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In continuation of Part I, vapor pressure, surface
tension, and the neighborhood of the critical point are
discussed. Section IX deals with the vapor pressure law.
A comparison with experimental data shows that the
experimental values of the heat of vaporization are, on
the average, 55 percent h i gher than the calculated values
for the ten liquids studied. This suggests association in the
liquid phase. However, even for the noble gases and
mono-atomic metal vapors there remains a discrepancy,
though of less degree. In Section X the previously estab-
lished expression for the surface tension is developed. The
"number of molecules per sq. cm of surface" can be defined
by the aid of integrals involving the potential of molecular
interaction, If, then, a "molar surface S*," is defined as a
surface containing one mole of the liquid, the equation of

state' for the surface phase assumes the form yS*=RT.
The value for mercury can be calculated quantitatively
from the potential as established in Part I. In the case of
the other nine liquids the potential has to be "cut off" at
a distance of the order o-I. Eotvos' law follows as a limiting
law for suKciently high temperatures. —In Section XI
the potential in the surface layer is supplemented for the
case that the density in the vapor phase becomes com-
parable with that in the liquid phase. Then the proof of
the coexistence of the two phases (Section IV) is extended
to the neighborhood of the critical point. For that neigh-
borhood the rule of Cailletet and Mathias is deduced.
Finally the Karnerlingh Onnes constant is deduced from
the special form of potential introduced in Section VII.
It comes out 25 to 33 percent too low.

HE following three sections deal with the
application of the previously developed

theory' (Part I), to vapor pressure, to surface
tension, and to the neighborhood of the critical
point.

IX.' VAPOR PRESSURE

U1*= Xpul, U2* ——Npug. (9.02)

' G. JaEe, Phys. Rev. 62, 463 (1942).' Section numbers and the nuIribering of equations and
tables are continued from Part I.

The vapor pressure law is contained in our
formula (3.18).' This formula was deduced under
the restriction that the radii of curvature of the
liquid boundary are large compared with the
range of molecular action. Under this assumption
the surface term in (3.18) is insignificant. Neg-
lecting it and making use of (3.07) and (3.08) we
obtain

n2/n& ——exp ( —(u9 ul)/kT), (9.01)

where u~ and u2 are given by (2.14) and (2.15),
respectively.

We shall introduce molar quantities and shall
not treat here the density in the vapor phase p2,
as small compared with that in the liquid
phase p1. If we call Avogadro's number Xp, the
potential energy of the two phases per mole
becomes

Furthermore, the ordinary molar heat of vapor-
ization L* (which still contains the external
work), is given by

L*=—(Ug* —U2*)+3Ip(v2 —vg), (9.03)

where M signifies the molecular weight, and
where vI, v~ represent the specific volumes. For
v&«v2 this is equivalent to our previous equa-
tion (6.10).

If, finally, we assume that the molecular con-
stitution is the same in the two phases the ratio
n2/n& will be equal to the ratio p2/p& of the
densities, and (9.01) assumes the form

p2/p& = exp L
—(L* MP(v2 v&))/RT].—(9.04)—

It was pointed out before (p. 467, Part I) that
the relation (9.01) might have been obtained
directly from Boltzmann's theorem. This relation
(9.01) is based on the fundamental principles of
statistical mechanics, and the only specific as-
sumption involved in (9.04) is the equality of
molecular constitution in the two phases.

In principle Eq. (9.04) could serve to calculate
the pressure of the saturated vapor as a function
of temperature. Once the potential of molecular
interaction is known completely, the dependence
on temperature of all quantities involved in
(9.04) is calculable, and then, from the equation
of state (3.20), the pressure in the vapor phase

313



314 GEORGE J AFF E

Liquid

2 3 4 5 6
0= 0=

exp -th exp th exp +theor

Mercury
Bromine
Carbon disu1 fid
Acetone
C arbon tetra, chloride
Chloroform
Ethyl ether
Benzene
Ethyl alcohol
Water

357 1.26
58.8 1.50
46.3 1.44
56.5 1.58
76.8 1.55
61.2 1.57
34.6 1.61
80.1 1.56
78.4 1.91

100 1.57

100 1.59 4.10
280 1.52 3 68

180 1.45 3.83
280 1.52 3.76
240 1.71 4.02
220 1.59 5,42

2.89
2.80

2.77
2.86
2.86
2.92

without reference to any particular law of mo-
lecular interaction. If p1 and p2 are known for
any temperature, 1.* can be calculated and com-
pared with the empirical value of L,* for that
temperature. Equation (9.04) should hold for all

temperatures lower than the critical. If, however,
the temperature is so low that v1((v2 and that
the vapor may be treated as an ideal gas, we
obtain from (9.04)

L"=RT(log (pi/p~)+1). (9.05)

We have calculated, from (9.04) and (9.05), L*
for the ten liquids discussed in Part I and over
the range of temperatures where independent
determinations of L,* are available. In Table III
the ratios Q=L,*„,/L~&~„„areindicated together
with the range of temperatures.

It will be noticed that the ratios Q are consider-
ably larger than 1 in all cases, but that they de-
pend comparatively little on the temperature
(though the values of L* change considerably in

some cases). There does not seem to be any other
explanatioo, for this discrepancy except the as-
sumption that the molecular constitution in the
two phases is not the same. Now, some of the 10
liquids are definitely known to be "associating"
(water, ethyl alcohol). Most of the others, even
mercury, show the well-known rise of the boiling

can be evaluated. However, the determination of
the potential of molecular interaction carried
through in Part I claims to be valid only for
the neighborhood of the chosen standard tem-
perature, and it is not the object of the present
investigation to calculate the quantities involved
over a wide range of temperatures. As stated
before (p. 475, Part I) this may necessitate a
refinement in the choice of the potential.

However, the density law (9.04) can be tested

TABLE I II. Comparison of theoretical and empirical
data. (L=molar heat of vaporization, E = Kamerlingh
Onnes constant. )

point upon energetic drying' which, again, indi-

cates a complex constitution in the liquid, phase.
This makes the suggested' explanation plausible.

The assumption of equal molecular constitu-
tion in the two phases is most legitimate in the
case of monatomic vapors. We have, therefore,
extended the calculations to the noble gases and
to some metals. In the former group Q rises from
1.30 in the case of neon to 1.46 in the case of
xenon (for the respective boiling points). Helium,
it is true yields Q=0.83 but this must be acci-
dental since classical statistical mechanics is not
applicable to helium. 4

For the 10 metals Na, K, Rb, Cs, Ag, Zn, Cd,
Al, Pb, and Bi for which sufficiently reliable data
are available Q rises from Al (Q = 0.985) to
Bi (Q= 1.35) with an average value of 1.16.'

Thus, on the whole, the situation is more satis-
factory for substances with monatomic vapors
but it seems awkward to ascribe the remaining
difference to molecular association, e.g. , in the
case of the inert gases. It should be pointed out,
however, that this difficulty is not specific of our
theory but would be the same in every theory
which is based on classical statistical mechanics.

In performing the numerical calculations of
Part I we made use of the empirical knowledge
of the heat of vaporization at the ordinary boiling
point. It might be mentioned that the systematic
deviations recorded on p. 475, Part I could be
reduced if the values of L* calculated from (9.05)
were used instead of the empirical values. We did
not consider it worth while to repeat the lengthy
calculations as there is very little gain if the error
is thrown on the values of I*.

X. SURFACE TENSION

In our formula (3.21) giving surface tension
the corrective surface term can again be neg-
lected. Introducing, then, the values (3.07) and

(3.09) we obtain

y=kTnz [1—exp ( —(u uq)/kT)]dk, —(10.01)
Jo

3 Brereton Baker, J. Chem. Soc. 101, 2339 (1912); 121,
568 (1922). For further references see A. Findlay, The
Phase RNle (Longmans, Green and Company, London,
New York, Toronto, 1931), seventh edition, p. 20.

4 H. S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc.
A141, 434 (1933); 144, 188 (1934).

5 Mg makes a strange exception with Q= 2.31. It seems
that the experimental determination of L* is at default in.

this case.
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where u is given in general by (2.04), (2.07), and
u~ by (2.14). It should be mentioned that (u —u~)
is always positive and y, therefore, comes out
positive. In the limit (u —u&)/kT —+0 the dynamic
formula (10.01) reduces to a form which might
be obtained by the usual static procedure.

In what follows we shall be satisfied to make
use of the first approximation which assumes the
molecular density n to be constant even in the
surface layer. Then u takes the form given by
(2.10), (2.11) and y can finally be written in the
form

where
y = kTn10-*,

0 =ZO1.

(10.02)

(10.03)

Here s is a pure number given by

8 —Ifj+I6

and I~, I6 represent the integrals

(10.04)

1

Ip
=

~
I {1 —exp [(pm ~/k T) (P(~~)
0

and
—fo gx(p g)) 7 }d$, (10.05)

It is easy to see that s will be of the order of 1,
presumably somewhat larger than 1. For, Is is
at the utmost equal to 1, and I6 will depend on
the distance up to which the molecular forces are
noticeable and will tend towards zero as this
distance becomes shorter. Altogether 0-* measures
what might be called the "average thickness of
the surface layer. "

This statement suggests a different form for
(10.02). The product n&o* defines the number of
particles per cm' in the surface layer and we may
look upon this surface layer as a separate phase
with a surface density

Vi = @10 (10.07)

The "equation of state" for this phase' will then
be given by

y= VikT. (10.08)

~ M. Born and R. Courant, Physik. Zeits. 14, 731 (1913)
have stressed, long ago, the point that the Eotvos formula
should be considered as an equation of state.

Ip {1—ex——p [(pm~/kT) (P(p ~$)
1

E~~x(~—~f))7}dk (10 06)

If, furthermore, we call a surface which con-
tains one mole of liquid a molar surface S*, we
can write

vg ——Xp/S*, (10.09)

and the equation of state assumes the form

~S*=ZT. (10.10)

It is known that Eotvos, in establishing his
law, was led by the law of corresponding states.
He, therefore, introduced a molar surface tension
I' = y(Mv~) i, referring it to a spherical volume of
liquid which would contain one mole. Our deriva-
tion shows that the true analogy with the gaseous
phase is brought out, not if a volume containing
a mole is considered, but if the surface phase
itself contains one mole.

The equations (10.08) and (10.10), suggestive
as they are, cannot be compared in significance
with the corresponding laws for gases or solu-
tions. This is due to the fact that vi is not
independently variable (as density in gases or
concentration in solutions) but is an implicit
function of the temperature. Therefore, neither
v& nor S* are known a priori They obtain. a
definite meaning only if defined by the integrals
involved in the expression (10.04) for s. On the

TABLE IV. Comparison of theoretical and empirical data
(y =surface tension, kg = Eotvos' constant. )

Liquid

2 3 4 5 6 7 8
&exp &theor

01 )(108 at at kp ~g
&&10' 20 C b.p. b.p. 4al' /3 exp theor

Mercury

Bromine
Carbon disulfide
Acetone
Carbon tetrachloride
Chloroform
Ethyl ether
Benzene
Ethyl alcohol
Water

5 0 285 394 394

6.7 8.8
6.9 8.1
7.5 7.2
8.1 10.8
7.7 9.0
8.1 7.3
7.9 10.7
7.3 5.13
4.8 5.43

34.7 34.6
28.5 29.3
19.3. 26.4
20.0 22.7
21.6 25.2
15.3 19.5
20.0 24.0
17.5 34.5
58 9 79, 1

0.60 0.9— 1.09
1.5

0.80 2.00 1.95
0.78 2.1 1.86
0.71 1.90 2.13
0 84 2.21 2.16
0.76 2, 1 2.03
0.79 2.25 2.04
0 86 2.22 2.27
0.50 1.15 2.55
0.42 1.20 2.48

other hand, the argument may be reversed and
the thickness of the surface layer determined
from the experimental knowledge of the surface.
tension.

This procedure affords a first test for the cor-
rectness of our formula since reasonable values
for the thickness of the surface layer should be
obtained. Again it should be pointed out that
this test is entirely independent of the special
law of molecular interaction.
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We have calculated o~ for our ten liquids
starting from the experimental values of the
surface tension at 20'C. The values thus obtained
are to be found in column 3 of Table IV. They
are, without exception, of the order of magnitude
which might have been anticipated.

Furthermore, if the values of o* are compared
with the values of ~I. as determined in Part I
(Table IV, column 2) it will be seen that there
is a remarkable agreement between the two series

(except in the case of mercury where 0* is five

to six times as large as 0,). This agreement sug-

gests the interpretation that the surface phase,
anyway in many cases, consists just of one

molecular layer. However, we have pointed out
previously (p. 475, Part I) that the values of 0&

determined in Part I may be somewhat too
large. If that is true the surface phase would

consist of somewhat more than one layer. This
is, of course, equally acceptable.

The situation becomes less satisfactory if an

attempt is made to calculate the surface tension

in a quantitative way from the potentials deter-
mined in Part I. This proves feasible, without
serious. modification of the potential, only in the
case of mercury. In the case of the other nine

liquids the potentials of the form (7.01) with the
constants as given in Table II (Part I) do not
fall off sufficiently quickly with larger distances.
This calls for a general remark.

In order that the integral (10.06) may become
convergent the potential p(r) (p. 464, Part I)
must fall off at least as 1/r4. For the calculations
carried through in Part I it was only required
that y(r) fall off at least as 1/r'. No attention
was given to the more stringent requirement
involved in the calculation of the surface ten-

sion, and most of the potentials tabulated in

Table II are not in agreement with it.
However, this is no serious difficulty. It was

stated (p. 474, Part I) that the theoretical values
given in Table I (Part I) depend astonishingly
little on the individual choice of the exponents X

or p. The calculation of the surface tension, how-

ever, is strongly dependent on the individual
value of p (this p determining the depth to which

the molecular forces are sensible). It is, there-
fore, possible to introduce values of p which
make (10.06) convergent without sensibly affect-

ing the agreement obtained for the other physical
constants.

The theoretical value of y can be increased
indefinitely by letting the exponent p, approach
its lower limit @=4.On the other hand, y can be
decreased only to a limiting value which is
reached as P and p tend towards equality. The
limiting value of the exponent is. given with
sufficient accuracy by Xo ——It40

——(P/y) ~+ (n/y),
in the notation of Section VIII. If, then, ) =),0+&
and p=XO —e (with e a small number) it is easy
to develop formulae for all physical quantities
including y. They become independent of e in

the limit &~0 and agree closely with those tabu-
lated in Table II, Part I. The values of ) 0 lie
between 5.62 for Br2 and 4.26 for H20.

However, the values of y thus obtained are
still too large by a factor which increases (in the
order of our tables) from about 2 for Br2 to at
least 10 for H&O. This discrepancy may be due
to two reasons: the values of o-~ as determined in

Part I may be too large, and the potentials may
fall off too slowly (even in the limiting case
sketched above).

It was pointed out in Section VIII that the
knowledge of o.

& is not required for the determina-
tion of a, b, L, and c„.Thus the agreement ob-
tained for these constants would not be affected

by a change of the values of o.&. Only the relation
(7.05) which has an approximate character would

have to be modified. The knowledge of o-~, on the
other hand, is decisive for the calculation .of y
and it would seem reasonable to determine o.I in

such a way as to make y fit the empirical data.
However, such a procedure would necessitate
changing o-& by more than seems reasonable from
the uncertainty in o.&.

Therefore, we prefer to make the potential
itself responsible for the greater part in the ob-
served discrepancy. A value of p between 5 and
4.26 makes the surface layer extend over 3 to 10
molecular layers which is in contradiction to the
direct evidence mentioned above. Thus, there can
hardly be a doubt that p should be at least 5 to
make the surface tension fit empirical data.
Consequently a potential of the form (7.01) does
not seem adequate to describe the properties of
liquids in a complete quantitative way: If the
constants are determined by the elastic and
thermal behavior of the liquid the potential will
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fall off too slowly to give a quantitative agree-
ment with observed surface tensions.

This situation is, after all, not astonishing.
The elastic and thermal behavior of a liquid is
determined by the form of the potential in the
immediate neighborhood of a molecule, i.e. , up
to the distance 0-~. The surface tension, on the
other hand, depends in a decisive way upon the
decrease of the potential beyond that distance
a.nd a potential of the form (7.01) may not have
sufficient flexibility to meet both exigencies.

A potential with an exponential decrease be-
yond 0.

~ would, no doubt, be better fitted to give
a quantitative description of most liquids. In
order to avoid lengthy numerical calculations we
have adopted, as a first very rough approxima-
tion, the procedure to "cut off, " at the distance
0 I, the potentials as determined in Part I.
Accordingly we assume that our potential p(r)
is zero for r)OI. The same will hold, then, for

P(r) and x(r) and the integral I6 of (10.06)
becomes zero. The numerical calculations show
that the exponential in I5 is sufficiently small
for all liquids (except Hg) to make it negligible.
The integral I5 then has the value 1 and y
assumes the simple form

y = kTnIITI. (10.11)

We have computed y from this formula for
our liquids (with the exception of Hg) for the
chosen standard temperatures, i.e. , the respec-
tive boiling points. The calculated values are
compared with the empirical values in Table IV
(columns 4 and 5). The empirical values had to
be interpolated, and for Br~ extrapolated, from
the observed values. The agreement is about as
good as might be expected from the rough
approximation involved, except for the "associ-
ating" liquids alcohol and water.

It will be noticed that the theoretical values
are, as a rule, too large. This would indicate that
our values of fTI are, on the average, 30 percent
too large. This is, of course, a lower limit for the
deviation involved since a greater part of the
error would fall on 0.I if the potential were not
to be cut off so abruptly.

We have not discussed the case of mercury
yet. This liquid presents special conditions in

two regards; The theoretical value p=6 could be

assigned (owing to the high bulk coefficient) and
the thickness of the surface layer is much larger
than in all other cases (Table IV, column 3).
These circumstances render it possible to fit y to
the empirical value without cutting off the
potential (7.01). We have evaluated for Hg the
integral (10.06) by graphical methods (the evalu-
ation of (10.05) is immediate). If the constants
as given in Table II are used a value of y=306
is obtained as compared with the measured value
y=394. Thus, in this case the theoretical value
is even too small and p must be lowered. With
the assumption @=5.32 (which leads to X=12.86)
the agreement is complete and the constants of
Table I are hardly affected.

Eotvos' Law

The temperature dependence of y is rather
involved according to our formula (10.08). At
first sight it would seem that y should increase
with the temperature in contradiction to em-

pirical facts. However, nI and o-* decrease with
rising temperature and a general decrease may
result. We shall limit ourselves to showing that
Eotvos' law follows from our formula as a
limiting law for lim (u —uq)/kT —&0.

Under this assumption the quantity F con-
sidered by Eotvos:

I'= y(3A, )l =y(No/n, ) i, (10.12)

can be written in the form

I'=rrNo"'n, +'
J

(kx(o,) P(o)))dk—
0

+ t (kx(k) —$(k))dk. (10.13)

l'herefore we obtain

This expression is always negative since
(1/n&)(dn~/dT) = —u, and since q(o&) is positive
and Bo&/BT is negative for the equilibrium
distance.

If we now introduce the special potential
(7.01) and make use of the approximate formulae

dF 4 dnI BOI
+ n)4 "No'"og'y(og) .— (10.14).

dT 3ng dT 2 BT
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(7.04) and (7.12) we find

4 R P 8 q 38O(ol) O(o, )= ——«+ (10.15)
3 4No' 5 22r I kT o'lp (ol)

Thus, in the limit y/kT~O the Eotvos constant,
ks= dI'/—dT, should approach the value 4nl'/3.
In this form the relation can be tested, without
reference to the form of the molecular interaction,
by. the insertion of the experimental values for
a and I'. It will be seen from Table IV (columns
6 and 7) that 4al'/3 has the correct order of
magnitude but gives less than half of the experi-
mental values.

Under actual conditions the second term in

(10.15) is of the same order of magnitude as the
first. We have calculated it making use of the
values determined in Section VIII. This is a
legitimate approximation since the second term
in (10.15) has its origin in the first integral of

(10.13). Hence the value of this term is not
affected by the fact that the potential has to be
modified beyond r& in order to give correct values
for p itself.

Column 8 of Table IV contains the values
which we have calculated from the complete
expression (10.15),for the standard temperatures,
using the empirical data for a and I'. The agree-
ment between observed (column 7) and calcu-
lated values is almost better than might have been
anticipated since the assumption (u —zzl)/kT&&1

is not fulfilled for the standard temperatures.
Under these circumstances it should be stressed

only that dl'/dT comes out negative and of the

proper order of magnitude. The main contribu-
tion in making dl'/dT negative comes from
Bol/'dT as in the case of thermal expansion (see
p. 474, Part I). It need hardly be mentioned that
kE is not a true constant but itself depends on

temperature as is also shown by experimental
evidence.

pared to that in the liquid. In order to obtain
formulae which hold up to the critical point we

must first generalize the expressions for the
potential in the transition layer.

In doing so we shall not write clown the for-
mulae which correspond to (2.04) and (2.07) and
which hold if the density is treated as variable
within the surface layer. We shall be satisfied to
establish the first approximation which assumes
the densities in the two adjacent phases to be
constant up to the geometrical boundary. Con-

sequently there will be a discontinuity of the
density in this boundary. Furthermore, we shall

disregard the dependence of o-, the average
distance of nearest neighbors, upon the change
of potential within the layer (see p. 470, Part I).
Then 0-I and o.2 become parameters independent
of space within the respective phases and only
dependent on the temperature and the average
molecular density in the way established in

Section V.
If we now call h~ the normal distance from the

boundary in the liquid the potential of a point
at the depth h& becomes, by straight forward

integrations,

ZZ = zrnl[lk(ol) +hlX(hl)]

+zrn2[4'(o2) + (hl/ol) (tk(ol)

—P(o2)) —h, x(h, )], 0 h, o, , (11.01)
ancl

ZZ = 2m, [2$(o,) —1k(hl) +hlX (hl) ]
+~nz[4(hl) —hlx(hl)], ol h, & ~. (11.02)

These formulae reduce, of course, to (2.10) and

(2.11) if n2 is negligibly small compared with nl.
Counting A, 2 in the analogous way from the

boundary into the vapor phase we obtain

I= 2m, [p(ol) —h2X(o 1)]

+zrn2[p(oz) +hzx(o 2)], 0—h2 —o 1, (11.03)

xI. NEIGHBoRHooD QF THE cRITIGAL PQINT I= zrnl[1k(h2) —h, x(h2)]

In deriving the potential for the surface layer
we have assumed that the contribution on the
vapor side can be neglected. As pointed out
previously (p. 465, Part I) this assumption re-

stricts our treatment, as far as surface terms
have been considered, to the case where the
molecular density in the vapor is small com-

+zrn2[P(o2)+h2X(o2)], ol —h2 —o2, (11.04)

and

ZZ = 2m, [lk(h2) —h2X(h, )]
+zrn2[2$(oz) —p(h2)+h, x(h2) ],

o,—h, & ~. (11.05)
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These expressions make the potential a con-
tinuous function across the boundary, varying
from the negative value (2.14) in the interior of
the liquid to the negative value of smaller amount
(2.15) in the interior of the vapor (see reference 7,
Part I). In the geometrical boundary we have

no ——~[n,p(0 )) +ngp(0. ,)]. (11.06)

It should be noticed that, on the vapor side u

is different from u~ even if the contributions of n2

are neglected Fo.r nq=n2 the potential (11.01) to
(11.05) becomes constant throughout as it should.

With the potential thus generalized the parti-
tion function leads to an expression for the "work
function" identical with (3.10) if only (3.06) is

replaced by

If this expression is evaluated as in the pre-
ceding section our final formula (10.02) is aug-
mented by additional terms which do not vanish
even if all terms involving n2 are neglected.
However, it can be shown that the additional
terms are numerically irrelevant as long as the
density of the vapor is small compared to that
of the liquid. Thus the procedure adopted in
Part I and in Section X is legitimized. The
corrected form of y, (11.09), vanishes, as do u&q

and co2, if n& and n2 become equal.
We are now prepared to study the equilibrium

of the two phases in the neighborhood of the
critical point. Proceeding in exactly the same
way as in Section IV we obtain, instead of (4.06)
and (4.05) the following two conditional equa-
tions:

g, =II = 11,U +~,S+II,V, +~,5. (11.07)
and

(11.10)

Here, II& and II& are defined by (3.07) and (3.08)
ai-.d the two surface terms are given by

II n~fI+ 2~—5/3 V~ ——II~ —n211. (11.11)

Here we have introduced the notations

co;= ) [exp ( u/kT)—

—exp ( —p;/kT)]dk;, i=1, 2. (11.08)

and
M =GOy+C02

BIT; S
0,= +—,i=1, 2.

Bn; U; Bn;

(11.12)

(11 13)

It should be mentioned that co~ is negative where-
as co2 is positive.

5, of course, refers to the common surface of
the two phases. This will be spherical under our
assumptions, as previously proved (p. 467,
Part I). The vapor phase will necessarily have an

exterior surface S2 and this should give a con-
tribution to q, depending on the interaction
between the vapor and the walls of the containing
vessel. We are not interested here in this surface
effect and have disregarded it.

With the new form of II, (11.07), most of the
formulae of Section III take slightly modified

forms which are easy to establish, The changes
regard the corrective surface terms which are of
negligible influence anyway. I he only significant
change concerns the surface tension. Instead of
(3.21) we obtain

(og / a)gS )y= —kTn~—
(

1+
11, E IIU)

MgS

I
1+ I

(11 09)
II, V, )

~Ps—=0
8Vg 8 Vg'

=0 (11.14)

It will be seen presently that the relative size
of the two phases in the immediate neighborhood
of the critical point is fixed by the conditions of
equilibrium. However the solution for the critical
data will still involve corrective surface terms.
In a strict sense, therefore, one should speak of a
"critical region. " However, the critical data can

7 See Appendix I, this paper.
'The exact expression for the pressure in the liquid

phase is now given by the left-hand side of (4.05) with co

substituted from (11.12). The pressure in the vapor phase
is given by a similar expression with the last term missing.

The conditional equations (11.10) and (11.11)
now hold for all values of n~ and n2, including the
critical region. It can be proved that, with the
assumptions regarding p(r) which we made in the
beginning (p. 464, Part I), a critical point will

exist. The critical data will be given, in the
usual way, by the equation of state' together
with the two conditions
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be obtained with sufficient accuracy by the use
of the abbreviated equation of state (6.04). If
required, the exact data could, then, be calcu-
lated by a procedure of successive approxi-
mations.

For what follows we assume the critical data
n„p„andT, to be determined. For the neighbor-
hood of the critical point we set

ni =n, +v.i, n2 =n, +v2, T= T,+r, (11.15)

and develop the conditional equations (11.10)
and (11.11) with regard to the small quantities
v&, v&, and r. The zero-order terms yield

S ( Bto ) S ( B&o )
Vi EBni), V2 EBng) . (11.16)

where the subscript c refers to the critical point.
This equation determines the relative size of the
two phases. The first-order terms yield

(8211ii S ( 82&@ i
I+—

I

E. Bey ) UyEB+y ),
S ( 8'co ) (B~IIq)

v2

V, & Bn,Bn,) . & an, '),
Std%)S(&co+—

I

V~ EBn2'), V& &Bn&Bn2),

and

S ( B~ca ) S ( B~su I, (11.17)
U, EBn,BT), U, &an, aT),

1(Ba) i (2 Ui

,I
-" I-+—

II I
3 &an, i. E3 V,) t,an, ),

2 (8(d)
(11.18)

3 EaT).

From these equations v& and v2 can be deter-
mined as functions of v.

We shall not attempt to investigate the solu-
tion of (11.17) and (11.18). However, one point
is of interest. From the form of the equations it
is evident that vi and v2 will be proportional to ~,
and the same result, therefore, will hold for
vi+ v~. This expresses the rule of the "rectilinear
diameter" established by Cailletet and Mathias.

Our deduction, of course, holds only for the
neighborhood of the critical point and there is
no indication, without the study of higher terms,
why the rule holds over a compara. tively wide
domain of temperatures. This fact, however,
appears connected with the corresponding fact
that the surface tension is practically a linear
function of the temperature.

Finally we shall derive the value of the Kamer-
lingh Onnes constant X under the assumption of
the special potential (7.01).The complete knowl-

edge of the critical point requires, besides the
determination of n„p„andT„that of the equi-
librium distance ~, at the critical point. The
necessary four equations are given by the equa-
tion of state, the two conditions (11.14) and the
equation (5.05) which is characteristic of our
theory and which connects 0., T, and n.

Neglecting surface terms we start from the
equation of state in the form (6.04), with U|
given by (6.03) and (7.03). The combination of
the two equations (11.14) yields o, :

~." "=f~'(I+3)(u 3)/—
(gy'(p+3) (X —3)). (11.19)

Substitution of this value into either of Eqs.
(11.04) gives a relation between the critical
temperature and critical density

k T.= (2n/9) n.fo.—'+9 (X+3)

&& (~ —~)/(p(I —3)) (11 2o)

and if this is substituted into the equation of
state, an expression for E is obtained:

X=R T /p, U, = (X+3)(g+ 3)/Xp. (11.21)

Here V, stands for the molar volume at the
critical point. Lennard-Jones and Devonshire'
have derived, by the "cell method, " a formula
for X which is equivalent to (11.21). The expo-
nents introduced by these authors refer, however,
not to the intermolecular potential but to a
function defining, in an arbitrary way, the
average volume occupied by each atom.

We have compared the expression (11.21) with
the experimental critical data as far as they are

' J. E. Lennard-Jones and A. F. Devonshire, Proc. Roy.
Soc. A163, 53 (1937).
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available for our ten liquids. The calculated and
the observed values of E are given in columns 6
and 7 of Table III. The calculated values are
consistently too small by 25 to 33 percent (if H20
is excluded). This suggests a systematic error as
in the case of the heat of vaporization. However,
the discrepancy is hardly larger than one would

expect with the special form of potential adopted
if it is taken into account that the coefficients
involved (Table II, Part I) have been determined
from measurements at the ordinary boiling point.

If we want to summarize the results we should
distinguish between the general theory and the
deductions based on the special form of potential
(7.01). The general theory seems satisfactory in

the following regards: It reestablishes a random
distribution of the molecules and gives the liquid
a shape determined by surface tension. Further-
more, it proves the possibility of coexistence of
vapor and liquid within certain limits of tem-
perature and it leads automatically to kinetic
expressions for the vapor pressure and for the
surface tension.

As to the special form of the potential (7.01)
it has been shown that it represents the behavior
of liquids of widely variable character in a
general way. In the one case of mercury the
representation covers the thermal and elastic
behavior as well as the surface tension. In all
other cases the potential has to be modified for
larger molecular distances if it is to include sur-
face tension quantitatively. Furthermore, there
remain discrepancies of a systematic nature in

the determination of the heat of vaporization and
in the critical data. It has not been investigated
how far association in one or both phases may be
responsible for these deviations. However, even
with these deficiencies, it seems satisfactory that
the simplified assumption of extensionless mass
points, with the very special form of potential
(7.01), gives our model practically all properties
of real liquids with an almost quantitative
agreement.

APPENDIX I

It has to be shown that, for sufficiently high
values of the temperature, the equations of state
for the two phases admit of only one solution
for the molecular density n. The proof proceeds
in two steps. First surface terms are neglected.

In the limiting case y/kt~0 the parameter o. be-
comes independent of T and assumes the geo-
metrical value &r= (1/2~n)l of Hertz (p. 470,
Part I). From this fact, and from the assumed
form of y(r) (p. 464, Part I), it follows that P,
as determined from (6.04), increases monotoni-
cally with decreasing V. This proves the point
in the absence of surface terms. To complete the
proof we call the unique solution which exists
for sufficiently high values of T, in the absence
of surface terms no and investigate whether two
solutions of the form ni=mo+viS/Ui and n~=no
+v&S/U2 can be obtained. If these expressions
are introduced into the formulae for the pressure'
it follows that n&=n2 10 a11 orders of aPProximu
tion. Hence there is only one solution and no sur-
face of separation can exist. As it has been proved
previously (Appendix I, Part I) that there are at
least two solutions for sufficiently low tempera-
tures there must be an upper limit of temperature
(eventually depending on surface terms) for
which more than one solution can be obtained.

In Appendix I, Part I we have given two forms
for the conditional equations, either Eqs. (a) and

(c) or Eqs. (d) and (e). As surface terms were not
considered in Appendix I, Part I, it should be
mentioned that both sets yield only a zero
approximation for a procedure of successive ap-
proximations. Furthermore, it should be pointed
out that the two sets are nolequiva, lent. Eqs. (d)
and (e) are a necessary consequence of Eqs. (a)
and (c) but not vice versa. The reason for this
situation is that the transition from (a) and (c)
to (d) and (e) involves a differentiation. For the
calculation of the exact critical data the set (d)
and (e) represents a much more adequate zero
solution than (a) and (c) since (a) makes the
pressure zero.
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Nuclear Energy Levels in Fe" from the
Decay of Mn" and Co"
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& HE radiations accompanying the radioactive decay of
Mn" have been studied by a number of authors. '

However, no consistent energy level scheme could be con-


