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The quantum theory of radiation describes the effect of retardation in the interaction of
two electrons by the mutual emission and absosption of light quanta. A study has been made
of a process involving the interaction of two electrons and any number of quanta. It was noted
that the number of terms involving virtual quanta needed to describe the retardation in the
usual first-order approximation of perturbation theory depends on the number of real quanta
involved in the process under consideration. It was shown that, nevertheless, the resulting
expression obtained by summing over all the intermediate states involving virtual quanta is of
the same form for any process. Mgller’s formulas for the retarded interaction of two electrons
with no light quanta and with one light quantum emitted are special cases of our equation.

I. INTRODUCTION

T is well known that the quantum mechanical

Hamiltonian of a system of charged particles

obeying Dirac’s equation and the radiation field
can be written?

H=Hp+Hr+Hs+II/y (13.)

where H, represents the Hamiltonian of the
particles, H, that of the light quanta, H, the
electrostatic energy of the particles, and H’ the
interaction of the particles and the field. We have

Hs= (1/2) Z eiek/mk (1b)
H'=—% er(ex-A(R)), (1c)

where e;, is the charge and «; the Dirac matrix
for the kth particle, A(k) the vector potential
evaluated at the position of e; and 74 the dis-
tance between the 4th and kth particle.
Equation (1a) contains an explicit expression
for the instantaneous Coulomb interaction only,
as given by (1b). The effect of retardation is
included in H’ and is described by a mutual
emission and absorption of light quanta. In the
simplest possible case of retarded interaction of
two particles in the absence of radiation, it
consists of the emission of just one quantum by
one particle and reabsorption by the other and

and
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1For the general theory and the notation used see
W. Heitler, The Quantum Theory of Radiation (Oxford
University Press, 1936), Chapter I11.
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vice versa.2 The purpose of this paper is to show
that while in the more general case of the inter-
action of any number of light quanta with two
particles the retardation corresponds to emissions
and absorptions described by a large number of
terms involving virtual quanta, we can sum all
these terms and obtain an expression for the
retarded interaction which is of the same form
for any process.

II. THE MATRIX ELEMENT

As it is not possible with the present methods to
solve the Schrédinger equation Hy = —ikh(dy/dt)
with the Hamiltonian (1a) directly, a perturba-
tion theory is required. The method often used
treats the terms (1b) and (1c¢) for the interaction
as small perturbations causing transitions from a
state Ey, with a certain energy and momentum
of the particles and a certain number of quanta
to another state Er. The transition probability
is zero unless the total energy is conserved, and
then it is given by the well-known equation?

WEER = (zr/h)pEo I HE‘?()EF I % (221)

where pg, is the density of the final or initial
states with energy E,, and

Hypp= f Y (H A )rdr  (2D)

is the matrix element for the transition. The

2 This case was first calculated with a correspondence
method by C. Mgller, Zeits. f. Physik 70, 686 (1931) and
Ann. d. Physik 14, 531 (1932). The present method was
first used for this problem by H. Bethe and E. Fermi,
Zeits. f. Physik 77, 296 (1932).

3W. Heitler, reference 1, p. 90.
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matrix element has a value different from zero
for the Coulomb interaction of two particles, in
which case it is equal to

(4rh2c%eses/ | Ap | (wonwr) (woaus),  (3a)

for two free particles, and for transitions involv-
ing emission or absorption of just one light
quantum, where it is given by

—e(2rh%/ by) M ctts). (3b)

Here the #’s are the Dirac amplitudes of the
electrons and «. is the component of e in the
direction of polarization of the light quantum k.
The momentum is conserved for these transitions.

If the matrix element for the direct transition
is zero, we have to use a succession of simple
transitions leading from the initial to the final
state through a number of intermediate states,
for which we still have conservation of mo-
mentum, but no longer conservation of energy.
We have to replace (2b) by

HoHys - -Hpoo raHros,r

=2 (Eo—E)(E¢—Ey)- -+ ’

X(Ey—Ep-2)(Eo—Erp—1)

where the denominator contains the product of
the differences of the energies of the initial and
intermediate states, and the numerator the
products of the matrix elements for the suc-
cessive simple transitions. These transitions have
to be chosen in such a way that the total ex-
pression (4) is of the lowest possible order in the
electronic charge e for which it does not vanish,*
but otherwise we have to sum over all possible
successions of intermediate states. We can see
from (3a) and (3b) that the matrix element for
interaction with a light quantum is proportional
to e and the Coulomb interaction is proportional
to €% and therefore equivalent to two interactions
with light.

After these general considerations let us now
consider a process involving z+Z light quanta
and two particles. Then our energy balance for
the initial and final states is

Ey=E"+E+a+b+---4z+A+B+---+Z
=EF+EF=Ep, (5)
4 It is a well-known difficulty of the quantum theory of

radiation that any calculation of a process in a higher
than the lowest possible order leads to divergencies.

4)
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where E,° E:¥ and E,°, E,F are the energies of
the first and second particle in the initial and
final state, respectively, and a---z and 4---Z
are the energies of the light quanta. We have
written the equation in a form corresponding to
absorptions only, but our calculations include
emissions as well, as the only difference would be
a change in sign throughout for the energy and
momentum of the particular light quantum.
Furthermore, we can include positrons as well as
electrons by changing the sign of the energy and
momentum of the particle.
The conservation of momentum requires

p*+poS+atbt -
+2+A+B+- - +Z=pF+pF. (6)

The first non-vanishing matrix element for such
a process is of the order 2+Z+2 in e. It involves
z+Z transitions due to the interaction of the
particles with all the light quanta and one
transition due to the instantaneous Coulomb
interaction of the two particles. We obtain a
matrix element of the same order if we have
instead of the instantaneous Coulomb interaction
a retardation described by one transition corre-
sponding to the emission of a light quantum K’
by one particle and a second transition due to
the absorption of this quantum by the second
particle. Any succession of transitions involving
the same light quantum more than once or more
than one Coulomb interaction would either be
of a higher order than those just considered or
would not fulfill the conditions (5) and (6).

We note that we cannot expect (4) to give
finite results for any values of the energies and
momenta of the particles and quanta involved
subject to the conditions (5) and (6) only. We
assume for the moment that we have to deal
with non-vanishing denominators of (4) only and
shall discuss the limitations of the first-order
approximation later.

Let us now consider the possible successions
of interactions in detail. We can have one
particle interacting with any # quanta, and the
other one with the remaining z+Z—# quanta.
Furthermore, the interactions of the # quanta
with the first particle can take place in any order
(and likewise for the z4+Z—n quanta and the
second particle). In addition the Coulomb inter-
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action can take place after the interaction with
any n+M quanta. Then one has to sum over
both signs of spin and energy of the electron in
the intermediate states. Finally the exclusion
principle has to be taken into account by making
the total matrix element antisymmetric in the
coordinates of the two particles.’

We do not attempt to sum over all these
possibilities since we want only to study the form
of the retardation for a given Coulomb inter-
action. From now on we limit our calculations to
that part of the sum, which has the same nu-
merator in (4), namely,

(—-e)’+z+2|:(27rﬁ262) z+Z+2/(a. Y -Z)]%

n, M »A
X H H (ul*n—lanuln) (u2*M—la MuZM)
1,1 nt2 M42

2(u1*"u{‘+1) (o My M+1) /| Ap | 2 for the
instantaneous Coulomb interaction
X Z [(ul*naK,uln—!—l)
directions of
X (ug*Magxus™+t) /K"]

polarization
for the retardation,

7

with K’=| Ap|, the absolute value of the change
in momentum of either particle due to the
Coulomb interaction.

For the moment we consider the two parts for
instantaneous and retarded interaction sepa-
rately. The part containing the instantaneous
Coulomb interaction corresponds to the following
process:

Electron e; emits (or absorbs) ]
a b m

Electron e, emits (or absorbs)
A:B; - M

Instantaneous

(e, emits (or absorbs)
n+l;---2

ez emits (or absorbs)
M+1; - Z.

Coulomb interaction

We denote the light quanta (and their energies)
by small letters if they interact with the first
electron and by capital letters for the second
electron.
We have already arbitrarily ordered the quanta
which interact with particle 1, and separately the
5 For this last point compare, e.g., N. F. Mott and H.

S. W. Massey, The Theory of Atomic Collisions (Oxford
University Press, 1933), Chapter XV.

quanta which interact with particle 2. We still
have to sum over all possible orders of inter-
action subject to these limitations. For example,
we can have one process where e; interacts with
a, b, -+ nand then e, with 4, B, --- M but also
another one where e; interacts with a, then e,
with 4, then again e, with b, ¢, - -+ and similar
possibilities. The only restriction (beyond the
arbitrary partial ordering of quanta mentioned
above) is that the order of interaction for each
particle has to be the same and that the Coulomb
interaction can take place only after e, has
interacted with the light quantum # and e, with
M, but before their interactions with z+1 and
M+1, respectively.

We note that the part of our sum which con-
tains the instantaneous Coulomb interaction can
be factored into a product of the Coulomb term
and of two series, the one containing all the
successions of transitions taking place before the
Coulomb interaction and the other containing
the successions of transitions taking place there-
after.

Now we have to consider the case where the
Coulomb interaction is replaced by the emission
and subsequent absorption of a virtual quantum
K’, which transfers the same amount of mo-
mentum. It is essential to keep in mind that
this need not take place in two consecutive steps.®
The only limitation is that e, can only emit K’
after its interaction with n and before its interaction
with n+1, and that es can only absorb K’ after its
interaction with M and before its interaction with
M1 and vice versa. The extreme case would be
the succession of interactions where one particle
has emitted K’ and interacted with all z quanta
and is therefore in its final state, while the
second particle is still in its initial state.

We note that we can no longer factor the sum
describing the retardation as in the case of
the instantaneous Coulomb interaction. Further-
more, we see that because of the fact that the
emission and absorption of K’ need not take

8 This point has not been emphasized before. The ex-
pression given by W. Heitler, reference 1, p. 101, Eq. (31),
takes account of consecutive steps only. It is therefore not
the general matrix element for the retarded interaction of
two particles. The same criticism applies to the paper by
W. Heitler and L. Nordheim, J. de phys. et rad. 5, 449
(1934), which gives the same expression. The actual calcu-
lations of this paper neglect the retardation, however, so
that no error is introduced.
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place in two consecutive steps, the sum de-
scribing the retardation will contain more terms
than the sum containing the instantaneous inter-
action. The number of terms needed to describe
the retardation depends on the number of quanta
involved in the entire process. This appears
strange, at least formally, as there seems to be
no reason why the expression for the interaction
of one particle with radiation and for the instan-
taneous interaction of two particles should be of
the same form independent of the process, but
not the one for the retarded interaction. But we
have to keep in mind that we are still describing
the retarded interaction by virtual quanta, and
we shall see that the expression obtained after
eliminating them is again independent of the
process under consideration as it should be.

We first simplify the notation for the energy
differences appearing in the denominator of (4).
If the first transition were due to the absorption
of light quantum a by ey, then this particle would
have the energy E*=(|p:®+a|2+u?)? and the
difference between the energy of the initial and
the first intermediate state would be

a+1£10 __Ela

as the second particle is unchanged. We denote
this difference by (E,%). Similarly we put

with a+b+- - +m+EL—Em=(E™) (8a)
Eym=(|p:+a+b+- - +m|2+u2)}
A+B+---+L+E—EL=(FE;-) (8b)

with
Ext=(|p*+A+B+- - +L|24p2)

If now we have an intermediate state reached
by the.interaction of e; with m quanta and of e,
with L quanta, then the energy difference is
a+b+---+m+A+B+---

+L+E "+ Ey’ — Ey"— Eyl =(Ey)4-(Es%). (8¢)

III. A THEOREM

Let
A0=0y Aly A21 .

Bo=0, Bl, B2, .

B

B,

1 B
( IL )Sn,m=
Bitdnn Ani(Bit4,41)
B,
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be two sets of numbers, subject only to the re-
striction 4,5 — B, for any 1, k0.

Let (4, B) stand for any product of n+m
factors of the form A;+B;, where we obtain
each factor from the preceding one by replacing
either A or B by the following number of its set.

Theorem: The sum of the reciprocals of all
possible (4, B) obtained by starting with either
A0+B1 or B0+A1 is

Sn,'mzz 1/<A,B)=1/A1A2' . 'AnBlB2‘ . '-Bm-

We shall prove the theorem by induction. It is
certainly true for =1 and m =1 since
1 . 1 1
Ay(A1+B))  Byi(41+By) AB)

As the sum does not depend on the initial order
of the numbers in the two sets, it is sufficient to
show that if we add another, number 4 ,.; at any
place to the set 4,---4, and construct S,i1,m,
it will be equal to S, m/A n+1. The proof can be
demonstrated most easily if we insert 4,1
between Ao and A4;. We shall use the symbol
(4;4+Bi)— (A4 i1+ By) to indicate a step which
changes an 4 to the value indicated, and like-
wise for a change of the B. ‘

We now proceed to construct Spi1,m. We start
with the factor (Bo+A4.41). Summing all the
1/(A, B) which can be obtained by (Boy+A44+1)—
(Bo+41) and then proceeding according to our

4 4
rule, we simply obtain Sn,t,b/AnH where S,,_i,,
indicates those terms of S, . which start with
(Bo+434). For (B1+40)—(Bi1+4a11)—(B1+41)

we obtain Sf;/(BI+A,,+1) and for (Bo+A4nr1)—
B
(BitAn)—(Bi+41) we obtain  BiSn/

[4,4+1(Bi+A4,+1)] where Sfj,. indicates the sum
of those terms of Sy, » which start at (B1+4,) and
continue with 4 unchanged up to (4,+4B.) and
then change to (41+B.,).

Proceeding in this fashion and adding the

B .
terms with the same S,,,t,. as factor, we obtain
A1
Sn, m/A n+1
By
Sn, m/A n+1

.BlBg

1
(32+An+1 " (BitAni) Bet-Any1)  Ani(Bit+A,i)(Bat+A

B
)Sf,zn = S‘n,fu/A'IH-l)
n+1)
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and the general term is from the method of construction

BiBiBiBy- - -B,S, S5 2o Be P Sue/d
10202304 1,z n,m—14hn+1“BlB2.‘.B:c n,m= n,m n+1y

where S, indicates the sum of all the (4, B)
formed from 4,=0, 4 .11 and By=0, By, By- - B,
and for which the theorem holds true by assump-
tion since x<m and 1 <.

Adding the right-hand side we obtain

A1 B Bo By
Sn+1,m= (Sn,m+sn,m+sn,m'|'3' * +Sn,m+ ce
+Sn,':n)/An+1=Sn,m/An+1

which is what was to be proved.

IV. SUMMATION OF THE SERIES

We first sum the series defined in Part II
containing the instantaneous Coulomb interac-
tion. We remember that we could factor this
series and we have already defined our (E;™) and
(E,L) by the relations (8) in such a manner that
we can immediately apply our theorem to the
first factor containing the successions of inter-
actions taking place before the instantaneous
Coulomb interaction, i.e., up to (E*) and (EM).

Before we can sum the part containing the
interactions taking place after the instantaneous
Coulomb interaction, we have to simplify the
notation for this part also. But we cannot use
the same definitions as before since now the
momentum of the particles has been changed not
only by the interaction with the light quanta,
but by their Coulomb interaction as well. The
change in momentum of the first particle is
equal and opposite to the change in momentum
of the second one, and is given from (6) by

Ap=p1”+1—pl”=p1F*[p1°+a+b+ .. -+z]
= —pf +[p*+A+B+---+Z]. (9)

We define now

(Ey=—p—(p+1)—+- —z+EF—E» (10a)
with )
Er=([pf—p—---—z[*+u)},
(E®=—Q—(Q+1)— - —Z+EF—Es® (10b)
with
Ef=(|pf—Q—---—Z|*+u)},

where now (E;?) is the energy difference for an
intermediate state in which the first particle has

interacted with the first p—1 quanta and the

second particle has interacted with all Z quanta

and similarly for (E;?). The energy difference for

an intermediate state in which e; has interacted

with p—1 quanta and e, with Q—1 quanta, is

given by

at+b--+(@p—-1)+4+B---

+(Q—-1D+EL+ESL—E;»—Eq?

which from (5) is equal to

.._.i)_._ P __Z_Q_. “e .._Z+E1F
+E2F—E1p—E2@=<E1p>+<EzQ>. (IOC)

Now we can apply our theorem again if we let
(E#), (E¢#TY- - -(E*tY) correspond to A;---A,
and <E22>, <E2Z_1>‘ . '<E2M+1> to B1' . 'Bm.

Hence we obtain finally for the sum of the
terms containing the instantaneous Coulomb
interaction, omitting for the moment the factors
common to the entire series given in (7),

2 (s * ") (145 My M)

|Ap|?

1
X<El"> - (Ey)Eat)- - (E2Y

We now proceed to the summation of the part
of the series containing the retardation. We
noted before that whereas the terms containing
the instantaneous Coulomb interaction could be
separated into the product of a series containing
terms up to # and M only and another series
containing the terms from #+1 and M+1 up,
no such separation is possible for the terms con-
taining the retardation. Our former definitions for
the (E)’s were consistent as we always had to
deal with (E)’s from the same part of the series.
Now, however, we may have an intermediate
state where the first particle has already emitted
the (n+41)th light quantum while the other
particle has not yet absorbed the K’ quantum

(11)

- (describing the retardation), i.e., we have terms

of the form
at---Fnt- -+ Pp-1)+A+- -
+L4-E"+E—E,»—E,L—K'
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and if we define now

AE=4EF—[Eta+b+---+2]

=—EJS+[EL4+A+B+---+2], (12)
we can write this term .
(E)+H(E5)+AE—K'. (13a)

For the case where K’ had been emitted by the
second particle, we obtain a general term of the
form

A+ +@Q@-D+a+---
Fg+EL+E—Ey—E,°—K'
which can be written
(Er)+(E:9) —AE—K'. (13b)

Let us sum first the part corresponding to the
emission of K’ by the first particle. Calling
AE—K’'=X, we have then a series where each
term is the product of expressions defined as
before, except that at the step (E1")—(E;"*!) we
do not take (E;**%, but (E;»*)+X, then
(E1»*)4+X and so on. However, the step
(EM)—(E,M+1) subtracts the X again. The sum
can therefore only include those terms where
(E1"*1) is reached before (E 1),

We split the sum into partial sums according
to the point at which the K’ is absorbed, i.e.,
into sums with the same 7 occurring in the transi-
tion ((Ey")+(EM)+X)—(E")+(EM 1)) where
7 can have any value between 41 and z+41
(with (E,*1)=0). Then each sum can be factored
into two sums containing the terms before and
after this transition, respectively. Then we can
apply our theorem without difficulty up to
this transition, with (E%), - - -(E.»), (E;»H)+-X,
(E,»t2)+-X, - - (E1")+X corresponding to A4,
-+ A, and (Es4), - - -(EsM) corresponding to Bj,
+++Bu. We can furthermore apply it to the terms
after this transition, with (E), - - -(E:") corre-
sponding to Ay, - -4, and (E.%), - - -(EM*1) to

HAVAS

Adding the partial sums again we obtain
1
(Ex®)-+ (Ex"XEg) - - <(Ex?)

x{ !

(<E1n+l>+X)<E1n+l><El'n+2>. . .<E1z>
1
T(<E1n+1>+X) (B )+ XN Er+2) - - (B
1

(ErH+X) (Ert)+X) - - '(<E12)+X)X}'

But the expression in brackets is just equal to
the sum >.1/(4, B) formed from the sets 0, X
and 0, (E?)- - -(E;**1), and therefore the entire
sum is equal to

1/(E)- - (BB - -(EX).
We can sum the second part, corresponding to
emission of KX’ by the second particle, in exactly

the same way, only having —AE— K’ instead of
AE—K'. Adding these two sums we obtain

(ul*naK,uln-l—l) (uz*MOlK/uzM+l)

KI

T

% 2K’
(E1%) - - (E1?)(Eoh)- ‘<E2Z><AE2—KI2)'
Now we have to sum over the directions of
polarization of K’ and add the expressions (11)
and (14). As the independent directions of polari-

zation are mutually perpendicular and perpendicu-
lar to the direction of propagation of K’, we have

Z (ul*naK,u1n+l) (uz*MClK'u2M+1)
= (ur*"qu™) - (g Mau M +1)
— (wr*aK ur"+) (us* MoK u+1) /K2,
Remembering that K’'= Ap, we obtain finally
for that part of the matrix element (4) which
corresponds to the interaction of z quanta with

e; and Z quanta with e; with fixed order of inter-
action for each particle and which corresponds to

(14)

By, +++By. (For the single term obtained for Coulomb interaction after » and M as discussed
p=2-+1 we have simply (Ej%), - - -(E,M*1).) before
n, M z2,Z
H (ul*n—lanuln) (ug*M_laMuzM)
1,1 nt2, M4-2

(—e)*t2+2[ (2wh2c2)=t2+2/(a- - -2A - - - Z) ]t

(Er®) -« (E1*XEq4) - - (Es%)

D =
|ap[*—(AE)?

+ [ — (AE) 2(u1*nu1n+1) (uz*Mu2M+1) + (ul*naApu1n+1) (uz*MQAPU2M+1) ]/ | Ap l 2} ,

{ (u1*"%1"+1) (uz*Mu2M+1> — (ul*nau1n+1) . (uz*Mau2M+1)

(15)
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where Ap and AE are given by (9) and (12),
(E®)--(E*) and (E.4)---(E™) by (8) and
(Eqm ) - -(Er?) and (E™+)- - (Es?) by (10).
Equation (15) includes the summation over all
the terms of (4) having the same numerator (7),
but the summation over all the different possible

V. DISCUSSION
Comparison of the expression containing the
retarded interaction (15) with the expression
containing only the instantaneous Coulomb in-
teraction (11) shows that the sole difference is
that the factor
47hc2ee9

¥ngy k1) (g %My MA+1
numerators has still to be done for any particular |Ap|? N RIC (16)
process as discussed before. is replaced by
dmhicteies (- 20+) (2™ - M 4Y) — (0 meae ™) - (0 Maaa M)
l Ap I 2 (AE) 2 1 1 2 2 1 1 2 2
- (AE) 2(u1*“ . M1"+1) (Mz*M . M2M+1) + (ul*”(xApul"H) . (uz*MaApugM“)
ap]? , (A7)

independent of the process under consideration.
This is in spite of the fact that in (4) the number
of terms needed to describe the retardation did
depend on the process. Equation (16) is simply
the usual matrix element (3a) for the instan-
taneous Coulomb interaction applied to the
particular transition n—n+41, M—M+1 of our
calculations. We see that by eliminating the
virtual quanta, we have obtained an expression
(17) analogous to the matrix element (3a) which
can be used as a matrix element for the retarded
interaction for any process involving the inter-
action of radiation and two electrons.” Using (17)
the retarded interaction can then be treated as a
single transition in the succession of intermediate
states appearing in the total matrix element (4).
Therefore the above noted difficulty of a de-
pendence of the form of the retarded interaction
on the particular process under consideration was
only apparent.

While we have obtained this correspondence
of the expressions (16) and (17) for the instan-
taneous and retarded interactions from the
summed expressions (11) and (15), we can never-
theless, if desirable, use our ‘“matrix element of
retarded interaction’’ even before summing with-
out introducing an error. The formalism of
perturbation theory assigns a meaning to the
summed expression only, and we are therefore
justified in using any expansion whatsoever, as
long as the summed expressions agree. But we

71t should be remembered that our result has been
derived for a process involving two particles. Its validity

for processes involving more than two particles remains to
be proved. See also footnote 6.

could not have obtained the correspondence
without first summing our series. If we fix our
attention on just one term of the series involving
the instantaneous interaction, i.e., a fixed order
of interactions of the light quanta with the first
and second particle, it is impossible to assign a
correspondence to a definite part of the series
involving the retardation. This is due to the fact
that, as pointed out before, the emission and
absorption of the virtual quanta need not take
place in two consecutive steps.

In the case that no radiation is present (15)
reduces to (17) alone. Equation (17) can then be
further simplified. Ap is just equal to p:f —p°,
and we obtain from Dirac’s equation e(p:f —p:®)u
=(E.f—E®) u=AE-u and therefore our expres-
sion reduces to

4Anh2c%e e
|Ap|%—(AE)?
X [(u1*0u1F> (u2*0u2F) —_ (ul*OaulF) . (u2*oau2ﬁ‘)]

which is just the expression obtained by Mgller.2

It can be seen similarly that (15) reduces to
the expression obtained by Mgller for the inter-
action of two particles and one light quantum,?
the only other case for which the matrix element
has been calculated directly. In this case we have
still to include a summation of the expressions
(15) over the four possibilities that the retarded
interaction can take place before or after the
interaction with the light quantum and that the
light quantum can interact with either one of the

8 C. Mgller, Proc. Roy. Soc. 152, 481 (1935).
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two particles. In addition to these cases (15) can
be used to calculate the emission of several
quanta at the collision of two particles. It can
also be applied to the problem of creation of an
electron-positron pair due to simple or multiple
scattering of a y-ray, as in the Dirac theory the
presence of a positron in the final state can be
described by the presence of an electron with
negative energy in the initial state.

It should be noted that while we started from
an expression which involved both particles in
intermediate states simultaneously, each factor
in the denominator of expression (15) involves
one particle in an intermediate state at a time
only. Therefore the method of Casimir? for
summing over both signs of the energy of the
‘particles in the intermediate states can now be
applied directly.

Furthermore we can easily see that our ex-
pression (15) reduces to the known formula for
the case where one particle can be considered as
infinitely heavy. Then the energy is conserved
for the interaction of the electron and the quanta,
but not the momentum, because of the presence
of the nucleus. The heavy particle cannot inter-
act with the light quanta, but only with the
electron. Therefore it does not pass through
any intermediate states, and we have to put
(u2*us™)=1 and (u2™au.¥)=0. With these
changes, (15) together with the definitions (8a)
and (10a) correctly describes the interaction of
one electron with radiation or the creation of a
pair of particles by the scattering of y-rays in
the field of a nucleus.

In the course of our calculations we have
arbitrarily assumed that none of the energy
differences in the denominator of (4) vanishes,
and we have now to study the limits of applica-
bility of (15). This expression diverges in two

cases. The first case occurs when any of the,

(E1®)’s or {Eq*)'s vanish (found by putting the
expressions (8a, b) and (10a, b) equal to zero).
As each of these (E)’s refers to one particle only,
the limitation introduced hereby is the same as

9 H. Casimir, Helv. Phys. Acta 6, 287 (1933).
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for a process involving the interaction of radia-
tion and a single particle. In the familiar cases
this excludes processes which involve light
quanta with the same energy and momentum in
both the initial and final states and which could
therefore be described by an approximation of
lower order in e than the one applied.

The second case occurs when |Ap [2— (AE)?=0.
This is the case for vanishing interaction of the
two particles. Then our process splits up into
two independent processes each involving a
single particle and a certain number of quanta.
Again these could have been calculated in a lower
order approximation. This case is similar to the
situation for the calculation of the scattering of
two charged particles in a non-relativistic first
order approximation, where we obtain the
Rutherford formula, which diverges for zero
deviation, i.e., vanishing interaction of the two
particles. There, however, the exact solution is
known, and it again reduces to the Rutherford
formula for all but vanishing deviation angles,
for which it also remains finite.”® Unfortunately
the exact solution of the relativistic two-body
problem is not known.

Inspecting formulas (8c), (10c), and (13a, b),
we might expect still other cases of divergencies
if these expressions vanish, while these cases
cannot be seen directly from our final Eq. (15).
But these expressions can be indefinitely small
without any indication of a maximum in the
summed expression, due to cancellations. This
can be seen directly from the proof of our
theorem. If a number 4; of one set is almost
equal to the negative of a number B;, of the other
set, we can still apply the theorem. If we
call By=—A;+e, the sum depends upon e as
1/(—A 2+ Ae), with €20, which is a monotoni-
cally varying function of e. Therefore (15) does
not show any resonance-like behavior in the
neighborhood of the values obtained by putting
the expressions mentioned above equal to zero.
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Keller for his interest and helpful discussions.

10W. Gordon, Zeits. f. Physik 48, 180 (1928), in par-
ticular Eq. (7'), p. 190, and the following discussion.



