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The Hydrogen Atom in a Generalized Classical Electrodynamics
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The author recently proposed a generalized classical electrodynamics in which the usual
assumption that the field of a moving electron is given by its retarded field is abandoned, and
a combination of retarded and advanced fields is considered. This paper considers the applica-
tion pf the generalized equations of motion to investigate the motion of the electron in the
hydrogen atom. It is shown that, unlike the Lorentz-Dirac equations, these generalized equa-
tions permit the electron to spiral round and fall into the nucleus.

I. INTRODUCTION

' 'N some recent papers I have considered the
- - application of Dirac's classical theory of
radiating electrons' to various familiar problems;
and the evidence gathered from these applica-
tions is that the equations of motion do not
always have physically understandable solu-
tions. There are, for instance, the self-accel-
erating motions that were considered by Dirac.
Again, if an electron is moving along the x axis
in an electric field of potential p~x~, that is, in
the 6eld due to a thin infinite charged plate in
the ys plane, then the only motion allowed by
the equations of motion is one in which the
electron ultimately accelerates away from the
plate with rapidly increasing speed, despite the
attraction of the plate. ' Further, when one
investigates the motion of the electron in the
hydrogen atom, it is seen that the electron does
not spiral round and fall into the nucleus owing
to loss of energy by radiation, as one would

expect, but spirals outwards and escapes to
in6nity with increasing speed. The attraction
of the nucleus has the effect of accelerating the
electron away from the nucleus. ' All these
results point to the suggestion that the signs of
certain terms in the Lorentz-Dirac equations
do not fit in appropriately.

With a view to bring about the necessary
alterations in sign, I have developed a generalized
form of classical electrodynamics, 4 by abandoning
the usual assumption. that the 6eld of a moving
electron is given by its retarded field, and con-
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sidering, instead, a combination of retarded and
advanced 6elds. If F,l denotes the field due to
an electron, and Ii„» and Ii,d the retarded and
advanced 6elds, respectively, then we take

F,i =F„r+k(F„r—F.e ),

where k is a constant, the value of which is left
arbitrary for the present. The equations of
motion corresponding to the assumption (I) are
then obtained in the usual way from the prin-
ciples of conservation of energy, momentum, and
angular momentum.

Suppose there are a number of electrons inter-
acting with each other and with a given external
field that is described by the field quantities
F,„,e". If s„(s„),(p=0, 1, 2, 3), denote the time
and space coordinates of the nth electron of
charge e and rest mass m„, and dots denote
differentiation with respect to the proper time
s„, and the metric tensor g&" is such that g"= I,
g" =g"=g"= —j. while all the other com-
ponents vanish, then the equations of motion
of this electron are

d8~~ d Vlsrl, ( t& tm„—s3e„'(2k+1) +
~

—
I s„„

ds ds' 4ds)
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~.i = k(~-r+~.e ), (3)

As mentioned earlier the constant 0 is arbi-
trary. When k =0, Eqs. (2) reduce to the
Lorentz-Dirac equations. When k = ——,', then



and the equations of motion (2) become give

mdv„„/ds =es.„[F'„„e dx
a —(2k+1)

+k P (& ere, ret+& ere, eav))~ ~ (4)

Equations (4) do not contain the usual damping
terms. If k & —

&, then the sign of the radiation
damping term is opposite to that of the cor-
responding terms in the Lorentz-Dirac equations,
and in the particular case when k= —j., the
equations are the same, except for this dif-
ference of sign.

'II. APPLICATION TO THE HYDROGEN ATOM

If we take the nucleus of the atom to be 6xed
(by consIder111g I'ts 111Rss to bc 111flI11tc), t11cll WI'tll

reference to axes whose origin is at the position
of the nucleus, the equ. ations of motion of the
electron are
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where a=3III/2e'. It is unfortunately not pos-
sible to obtain an explicit solution of this
equation. But our purpose here is to know
roughly the nature of the motion, and this can
be done without solving the equation. We write
dx/ds =u Rnd trRllsfol III 'tllc lnclcpcnclcnt VR11-

able from s to x. Then d'x/ds'=uu', d'x/ds'
=u(uu"+u"), where dashes denote differen-
tiation with respect to x, and Eq. (6) becomes
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where the (t, x, y, s) notation is now used. When
0& ——'„ the behavior of the solution of Eqs.
(5) will be similar to that of the solution of
the Lorentz-Dirac equations, which have al-
ready been considered and which do not allow
the electron to fall into the nucleus. When k = ——,',
Eqs. (5) reduce to the usual equations of motion
without the radiation damping terms, and the
solutions of these equations are well known.

In this paper we shall consider the behavior of
the solution of Eqs. (5) when k & —-,'. It will be
seen that the equations then allow the electron
to spiral round and approach the nucleus closer
and closer and ultimately fall into it.

HL RECTILINEAR MOTION

We sha11 6rst consider the simpler case of recti-
linear motion of an electron moving along the
x axis, the proton being situated at the origin of
coordinates. The equations of motion (5) then

(2k+1) u"+
u(1+u')

To discuss the behavior of the solution of Eq.
(7) it is convenient to trans. form from u to y,
where

y = (1+u')',

and y is taken to have positive values only. The
cases N positive and u negative lead to different
differential equations. For N&0, we have

(y' —1)&y"+Ay'+ux ' =0, (9)

where X = —a/(2k+1) )0, u = —3/2 (2k+ 1))o;
and for n&0, we have

where X and p, are as before.
Suppose initially the electron is projected

towards the proton from the point x=xp. Its
motion immediately afterwards is given by Eq.
(10). The electron may be brought, to rest at
some point x=P before it reaches the proton, or
it may collide with the proton. In the former
case the solution will be de6ned only in
P&x&xe, and in the latter case in 0&x&xo.
Equation (10) is such that if y' =0 at any point
where the solution is de6ned, then y" &0; and
therefore y has no maxima and therefore at most
one minimum. Also, if y"=0, then (y' —1)1y"'
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+2' '=0, and hence y"'&0. Therefore. y"=0
at most once in 0&~x&xo., We may therefore
choose an interval O~~x~~y so that y' and y"

. are of 6xed signs in the portion of the interval
in which the solution is defined.

Suppose y' &0. Then y increases as x decreases.
Hence, as x~0, y tends to a finite hmlt I(&1)
or to infinity. It is easy to see that y cannot tend
to a 6nite value l, because if it does, the equation
obtained by integrating Eq. (10) with respect to
x gives

gives a contradiction. Hence dy/dr 4—&~0 as
r~~, and therefore d'y/dr' + —k.—

But according to a theorem on limits, if a
function f(x) tends to a 6nite limit as x tends to
infinity, and f (x) ls known 'to tend to a limit,
then this limit must be zero. Hence k =0. Thus
dy/dr~0 and d'y/dr' +0—as r-+~.

For large values of r, Eq. (12) is approximately

(13)

dx
y' —Xcosh 'y=y~t +constant

x'(y'- 1)i

p= ——(1+$)(P—1) i+constant,
x

Writing dy/dr =P and changing the independent
variable to p and the dependent variable to y
we have

where $—&0 as x—+0. Integrating again with
respect to x we see that the left-hand side
remains 6nite as x~0, but the. right-hand side
becomes in6nite, being approximately of the
order p(I2 1) & log (1/x—), for small x. We thus
obtain a contradiction. Hence, if y' &0, the
solution is such that y—+ ~ as x—+0.

We have already seen that if initially y' is
negative, therl as x decreases, y will continue to
be negative, since y has no maximum. The con-
dition that y' is negative is equivalent to the
condition that the acceleration is towards the
proton, since d' x/d's=uu'= yy'. We thus have
the result that if the electron is projected with
initial velocity and acceleration which are both
towards the proton, then the electron continues
to approach the proton with steadily increasing
velocity and ultimately collides with the proton,
with velocity tending to that of light.

It is of interest to obtain an approximate
solution valid for small values of x. To do this,
we transform from x to v where x =@ '. We then
have

To obtain a solution which is valid for large
values of r, we note that y—+ ~ and dy/dr &0 as
r~~. It is seen that dy/dr cannot tend to
infinity, because if it did, then from Eq. (12),
d'y/dr' must tend to minus infinity; hence dy/dr
must be decreasing with increasing v, which

which is easily seen to have approximate solution
p =p/y, and hence y'=2pr+constant Hen. ce

dx —
~

2p, log —~, for small x,
ds E x)

'

242 If' p, g
y=1+I(x—P)+ ~

),t+ ~(x —P)&, (15)
31& 4 p'9

where y~1 and y'~I(&0) as x-+P. If, however,
y'~0 as x—&P then the approximate solution near
x =p is given by

9 p,
(y-1) '=- —(x-p)'

2
(16)

where p = —3/2(20+1).
If initially y &0, that is, if the initial accel-

eration is directed away from the proton, then
in the subsequent motion, y' may change sign
soon afterwards or may continue to remain
positive until the electron is brought to rest at
x=p. If y' changes sign and thus becomes
negative, the subsequent motion will then be as
discussed above, namely a motion in which the
electron continues to approach the proton with
steadily increasing velocity and ultimately col-
lides with it. If, however, y remains positive
until y reaches the value 1, then the electron is
brought to rest at x=P before it reaches the
proton. The approximate solution near x=p is
of the form
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The electron being thus brought to rest before
it reaches the proton, it would then turn back
and move away from the proton. The subsequent
motion is then described by Eq. (9). We do not
discuss here the motion in detail, but merely
give a summary of the results. It is easy to show
that there is no solution with y—+ ~, x—+ ~. The
only possible types of solution are those in which
either the electron is brought to rest while
moving away from the proton, or in which the
electron escapes to infinity while the velocity
ultimately decreases and tends to a 6nite value.
In the 6rst case, the approximate solution near
the point where the electron is brought to rest
is similar in form to (15). The subsequent
motion is such that the electron steadily ap-
proaches the proton with increasing velocity. In
the second case, the solution for large x is given
approximately by

where C&~ 1 and 8—.+0 as x~ ~.
Under given initial conditions the 6nal motion

consists of either: —(i) the electron moves
towards the proton with increasing velocity and
collides with it, the approximate solution being
(14); or (ii) the electron recedes away from the

proton with steadily diminishing velocity, the
approximate solution being of the form (1/). An
interesting feature in this result is that in both
motions the final acceleration is directed towards
the proton, which is in accord with the ideas of
Newtonian mechanics where the acceleration is
always in the direction of the force, which, in the
problem under investigation, is towards the
proton.

Iv. TWO-DIMENSIONAL MOTION

Now we shall consider the more general
motion of an electron which is spiralling round a
fixed proton. The general motion will be three-
dimensional, since the initial position, velocity
and acceleration can all be arbitrary. Under
certain initial conditions, however, the motion
will be two-dimensional, and it is these motions
that we shall consider here, as these are the only
ones which are likely to be physically permissible.
We shall chief be concerned here with the
existence of solutions in which the electron
spirals round and falls into the nucleus. Such
motions were found to be not allowable by the
Lorentz-Dirac equations and it is of interest to
determine whether the modified Eqs. (2) lead to
different results. Taking axes in the plane of
motion and the origin at the position of the
proton, the equations of motion. are

d x d'x dx (d't' d'x' d'y' y 3 dt
(»+» +—

I
ds ds' ds & ds' ds' ds') 2 ds

de d'y dy (d't d'x' d'y') 3 dt
a —(2k+1) +—

i
— —

i
= ———yr-'

ds ds' ds 4ds' ds' ds'I 2 ds

We transform to V and P, where

(dx' dy'p &

+
& ds ds)

is the velocity, and s- —it is the angle between the radius vector and the velocity, so that

dx—= Vcos (sr+8 —f), —= Vsin (s+8—P).
ds dt

We change the independent variable from s to 7 where r =e—'and Iet dashes now denote differentiation
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with respect to 7-. The equations of motion then give

P'P'2

(2k+1) V"+ V'+
V(1+ V')

—V'P' tang —V(1+V') (f' —tang)'
ae 'V' 3 (1+V')~

Vcosg 2 V'cosf

d t 3V'q
(24+1) (f'—cosf smf—)+

~
1+ — ~(g' cosP —smf)

V)
ae- . 3 (1+V')&

— (P' cosf —sing) =- tang. (20)
V cosf 2 V'

Ke seek those solutions according to vrhich. the electron spirals round and ultimately falls into the
nucleus. Assuming that this happens, let us consider the behavior of the solution as r~o, that is, as
g~ QG,

%e follow the method used in an earlier paper and easily see that except possibly for the case
when V-+ ~ and P—&0 as r-+ ~, there is no solution in which the electron falls into the nucleus. We
shall therefore concentrate our attention on the possible solution in which V—+~ and P-+0. For
large r, Eq. (20) is approximately

4' +( 1—+3V/V)(4' tt) =o—
which has solution

f=Ce '/—V',

where C is an arbitrary constant of integration. Substituting in (19) and approximating we obtain

(2k+1) I V"+V'+ V"/V'I = —3/2 V. (22)

This equation can be shown to be equivalent to Eq. (10) which has already been considered above.
Hence we have as an approximate solution of (22) V=(2yr)'. Substituting in (21), we obtain

0= Ce '/(2—~r)'.
Hence

pP ts 2f

Pe '=C
~

dr"- (~r)'

Ce" j. 3 1 35
+ 0 ~ 0 + ~ ~ 0

3/2 2 ~3/2 22 ~5/2 23 ~7 j2

(23)

Hence foI a first apploxlIQatlon %'e take
P =de 'r-

where 'A is a positive constant of integration. Therefore

rd8/dr= —tan P= Ae 'r &, for—larg-e r;
and hence

Therefore
d8/d7 =de 'r &.

3.5 1
8=3 l e—'~ &d~ =Ae ' — +—. — . +

3I2 2 Zf]2 22 &712

Hence the equation of the curve is given approximately, for small r, by

8 =Ar(logl/r)-&. .

Thus, the equations of motion (2) allow the electron to spiral round and fall into the nucleus, whereas
the Lorentz-Dirac equations do not permit such a collision.


