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The bipolar coordinates of a point may be loosely
defined as the distances of the point from each of two
reference points. Consistent definitions are developed for
the bipolar coordinates of a point on a sphere with the
reference points at opposite ends of a diameter, and it is
shown that the bipolar coordinates so defined transform
like Pauli spin functions under rotations. The electron is
visualized as a point mass with charge ¢ moving on the
sphere with its motion expressed in terms of its bipolar
coordinates. It is assumed observable only at two dia-

metrically opposite points of its orbit. This picture allows
an exact physical interpretation of the spin variable and
the Pauli spin operators. The magnetic moment associated
with the motion is ek/2mc; the radius of the electron is
taken as the radius of the sphere which is %#/2mc; the
wave-length associated with the spinning motion is k/mc.
Two related functions must be introduced to take care
of reflections and these together with the two original
functions transform like Dirac spin functions under
rotations, reflections, and Lorentz transformations.

INTRODUCTION

N this paper an attempt will be made to set
up a geometrical picture for the Pauli and
Dirac spin theories.! The proof of the equivalence
of this picture with the analytical theories will
be based on the transformation properties of the
Pauli and Dirac spin functions. It will be con-
venient to change the usual notation slightly, and
we shall take the Eulerian angles ¢, 8, and ¢ as
in Fig. 1. ¢ is a rotation about the z axis; 6, a
rotation about the new y axis after the ¢ rotation
has been performed; and ¢, a rotation about the
final z axis. This differs from the usual conven-
tions where 6 is taken as a rotation about the x
axis. The other important change is in the time
variable. One usually takes the fourth coordinate
as ict; we shall take it as ct.

With the notation described in the previous
paragraph, one finds that the Pauli spin func-
tions a1(a) and aq(a) transform under a rotation
through ¢, 6, and ¢ in that order by a unitary
matrix U, given by
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two values a; and as corresponding to spin in the
positive and the negative z directions, respec-
tively. The spin operators corresponding to the
components of spin angular momentum in the
x, ¥, and 2z directions are, of course, the Pauli

matrices multiplied by? 34:
(0 —1
(7).
1 0

L 0 1
=3 )
sz=%h(0 )

The significance of the spin variable and the
actual form of the spin operators are not given
in the Pauli theory.

The Dirac theory makes use of four com-
ponent wave functions. If we denote the four
components by 1, ¥, ¥3, and ¥4 and investigate
the transformation properties, we find that

Df=

(2)

Sy=
1

0
-1

1.

Fic. e=rolation about Z,; 6=rotation about Yi;

¥ =rotation about Zs.

B h=h/2w; h="Planck’s constant.
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under rotations the four components transform

by the matrix
U, 0)
Up= . 3
=, o @

Under the space inversion (reflection in the
origin) and the time reversal they transform by
the matrices

0 o 0 4
U1=:l:( ) and UT=ﬂ:( ), (4)
6 0 -6 0

X

FiG. 2.
respectively, and under a Lorentz transformation
they transform by
e 0 0 0

0 0 0 e
cosh p=1/(1—382%%,
sinh u=—8/(1—8%% B=v/c, (6)

and v=velocity of the moving system.

where

PRELIMINARY REMARKS ON BIPOLAR
COORDINATES

For the purposes of this discussion we take the
Cartesian axes as shown in Fig. 2. Note that this
is a right-handed system. Consider the sphere
of diameter a with its center at 0, the origin.
Points on this sphere have coordinates x, v, and
z, such that

x:+4yi+tzi=a?/4. (7)

We define the bipolar coordinates of a point on
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this sphere as the distances of the point from the
points (0, 0, 3a) and (0, 0, —%a) and call them
u and v, respectively. The two points from
which # and v are measured are called the right-
hand reference point and the left-hand reference
point, respectively. On occasion we shall call
them N and S, respectively. We shall confine
ourselves to points on the sphere. This is suf-
ficient for the purpose of developing a model of
the electron, and the definitions of the bipolar
coordinates become very difficult for points not
on the sphere.

Suppose that we have a point P on the sphere.
up and vp will depend on ¢, 8, and ¢ where ¢, 6,
and y are the Eulerian angles defined in the
introduction. 6 is the angle made by OP and the
positive z axis; ¢ is the angle made by the plane
of OP and the z axis with the xz plane; ¢ is the
angle of rotation about the line OP (see Fig. 3).
At first sight one might think that 6 and ¢ are
sufficient to determine the position of a point on
the sphere uniquely, and it is true that they are.
However, if we wish to think of the sphere as a
whole and to specify the position of all the points
simultaneously, the variable ¢ is also necessary.
One might think of the ¢ dependence as giving
the answer to the question: ‘“What rotation
would be necessary to get the points from a
given initial position to their present position?”’

Now it is evident that with our present defi-
nition of the bipolar coordinates we have no
means of distinguishing among the various
points on a circle formed by the intersection of
a plane perpendicular to the z axis with the
sphere. The next three sections will be devoted

X

Fic. 3.
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to developing a consistent set of conventions for
assigning bipolar coordinates to each point on
the sphere. To facilitate the discussion we shall
introduce the variables

X1=x+1y, X_1=x—1y, Xo=3. (8)

THE 6 DEPENDENCE OF BIPOLAR COORDINATES?

We take a point P on a circle of diameter a
with center at the origin in the xz plane. From
plane geometry the magnitudes of # and v are
given by

u=asin 30, v=a cos 0. 9)

We shall take (9) as the definition of bipolar
coordinates in a plane. Note that we can now
distinguish between points placed symmetrically
with respect to the z axis (e.g., P and P’ in Fig.
4). Note also that each point has two sets of
coordinates—that is, the period of # and v is 4.
In other words, the bipolar coordinates of a
point in a plane (as here defined) are double
valued. We shall observe this characteristic in
the ¢ and ¢ dependences as well. In this case we
have the relations

xo=(v2—u?)/2a. (10)

xi=x*=x_1=wv/a,

The matrix for a rotation through 8 about
the y axis is
—sin %9)
cos b )’

cos 16
o= (" (11)
THE ¢ DEPENDENCE OF BIPOLAR COORDINATES
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We shall assume

xi=wv*/a, x*=u*v/a,
xo=(|v|*—[u]?)/2a.

(12)

This is consistent with the equations used in the
previous section. For all points on the sphere we
have the following equations

|x1] =|x%:*| =3asin 0, |u|=asin 10,
|v| =a cos 16. (13)
Therefore
ler] = [oer*| = || |v| = |uo]. (14)

and Eq. (12) above merely specifies a phase
factor.

3 The development of bipolar coordinates in a plane was
first given by W. T. Payne in an unpublished paper.
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Now if the point P is such that the plane of
OP and the z axis makes an angle ¢ with the x2
plane,

x1=13%a sin fe’¢, x,*=1a sin fe~'¢,
Xo=3%a cos 6. (15)
We may take

u=a sin 30e’®, v=a cos 10e®. (16)

To proceed further we note that the angle ¢ will
appear positive from the right-hand reference

X
P
|
i
]
} z
\
i
|
P/
Fic. 4.

point and negative from the left-hand reference
point. We take this as sufficient justification to
assume that the ¢ dependence of # and v shall
be opposite and set

a=—4. 17
Making use of this relation, we obtain
a—B=2a=¢: a=—F=3¢ (18)
and
u=a sin e, v=a cos 30e ", (19)

Again we note that half-angles appear. The
dependence on ¢ distinguishes among the points
on a circle formed by the intersection of the
sphere with a plane perpendicular to the z axis.
No two points have the same coordinates, but
again each point has two sets of coordinates—
that is, the bipolar coordinates are double
valued in ¢ as well as in 6.

The matrix for a rotation through @ about the

2 aXiS iS
d) = ( ! ) (20)
7 .
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THE { DEPENDENCE OF BIPOLAR COORDINATES

To obtain the ¢ dependence we shall consider
the bipolar coordinates

u=a sin 0e®*, v=a cos Lhe—e, (21)
First we rotate through ¢ about the z axis:
u'=asin 36, v =a cos 30 (22)
and then through 6 about the y axis:
W'=0, v'=a. (23)

Now we apply a rotation through —y¢ about the
g axis. This is the correct rotation since it is
about the line joining the point with the origin.
We had to make this line coincide with either
the y axis or the 2z axis since these are the only
two axes about which we know how to take rota-
tions so far. The rotation through —y gives

ull/=0’ vl/lzae_i%\l,'

(24)

Now we get the point back to the position
specified by 6 and ¢ by rotating through —#6
about the y axis:

u?=gq sin 10e~#, v?=q cos F0e~¥; (25)
and finally through — ¢ about the 2 axis:
u? =g sin 30etie—¥)  y?=gq cos Lfe~tilet¥),  (26)

Again we note that half-angles appear, so that
the coordinates are double valued in ¢ and have
period 47. No two points on the sphere may have
the same coordinates, but the ¢ dependence
makes possible an infinite number of coordinates
for each point. We may write the general form for
the bipolar coordinates of a point as follows:

(27)
GENERAL ROTATION ABOUT THE ORIGIN

Let us perform an arbitrary rotation defined
by the Eulerian angles @, §, and ¢ in that order.
What will be the matrix for the transformation
of the bipolar coordinates? Remembering that &
is a rotation about the z axis, we first operate on
u and v with the matrix ®. § is a rotation about
the y axis, so we operate next with the matrix ©.
¥ is a rotation about the final 2z axis, and so
finally we operate with the matrix ¥, which is

u=a sin 30et¢~¥  y=gq cos FheHi+tH,

e 0
- (0.
0 %

(28)

Therefore the matrix U for the complete set of
rotations is

U=v0d (29)

and direct substitution shows that this matrix
is identical with U, in Eq. (1).

SPIN FUNCTIONS AND THE SPIN VARIABLE

We shall interpret the spin variable as position
on the sphere, and the restriction of the spin
variable to two values implies that only two
points on the sphere are of importance in dis-
cussing electron spin. We shall interpret this as
meaning that the electron, which we may
visualize as a point mass moving over the
surface of the sphere, may be observed only when
it occupies one or the other of the two points
specified by the spin variable. Now, what is the
geometrical relationship of these points? We
recall that if the 2z component of spin is to be
observed

(11(011)”—‘1, aQ(a1)=0,
30
dl(ag) = 0, (12(012) =1. ( )
In our bipolar coordinate scheme
ov=a, uy=0,
15=0, us=a. (1)

If we identify vy and uy with a1(a;) and as(ai),
and vs and ugs with ai(az2) and as(az), respec-
tively, then «; and s refer to the right- -and
left-hand reference points, respectively, and we
may say more generally that «; and «a» refer to
points at opposite ends of the diameter parallel
to the direction in which spin is being observed.

In the Pauli spin theory a; and a; are supposed
to give information about the direction of spin
and refer to spin in the positive and negative z
directions, respectively. At the point NV in the
bipolar coordinate scheme uy is zero, and vy is
equal to the diameter of the sphere. Now vy is
the coordinate of N relative to S and may be
regarded as parallel to the z axis. Similarly ug
may be thought of as antiparallel to the z axis.
Thus we may take the bipolar coordinates as
associated with the direction of spin. If the axis
of the bipolar coordinate picture and the direc-
tion of spin do not coincide, then none of the
coordinates of the points on the spin axis is zero.
In this case we think of the #’s as associated with
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the parallel and the #’s with the antiparallel
components of the spin.

There is one further implication of the scheme
we have developed which should be mentioned.
The electron has been taken as a point charge up
to the present. This does not mean, however,
that an observation on the diameter of the elec-
tron will give the value zero. For in the course of
time the electron will occupy two points a dis-
tance a apart, and these two points may them-
selves rotate in space. This means that on the
average the electron will appear smeared over
the sphere and the observation would record a
as the diameter of the electron. We shall compute
a in terms of universal constantsin a later section.

THE PAULI SPIN OPERATORS

To find the analog of the spin operators? in the
bipolar coordinate scheme, we must investigate
the spin variable somewhat more precisely. So
far we have used the spin variable to reduce the
configuration space of the electron to two points
and to find the geometrical relationship of these
two points. That is, we think of the electron as
observable at only two points which are at
opposite ends of a diameter of the sphere of
diameter ¢. Now we have assumed throughout
that only points on the sphere are of any sig-
nificance, and if we wish to imagine a path for
the electron between its observable points, we
must think of it as being on the surface of the
sphere. Thus we may think of the mechanism for
the transfer of the electron from one point in its
configuration space to the other as a rotation.

We assume that the electron travels with a
velocity whose component in any direction is the
velocity of light ¢. Then the resultant velocity
will also be ¢ from the Einstein formula for addi-
tion of velocities. The angular velocity will then
be given by

w=c/(a/2)=c/cAt=1/At, (32)

where A¢ is the time required to traverse the
radius at velocity ¢. Now 6, ¢, and y¢ differ by =
at points located at opposite ends of a diameter,
so that we may think of the change in «, the
angle in question, in going from one point to the

4 The idea of using difference operators was proposed by
W. T. Payne.
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other to be of magnitude #. Then

Aa/2At=7/20t= 31w =37 (Ax/AL),  (33)

where x is the angle implicit in the angular
velocity. The term 2A¢ is used in the denominator
of (33) since the velocity component along the
axis is ¢ and the time required, therefore, to
travel from one point to the other is 2A¢.

Now, following the usual quantum mechanical
procedure, we take the angular momentum
operator to be

ha/Ax=1(h/2)T(A/Aa). (34)

But since Aa is just , the angular momentum
operator reduces to

1ihA (35)

or a finite rotation.

There will be three independent rotations
about the sphere each giving a path joining the
two reference points which the electron might
follow. One is a great circle in the xz plane
(rotation through = about the y axis); another
is a great circle in the yz plane (rotation through
7 about the x axis) ; and the third must contain
a rotation through = about the z axis. It may
be taken as a rotation through i7 about the y
axis followed by a rotation through 7 about the
z axis and finally a rotation through iz about
the y axis.

Let us compute these rotations about the x,
y, and z axes. The rotation about the x axis is
given by a rotation through 17 about the z axis
followed by a rotation through 7 about the new
y axis and then by a rotation through —3=
about the final z axis:

0 —z
RJ.’\’:( . )y
- 0

where the subscript x means that the rotation is
to be taken about the x axis, and the subscript
« means that the angle of rotation is w. For the
y axis we just rotate through 7 about the y axis:

R (o —1)
“\1 o /)

For the 2z axis we carry out the sequence of

(36)

37)
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rotations given above:
0 -1 -z 0} /0 —1
wee(i )G DG )
1 0 0 = 1 0
(—i 0) (38)
“\o i/

Now the operators s, s,, s, of the Pauli theory
should be given by

S:=3hRy x, Sy=%hRy ~, s.=%hR, . (39)

as indeed they are.

SOME DEDUCTIONS FROM BIPOLAR
COORDINATE THEORY?

We may compute the magnetic moment of the
electron. If a particle of mass m and charge e
moves in an orbit, then its magnetic moment ug
is e¢/2mc times its angular momentum s, if the
moment is measured in e.m.u. This is proved by
considering the torque on the system due to an
external magnetic field. The magnetic forces will
act on the electron only when it is moving per-
pendicular to the field. If the electron is moving
in a circle in the plane of the field, then at two
diametrically opposite points in its orbit it will
move perpendicular to the field and at points
halfway between these two points it will move
parallel to the field. Elsewhere it will have com-
ponents of velocity parallel and perpendicular to
the field. Thus we may say that the magnetic
forces act effectively over only half of the orbit
and the factor 2 in the denominator of the
gyromagnetic ratio takes account of this fact.
Now in the bipolar coordinate model of the elec-
tron the orbit is defined only at two diametrically
opposite points of its orbit, so that the parts of
the orbit over which the magnetic forces would
vanish are missing. Hence the factor 2 should be
omitted here, and the magnetic moment should
be given by

wo=(e/mc)s,
or for some component

w=eh/2mec. (40)
The magnetic moment in e.s.u. should be the

5 The considerations in this section are due to W. T.
Payne. They were first deduced from a model similar to
the bipolar coordinate model of the electron, but much
less complete.
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charge of the electron times its velocity times
the radius of the orbit. We have taken the
velocity to be ¢ and hence

cuo=ceh/2mc=eca/2: (a/2)=h/2mc. (41)

This is what we have decided to call the radius
of the electron. It is (137/2) times the radius
deduced from the electrostatic energy of the
electron.

Our spin functions are double valued, and
hence the wave-length to be associated with the
spinning motion should be twice the circum-
ference of the orbit or

A=4m(a/2) =27wh/mc=h/mc, (42)

which is the Compton wave-length.

THE RELATIVISTIC PROPERTIES OF BIPOLAR
COORDINATES

The relativity transformations include the
time as well as the usual space variables. This
means that we shall have to examine the intro-
duction of time into the picture rather carefully.
In introducing the time in the previous sections
we assumed implicitly that the points on the
sphere of radius 3a did not all have the same
proper time, for a point is of importance only
when we can imagine the electron passing
through it, and at a given instant only one point
may be occupied by the electron. We shall take
the proper time of the right-hand reference point
to be zero and that of the left-hand reference
point to be 27. This means that the time required
to travel from the right-hand to the left-hand
reference point at velocity ¢ is 27 where the
radius is taken as 3a=cr as before. The proper
times of the points elsewhere on the sphere will
be between zero and 27. Our choice of =0 at
N is a little arbitrary; it would do equally well
to take t=0at S and t=27 at V. This alternative
choice will be discussed later.

The bipolar coordinates of a point on a sphere
will have exactly the same spatial characteristics
as before, and we need not repeat the discussion
for rotations. We may, therefore, pass directly
to Lorentz transformations. It may be shown
immediately that the bipolar coordinates of a
point do not transform like Dirac spin functions
under a Lorentz transformation. However, a
quantity very closely connected with them does.
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We shall consider relative motion in the z

direction only since any other motion may be
obtained by combining this with the appropriate
rotation. We have

x'=x
y'=y
where cosh p and sinh u are as defined in the first
section. Equation (43) may be written as
x'=x (5" +ct’) = (z+ct)e,
y'=y (=& +ct')=(—z+ct)e ™.
These equations hold for all z and ¢t whether they

are represented on the sphere or not. In par-
ticular

3’ =2z cosh u~+ct sinh p,

ct' =z sinh u4ct cosh u, (43)

(44)

(=& +er)=(—z+cr)e,
(&' +cr')=(z+cT)e*
holds for all z where ¢7 is the radius of the sphere.
Of course, the point (2, ¢7) occurs on the sphere
only at z=0. We have the equations

z=(lv]*—u[?)/2a,

(45)

cr=ta=(lo]+|uy/2a 49
and hence
—ztcr=|u|?/a, ztcr=|v|*a. (47)
Substituting in (44), we obtain
w'/Na = (u —h,
/Va' =(u/+/a)e (48)

v/Va =/ a)e,
where @’ =2¢7’. u/A/a and v/+/a rather than the
bipolar coordinates transform like a pair of
Dirac spin functions. These quantities are the
square roots of the distances between the inter-
section of the normal from the point on the sphere
to the z axis and the reference points.

The transformation of a point on the sphere is
shown in Fig. 5. For a positive velocity of the
primed system with respect to the unprimed
system, e*>1, so that BC is shortened and AC
lengthened in the transformation.
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REFLECTIONS AND FOUR COMPONENT
SPIN FUNCTION

It is easily verified that under a space inversion

w' =v* o =—u* (49)
Let us change the notation slightly and take
u=ui, v=vy, U =us v =0, (50)

where now u; and »; are the bipolar coordinates
of some point on the sphere and %, and v, are the
bipolar coordinates of the diametrically opposite
point. If now we call ui, vy, e, and v, the four
functions to be associated with a given point, we
may obtain linear transformations for reflections
in space. The matrix for the transformation
under an inversion is easily seen to be identical
with that given in the first section, Eq. (4). Now
it will be recalled that the bipolar coordinates
are double valued in all of their variables and,
therefore, we may associate two laps with any
rotations. The fact that the é's appear with the
same sign in U; means that we are to think of
the two points being in the same lap in the path
of the electron.

Let us now consider the time reversal. We
have so far assumed that {y=0 and ts=27. A
time reversal means that we take tv=0 and
ts=—27. Now if ts= — 27, we must think of the
electron as moving from S to N instead of from
N to S as previously. Evidently, then, N and S
interchange their roles as in the space inversion.
In addition, however, one of the two points at
opposite ends of a diameter changes laps because
the motion is taking place at essentially 27
seconds earlier. If originally the electron was
moving through P on its way to .S from N and
now it is moving through P’ on its way to N
from S, 27 seconds later it will be at its original
position at its original time. But as it goes
through N it must change laps. On the other
hand, if the electron were originally at P’ and
the time reversal were performed it would find
itself at P 27 seconds earlier, but it would be on
the same lap since it passes only through S and
not through N before arriving at the original
position. Now the bipolar coordinates of a given
point differ only by sign in the two laps, and
hence the transformation is to be given by Uz
in Eq. (4).

Evidently u, and v, transform just like #; and
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v; under rotations, and it remains to investigate
how they will transform under a Lorentz trans-
formation. u, and v, will be associated with a
point whose 2z coordinate is the negative of the
point associated with #; and »;, and hence if we
change the sign of ¢ in Eq. (47) and replace »
and v by %, and 2., respectively, we shall obtain
the correct transformation. This gives

w)'/v/a' = (us//a)e,

\ (51)
ve' /A/a’ = (vo/+/a)e ¥+,

GALLAGHER

The Lorentz transformation for the set of func-
tions #1, v1, %2, and v is thus Uy in Eq. (5), and
we have complete agreement with the Dirac
theory as far as transformation properties go.

In conclusion the author would like to express
her deep appreciation of the many helpful and
encouraging discussions with Professor Leon
Brillouin, under whose direction the work was
carried out, and with Dr. William T. Payne, to
whom she is also indebted for the use of his un-
published work on the subject.
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Adsorption of Thorium on Tantalum*
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It is known that thorium adsorbed on the surface of tungsten or molybdenum results in a
decrease in the work function and also a decrease in the value of 4, the emission constant.
The behavior of thorium on tantalum was investigated, and similar effects were noted. Thorium
was evaporated from thoriated tungsten onto a well-outgassed tantalum ribbon, and the
thermionic emission at 1390°K was studied as a function of the time of evaporation. The
work function of the ribbon changed from 4.07 volts to 2.52 volts, while 4 decreased by a
factor of thirty. The ribbon was then held at 1550°K, and the emission from the two sides
was studied separately. The emission from the activated side decreased, while that of the
clean side increased until both reached the same final level after about twenty hours. This
indicates that the adsorbed thorium had migrated around the edges of the ribbon and dis-
tributed itself uniformly over the emitting surface.

INTRODUCTION the emission from different parts of the surface?
and by taking photographs of projection tube
patterns.?—5

It was the object of the present experiments
to determine whether thorium would produce
similar effects if adsorbed on a surface of tanta-
lum. A tube similar to that used by Brattain
and Becker? was designed to permit separate
measurement of the thermionic emission from
either side of a tantalum ribbon. Thoriated
tungsten filaments were mounted so that thorium

HE thermionic properties of metals are

highly sensitive to the presence of adsorbed
surface layers. For example, thorium adsorbed
on tungsten or molybdenum is known to produce
very large increases in the thermionic emission.
Similar results are reported for other electro-
positive elements deposited on these metals.! It
is also known that these adsorbed atoms are able
to migrate over the underlying surface in the
direction of decreasing concentration at a rate

dependent on the temperature. Evidence for this ) )
2 W. H. Brattain and J. A. Becker, Phys. Rev. 43, 428

migration effect has been obtained by measuring

* Submitted to the. Committee on Graduate Study of
the University of Notre Dame in partial fulfillment of the
requirements for the degree of Doctor of Philosophy.

1 A. L. Reimann, Thermionic Emission (John Wiley &
Sons, 1934), pp. 99, 134.

(1933).

3 E. Briiche and H. Mahl, Zeits. f. tech. Physik, No. 12,
623 (1935); also, No. 8, 262 (1936).

¢ M. Benjamin and R. O. Jenkins, Proc. Roy. Soc.
A176, 262 (1940); also, A180, 225 (1942).
( 5A.) J. Ahearn and J. A. Becker, Phys. Rev. 54, 448
1938).



