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A generalized process of the A\-limiting type is established, leading to the elimination of the
divergences in the integrals of both the classical and quantum field theories. As a result,
however, the process is not unique, and by a suitable choice of the convergence factor the
observable quantities, such as the proper mass, may be given any finite value. This indicates
either that limiting processes are not capable of solving the basic difficulties in the theory of
fundamental particles, or that the necessity for additional postulates of the nature of selection

rules.

AS is well known, Wentzel! discovered the
existence of a certain limiting process which
leads to classical field equations without diver-
gence difficulties. Dirac?® gave the quantum
version of this process by substituting the usual
commutation relations for the Fourier com-
ponents of the field

La(k), a*(D)]= bk, (1)
by the relations

Ca(k), at(l)]= 6k coskA, )
5\2= fllz—)\42<0

The divergence troubles* which arise as a
result of quantization of the field are not removed
by the Wentzel-Dirac A-process. Dirac® therefore
suggested that negative probabilities be con-
sidered, but these also lead to difficulties in the
interpretation of the theory.?

It will be shown in the present note that the
A-process can be generalized in such a manner
that the divergences in the quantum, as well as
in the classical integrals may be removed. A very
distinct non-uniqueness then appears, however,
which also affects the classical integrals. As in the
case of the usual \-process (2) we shall modify
the commutation relationships (1) to read

La(®), a*()]=6rD (k).

In order to determine the general expression
for D we use the requirement that the function

* This paper, received more than two years ago, is now
published although, due to circumstances beyond our con-
trol,fit has not been possible for the author to have read
proof.
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Az 8 should not be introduced into the com-
mutation relations for the field operators. The
function D must therefore have the form:

D=3, A\,)coskX,. 3)

The X, are arbitrary four-dimensional vectors.
If they satisfy the condition A,2= |A,|2— A2 <0
the classical divergencies will vanish (see Eq. (9)
below). The quantities 4(\,) are subjected to
the condition 3, A(X,) =1. In order to eliminate
the uneven® divergences we shall attempt to
choose the quantities 4(\,) in such a manner
that the various terms in the sum (3) lead to
results which ultimately cancel out mutually.
As an illustration, consider the following exam-
ple. Let us determine the factor D which removes
all even and the first uneven divergence. For this
purpose we consider the expression

D= (4/3) coskhA—1% cosikA. (4)
We change to a coordinate system in which only
A7#0. Further assume (for the sake of sim-

plicity) that the rest mass p of the field quanta
equals zero.

f Dkdk=(4/3) f kdkcoskhs
0 0
-3 f kdkcoshih= — (4/3N—2+1(2/A0)* =0.
0

(See Pauli,® page 202.)

In the general form, if we wish to remove the
first p uneven divergences, 4 must satisfy the
equalities (if all X, have only A4 different from
zero) :

Ta AR A2 =0. M=1,2, ---, Xp+1). (5)
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LAMBDA-LIMITING PROCESS

Thus without introducing negative prob-
abilities and by a simple generalization of the
\-process the uneven divergences can be elimi-
nated from the theory.

However, a very distinct non-uniqueness of
the theory immediately appears. The condition
that the theory be free of uneven divergences can
be satisfied also in case (5) is substituted by the
condition

lim 3 A(N2) /A" =B, (6)
4n=> n
where the B,,’s are arbitrary finite numbers.
For, if (4) is replaced by

(4/3) coskh—3[1—3BN?] cosik),

(B being an arbitrary number), we obtain
f kdk[(4/3)coskNs—3(1+2BN%)cosikA,]=B.
0

This non-uniqueness exists also if the classical
(even) divergences are considered. D(K) can
be chosen in such a manner that the integrals
Jo*D(K)K?™dk take any finite value. For this
purpose, along with the time-like vectors A,
space-like vectors fi, must also be considered :

Bat= ;l‘nl2—#4n2>0~

Thus, consider the case m=0.

© dk
j; ;cos(ky —kus)

2r pedk_ .
= ;[sm(p—-p4)k+Sln(#+#4)k]-
Yo

Hence the D-factor which gives the integral
Jo*Ddk any assigned value has the form

D =coskA+B/2w%(u? — pa?) fcoskA. Q)

(B being an arbitrary number), and obtain
[ @rrix=Ba-pesuy.
]

With g tending to zero any number between
0 and B can be obtained.

In the general case instead of (3) the following
expression for D may be considered

D=3, {A(N\.)coskX,+ F(ii,)coskp,}
X n 14,(0)+Fa(0)} =1. \a2<0. w2>0. (8)

If we wish to obtain any finite value for the
even (classical) integrals, D must be subjected to
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the condition

im ¥ F(,)

———=Bomq1. 9)
1Ual =07 [y, | 2t

In the case of uneven (quantum) divergence
we arrive at the condition

AN)(2m41)!

n Ay 2mt2

lim

w (2m) | F(u,)

2 ot } =B2m+2. (10)
™

In conclusion it should also be noted that the
generalized A-process of Eqgs. (3) and (8) permits
one also to sum logarithmically divergent
integrals of the type®

[ arseamyy
[}
(Pauli,® p. 203). Using the relation
f [cosk\/ (k2 4+m?)Y]dk= —InimA—1,
0

where v is Euler’s constant, one may, for exam-
ple, consider the following expression as the
D-factor eliminating the logarithmic divergences:

D =2 coskA —cos[akX(—72)¥]. (11)
In the system of coordinates in which A=0:

D =2cosk\s—cosak\s?;
f D/(kR*+m?)}t= —Inim —~vy+Ina.
0

However, it is easy to choose such a D that,
besides (9) and (10), the integral Jo*D/(k2+m?)}
also takes any finite value.

Thus although the generalized A-process (3)
and (8) permits one to remove all divergences in
the theory of fundamental particles, the theory
thus obtained turns out to be non-unique; by
varying the D-factor various values for the ob-
servable quantities (e.g., the proper mass) may
be obtained. This non-uniqueness either indicates
the invalidity of limiting processes for solving
the basic difficulties in the theory of funda-
mental particles or else points to the necessity of
additional postulates or ‘‘selection rules.”

9 V. Weisskopf, Zeits. f. Physik 89, 90 (1934); Phys. Rev.
56, 72 (1939).



