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The well-known results of the theory of mass spectrometers and velocity focusing devices
are derived again by a different method which is simpler than the ones previously used and
which brings out more clearly the electron optical nature of the deflecting and focusing proper-
ties of the fields employed in these types of instruments.

HE deflecting and focusing properties of

electrostatic and magnetic fields used in
mass spectrometers and velocity focusing devices
have been treated theoretically by R. Herzog!
and W. Henneberg.? These authors derived ex-
pressions for the optical quantities of such
systems. The methods employed are, however,
not adequate to the electron optical nature of
the problem. Because Newton’s force equations
were used as the basic equations, the time had
to be eliminated by special manipulations so that
path equations could be obtained. These
derivations are therefore rather involved. It
might be useful to give a derivation of the results
in a manner which has become the typical
method for the treatment of electron optical
phenomena. This method has been used by
O. Scherzer® for electron lenses of rotational
symmetry about an axis, by J. Picht, J. Himpan,*
and G. Wendt® for the deflecting fields in tele-
vision tubes and cathode ray tubes. A paper by
G. Wendt® deals with the dioptrics of electron
optical devices with arbitrarily curved axes. The
general expressions obtained there could be
applied to yield the formulae derived in the
present work as far as the first-order properties
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are concerned. Since we are going to investigate
also second-order aberrations and chromatic
aberration, it seems advisable to give a complete
theory of the problems involved.

(1) THE GENERAL PATH EQUATION

The index of refraction of an electromagnetic
field in cartesian coordinates x,y,z is given by:

n=L[Qe/m)o(xys) T —(e/m)(A-s), (1)

where ¢(xy2) is the electrostatic potential, A is
the magnetic vector potential, s is a unit vector
in the direction of the path, e and m are charge
and mass of the particle respectively, and (A-s)
is the scalar product of the two vectors A and s.

Fermat’s principle can then be written in the
form

Py

5| [[(2e/m)e(xyz)]t—(e/m)(A-8)Ids=0. (2)

Transforming this expression to cylindrical coor-
dinates 7, 6, z, we get:

Py

o) [L(2e/m)e(r, 8, 2) P+ (r')*+ (')}

—(e/m)(A. 7' +Agw+A.2")]do=0, (3)
since

ds=[r*+(r')*+(2')*]!db. (4)

The prime signifies derivation with respect to 6.

The necessary conditions for Eq. (3) to be
true are the following differential equations,
called the Euler-Lagrange equations:
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Use has been made of the definition of A as:

H=curl A,
or in components
04y 104, 04, 0A4.
T ra0 o o
(6)
170 04,
H,=~(——(7'A9)— )
r\or a0

We now consider the following field combina-
tion given by:

Hy=H,=0, H,=H=0, ¢=¢(). (I)
Equations (5) become*
[ 2¢(r) ]%i{r,.[ 2¢(r) ]*}
rt@+E al et oy
_ 2¢(r) 3 (i)* [ 2¢(r) ]*r
P+ ()4 () \m/ L)+ ()
.H+8¢(T)’ (8a)
ar

[ 2¢(r) ]% d { [ 2¢(r) ]} o
—_— _—lg = .
724 (r")2+(2')2] db 24 ()24 (2')? (8b)
From Eq. (8b) we can see that 2’ is identically
equal to zero if it was equal to zero for =0, i.e.,

electron paths remain in the plane z=const. if
their initia! slope 2’ was zero. If we therefore
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exclude all rays whose initial slope 2’ is different
from zero, we need consider only Eq. (8a) which
can be reduced to:

Zz%{" ' [,ffﬁfy]%} - [rzzfg?w]}’

()l

The electrostatic field ¢(r) shall now be that
of a cylinder condenser which we can write in
the form

¢(r)=¢o+L[(Va—V1)/(In Rz/Ry) ]1n (r/r0) (10)

where V,— V1 is the potential difference between
the two coaxial cylinders of radii R; and R,.
¢o is the superimposed constant potential. We
therefore have:

¢(70) = ¢o.
The condition for a path to be circular is:
7' =0.
Hence the radius of the circular path is given by:
(Va— V])/(ln Rz/Rl) +2¢0 1
Yo= T (1 1)
(2e¢po/m)? H
with

vo=(2e¢o/m)?, initial velocity of the particle,
and
wo=1y/70, angular velocity of the particle,

we get:
Ve—V1 1
=———tm—=e —+m—.

evy- H .
In Rz/Rl 7o 7o dr 7o

This is Newton’s force equation for a particle
moving on a circular path through the combined
electrostatic and magnetic field.

It has been shown by W. Henneberg that the
final formulae are simple if expressed in terms
of a quantity y defined by:

y=—(Va—=V1)/(2¢0 In Rz/Ry), (12)

or
y=—[e(Va—=V1)(1/ro)/(In Ry/Ry)]/m(ve/r0)-

v is therefore that fraction of the centrifugal
force on the circular path which is compensated
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by the electrostatic force. We have y=0 for a
purely magnetic field and y=1 for a purely
electrostatic field.

Equation (9) can only be solved by methods
of approximation. In order to achieve this, we
need a number of expansions of expressions
occurring in Eq. (9). With

r=ro+x, or r/ro=1+4x/ro=1+2, (13)
and Egs. (11) and (12) we get:
(2¢)t=(200) (1 —yz+3y(1 —y)2*
—§y(2=3y+3y")z*+ -+ ),
2¢7 = (2¢0)H(1+yz—3y(1 —3y)2"
+3y(2—9y+15y%)z3+- - ),
(P4 () =r( 5+ 3 — 3 ),

(14)

(")) =1/r) (1 —2+22—3(2)?
+33(2')2—234- - -),
do/dr=—(1/ro)2¢oy(1—z+22—28)+- - -,
H-ro=(2¢gm/e)} (1—7).

If we exclude all third and higher order terms in
z and 2’ Eq. (9) becomes:

[d/do][2 — (1 —y)zs']= — [+
+iy(1—=3y")22+3(1—y)(z)*]. (15)

The method which is typical to electron optical
investigations proceeds now as follows. The first
step towards a solution of Eq. (15) will lead to
a path function fundamental to the Gaussian
dioptrics of the system by taking into account
only first order terms in Eq. (15). After this has
been achieved, the effect of second-order terms
will be investigated.

(2) THE GAUSSIAN DIOPTICS
We assume that:
2K1,

7K1, (16)

so that 2%, 22/, (2')? can be neglected compared
with zand z’. We then get the following so-called
paraxial equation:

[d/do](z"1= —[1+* ]z

The index g shall indicate that the solution is

17)
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correct only if the conditions (16) are satisfied,
i.e., within the limits of the Gaussian dioptrics.
The solution of Eq. (17) is well known; it is

z,=a sin (14+y2)%0+b cos (1+y%)%, (18)

where ¢ and b are two constants of integration.
If »=ry for =0, we have with (13):
r=ro+aro sin (1+y2)9. (19)

We therefore see that all (paraxial) electron
paths leaving the point =0, r=r, pass again
through the (circular) axis (r=7,) at:

o==/(1+y"*%

For a purely magnetic field we have y=0 and
hence

(20)

8=7m=180°.

For a purely electrostatic field we have y=1
and hence

0=7/V2=127°17".

In order to derive the expressions for the
optical quantities of the system, we make use
of the general results of the theory developed by
W. Glaser.”

If the field has a finite extent along the optical
axis and if the paraxial ray equation is a linear
differential equation of the second order, the
optical quantities can be expressed in terms of
two linearly independent solutions of the ray
equation. The shape of the field is shown in
Fig. 1. Let 2, and 2z, be two linearly independ-
ent solutions of Eq. (17) which satlsfy the fol-
lowing conditions:

201(0a) =1, %'51(6.) =0,
(21)
2,2(0,,) = 0, z',,g(B,,) =1.
Such a pair of solutions is:
z,=cos (1+92)}(0—40,),
o Y (22)

zg2=(1+y5)~tsin (14326 —0.).

We then obtain the expressions for the optical
quantities by substituting the functions (22)
into Glaser’s formulae.

"W. Glaser, Zeits. f. Physik 80, 451 (1933); Zeits. f.
Physik 81, 649 (1933); Zeits. f. Physik 83, 104 (1933);
Zeits. f. Physik 97, 177 (1935).
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F1G. 1. The geometry of the fields.

Focal lengths:

_ 761(05)252(05) — 251(05)'52(6)

o 2'41(6s) a
7o 1
(142 sin (14240 —00) 29
P 1
= r
2 51(05) ’

e 1
- (1+y%)}sin (1+y2)*(9b—0a)'
Focal points:
2'92(0s)
—z’al(ob)’ '
201(05) L
—Z,al(ob), " (1)

Principal points:

cot (1442)3(6—6.),
(24)
cot (1432 }(8,— 6,).

Yo
(141}

Ho= —fo+Fo= —_ tan %(1+y2)*(0b‘—0¢),
1457t
(145 (25)
4
Hi= — fit Fi= ———— tan 3(1+%)}(6s— 62)-

(1474

Object-image relation:
(i—H)-(0—H)=f (26)
The system of coordinates is chosen so that
the origins are the boundaries of the field 6,
and 6. In hoth regions the direction from the

left to the right is“_'deﬁned as the positive direc-
tion.

(3) SECOND-ORDER ABERRATION

Taking now into account the second-order
terms in Eq. (15), we can determine the line
width which is the actual image of a mathe-
matical line of the object space. To obtain this
line width, we proceed in a manner typical to
electron optics. We replace in Eq. (15) z and 2’
in the second-order terms by z, and 2/, since

- these terms will differ very little from the actual

ones. We therefore have:
[d/do](=' ]+ [1+y"]=
=(1-)(@/d8)(2,7'5) —3y(1—3y)z,*
i1 -9)E) (@27
The general solution of this equation is the sum
of the general solution of Eq. (17) and a par-

ticular solution of Eq. (27). With the expression
(22) Eq. (27) becomes:

2"+ 4 2= C14Cy cos mo+Cy sin mg. (28)
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A particular solution is given by:

zp=(C1/A4)+[Ce/(4 —m?)] cos mf

+LCs/(4—m)] sin mo, (29)
where
A=1+22
Ci= —H(a*+b) (1+y*— 437,
Co=3a—b)(3—2y+3y"—6y%),  (30)

Co=1ab(3—2y+3—657),
m=2(1+y"%
The general solution of Eq. (27) is therefore:
z=a sin (143%)¥0+4b cos (1+4y?)#9
14+y*—4y®
(1+3%)
3—2y+3y*—6y?
14+
3—2y+3y*—06y3

tab sin 2(14y?)%4.
(1+5?

~ @+

1 2)
—17(a*—b?)

cos 2(1+3?)%0

(31)

The initial conditions for z shall now be:

14+ y2—4y3
5(0) =b— (@t +b)———
1442
3—2y+3y*—6y*
-1z (a*—0?) =0.
1492
3—2y+3y*—6y?
14-y?
At 0=m/(14?)% we then have:
1492 —4y3
1492
3—2y+43y*—6y3

— L (q2 2)
B@H)—— o 39

(32)
)asi=e

2'(0) ==a( —3b

T = —b—1(a?+0?
z[(1+y2)*] @+

or with Eq. (32)
o[r/(1+y7)1]=—2b. (34)
Since b will be proportional with a? we have:

b=Ca?. (35)
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If we neglect now all terms higher than o2 in
(31) we get:

C=1+3y+y*+3y%/(1+3%% (36)
hence
1+_1_ + 2+3 2
z[ " ]= BV A A S YN
(149} (1+y%?
the line width will then be
1+l + 2+3 3
= —ot Ty Y 7 0. (38)
(14y%)?

In case of a purely magnetic field (y=0)
L= —a,.
For an electrostatic field (y=1)
L.=—(4/3)a’r,.
(4) CHROMATIC ABERRATION

If the wedge of electrons entering the field is
not homogeneous with respect to the velocity,
the image line will again be of a finite width. In
order to obtain an expression for this width we
let:

o(r) =bo+Ado+[(V2— V1) /(In Re/Ry) ]/In f/(?é)

where )
| Ago/do] K1.

The solution of Eq. (9) will be assumed to be of
the form:

(40)

r=ro+x+06
or
r x+0
—=1+4 =14+z4+o=1+42;. (41)
Yo 7o

We expand again the expressions in Eq. (9)
in power series of 2; and 2, similarly to those of
Eq. (14). The differential equation for 2z, then
becomes:
d 1 A¢o
—[z’1(1+ =——(1+y)
ae 2 o

1 Agy ]
2 ¢

1 Ago
—21(1+y2)—-5-——y21(1+3y)- (42)

0

If the particle travels initially perpendicularly
to the field lines and would describe the circular
path of radius 7o (A¢o=0) we have z=0. If
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A¢o#0 the deviation from the circular path is
therefore given by the following differential
equation:

o' +o(1+5%) =3(1+3)Ado/ 0.

The general solution of this equation is given by:

(43)
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Since (2e¢o/m)t=v, we have:
de dv
- 2_0, (48)
o Yo

and since 6=0"7, we get for the line width D:

= 3 1+y dv
o=asin (143%)%0+b cos (1+42)1 D=2 0_° (49)
+3(14+y)Ado/¢o.  (44) (143% 2o
With the initial conditions: Since the velocity resolution is only noticeable
, if it causes the line width to be greater than that
c=0¢"=0 for 6=0, (45) . .
" due to second-order aberrations, a quantity 7
we get: has been introduced called the reduced resolu-
1 (14y) Ago . .
a=0, b=———"" " (46) tion. It is defined by:
2 (142
(1459 ¢o = |D/L|a2. (50)
At 6=7/(143%)?* we therefore have: We get for 7:
T 14y Ago 1+y+y24y3
a[ ]= e, (47) 7=2'——————~—-——~ . (51)
1+ 145* ¢o 14+3y+y*+3y°
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On Permanent Charges in Solid Dielectrics

1. Dielectric Absorption and Temperature Effects in Carnauba Wax
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The influence of the temperature upon dielectric absorption is studied for carnauba wax.
Isothermic and non-isothermic current-time curves are measured. It is shown that a consider-
able part of the absorbed charge can be “frozen in,” if the temperature is reduced to a value
sufficiently inferior to that prevailing during the charging period before the system is short-
circuited. The “frozen” charge dissipates extremely slowly, if the temperature is kept low,
but it is liberated rapidly if the temperature is raised again. The effect is explained by the
increase of the charging and discharging rates with increasing temperature. It is closely related
to the permanent moment of the electret.

I. INTRODUCTION

N electret is a dielectric body that retains

an electric moment after the externally
applied electric field has been reduced to 0. It
was shown by Eguchi' that permanent elec-
trets are obtained when certain waxes and
resinous materials, mainly carnauba wax, pre-
viously melted, are allowed to solidify while
exposed to strong electric fields. Eguchi’s results

1 M. Eguchi, Phil. Mag. 49, 178 (1925).

were considered very startling ones because for a
long time it was the general opinion that any
self-maintained electric field in solid bodies
would soon be neutralized in consequence of the
movement of the free electric charges existing in
all substances. But these results have been con-
firmed and completed by various authors.? While
the behavior of the electret is now fairly well
known, no generally accepted explanation of its

2 A. Gemant, Phil. Mag. 20, 929 (1935); W. M. Good
and J. D, Stranathan, Phys. Rev. 56, 810 (1939).



