/ ')

+N'~ 'g'(V a4"V)(V b 4b2—)

N2(1+ +2/&2)+N2~ —lga b

tt' 1 8 log+
XI v.——

Bxa )
1 8 log+

(95)
Bxb

We note that, except for the initial factor 4 ', the
quantities q and 0' enter only in the combinations p, &

and qr, (1/N) (8 1—go+/8 x) aSo w.e write

and

S = —K ~p = —
ZV py —QJ

~—1ga b~ ~—2g)a5~
= —~ 'g"Vb+~ V'bV

(Pb—4'b V')

1 8 log@'
8 =q ———

E Bx

8ab =
2 (88./8X ' 88b/B—X') = q ab,

(96)

(97)

s"=1+2'"'~~a .=1+be '(P"v.e b 2g %be v-
+(1+O'VA'b) V')

=1+el '{g 'q, qb 2g ',Pbq—ay
+(~ +g V 4'b)V')

= (1+V'/~')+~ 'g"(V - 0"V )(~b 0b—V). —

8a gacg

Then, collecting the partial results (64), (86), (89), (94),
(95), and substituting in (53), we have

(92)

Also
S=m = co 'I = co g = co g. (93)

1 2 8 1 8 loge
Z=M2 -R+ -g"(—g)'

&o (—g)& Bx I Bxb

We have now

8 ' 8 log%
s"(—s) *

( —s)& Bx Bx'

1 8 ( 8 log'0 +»"
I

ld2( —g)l ax axb )

~'( —g)'

18 8 logco 8 logco

gab
CO BXa BX'

Bp 1 Bp (9+
ga eb +gbdp ga gab

40 Bx 260 Bx Bx

10K 8
t ~g"(—g)'(A2 —~b)3

Cu2( —g)& BXa

+20¹(1+qr2/a)2)

X
8$

(8 log%
-(-g)'g"I — N(~. ~.) ~, (-94)-

)& axb

20K'
+ g"(tt.-a.~)(e -C ~) . (99)


