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The partition function Z of a two-dimensional Ising lattice is evaluated by expressing it in the form
Z= Z;);"m where X; are the eigenvalues of a 2"-dimensional matrix M, n is the number of rows and m the
number of columns of the lattice. M is a generalization of the V-shaped matrix studied by Kramers and
Wannier in connection with the same problem. It is shown that M can be expressed in terms of 2"-dimen-
sional representations of 2n-dimensional orthogonal matrices. The eigenvalues of M are determined for n
large by making use of the known relations between the eigenvalues of a 2n-dimensional orthogonal matrix
and the eigenvalues of its 2"-dimensional representative.

The lattice considered differs only slightly from that treated by Onsager and Kaufman. In the lattice
considered here, the boundary effects are eliminated by introducing an interaction between the last lattice
point of each row and the 6rst point of the next row. The matrix V considered by Onsager and Kaufman is,
except for the boundary effects, equivalent to the matrix M". Z is shown to differ from the partition function
calculated by Onsager and Kaufman only in order n '.

1. INTRODUCTION

HE partition function Z of a two-dimensional
Ising lattice has been evaluated exactly by

Onsager' and Kaufman. ' The method used by them was
to diagonalize a matrix V which represents the contri-
bution to Z of a single rom of lattice points. Kramers
and Kannier' have shown that by a suitable choice of
boundary conditions the partition function can also be
expressed in terms of a matrix M which represents the
contribution to Z of a single point of the lattice. This
paper deals with the evaluation of Z according to the
latter scheme. The two solutions will be shown to be
equivalent in the limit of large crystals.

The model considered is a rigid two-dimensional
rectangular lattice of m rows and n columns. To each
lattice point is associated an "internal" coordinate p;
which may assume the values +1 or —1 with equal
u priori probabilities. The points of the lattice are
numbered from 1 to num starting with the rI, points
of the first rom. ' An interaction energy between a point
and its nearest neighbor in a row is taken to be

~pj pj+1)

while that between a point and its nearest neighbor in a
column is taken as

y/
& pjpi+n.

The partition function for this model is:
nm nm

Z= P [exp(J/kT P p, p,~,+J'/kT Q p, p,+,)]. (1)
pi=+1 j=l i=1

Included in this expression is a row type interaction
—Jp, ;„p;„+1between the last point of one row and the
first point of the next row; also a column interaction
between the points of the mth row and those of the
erst row if

pn~j= p~'.

2. THE EIGENVALUE PROBLEM

A matrix M is defined by

M I I Ifsn Pn —1 ~ ~ Pl, Anion —1 "tu1

exp(H'p„—'p.) exp(Hp. 'p() g b(p,' p;+,), (2—)

where
H= J/kT H'=—J'/kT. —

The index p„p 1 p, 1 numbers the 2" possible
values of the coordinates p„, p„ 1, -, p, 1.

Z is expressed in terms of this matrix as follows:

g %~i" n~+i. nn+i & n'—"
+1 i 1

2n

=trace M" =g X,n

(4)

Mp(q„, , q, )

~nn" nl, nn" nil((gn g

' ' )py ). (5)

where 'A; are the 2" eigenvalues of the matrix M.
The problem of evaluating Z is thus reduced to find-

ing the eigenvalues of M, the largest eigenvalues being
particularly significant for large values of the prod-
uct nest.

To simplify the notation, it is convenient to consider
M as an operator operating on an orthogonal set of
basis vectors f(p p&). To each state of the system
with coordinates p, . p1 is associated a state vector
P(p„p&). The operator M represented by the matrix
(2) is defined by:

' L. Onsager, Phys. Rev. 65, 117 (1944).
~ B. Kaufman, Phys. Rev. 76, 1232 (1949).
~ H. A. Kramers and G. H. Wannier, Phys. Rev. 60, 252 (1941).
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It will be shown that M can be written in the form

M = exp(H's„s r) (err+ e-s'Q„)R,
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where

~4'(p~& j}~» ' ' '& j}})= k(j}» j}~& j}~» ' ' '& j}2)

CV(p . . p . p)=4(p —p . . ») ~ (7)

sj4'(j}»»' p&»' p}) j}jP(j}»»' ' '
} }»' ' j}})

Mf(p- p})=exp(H' p} -)~ 4(p}, p.. . p2)

+exp( H'p—}p.)e 0( -u» p—.. . p2)

=exp(H'p}p„)e 8(p»' p}) g—8(j}j'—j}j+})

basis vectors are the 2N Fq's, S(o) must satisfy the
relation

2n

S(0)F},. S(0) '= p OPjFj=F * 1&k&2P}, (14)

where o» is a (not necessarily real) orthogonal 2P}-

dimensional matrix.
The correspondence between the orthogonal group 0

and the transformations S(o) is not one-to-one. If
S(0) satisffes (14) so does pS(}})where p is any complex
number. The arbitrariness of p can be partially re-
moved by restricting S(0) to satisfy the additional
conditions, '

N 'S(0)N=[S }(0)]'
+e"p( H»j} )' 8(j} +») + 8(»»'+}) where

N=—PlP2 P„ for n even
=—Q}Q2 .Q for n odd.

=exp(H'j}.}t& ') exp(Hj} 'p}) II 8(j}j'—j}j+}),

which agrees with the deffnition (2).
Making the additional substitution of H* defined by

A prime denotes the transposed matrix. The index p
may still assume the values &1 giving a two-to-one
correspondence &S(0)+-+0.

It can be shown' that if 0 has the 2n-eigenvalues

M takes the form
e 2~= tanhH*

7 ] ) (16)

Cjs}&=s}&Cj JWk
C,s, = —s,C;

C,CI,——CpC; with
S&sp = S}cs~

C-'=1, s =1 R"=1

s,R= Rs;+l
C;R= RC;+l
Srs+g = Sg

3. SPINOR REPRESENTATIVES OF THE
ORTHOGONAL GROUP

Following a procedure similar to that used by Kauf-
man, ' it will be shown that M can be written in terms
of spinor representatives of the 2n-dimensional orthog-
onal group. To do this we introduce a set of operators
I"g, satisfying the commutation rules

F},'=1 FkF}=—I'}I}, 1&k, l&2n (11.)

M = (2 sinh2H)' exp(H's„s })exp(H*C )R (9.)

The abstract properties of the operators (7) are as
follows:

(y)S 12(+}}&LL}&Pj-".+}&a)- (17)

The 2"-eigenvalues of S(o) are obtained by taking all
possible combinations of plus and minus signs in the
exponent and one of the two possible signs (&) in front.
One of the signs (+) belongs to S(o), the other to
—S(0). The knowledge that S is a representative of o

having eigenvalues (16) is not in itself sufficient to
determine the sign of (17).

The operators exp(H's„s })= exp( —iH'P„Q })and
exp(H*C„) =exp(iH*P„Q„) are examples of spin repre-
sentatives since

exp(8/21 },F})F~exp( —8/2FqF}) = cos8F},—sin8F, "

exp(8/2F}F})F}exp( —8/2FPF}) = sin8F},.+cos8F} (18)
exp(8/2FpF})F, exp( —8/2F}F})=F, F,WF}F},.

R itself is not, however, such an operator. The pl,
transform under R according to the following:

A possible realization of these is given by4

I 2„ l=—ClC2 c„ ls„—=P„
I,„=iC}C2 .—C, }C„s,-=Q„

In terms of these operators we have:

(12)

RP,R-'=C.P, ,=&P„(}„P,,
RQ„R—'= C„Q„g——iP„Q„Q„}
RP R—'= C.UP. , RQ R—'= C„UQ„

whereas the product of two I'g, 's transform according to

CiP,Q=, „s}siP,Q„U
», , ,= —'P„,1}„1(( —

&) (&3}
U=—ClC2 C

In order that some operator S(o) be a spin representa-
tive of a rotation in the 2n-dimensional space whose

4 The product of two operators AS is used here to denote the
result of operating 6rst with S and then with A. The product of
the corresponding matrices is then (AB),=Z+,+q, . This is
apparently not the same convention as used by Kaufman.

RP„Q„R—'= P„,Q„, 1&r&n,
RP„„Q„R-}=P„Q„, (2o)
RP Q.R '= —UP.Q. , RP Q R-'= —UP Q„

The operators FI, belong to the group of operators
which anticommute with U while F, j. k belong to the
group of operators which commute with U. U has the

~ See R. Brauer and H. Weyl, Am. J. Math. S7, 425 (1935);also
F. D. Murnaghan, The Theory of Group Represerltutions (The
Johns Hopkins Press, Baltimore, 1938), Chapter 10.
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(22)

where I stands for the 2" '-dimensional unit matrix.
Since P,Q„P„+iQ, and R commute with U, they must
be of the form

(":) (23)

The last two equations of (20) may be written

RPiQ„R-'- wP. Q„ i, RP2QiR —'= wPiQ„) (20a)

where the upper sign applies in the space of even func-
tions, and the lower sign in the space of odd functions.

Despite the fact that R is not a spin representative,
we consider the spin representatives A+ and A defined

by the relations

Ai.P,Ai-'= P„ i
A,Q,'A. -=-Q', , '-'"-'"
QPiAi. -'=wP. , QQiAg '——wQ. .

A+ and A also commute the U and so can be repre-
sented in the block form (23).

We note that A+ 'R commutes with all elements of
the form P,Q„P,+iQ, (or equivalently C„, s„s„+i) in
the 2" '-dimensional space of even functions while
A R commutes with these elements in the space of
odd functions.

The operators C„, s„+~s„with U= 1 generate a group
having but one faithful irreducible representation, '
namely the 2"—'-dimensional representation corre-
sponding to the upper block of (23). Since A+ 'R com-
mutes with every element of the group, it must be a
multiple of the 2" '-dimensional unit matrix (in the
space of even functions). By the same argument
A R must be a multiple of the unit matrix in the space
of odd functions. It follows that

[g+
—'-,'(1+ U)A+

—'+c '-', (1—U)A
—']R=I

R=c+-,'(1+U)A++c -,'(1—U)A-

eigenvalues +1 and —1 corresponding to the "even"
and "odd" eigenfunctions

2 'B(~-. ~i)+4(—~-, —~-i, , —w)]
and (21)

2 '[4(~- ~i) 4(—I .—, —~--i, ,
—~i)].

respectively.
In the space of even and odd functions, U has the

form

R is uniquely defined by (7) whereas Q is defined only
to a sign by (24) and (15); therefore Eq. (25) can be
used, in conjunction with (15) and (24), to define Ai.
uniquely by requiring that

c+= —z, c =1 for n odd
c+=1, c = —i for n even (26)

The operator M may now be written in the form

M= (2 sinh2H)1[2(1+ U)c+M++2(1 —U)c M ]
M+ ———exp( —iH'P Q„ i) exp(iH*P„Q„)A+ . (27)
M —=exp( —iH'P„Q„,) exp(iH*P„Q„)A

M+ and M are spin representatives of 2n-dimen-
sional orthogonal matrices. The eigenvalues of M can
be found by selecting the eigenvalues of M+ belonging
to the even space and the eigenvalues of M belonging
to the odd space. The V-shaped matrix of Kramers and
Wannier' corresponds to the first term of (27) with
H= H'.

S(0*)S(o)I'iS '(o)S—'(0 )

oi,o,„*F„=Q (0*'0'),„'r„. (28)

The 2n-dimensional transposed matrices 5R+ to be
associated with M~ are the products of the three trans-
posed matrices

100
010
001

1 0 0
0 cosh2H' ~ sinh2H' 0
0 —i sinh2H' cosh2H' 0
0 0 0 1,

100 ~

0 1 0 e ~ ~ ~

0 0 1 t o ~ ~

1 0 0
0 cosh2H* i sinh2H*
0 —i sinh2H* cosh2H*,

4. EIGENVALUES FOR M

According to the convention of multiplying operators
and matrices (see reference 4), S(0) is to be associated
with the matrix o' since

c+ and c are constants. The operators —,'(1+U) and
-', (1—U) are projection operators into the space of even
and odd functions, respectively.

c+ and c can be determined only if + are uniquely
defined. If A+ and A are restricted to satisfy condition
(15) in addition to (24) then

c+=~i, c =~1 for n odd
c+——~1, c =~~ for n even.

and

0 0
0 0

~1 0
. 0 W1

0 ~

0 ~

0 ~ ~ ~

0 0 0 ~

0 0 100
0 0 010 ~

0 0 001
~ 010|
~ 001
~ 000~

0 0 0)
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corresponding, respectively, to the operators

exp( —iH'P„Q g), exp(fH~P„Q„)

and

The 2n-eigenvalues of OR+ and OR for n—+~ are:

m+ = expL+ (xm,+r+ f(2r+ 1)s./n)];
m =expL+(xq, +f2rx/n)j

'00100
00010
00001

OR~= 000
000
aho

0
efo

~ ~ ~

~ ~ ~

~ 100
~ 010
~ 00g
~ 00h
~ 000~

0&r&n —1, r = integer

cosnx; = cosh2H' cosh2H*
—sinh2H' sinh2H* cosjr/n.

(34)

For arbitrary n, (32a,b) shows that if s=x+fy is a
solution then so are &(x+iy). Also yo ——0 is a solution
for OR and y = m. is a solution for OK+ if n is odd or for
5tL if n is even. In view of this we adopt the following
convention for ordering the value of z:

a=+i sinh2H' cosh2H*
b= ~sinh2H' sinh2H*
c= Wcosh2H' cosh2H~
d = ~i cosh2H' sinh2H*

e= ~i sinh2H*

f= %cosh2H*

g = cosh2H'
b = i si—nh2H' J

&s2r+1 ~ (x2~+1+~y2r+1)
belong to OR+ &r&n —1

&s2„=& (x2„+iy2„) belong to 5K

&j X2n—j~ yj y2n —1
—m&yj& x', 0=yp&yi&y2 ~ &y„=z

'(33)

Owing to the simplicity of the matrices OR+, the
eigenvalues m+ can be found for arbitrary n by solving
the determinantal equation

D= det(Ãt~ —m~I) =0.

I is the 2n-dimensional identity. The result is

D= (m~)'" —b(m )"+' 2c(m~—)" b(m~—)" '+1=-0

The substitution
sty= e (31)

gives the (complex) equation

coshns= c+b coshs= %(cosh2H' cosh2H*
—sinh2H' sinh2H* coshs). (32)

For s= x+fy, this is equivalent to the two real
equations

coshnx cosny = %(cosh2H' cosh2H*
—sinh2H' sinh2H~ coshx cosy), (32a)

sinhnx sinny= &sinh2H' sinh2H~ sinhx siny. (32b)

For n&&i, it is possible to find z explicitly in the form
of an expansion in powers of n '. In particular, if n—& ~,
the solution can be found as follows:

sinhx/sinhnx~0 thus sinny —4
ny,~jr, j an integer (33)

(32a) then gives:

(—1)& coshnx, ~&(cosh2H' cosh2H*
—sinh2H' sinh2H~ cosjx/n)

The factor coshx has been replaced by 1 because this
equation shows that nx, is bounded as n~~, therefore
@~0. For a given choice of sign on the right, not all
values of j are allowed. The function cosh' is always
positive as is the quantity in parentheses, therefore for
the upper sign j must be odd, for the lower sign j must
be even.

We also take x, to be the positive solution of (32a,b)
except in the case xp which will be considered in more
detail later.

By (16) and (17), the eigenvalues of M+ are

(+)exp[-,'(asg+sgass+ asg. ~)], (36a)

and those of M are

(~)expt5(~so~s ~s ~ as, ,)]. (36b)

To complete the solution of the eigenvalue problem, it
is necessary to select the eigenvalues of M+ belonging to
even eigenfunctions, those of M belonging to odd
eigenfunctions and to determine the correct sign (&) of
(36a,b).

In the expressions (36a,b), those eigenvalues with an
even number of minus signs in the exponent belong to
one of the two subspaces and those with an odd number
of minus belong to the other subspace. ' It is possible to
determine from OR+ which subspace goes with the even
number of minus signs and which goes with the odd
number of minus signs. The procedure is to determine
explicitly an orthogonal transformation which carries
OR into its canonical form. Knowing the spin representa-
tive associated with the canonical form and whether
the orthogonal transformation has determinant +1
or —1, one can decide which sign combinations to
select in the exponent of (36a,b). Though one can easily
find an orthogonal transformation of desired type, the
evaluation of its determinant presents difFiculties. It
is possible, however, to determine uniquely the eigen-
values of M by a less direct approach.

Equation (2) shows that in that. representation M
has all real, non-negative elements. If M is transformed
to the space of even and odd functions, that part of M
belonging to even functions also has non-negative
elements. Frobenius' and Oldenburger' have shown that

& See reference 2, pp. 1238, 1239.
~ S. S. Frobenius, Preuss. Akad. Wiss. S14 {1909).

R. Oldenburger, Duke Math. J. 6, 357 (1940).



if the elements of a matrix are real and non-negative,
then the characteristic value with maximum absolute
value is real and non-negative.

If we assume that the eigenvalues (36a) with an even
number of minus signs belong to the space of even eigen-
functions, then the eigenvalue of M with the largest
absolute value in this space is

max+= (+)(2 sinh2H) c„exp[-,'(sg+sg+ s2 g)].

The value y„= 7r yields a solution of (32a,b) if 0 is odd.
All other solutions of (32a,b) occur in complex con-
jugate pairs with &y in the range (35). Thus

max'+ ——(&)(2 sinh2H)'*

Xexp[-', (*i+x3+ x2~))]. (37)

We see that Frobenius' theorem is satis6ed for the plus
sign and the assumption that an even number of minus
signs in the exponent gives the desired set of eigen-
values from (36a).

The alternative assumption, that the eigenvalues of
(36a) with an odd number of minus signs belong to the
space of even functions, leads to a contradiction. Under
this assumption, the largest eigenvalue is obtained by
choosing all the signs in (36a) positive except the one
before the smallest x. By (32a), the smallest x is ob-
tained by taking j y j

small. The value y =0 is not,
however, a solution in the space of even functions,
therefore the largest eigenvalue will not be real' con-
trary to Frobenius' theorem.

A similar argument can be applied to the space of odd
functions. Though some of the elements of M are nega-
tive in the space of odd basis vectors considered pre-
viously, the elements of M are all non-negative when
referred to the system of odd and even basis vectors
which are the eigenfunctions of C; provided H' &0
and H &0. With this restriction, Frobenius theorem
can be applied to the odd space. The same arguments as
before lead to

max' = (&)(2 sinh2H)~
Xexp[-,'(+xo+x2+x4+ +x2„2)]. (38)

The proper sign in front is the plus sign. In this case,
however, one does not succeed in ruling out either of
the possible assumptions regarding the distribution of
signs in the exponent of (36b) because so =xo is real.
Changing the sign of so does not efkct the agreement
with Frobenius theorem.

The quantity xo is unique in that it is the only x, that
can be zero for fnite n. We have xo ——0 for H' =H*.
The absolute value of dxo/dT at H'= H* is not zero;
thus if xo does not change sign at this point d(max' )/dT
will have a discontinuity. A calculation of Z from (4)
assuming xo &0 for all T leads to a function which for
6nite n and m is not analytic in T at the point H' =H*.
This is contrary to the definition (1). We define the
sign of xo by

xo=
j xoj for H )H xo=

j xoj for H'&H*. (39)

Finally, to select the correct sign before xo in (38) one
can calculate Z in the limit H, H» i . In this limit,
nx,~2H' for all j and n. In order that Z calculated
from (4) a,pproach the correct limit of (1), namely
Z—+2e""&~+~'&, it is necessary that maxX+~maxX . The
correct sign in (38) is the upper one.

The eigenvalues of M are now uniquely determined as

(2 sinh2H) c+ exp[—,'(&s&&z3& ~s2„&)]'
and (40)

(2 sinh2H)lc exp[-,'(&so&s2~ &s2. 2)]i

where each expression may have only an even number
of minus signs in the exponent.

5. DISCUSSION OF RESULTS

The calculations considered here dier from those of
Onsager and Kaufman in two respects. Aside from the
fact that the boundary conditions assumed in each case
are not the same, the matrix V of Onsager and Kaufman
is that associated with a complete rom of the lattice
whereas the M used here is associated with a single
point of the lattice. To compare the results of the two
calculations one should compare M" of this paper with
their V. X" of this paper corresponds to their ), which
we will refer to here as ) ' to avoid confusion. Equation
(34) shows that ex, is equal to y, of Onsager and Kauf-
man in the limit n—+~ . Furthermore, they dier for
large n only in order n '. The nth power of the two
largest eigenvalues (37), (38), which contains only x, ,
thus difFer from the two largest X' only in order n—'.

A comparison of eigenvalues other than these two is
complicated slightly by the fact that most of the X" are
complex whereas the X' are real. In general, the X",
which occur in complex conjugate pairs, dier from the

in absolute value only in order n
The value of the partition function Z for large n and

m is accurately expressed in terms of the largest eigen-
values of M. For large temperatures H'&H*, maxi+ is
non-degenerate, whereas for H' &H*, max' as n~ ~
and one ha, s a twofold degeneracy of the largest eigen-
values. In neither case do the other eigenvalues give an
appreciable contribution to Z. Only in the immediate
vicinity of the transition point H =H* need they be
considered. Here one sees from (32a,b) that if jy, j «1
then nx;(( 1. At H' =H* one can, by making n large
enough, obtain solutions x, arbitrarily small. The eigen-
values (37), (38) approach a degeneracy with those eigen-
values in which the sign of an even number of such x;
are changed. As n~ 00, these eigenvalues form a dense
sequence of values with max+ as their limit.

To complete the comparison of these calculations
with those of Onsager and Kaufman, it is necessary
only to compare those eigenvalues X", X' which con-
tribute to Z near the transition point. The complex
phase of such X™is of order m/e'. The sum of X"~ and
its complex conjugate dier from the corresponding two
terms of Onsager and Kaufman only in order m'/N' and
in order n—'. If m and n are of comparable size, the par-
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tition function of this paper and that of Onsager and
Kaufman dier in order n ' at most for all values of T.

Because of the smallness of the discrepancy between
the two calculations for n))1, a detailed study of these
diGerences would seem of little value. The thermo-
dynamic properties and investigations of order in the
lattice have been studied in some detail by Onsager and
Kaufman.

A two-dimensional system in which the jth point

interacts with the j+m —1th in addition to the j+1th
and j+nth can also be treated by the methods given
here. In such a model each point interacts with six
neighbors. The thermodynamic properties of such a
system are now being studied.

The author is indebted to Professor A. Nordsieck
for suggesting the problem and giving helpful advice.
Thanks are also due to the AEC for a predoctoral
fellowship grant.
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Ferromagnetic Resonance Absorption in Magnetite Single Crystals* )
L. R. BICKFORD, JR.f.

Laboratory for Insulation Research, Massachusetts Institute of Technology, Cambridge, Massachusetts

{Received December 16, 1949)

The microwave resonance absorption technique, at both 1.25
and 3.3 cm wave-lengths, was used to study the ferromagnetic
crystalline anisotropy characteristics and g-factor of magnetite
Fe304. The experiments were performed on single crystals, both
synthetic and natural, from room temperature to -195'C. De-
pending upon the temperature, magnetite single crystals were
found to have magnetic anisotropy characteristics similar to those
of single crystals of the three ferromagnetic elements. From room
temperature to —143'C, they behave like nickel; between —143'
and the transition which magnetite is known to undergo at ca.
—160'C, like iron; and below the transition, somewhat like cobalt.
At room temperature, values of g=2.12 and E~ (first-order aniso-

tropy constant) = —1.10' 104 joule/m' (—1.10X10 erg/cme}
were obtained. It was found that below about —90'C the absolute
value of E1 decreases with decreasing temperature, reaching zero

at ca. —143'C. Between —143' and the transition E~ is positive
and increases with decreasing temperature. The vanishing of
crystalline anisotropy at —143'C accounts for the peak in initial
permeability found near this temperature. The g-value was found
to decrease gradually and monotonically with decreasing tem-
perature. The behavior of magnetite in the resonance experiments
below the transition seems to indicate that the magnetic sym-
metry is uniaxial in this temperature region. This conclusion is
consistent with the findings of other investigators. Below the
transition the magnetic axis is that L100) direction most nearly
parallel to a strong magnetic field applied to the crystal as it is
cooled through the transition. At temperatures not far below the
transition it is possible to change the magnetic axis from one $100)
direction to another by means of a strong magnetic field.

I. INTRODUCTION

HE investigation reported here was part of a
program initiated at the Laboratory for Insula-

tion Research to study the fundamental properties of

magnetite, as the hrst step in a longer-range plan to
investigate the properties of ferromagnetic semicon-

ductors. Its object was to study magnetite by the
microwave resonance technique from room temperature
to liquid nitrogen temperature. As will be seen, the
microwave resonance absorption experiment is capable
of yielding information concerning ferromagnetic crys-

talline anisotropy. Speci6cally, it provides one with

sufhcient information to calculate the anisotropy con-

stants appearing in the energy expression of a fero-

magnetic crystal. In addition, it gives a value of the

spectroscopic splitting factor, or g-factor, for the
material.

*This work was sponsored jointly by the ONR, the Army
Signal Corps, and the Air Force under ONR Contract N5ori-07801.

f From a thesis submitted in partial fulfillment of the require-
ments for the degree of Doctor of Philosophy in Physics at the
Massachusetts Institute of Technology.

$ Now at Alfred University, Alfred, ¹wYork.

IL PROPERTIES OF MAGNETITE

It has been established by Verwey and co-workers' '
that magnetite possesses the cubic inverse spinel
structure. The explanation proposed' for the high elec-
trical conductivity of magnetite at room temperature
(10 ' ohm cm) is that the distribution of ferrous and
ferric ions among the octahedral cation lattice sites is
random and Quctuating. That is, one can think of all
16 of these positions as being occupied by ferric ions,
with 8 electrons continually changing their position
from one site to another.

In a wide range around room temperature, the mag-
netic properties of magnetite are quite similar to those
of nickel. Its saturation magnetization (4.6&&10~amp/m
or 460 c.g.s/cm') is about the same as for nickel, and,
like nickel, its direction of easy magnetization is the
body diagonal L1113.

Millar' determined the speci6c heat as a function of
temperature, and found an anomalous peak cu. 10' wide

' E. J. W. Verwey and J. H. de Boer, Rec. trav. chim. 55, 531
(1936).

~ E. J. W. Verwey and P. W. Haayman, Physica 8, 979 (1941).
3Verwey, Haayman, and Romeijn, J. Chem. Phys. 15, 181

(1947).
4 R. W. Millar, J. Am. Chem. Soc. 51, 215 (1929).


