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NOTE ON THE END EFFECT IN THE ELECTROSTRICTION
OF CYLINDRICAL CONDENSERS.

BY EDwIN C. KEMBLE.

HERE are two methods of computing the deformations of bodies
due to the action of electrostatic helds. One method substitutes

the expressions for the ponderomotive body and surface forces derived
in the general theory of electrostriction into the equations of elastic
equilibrium and attempts to solve those equations subject to boundary
conditions appropriate to the body under consideration. This will be
called the "elasticity" method. The second mode of attack makes no
use of the general theory but refers each particular problem back to
fundamental principles. It assumes that the electrical and elastic state
of the body can be de6ned with sufhcient exactness by means of a finite
number of coordinates. (For example, in the problem of the elongation
of a charged cylindrical condenser, the coordinates chosen are the dif-

ference of potential between the coatings, V, and a longitudinal traction,

g, to which the cylinder is supposed subjected. ) Otherwise the assump-
tions of the two methods are the same. The second is essentially an
energy method and will be referred to as such.

Hitherto the application of these two methods to the problem of the
elongation of a charged cylindrical condenser has led to contradictory
formulas. Sacerdote, ' using the energy method, derived a formula for
the elongation of a condenser with adherent coatings in I899 and one
for the elongation of a condenser with nonadherent coatings in I9oI.
The first of these formulas did not seem to be in accord with the experi-
mental results of More' and of Shearer. ' These experimenters found no
elongation that could not be accounted for as the result of unavoidable
heating, although the sensitiveness of their apparatus seemed sufficient
to detect elongations of the order of magnitude of that predicted by the
Sacerdote formula. This apparent disagreement between theory and
experiment led Adams4 to attack the theoretical problem by the elas-
ticity method. In I9I I he published formulas derived in this way which
diR'ered from the Sacerdote formulas and seemed to be in better accord

I Sacerdote, Journal de Phys. (3), t. VIII., p. 4g7, x899; t. X., p. x96, x9ox.
' L. T. More, Phil. Mag. (g), I., p. x98, x9oo; (6), VI., p. x, x9o3; (6), X., p. 676, x9og.
' J.S. Shearer, PHYs. Rmv, (x), XIV., p. 89, x902.
~ E, P. Adams, Phil. Mal. (6), XXII., p, 889, x9xx.
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with the experimental work. The present paper proposes to show that
the formulas derived by the two different methods may be brought into
agreement if the action of certain longitudinal forces due to the electric
field in the neighborhood of the ends of the armature coatings be taken
into account. ' It wi11 also show that the negative results of More and
of Shearer are not to be interpreted as a proof that there is no such thing
as electrostriction.

The capacity of a cylindrical condenser of finite length is given approxi-
mately by the formula for the capacity of a section of an infinite cylin-
drical condenser having the same dimensions. To get the exact formula
for the finite cylindrical condenser we must add to the approximate
capacity an end correction independent of the length. This end correc-
tion becomes negligible in comparison with the whole capacity if the
cylinder is very long. Reasoning by analogy one would be led to suppose
that the end effect on the electrostriction would be negligible in the case
of a long cylinder, But this is not the case. The longitudinal traction
exerted by the electric field at the ends of the coatings is independent of
the length of the coatings and consequently the elongation produced is

proportional to that length.
We adopt the following notation:

x, y, s, Cartesian coordinates,
r, 0, s, cylindrical coordinates,
I, (Components I„I„,5,) electromotive force,

E, (Components Z„Z„,X),) electric displacement,

F, (Components F, F„, F,) ponderomotive force per unit volume,

f, (Components f, f„,f.) ponderomotive force per unit area,
X, specific inductive capacity,
E, Young's modulus,

0, Poisson's ratio,
a, internal radius of dielectric tube,
h, external radius of dielectric tube,
d, thickness of dielectric tube (b —a),
L,, length of coatings,
V, difference of potential between coatings,

p, volume density of electric charge,
bi, 82, constants characterizing the change in the specific inductive

capacity of the dielectric when it is strained.
The general theory of electrostriction gives the following expression

Professor Adams has called my attention to the review of his article in the Beiblatter to
thg; Annalen der Physik in which Pockels remarks that the discrepancy is probably due to
the neglect of an end eKect. So far as the present writer is aware this is the only published
criticism of the work of Professor Adams.
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for the x-component of the ponderomotive force per unit volume in a
dielectric which is isotropic at every point but not necessarily homo-

geneous:

F. = pe, ——————5 '8 + (5 ' + 5 ') 8
8m Bx 8m Bx

The y- and z-components may be obtained by cyclic advancement. In
the case of an uncharged homogeneous dielectric the above reduces to
the simple vector expression

F = — —grad (P).(~1 + tl2)

j:6m

By means of (t) and its companion equations the expanded Maxwell
"6ctitious" stress system

P. = —(m.' —I„' —S.') ——(C.'bi + m„'&u + 8*2&s),
X

may be obtained. The expressions for the force exerted at a surface of
discontinuity may be obtained either from (t) directly or from (3).
Suppose that the x-axis coincides with the normal drawn from the
medium A to the medium B. Then the components of the force per
unit area exerted at the surface are

2 i. X X

where primes refer to the medium A and double primes to medium B.
This is a specialization of the formulas given by Pockels, Encyk. der Math. Wiss. , Band

V2, Heft 2, pp. 354 and 36o.
~ Pockels, l. c., p. 36'.
' Pockels, I. c., equations (S) and (II').
' Pockels, 1. c., equation (I3).
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ADHERENT ARMATURES.

Now consider the case of a cylindrical condenser with adherent arma-
tures. Let the s-axis coincide with the axis of the cylinder. Then the
electric force at points far from the ends of the coatings is

V I S
r log b/a r

'

Substituting this value of 8 into (2) we see that the ponderomotive force
is radial and has the value

(br + 8g) S'p„— (6)

The surface forces are normal to the coatings and have the values

(X —bg)f, (outer surface) = —— S,
8mb'

(X —8))f, (inner surface) = + —S'.
8xu'

Professor Adams assumes that the longitudinal stress is zero for an open

tube and computes the elongation due to the forces specified on the
assumption that the cylinder is thin. He obtains

The formula of Sacerdote is

)& V&, ' [E + 82 —(8g + bg) 0]I.
9

Both Adams and Sacerdote assume that the armature coatings are so
thin that their tensile strength may be neglected.

Let us now compute the electrical ponderomotive forces exerted at the
ends of the coatings and add the elongation which they produce to that
already computed on the assumption that there is no longitudinal

traction.
There are three possible sources of longitudinal stress.

(a) At the edges of the coatings there is a strong electric force directed

along the axis of the cylinder. The intensity of this force is evidenced

.by the brush discharge which frequently takes place at the edges of the

coatings when they are charged to high potentials. This strong electric

d I
~ E. P. Adams, Phil. Mag. , 6, XXII., p. 8@a, equation (xa), neglecting

28 I —0

in comparison with unity.
~ E. P. Adams, 1. c., equation (zs); Pockels, 1. c., equation (r3).
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field is accompanied by a mechanical force tending to stretch the coatings.
This force is applied in the first place to the ratings but the stress is

at once transmitted by them to the cylinder of dielectric.
(b) At points far from the ends of the cylinder the electric force in the

(~, + s,)dielectric is a function of r only, so that the body force, — grad P,z6~
has no component along the s-axis. But near the edges of the coatings
the value of N' begins to diminish and drops nearly to zero a short distance
beyond the ends of the armatures. In this region the force

(4+ 4) &(P)p
x6m. Bs

r
I I
I
I
I I I

must be taken into account.
(c) The third source of longitudinal traction is the s-component of the

force on that part of the surface of the cylinder which is not covered by
the armature coatings. (Where the coating is in contact with the surface
of the dielectric the ponderomotive surface force has no tangential
component. )

For our present purpose it is not necessary to compute these forces
separately. The resultant of all

three may be obtained very simply
from the expanded Maxwell stress
system. The fundamental property

/ of this system is that the surface
integral of the stress over any closed

/S surface is equal to the resultant
ponderomotive force exerted on the
material inside the surface. Con-

sequently the total longitudinal pull
exerted by the electric field in theFig. 1.
neighborhood of the ends of the

coatings may be obtained by integrating the s-component of the Maxwell
stresses over a surface which encloses one end of the coatings.

To make the computation as simple as possible we choose as our sur-
face, 5 (Fig. z), a hemisphere with its base plane A —A normal to the axis
of the cylinder and cutting that axis at a point far from either end of the
armatures. In the limit when the radius of the hemisphere increases
indefinitely the integra1 of the Maxwell stress over S approaches the
integral of the Maxwell stress over the plane A —A. Let S~ denote the
annular section in which the plane A —A cuts the cylinder. Let S2
denote the rest of the plane A —A. As the distance om from the plane
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A —A to the end of the coatings is indefinitely increased the integral of
the Maxwell stress over S~ will approach zero as a limit. Let P denote
the longitudinal traction to be computed. Then to a close approxima-
tion P is equal to the integral of the s-component of the Maxwell stress
over S& only.

P= P ds = ds= 5'rdr

But

Hence

Il b/

V'(X + 82)
~ dr V'(X + 5g)

4(log b/a)', r g log b/a
(10)

Now our preliminary analysis of the sources of this traction shows that
the electrical field exerts no longitudinal pull except near the ends of the
coatings. Hence we can obtain the elongation produced to a very close
approximation if we treat P as a force applied directly to the ends of
the coatings. Then

a2L P U'(X + 6g)

I. E~(b' —a') -47rE(b' —a') log b/a
'

If (b —a) is small we have approximately

(b' —a') log b/a = 2d'.

Hence
A~L (x+ 8g) I'

U»
L 8mB

Adding this elongation to that obtained by Professor Adams we have

~L ~xL 62L I & V»
L L I. 87fE. i d&

— ' + —'- = —
I
—

I [Z + b. —(b, + ~,).),
which is the formula given by the energy method.

NON-ADHERENT PRMATURES.

Let us now suppose that the armatures are not in contact with the
cylinder of dielectric but are separated from it by a nonconducting inter-

mediary Huid of dielectric constant X'. Let g and f denote the radii

of the outer and inner armatures respectively. The electric force at
points in the interior of the dielectric and far from the ends of the con-

denser will be sensibly uniform. Denote its value by H.
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The formula given by Sacerdote for this case is

SL, H—= ——l~. —(~~+ ~2).l.I. 8xE (r4)'

Professor Adams obtains

s I. H2—= ——(~i+ &~)'I 8xZ
The discrepancy is

(Y5)'

~,I. ~,a~
(~6)I. I. L 8mB

'

This case differs from the previous one in that the longitudinal pu1 11

on the edges of the armatures is no longer transmitted to the cylinder,
but is born by the armature itself. The force on the end of the tube can
no longer be computed by means of the fictitious stresses but must be
obtained by the separate calculation of the resultant s-components of
the body-force and the surface force which act directly on the dielectric.

In what follows it will be assumed that the cylinder of dielectric
extends beyond the edges of the armatures far enough so that the stray
electric field at the end of the tube is of negligible intensity. Otherwise
the longitudinal traction would depend on the length of the tube.

We choose the axis of the condenser as the z-axis and the plane A —A
as the xy-plane. Denote the value of the electric force in the xy-plane
by 50.

The body force is easily computed. It is

(Cf. equation (2).) The integral may be extended over the entire end
of the tube although 8(P)/Bs is sensibly equal to zero except near the ends
of the armatures. Let L be thedistance from the plane A —A to the end
of the cylinder. Inserting the limits of integration we have

p '+'—' f ~ef .~.f —'I—a
(4+ &2)

8

(&i+ 82)
r@p'dr.

(z 8)

The surface force will now be computed. Quantities referring to the
' Sacerdote, J. de Phys. [3], XI., p. I96, I9oz.
~ Adams, 1. C., equation Ig.
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inner and outer surfaces zvi11 be denoted by primes and double primes
respectively. Let

For a fluid
2+@2 P2 (~9)

Consequently the expressions for the z-components of the forces per unit. .

area on the inner and outer surfaces become

(~o)'-

I/P I/

2 E
Let m,

' and 5„"denote the radical components of the electric force in.'

the tube of dielectric at its inner and outer surfaces respectively. Then.

87r

f II ( [ g I/g II
8x

The total traction exerted on the surface is

(2r).

P" = d0 a, 'dz + d0 bf,"dz

Both the curl and the divergence of the electric force vanish in the interior
of the dielectric. Hence

Therefore

a(r@,m„) a@„am, r a= rS, —"—rm. '= ———[$,2 —C.2].
Br Bz Bz 2 Bz

If we integrate with respect to sand 8, remembering that (Q,' —(g,')
vanishes at z = L and reduces to 5g at z = o, vie obtain

82 —8g
re02dr.

8 (~5)

~ cf. equations (4).
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The total longitudinal traction is

er, if the variation of eo with r be neglected

ad82H'

4
The corresponding elongation is

S'I. I' S2II2

L 2madZ 87i-E
' (28)

This is the discrepancy we have already found between the formulas of
Adams and Sacerdote.

LIQUID ARMATURHS.

In our discussion of condensers having adherent armatures we have
tacitly assumed that these armatures are thin metal sheets. It has been
a common practice on the part of experimenters in this Geld to use a
conducting liquid for one of the armatures. That we can use the same
formula for this case as for that in which both armatures are of metal
-foil is not immediately obvious. In fact we can show that if both arma-
tures are liquid in contact with the dielectric cylinder the elongation is
the same as if the armatures were nonadherent.

In the case of the typical adherent armatures first discussed the
Longitudinal traction is

The longitudinal pull exerted directly on the tube is

50'rdr.

Consequently the traction exerted on the edges of the armatures must be

x
@0'rdr.

(This could also be proved directly. ) Now in the case of liquid armatures
this force is not transmitted to the tube but is borne by the liquid itself.
Consequently we may neglect I'2 in computing the elongation of the tube.
In this way we get the same formula as for the case of nonadherent
armatu res.

If the two armatures are of the same length we may assume that
each carries half of the traction P2. Then if one of them is a conducting
liquid we may compute the elongation from (9) if we substitute X,2 for X.



Voz..VII.
No. 6. CYLINDRICAL CONDBNSFRS. 623

However, the usual experimental arrangement is to have the liquid
armature very much longer than the coating of metal foil. With this
arrangement the two armatures do not carry equal longitudinal tractions.
In fact there is no longitudinal pull on the liquid dielectric at all, for the
lines of force arrange themselves as indicated in Fig. a, and the metal

~Li t,kaid

1

\

I

I
I
III

J

Natal Foil

Flg. 2.

foil must carry the whole of the traction I'2. Consequently the whole

stress is transmitted to the dielectric and the elongation is the same as if

both armatures were metal sheets.

THE EXPERIMENTS OF MORE AND OF SHEARER.

The above work shows that if the general theory of electrostriction is

correct the experimental results of More and of Shearer must be reconciled

with the Sacerdote formula, (9). Moreover, it shows that the principal

term of (9), (XI./8sZ)(V/d)', is not due to a direct action of the electric
field on the dielectric but to the longitudinal pull on the edges of the
armatures. If there were no direct electrostrictive action (as has been

suggested) we would still expect an elongation given by the formula

Since the publication of the work of More and of Shearer, Professor
Adams' has computed the value of the combination of constants

[8~ —(b'q + 82)&r] for several different kinds of glass from the experiments

of Wullner and Wien on the change in the capacity of cylindrical glass,

condensers when they are stretched. The computed values vary from

+ o.68 to —2.85. For glasses for which this combination of con-
stants has a negative value the formula (9) predicts a smaller elongation
than does (29). Hence the experimental results of More and of Shearer

' E. P. Adams, 1, c., p. 89S.
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are more easily explained if the general theory of electrostriction is
assumed to be correct than otherwise.

The elongation predicted for tube No. 5 of Professor More's second
series of experiments' by (9) is 3.6 &( ?o ' cm. or 6 divisions of Professor
More's micrometer scale if the extreme value —2.85 of the combination
of constants [8~ + (8~ + 82)~] is used. The smallest elongations observed
for this tube were 5 and 7 micrometer divisions. Possibly an appreciable
fraction of these minimum observed elongations was due to heat but the
discrepancy between theory and experiment can hardly be considered to
amount to a contradiction.

JEFFERSON PHYSICAL LABORATORY,

HARVARD UNIVERSITY.

'L. T. More, Phil. Mag. (6), 6, P. I3, I903.


