
P 8 YS I CAL R EV I EM( VOLUM F. 70, NUMBERS 1 AND JULY 1 AND 15, 1946

High Energy Neutron-Proton Scattering and the Meson Theory of
Nuclear Forces with Strong Coupling*

J. LEITE LOPES
Pal~er Physica/ Laboratory, Princeton University, Princeton, Nno Jersey***

{Received January 28, 1946)

In the first part of this paper the anisotropy of the elastic
scattering of 14-Mev neutrons by protons is investigated in
the meson 6eld theory of nuclear forces with the scheme
proposed by M/11er and Rosenfeld in the strong coupling
limit and in the symmetrical form. In the second Born's
approximation, the virtual isobars decrease the ratio R of
the differential cross sections in the backward an'd perpen-
dicular directions (in the center of mass system), and R
decreases with the isobar energy. R is still larger than 1;
nevertheless, our results suggest the possibility that the
combined eSects of the virtual isobars and the tensor force

might give a forward scattering in agreement with Amaldi's
experiments. In the second part, the cross section of the
inelastic scattering of 100—200-Mev neutrons by protons
with production of isobars is evaluated in the Mgller-
Rosenfeld, pseudoscalar and Schwinger theories. The ratio
of the total inelastic cross section and the elastic one is of
the order of 0.03, for 100-Mev neutrons and for an isobar
energy equal to 45 Mev. An experiment to detect the
isobars would be important for a check of the fundamental
ideas of the strong coupling formalism.

INTRODUCTION
' 'N this paper we investigate the two following

problems: (1) the anisotropy- of the elastic
scattering of 14-Mev neutrons by protons in the
symmetrical meson 6eld theory of nuclear forces
in the form proposed by Mjller and Rosenfeld';
(2) the total cross section of the inelastic scat-
tering of I00—200 Mev neutrons by protons with
production of isobars, in the Manlier-Rosenfeld,
pseudoscalar' and Schwinger' forms of the meson
theory, both problems in the limiting case of a
strong coupling' between the meson field and the
nucleons.

The angular distribution of the elastic scat-
tering of high energy neutrons by protons was
studied experimentally by Amaldi, Bocciarelli,
Trabacchi, and Ferretti' and they found a prefer-
entially forward scattering for neutrons of
energies 12.5, I3.5, and 14 Mev. Their results are
in contradiction with the assumption of an ex-

' This paper contains the essential results of a thesis
submitted to the Faculty of Princeton University for the
degree of Doctor of Philosophy.

*~ Exchange Fellow of the U. S. Department of State.
***Now at the Faculdade Nacional de Filosoha, Uni-

versity of Brazil, Rio de Janeiro, Brazil.
C. Mgller and L. Rosenfeld, Kgl. Danske Vid. Sels.

Math. -Fys. Medd. 17, No. 8 (1940).' N. Kemmer, Proc. Roy. Soc. 166A, 127 {1938).
3 J. Schwinger, Phys. Rev. 61, 387 (1942).
4G. Wentzel, Helv. Phys. Acta 13, 269 (1940); 14, 633

{1941);16, 222, 551 (1943); J. R. Oppenheimer and J.
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change force between the nucleons' and so cannot
be explained by the meson theory in the sym-
metrical form' and in the weak coupling limit, as
was shown by Hulthen' and Jauch. '

This is essentially due to the fact that in a
theory which assumes a charge-exchange force
between nucleons, the potential of states with an
even angular momentum has a sign opposite to
that of the potential of states with an odd angular
momentum. " As the P-waves are the most
important for determining the anisotropy of the
scattering of 14-Mev neutrons by protons, the
repulsive 8-potential is essentially responsible
for the theoretical discrepancies.

Recently, Fierz and Wentzel" showed that in

' G. Wick, Zeits. f. Physik 84, 799 {1933}.
'The neutral meson theory (H. A. Bethe, Phys. Rev.

5/, 260, 390 {1940)}gives a satisfactory angular distribu-
tion for the scattering, as would be expected, since in this
theory there is no charge exchange between the nucleons.
This theory, however, does not take into account charged
mesons, which were observed in the cosmic radiation, gives
no saturation for the nuclear forces, and spoils the explana-
tion of the P-decay, which was already given by Yukawa
by assuming charged mesons alone. The theory in the
symmetrical form, which considers both neutral and
charged mesons in a symmetrical way, is the only one
which satishes the above requirements and accounts for
the equality of the forces between like and unlike particles
in corresponding states.

'L. Hulthen, Arkiv. f. Mat. Astr. Fysik 29A, No. 33
(1943); 30A, No. 9 (1943); 31A, No. 15 (1944}; also B.
Ferretti, Ricerca Scient. 12, 843,993 (1941).' J. M. Jauch, Phys. Rev. 67, 125 (1945)."Cf. W. Pauli, "Meson theory of nuclear forces, "
Lectures at the Massachusetts Institute of Technology,
1944, p. 43.

"M. Fierz and G. Wentzel, Helv. Phys. Acta 17, 215
(1944).
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the meson theory with strong coupling the I'-
potential changes its sign for small distances of
the interacting nucleons and for certain values of
the isobar energy. And they already pointed out
that such a behavior of' the potential energy in

the strong coupling theory might well give an
anisotropy for the high energy neutron-proton
scattering in agreement with Amaldi's experi-
ments.

In the first part of this paper we investigate
this possibility. We shall study the anisotropy of
j.4-Mev neutrons scattered by protons in the
Mjller-Rosenfeld theory in the strong coupling
limit (and in the symmetrical form) a.nd in the
second Born's approximation. The use of this
approximation is justified as far as the energy of
the particles is concerned. It is not yet clear
whether Born's collision method is good for the
present problem, since the coupling constants, in

rising powers of which we develop the wave
function, are bounded from below in the strong
coupling theory. The coupling constants that we

chose, however, are still less than 1 and the
convergence of the above development is assured
in the Mgller-Rosenfeld theory even if we replace
the source function by the 0-function. As the first
Born's approximation gives a cross section which
essentially coincides with the one calculated in

the weak coupling limit theory, we have treated
the problem in the second approximation. It is
only from this approximation on that the virtual
excited states (isobars) of the nucleons make a
contribution to the scattering cross section. Our
task was to investigate whether this contribution
is such as to decrease the value of R computed'-'

with the first approximation and to see the
dependence of R on the isobar energy. Our
calculations lead to an afFirmative conclusion and
show that R decreases with the isobar energy. We
believe that this result will remain if one treats
the problem with a better approximation method.

In the second part of this paper we evaluate the
cross section of the inelastic scattering of very
high energy neutrons by protons with production
of isobars. This problem has a great interest for
the following reasons: if the strong coupling
theory is basically true one should be able to

"E.=o(m)/~(~/2) is the ratio of the differential cross
sections in the backward and perpendicular directions in
the center of mass system.

detect experimentally the excited states of the
nucleons. The fact that such excited particles
have not yet been observed might be due to the
high value of the isobar en'ergy —energy of excita-
tion of a nucleon into a higher spin and charge
state —as compared to the experimentally avail-
able energies in the laboratory up to now. An
estimation of the order of magnitude of the
isobar energy can be obtained from the value of
this energy which gives a satisfactory angular
distribution of 14-Mev neutrons elastically scat-
tered by protons. The results presented in
Table 1 indicate that a rather too low value of the
isobar energy would be expected for an agreement
of the Manlier-Rosenfeld theory with the Amaldi's
experiments, if such an agreement is attained at
all. This is highly improbable since a value of the
isobar energy of the order of 5 Mev would give
rise to an inelastic scattering of I4-Mev neutrons
which has not been observed. One possibility, of
course, is that the lifetime of such isobars might
be very small so that the excited particles would
fall down to their ground state before detection.
Even so, one would expect to detect the slower
unexcited particles as well as the remaining
energy which would be carried out by electrons
and neutrinos or by p-rays.

On the other hand, the tensor force, which does
not occur in the Mgller-Rosenfeld potential, was
shown by Jauch' to decrease appreciably the
ratio R as compared to the value obtained with
the Mgller-Rosenfeld theory, both cases in weak
coupling approximation. One may therefore ex-
pect that the combined eAects of the tensor force
and the isobar states of the nucleons will give a
value for R in agreement with experiment and for
a reasonably high isobar energy. In a paper just
published, Wentzel" indicates that the isobar
energy must be of the order of 45 Mev, if the
tensor force is taken into account. This is the
value that we used in our calculations. ~ Such
isobar energy would require nucleons with a

"G.Wentzel, Helv. Phys. Acta 18, 430 (1945}.* I am indebted to Professor Pauli and Professor Jauch
for communicating %entzel's results to me in advance of
their publication. Wentzel (reference 13) was able to
show that the strong coupling theory with a tensor force
(Schwinger's mixture} gives a value for R in agreement
with Amaldi's experiments. This result shows the im-
portance of the tensor force for the scattering problem
(besides its quadrupole moment eHect) and, together with
the present calculations (Part I), is a decisive argument
against the original M/11er-Rosenfeld formalism.
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ay, &&1.

minimum energy of the order of 100 Mev—in the to the forces range p, '.
laboratory system —for the effect to be detected
experimentally.

PART I. THE ANISOTROPY OF THE SCATTERING
OF 14-MEV NEUTRONS BY PROTONS IN THE

MUFLLER-ROSENFELD THEORY IN THE
SYMMETRICAL FORM AND IN THE

STRONG COUPLING LIMIT

1. The Wave Equation of the Two-Body Problem

The Hamiltonian of two nucleons in the
sy mmetrical theory with strong coupling has the
following form:*

3

(~r+&rr)+ Q(—dry, '+drra )+ V. (1)
2M 2 Ie=l

The 6rst and third terms are the usual kinetic
and potential operators; the second term is the
isobar energy of the two nucleons, where e is a
constant depending on the extension of the source
and on the coupling constants, and the d's are the
operators of the spin of the particles. The spin dI„-

and the isotopic spin h~ have the eigenvalues:

d3=Pl; ha=n,

j&m, n& —j
and n+-,' represents the nucleon charge in e-units.

In the Mgller-Rosenfeld theory the potential
energy of two nucleons I and II is:

V=DW(r); Q=P (e 'e.");
(2)

where f is the coupling constant of the meson
6elds with the nucleons and p, is the meson mass;
the matrix e; satisfies the commutation rules:

[dr, e;gj = [e;„d,]=r',e„,
[hr, e2 j=[er, k2j=re3

and corresponds to the matrix 7- 0.; of the weak
coupling theory.

The expression (2) for the potential operator
holds only for distances r considerably larger than
the source size a. It gives reasonable nuclear
forces only if we assume that c is small compared

~ In the system of units in which h = @= 1.

Besides this inequality, another condition has to
be ful61led in the present theory, namely:

which defines the strong coupling approxiniation. '
Because of the occurrence of the term 0 in (2)

the spin of each nucleon does not commute with
the Hamiltonian (1). It is therefore more conven-
ient to replace the set of quantum numbers jr, ml,
nI ', jll, mlr, nil of two nucleons by the equivalent
set J, 3lI, X, X; j&, jr&, where J, 3E, E, Rare the
total spin and isotopic spin quantum numbers:

Qs (&r."+dI")'=&(I+1),
Qr, (hrr+hg")'=E(X+1), S (3)

d '+d "=3I k '+h "=X
lj r jrr l

& J I—&i r+j r r (4)

whicli are integrals of motion.
Eliminating the motion of the center of inass

and the spin-isotopic spin wave functions, the
equation of two nucleons can be written in the
fo11owing form:

I 6/cV+F F, }F(j r, jrr, x—)
= IV(r) 2 (j r,j rr ,'&, ~, &, &

l
&

ljr', jIl",

&, ~, K, &)F(j r', jrr', x), (5)

where F is the wave function and:"

F-;=2eI (fr+~~)'+Vrr+ ,')' 2}. -—
(jrjrr, &, ~, K&j&ljr',jrr', J, M, &, &) isthe
matrix of 0 with respect to the adopted set of
quantum numbers. This matrix, which was calcu-
lated by I' ierz" in a recent paper, is diagonal with
respect to the quantum numbers J, 3f, E, N and
obeys the selection rule:

Ajar= +1; A=I, II.
2. The Cross Section in the Second

Born's ayyro T~~ation

In order to solve Eq. (5) by successive approxi-
mations, we develop the function I' in a series of
powers of the coupling constant (frr)', assuming

"The isobar energy in this form vanishes for the ground
state jy=j 11——$ of the nucleons.

&~ M. Fierz, Helv. Phys. Acta 17, 181 (1944).
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these powers already included in the functions f„
we obtain from:

~(i~ irl;x)=Z.f (ir j» x)

the sequence of equations:

b—+~—&, f.(jr,j», x)

=W(r) Z (j.j»IflljE', jrr')
2I 2II

~f- ~(i I' i r' x) (8)

where, for abbreviation, we have omitted the
indices J, M, E, N of the matrix. These equations
refer, of course, to a given set of values of these
lnd lees.

For our purpose, it is more convenient to work
in momentum space and use Dirac's theory of
scattering. '6 Let q„(jr, j»', k) and (kl Wlk') be
the transformed functions of f and Mw(r) in

this space. The Eqs. (8) will go over to:

I»'nsi &'}v.(j—rjrr,'k) = Z (jri~lI ~lljr'jrr')
2'IJ II

x (kl wlk') ~-- (j'j-' k')d'&' (9)
J

hr~lr =~(& &;)—
Born's approximation consists in taking a plane

wave as the zeroth approximation. The nor-
malized plane waves which obey the Pauli
principle are, in configuration space:

n. cos (k x) and u, sin (k x), (10)

where I, and I, are functions, respectively,
antisymmetric and symmetric in the spin and
isotopic spin variables. In the elastic scattering
problem the only possible values of Jand E are 0
and 1. The spin-isotopic spin wave function will

be antisymmetric for the states J= 1, E= 0 and
J=0, E= 1, while it will be symmetric for
X=X=0 and J=%=1; thus the functions (10)
give the following plane waves. in momentum

space:

for J=1, E=O and J=O, E=1:
(2~) &

I b(k —ko)+ ~(k+ko) },
2

for J=1, E=1, and J=O, E=O:
(2s.) &

I b(k —ko) —b(k+ko) }.
2

ko is the wave vector of the initial state in the
center of mass system.

If we impose the condition that the particles be
initially in their ground state, jq ——(~~, ~~), we have
to multiply the functions (10) by 8»0, where we
indicate with a single letter j the pair j&, j».

As we see from (11), each spin state is com-
posed of four dilferent states, a singlet (X=o)
and the triplet states (%=1) in the isotopic spin
variables. N, however, is an integral of motion
and as we require that the two particles be a
proton and a neutron in the initial and final
states we can fix X=o (if we remember that
%+1=charge of the two nucleons in e-units) and
disregard the two other states corresponding to
%=~1 for E=1.

From the plane waves (11) multiplied by b~jo'
we obtain the following first approximation:

for J=1, E=O:
(2~)»

q»(j; k) = —Arb(k' —k')
2 k

(j; 1, 0
I
n

I j„1, 0)L( I wl k,)
+(kl Wl —ko)j (12)

and analogous formulas for J=O, E=1; J=X
=1; J=E=O. We have now indicated in the
matrix of 0 the values of Jand E.The expression
which contains the 8-term in (12) corresponds to
the condition of only outgoing waves in configura-
tion space.

The second approximation will be:

for J=1, X=O:
(2s.)& 1

~~(j k)= . f~b(&P &') 2—(j 1 olo—lj' l, o)(j';1, 0Inljo, 1, 0)

t' (kl wlk')(k'I wlko), , & (kl wlk')(k'I wl —ko), ,
—k"

and analogous expressions for the remaining states.
' P. A. M. Dirac, Queetuns 3Achanks (Clarendon Press, Oxford, 1935), second edition, p. 195.
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or

Finally the difkrential cross section is:
~(~)=-' 2 Iampl Zx (si+vm) I'

0 (&) = '& 8-(&) +4«.(&)

(13)

0's(il') =4~ L(j; 0, ol Qljo, 0, 0)+(j;0, 1I Ql jo; 0, 1)](kl wlk )+L(j;0, 1I 01 jo, 0, 1)

—(j; o, 0
I
n

I j.; o, 0)]( I
w

I

—k,)+2;. I I (j; o, 0
I
fl

I
j'; o, o) (j'; o, o

I
fl

I j, ; o, o)

t (kl Wlk')(k'I Wlko)+(j'0 1IIII j'; 0, 1) (j', 0, 1lflljo'0 1

+L (j;0, 1
I
n

I
&', o, 1)(j', o, 1

I
fl

I j, ; o, 1) —(j; o, o
I
fl

I
j' o o) (j'; o o

I
11

I jo; o, o)]
~ (k I

wik')(k'I wl -k.)
ko' JET,' —k—" ) (14)

for the ordinary spin singlet, J=0. An analogous
expression is easily derived for «„(8), the cross
section of the triplet states J= I.

The denominator which occurs in the integrals
of (13) comes from the conservation of energy:

&=Ko+ko'/W
where E is the total energy of the system in the
final state. This relation gives, together with the
definition (9) of k':

kg =ko'+M(Eg p E;), '—
Ego ——0 for jo——(-', , —,').

As in our problem the initial and final spins of the
two nucleons must be ~, only the matrix elements
with j=jp= ~ will occur in the first two terms of
r, and r~, . In the terms with integrals the
following elements will be present:

(-,', —,'; J, EIQI —,', -', ; J, E)
X (-', , -', ; J, E

I
0

I
—,', p, J, E), (15)

(-;, —;;J, Elhi-;, —;;J, E)
X(-;, —;;J, EIal-;, —;;J, E),

16
(-'„-,'; J, El QI ~ —,'; J, E)

X(s2, —,',' J, EIQI2, i~', J, E), .
(-,', —,'; J', E

I QI —,', g; J, E)
X(-,', s2; J, EIQI-,', —,'; J, E). (17)

Terms with values of jr, j», higher than —,
' are

excluded in the second approximation because of
the selection rule (7) and the elastic condition.
The elements (16) and (17) represent the contri-
bution of the virtual isobars to the cross section

or:
kp' &ME;,
kp'& ME;.

(18)

(19)
In this work we evaluated the ratio 2 =0(s)/

o (ir/2) only for the condition (18).This inequality
means physically that the kinetic energy of the
bombarding particles must be less than the isobar
energy and this leads to only elastic scattering.
The inequality (19) would imply inelastic scat-
tering, the outgoing nucleon or the scatterer or
both being able to make a. transition into an

'7 Cf. J.Leite Lopes, Ph. D. Thesis, Princeton University,
1945; also J. Leite Lopes, An. Acad. Bras. Ci. (to be
published).

in that approximation. Furthermore, the indices
jr, j» of the matt'ix 0 must obey the vector model
inequalities (4). These exclude the two terms (16)
from the singlet cross section (J=o) as well as
from the terms with X=O.

The final expression of the cross section is
easily obtained by means of Fierz's formulas'~ for
the matrix 0 and of the momentum transformed
of the Yukawa potential:

(kl wlk') = g2=
p'+ (k' —k) ' 2x'

3. Numerical Results and Conclusions

The integrals which occur in the cross section
can be reduced to a simpler form, suitable for
numerical evaluation; we shall not give here the
details of this reduction. " The evaluation of
these integrals leads to two diferent expressions
for the cross section according to whether we
have:
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Tsm.E I. Angular distribution of the scattering of
14-Mev neutrons by protons in the symmetrical Mpller-
Rosenfeld theory with strong coupling (second Born
approximation). 8=8.04 for (fp, ) =0.59 in the 6rst Born
approximation; the theory does not include longitudinal
meson s.

F& (in Mev)

15
30

{fjs)~ =0.375

5.73
5.81
6.71

R
(fp)& =0 46

5.25
5.65
6.56

(fl )'=0 ~~

4.85
5.13
6.01

excited state at the cost of the kinetic energy
(initial). The problem of inelastic scattering will

be considered in the second part of this paper.
The inequality (18) imposes an additional con-

dition upon the second order terms of the cross
section (13): it excludes the terms with the
intermediate values —,', —', of jl and jul (reality of
the kinetic energy of the incident neutrons).

The numerical evaluation of 0 (8) was made for
0= s and 0 = m/2 with the following data: 80 ——14
Mev (in the laboratory system); y = 177m, where
m is the electron rest mass. The ratio R depends
on e, the isobar energy constant and on the
coupling constant. We give the results in Table I.
The numerical evaluation of the integrals was
made by taking a sum of the integraods over five
equidistant points in the interval (0, 1). The
values of (fp)' that we chose are those given by
Pauli and Kusaka, ' Jauch and Hu, "and Hulthkn. '
Hulthhn's coupling constant is perhaps the most
reliable for our problem since he determined it
with the Manlier-Rosenfeld scheme.

One sees from Table I that the ratio R de-

creases with the isobar energy. This is in agree-
ment with Fierz and Wentzel finding that the
potential energy of the P-waves becomes at-
tractive for values of e less than about 30 Mev. A
comparison of the values of R given in the table
with the value of R calculated in the first Born's
approximation, namely R =8.04, * shows that the
virtual isobars make a contribution to R in the
direction of decreasing the backward anisotropy
of the scattering. As to the values of R them-
selves, they depend, of course, on the approxima-
tioa used and on the rough evaluation of the
integral terms of the cross section. Since the

xs J M Jauch and N. Hu, Phys. Rev. 65, 289 (1944).*This value of R is obtained with only the interaction
nucleons-transverse mesons. If one includes longitudinal
mesons one gets 8=4.8.

Born's approximation underestimates the 5-
waves we expect the exact values of R to be
smaller than those given in Table I. On the other
hand, as was already pointed out in the Intro-
duction, a possibility which the results of our
calculations suggests is that the combined effects
of the tensor force and of the isobars give a result
in final agreement with the experimental angular
distribution (see reference 13).

We must also have in mind that in the Manlier
and Rosenfeld theory here investigated, only one
coupling constant of the vector field was taken
into account, namely that of the transverse
mesons. For the sake of simplicity, the vector
theory so far studied in the strong coupling limit
excludes the interaction of the nucleons with the
longitudinal mesons. This results in the fact that
the mixed theory in second Born's approxima-
tion disposes of two constants, the isobar energy
and the coupling constant (fp)'. With regard to
the values of R the theory is thus equivalent to
the same theory in weak coupling limit and in
first approximation, which also disposes of two
constants, the longitudinal and transverse mesons
coupling constants. We do not know yet the
efFect, in strong coupling limit, of the longitudinal
mesons on the anisotropy of the neutron-proton
scattering.

PART II. INELASTIC SCATTERING OF HIGH
ENERGY NEUTRONS BY PROTONS WITH

PRODUCTION OF ISOBARS

4. Introduction

In the preceding part of this paper, it was
shown that the virtual excited states of the
nucleons give a contribution to the cross section
of the elastic scattering of high energy neutrons
by protons in such a way as to decrease the
backward anisotropy whtch is obtained with the
weak coupling theory in the symmetrical form.
This result is of interest because it suggests that
the wrong angular distribution given by the thus
far investigated meson theories in the sym-
metrical form is due not only to the exchange
character of the potential operator but also to
the weak coupling approximation. Or, in other
words, in the theory with strong coupling the
symmetrical form may be maintained, as it is
desirable for the saturation requirements of the
nuclear forces, and the observed anisotropy of the
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neutron-proton scattering may be attributed to
the virtual excited states of the nucleons. If this
is so, a question which immediately arises is
whether it is possible to detect experimentally
the nucleons in an excited state. * If the theory
predicts the excitation of heavy particles in a
certain range of energy then, at least in principle,
an experiment to detect the isobars would furnish
a crucial test for the strong coupling assumptions.
If one could thus decide between the two alterna-
tive approximations —the weak and the strong
coupling approximations —a new light would
certainly be shed on the nature of the nuclear
particles.

In this part, we evaluate, for a certain range of
energy of the bombarding particles, the cross
section of the inelastic scattering of neutrons by
protons, with excitation of one of the particles
into a higher spin and charge state. In a paper
just published by Wentzel, "it is shown that one
obtains a reasonable forward elastic scattering in
a strong coupling theory with a tensor force, for
values of the isobar energy of the order of 45 Mev.
This is the value that we assumed in this section.
We limited our evaluation of the inelastic cross
section to the first Born approximation. This is
probably not too bad an approximation within
the high energy region to which we restricted
ourselves. The computations were also made for

the three main forms of the meson field theory,
namely the Manlier-Rosenfeld, the pseudoscalar,
and the Schwinger theories, The ratio of the
inelastic to the elastic cross section is found to be
of the order of 3 percent for 100-Mev bombarding
neutrons.

5. Inelastic Cross Section in the
Mpller-Rosenfeld Theory

From (13),Section 2, we obtain the differential
cross section in the first approximation by simply
cancelling the second-order terms. In the inelastic
problem and in this approximation the depend-
ence of 0.; .i on the isobar energy B; arises from
the energy equation:

k'/M+K =ko'/M.

The process which we investigate is the
following: two particles collide against each
other, each having an initial spin —,; after collision
one of the nucleons is left with spin —,: transition
~, —,'~—',, &. From the vector model inequalities (4)
we see that the nucleons cannot be in a singlet
state J=O, E=O.

Fierz's formulas" for the matrix 0 give:

(-,', —,'; 1, 1
~

0
~

—,', ~; 1, 1) =442/9

and the differential cross section has the following
form:

32 k k'kp' cos' 0
MB(g) — (f~)4~2

27 k I (p'+k'+k4')' 4k'ko' cos"- 6—}'
The total cross section is;

0;„~~=2m
Jp

0;„~"(0) sin Ides

4x 1 4kkp u'+ (k+ko) '
(fp) 4M'— log

27 ko' (p'+k'+kp')' —4k'ko' 44'+k'+ko' p'+(k —k4)'

6. Inelastic Cross Section in the Pseudoscalar Theory

In this theory, the component M of the tota1 ordinary spin of two nuclenns is not a constant of
motion. The cross section is accordingly:

0(8) = -,' P I g~ ampl. qr4I'. (13')
J M Mo

*A question which is intimately connected with the observation of these excited states is the lifetime of such
states and the possible processes of unexcitation or disintegration. A nucleon with spin, can have any one of the following
charges (degeneracy in the symmetrical theory}: (n+$)e= —e, 0, e, 2e. For a, nucleon with spin j=$ and charge 0 or
e, Jauch, in recent calculations, has found a lifetime of the order of 10 ' sec. for a transition into the ground state
(j=)) with emission of y-rays. A nucleon which has undergone such intermediate processes of excitation and emission
of photons will have a final kinetic energy much smaller than the initial one and this can be easily detected in a cloud-
chamber picture. A nucleon with excited charge —e or 2e would probably undergo p-decay.
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Using the matrix elements given in Appendix I we obtain:

k 12k'ko'a' cos' 8 k'ko' sin' 8
(r; ~(8) = f—P—M' +

81 k }( «2+k2+k 2)P 4k»k»P cos» Q }2 («2+k»+k 2)P 4kpk 2 cosp g

The tensor force singularities cancel out in 6rst Born's approximation.
The total cross section is:

f4M' 12kkp«4 6«&+(«Pyk»+k P)P 4k»k—P «'-+(k+kp)PP— log +8kko .
(«'+k'+k ')' —4k'kp' 2(«'+k'+kp') «'+ (k —kp)'

7. Inelastic Cross Section in the Schvringer Theory

The differential cross section in Schwinger's theory is obtained in the same way as in the pseudo-
scalar case. With the help of the matrices given in Appendix II we 6nd:

1 k (k —kp) ' (k+kp)' 2

p" s(8) = f4MP 3(p' ——«')'
324 kp [«'+ (k —kp) P][y'+ (k —kp) '] [«'+ (k+kp) '][g'+ (k+kp) ']

Ikxko!'
+4(~2 «2) 2

I:«'+ (k —ko) '][~'+ (k —ko) '][«'+ (k+kp) '][~'+ (k+kp) ']
~p'[(k+kp)' —(k —kp)'] 2p'(p' —«')[(k+kp) (k —kp) ]+8

[p'+ (k —ko) '][l '+ (k+ko)'] [l '+ (k —kp)'][A'+ (k+ko)']

l (k —kp) ' (k+kp) '
x! !

k [KP+ (k —kp) ][pP+ (k —kp) ] [«+(k+k ) ][+ + (k+kp) ])
The total cross section is easily obtained from this formula and has a long expression which we do

not need to write here.

8. Differential Cross Section of the Elastic Scattering

Mgller-Rosenfeld theory:

M'-(fy) 4

p-"+4k»' sin' (8/2) p"-+4k»P cos' (8/2)

MP(flu)'«.(+) =
81

Pseudoscalar theory:*

2 2

+
p +4kp sin (8/2) p +4k p cos (8/2)

M'(f«) 4 1
"(~)=

81 «'+4k»' sin' (0/2) «'+4k»' cos' (c9/2)

MP kp' sin' (0/2) 2kp' cos'-
(cled 2) -'kp' sin' (8/2)

p „(z9)= f' 48 + —8
81 «'+4k»' sin' (8/2) «'+4k»P cos' (8/2) ' «'+4k»' sin' (0/2)

2kp' cos' (8/2) 8k04 sin' 0
+ + +3

«'+4kp' cos' (p/2) («'+4k»» sin' (0/2))(«'+4k»» cos' (8/2))

The formula given by Hulthen (Arkiv. Mat. Astr. Fysik 31k, No. 15 (j.944)) for the triplet cross secti« in
the pseudoscalar theory and in first Born's approximation is not correct. The above formula was derived in the ~ell-
knomn w'ay from potential (20} or (21} of Appendix I. The tensor force is responsible for the occurrence of &o in
the numerator of the triplet cross section and this makes the total cross section larger than ihe one given by the
M&11er-Rosenfeld theory; the constant term of the triplet cross section is due to the 8-term of (20}.
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9. Numerical Results and Conclusions

In Table II the numerical values of the total
cross section of the inelastic scattering are given
in each theory. Eo is the energy of the bombarding
neutrons in the laboratory system and the value
assumed for the isobar energy was 45 Mev. The
coupling constant was taken equal to 0.375, as
given by Pauli and Kusaka. ' It is seen that the
tensor force increases considerably the cross
section, its effect being smaller, as would be
expected, in the Schwinger theory than in the
pseudoscalar theory. The total elastic cross
section (which is easily obtained from the
formulas given in Section 8 by integration over
the angles) is of the order of 0.06 10 " cm' for
100-Mev particles and Manlier-Rosenfeld po-
tential while it is of the order of 0.4.10 "cm' for
the pseudoscalar theory and the same energy.
A comparison between these values and those of

TABLE II. Cross section of the inelastic scattering of
neutrons by protons with production of isobars.

Ep (in Mev) Manlier-Rosenfeld
~in (in cm&)

Pseu dose. Schwinger

100
110
150
180

0.18 10~6
0.32. 10 '-6

0.81 ~ 10 "
0.88 10 "
p, =177m

0.26 10 '~

0.32 ~ 10 2~

0.58 10 "
064 10»

s:= 177@v

0.9 10 2'

1.1 10~ii
2.6 10 '6

~=177)n; p, =2m

the inelastic cross section shows that the ratio
a;,/o, ~ is of the order of 0.03 for the M.R. theory
and of the order of 0.05 for the pseudoscalar
theory. This ratio is probably inside the experi-
mental range and gives a test for the theory as
soon as j.OO-Mev heavy particles are available in
the laboratory.

In conclusion, I wish to express my gratitude
to Professor W. Pauli and Professor J. M. Jauch
for the suggestion of this problem and many
valuable discussions.

APPENDIX I. THE POTENTIAL MATRIX IN THE PSEUDOSCALAR THEORY

In the pseudoscalar theory with strong coupling the potential energy of two nucleons I and II is
(in the small source assumption):

e—"" 4ml'=f' 2 (e '~)(e " ~) +—(e 'e ")~(x)
r 3

(20)

where If; is the pseudoscalar meson mass.
In the current literature only the 6rst term of V is written down but it is easily seen that this first

term alone and the differentiated form of V, namely:

V=—0 e'"+A (3+3~r+—r.'r')e "—'
3 r r3

0 = P (e.'e."),
3

~=K —,(e-'x)(e-" x) —. (e-'e-"),
a

& (21)

do not give the same transformed in momentum space. This is essentially due to the small source
assumption which substitutes for the potential energy:

1'= —f' 2- 2'~ e-'e-"~';
g2 g-xg

i' U'(x) U"(x') d'xd'x'; R= ix —x'i
Bx;Bx; R

its value for point sources. *The first term of (20) thus obtained gives rise to (21) and to an additional
b-term, analogous to the right-hand side of Yukawa's equation:

I
—7'+ e' IX=4xh(x)

for point sources. If this singular term is subtracted from the potential energy —because it gives no
* U" (x) is the source function of nucleon 2; for a point-nucleon U(x) =B(x). See Pauli and Dancoff, reference 4,
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finite binding energy for the deuteron nor any scattering cross section*—we get (21) and (20), whose

momentum transformed is:
I' 0

(kl Vlk') = —G'
«'+K' 3

G'=f'/2m' K=k' —k; I'=P. (e'K)(e." K).

Because of the occurrence of the tensor force A or F in the potential operator, the component M of
the total (ordinary) spin is not an integral of motion. The potential matrix has the form:

(J, M, E, x; j„j«,klvlJ, M', E, x;j,', j»', k')

1= —G' ——(J, M, Ec, N; j [, jig, kl I'I J, M', E, N; ji', jli'' , k')
x'+K'

——',(J, M, E, E;jijir', klQIJ, M', E, E;jI',jii', k')

The matrix of 0 was already calculated by Fierz and the computation of the matrix of I is straight-
forward if we use Fierz's formulas for the e s."The calculation is a little long and we shall not give

its details here as they do not involve anything new.

The 6nal matrix elements for the excitation of only one nucleon are the following:

(1; —,', -', ;kl vl —1;-'„

(1; —,', -'„kl vlo; —,',

(~1; —.', l;kl vI~1; —,', l;k') =—

(0; —,', —,';kl VI0; —,',

k, k;kl VI1;k,
2 2 kl VIo 2

(—1;
(—1;
(0; —',,

(0.

v2(E, —'E,)'
—,';k' =G'—

18 x'+K'
G'(Ei iEg—)E,
9 „+K'

G-"V2 3(E,'+Eg"-)+2A'3" 4

9 2(x'+K') 3

2G'V2 Eim+E2'+2E3' 2
—'. k' =

9 2(x'+K') 3

—,'; k') =c.c. of (A),
—,'; k') = —c.c. of (B)
2'k') = —(B)
—,'; k') =c.c. of (B).

(B)

The Eqs. (9), Section 2, are now of the form:

Iug —u I&„(j;k)=2 (M; j;kl vlMo, j', k')p„-&(j', k')d'',

where we have omitted the constant indices of the matrix and put:j =(jr, jrr). These equations hold

for a given set of values of J, E, X, M, Mo. From this equation an expression for (13) is easily

derived, as in Section 2. The term 8»o does not multiply (11) any more.

APPENDIX II. THE POTENTIAL MATRIX IN THE SCHWINGER THEORY

The potential energy of two nucleons (small sources) in this theory is
Kl' g $41'

V=f'Z (e.'~)(e." ~)
a

which gives in momentum space

+(er. e rr)~2

i 2

(kl vlk') =G'2 (e-'K)(e " K) — +(e-'e ")
~2+K2 x2+K2 ~2+K2

N. Kemmer, Heh. Phys. Acta 10, 47 (1937) (for the deuteron binding energy); Professor Pauli has shown, in unpub-
»shed ca1culations, that a 5-potential gives no scattering cross section.
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where again

The matrix

62
2x2*

(J, iK &, &; jr,j rr ,'&~ V~ J, ~', &, &;jr', jrr', &')

is obtained in the same way as was indicated in Appendix I. The non-diagonal elements, with respect
to M, are easily derived from the pseudoscalar case since the 0-term does not contribute to these
elements. The diagonal terms are —O'V2 (p' —a')[3(K '+Ii ')+2K '] 4p'

9 2[~'+K'][p'+I'] p'+K'
G'v2 (p2 —I")[Kg+%2'+2IC32] 4p'

9 [~2+K2][~2+K2] ~2++2
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The purpose of the present paper is to give a derivation
of the resonance formula for nuclear reactions which is
free from artificial assumptions. Mathematically, the
method used amounts to a Taylor series development of the
wave function with respect to the energy. It is assumed
that the first (energy independent) term in this develop-
ment is, within a region of con6guration space where all
particles are close together, the same, no matter in which
way the compound state is formed and that this is, in
that region of configuration space, already a good approxi-
mation. The second term in the development of the wave
function with respect to the energy di&erence from the
resonance energy can then be calculated very easily and
this ca1culation is carried out in Section II for resonance
scattering, in Sections III and IV for resonance reactions.
It is assumed in both calculations that the colliding parti-
cles have zero orbital angular momentum around their
center of mass. The third term in the same expansion is
estimated for resonance scattering in Section VI and it is
shown that, if there were no other resonances in the neigh-
borhood, the effect of the third term would be negligible
over a very wide energy range (several hundred kilovolt).
The formulae for the cross sections, as obtained, are of
greater generality than the customary ones inasmuch as

they contain extra terms which could be interpreted as
potential scattering and potential reaction. The existence
of such terms has been noticed already by Bethe. However,
as discussed in Section U, the extra terms are, particularly
in the neighborhood of the resonance, much sma11er than
the resonance terms so that one is led back, in practice, to
the ordinary resonance formulae, as given, e.g. , by Bethe.
In particular, the disintegration probabi1ity is, as function
of energy, proportional to the velocity with which the re-
action products separate if the orbital angular momentum
of the separating particles vanishes. It may be worth while
to remark that the resonance part of the collision matrix
has a particularly simple form and is, e.g. , of rank 1. The
case of orbital angular momentum ik is discussed in Section
VII. In this case, the disintegration probability of the
compound state is proportional to the third power of the
velocity of the separating particles so that the scattering
is, at very low energies, proportional to the square of the
energy. The same holds, in this case, of the "potential
scattering" also. Section VII also contains an investiga-
tion of the region of validity of the formulae in case of
angular momentum ih between the colliding particles and
shows that this region will extend to the neighboring
resonances.

I. INTRODUCTIOÃ

LTHOUGH there is no experimental evi-
dence available to corroborate the reson-

ance formula' with any great accuracy, a number

The first four sections of the present article are based
on a report, dated April 23, 1945, which the writer prepared
for the Uranium Project. He is indebted to the Anny
Engineers for clearing that report for publication.

of reformulations of the underlying picture~ have
appeared in the literature. ' All these formula-

s G. Breit and E. P. signer, Phys. Rev. 49, 519, 642
(1936);N. Bohr, Nature 1N', 344 (1936).

~ H. A. Bethe and G. Placzek, Phys. Rev. 51, 45o (1937);
F. Kalckar, J. R. Oppenheimer, and R. Serber, Phys. Rev.
52, 273 (1937);H. A. Bethe, Rev. Mod. Phys. 9, 71 (1937);
P. L. Kapur and R. Peierls, Proc. Roy. Soc. 166, 277 (1938);
and, in particular, A. J. F. Siegert, Phys. Rev. 56, 750
(1939).


