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The Polarizability of H-
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The value for the polarizability of H is computed from both third and sixth order Hylleraas

type m'ave functions. It is found to be 11.58 X 10 "and 14.63X 10 ~', respectively, in c.g,s. units.

Introducing Eq. (2) in Eq. (1) we have

(1+op)' P; (g d, P,)'d

+JI 4'o' Q*' (grad; op)'dr

HE polarizabilities of helium and ionized
lithium in an electric field have been com-

puted by Hassle' and Baber using the variation & I Po'(1+o)'dr
method with unperturbed wave functions of the
Hylleraas' type. Essentially the same method is
applied here to compute the polarizability of H

The equation in which we must make the
energy a minimum is

lE 1+dr= P; (grad, f)'dr+2~I VQ'dr (1). +2jl (1+op)fp P; (grad, p grad, Po)dr

In this equation

E=Zo+o; /=4'o(1+s); U= Vo+ V; (2)

+2) Upgo'(1+p)'dr+2)r V'0o'(1+v)'dr
(5)

In solving for the unperturbed wave function
the solution was made with the condition that

Vo —— Z/r, —Z/ro+—1/rgo,

V' = —F(pop+ ppo).
(3) Ep)r fp'dr = Q; (grad; fo)'dr+2' Vpgp'dr. (6)

J

The quantities are in terms of atomic units, with
the energy unit being the ionization energy of
hydrogen from the ground state. The distances of
the two electrons from the nucleus are r1 and r2,

respectively; x& and xm, etc. , refer to the Cartesian
coordinates of the respective electrons measured
from the nucleus, and r12 is the separation of the
two electrons. Eo is the energy of the unperturbed
ground state; e is the change in energy due to the
presence of the 6eld, F. fp is the unperturbed
wave function for the ground state and (1+op)
represents the factor by which the unperturbed
wave function is to be multiplied in order to ob-
tain the perturbed wave function. The function y
is assumed to be of the form

In addition we find by integrating by parts that

s" 2* (grad'6)'dr

+ Pp P, (grad; Pp grad; p")dr

J4oo" Z* ~A—od (&)

Now introducing Eqs. (6) and (7) into Eq. (5) we
find that

)&LP; 6;leap+(E 2Vo)lyp]dr—
+ t go'P; (grad; y)'dr

oo =A (xg+xo)

+8(pogrom+

xorp). (4)
+2) V'Pp'(1+2op+ qP)dr. (8)

'H. R. Hassle, Proc. Camb. Phil. Soc. 25, 542 {1930),"

27, 66 (1931); T. D. H. Baber and H. R. Hassle, Proc.
Camb. Phil. Soc. 33, 253 (1937).

~ E. A. Hylleraas, Zeits. f. Physik 54, 347 {1929).

Now Po is not an exact solution of the unper-
turbed wave equation. However, with a third- or
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Tsar.E I. Coostaots and polarizabilities.

Units

He

A/F B/F A/F

Atomic
Atomic
C.g.s.
C.g.s.

31d
6th
3fd
6th

2.62
2.72

0.1942g 10~4
0.2016X 10~

0.2859
0.2888

0.3657
0.3727

156.3
197.5

11.58&10 24

14.63 X 10~

1.679
1.418

1.151
1.340

sixth-order Hylleraas type wave function, the that
error will probably not be large if we set the first
integral on the right-hand side in Eq. (8) equal to
zero.

In addition the Hylleraas type wave function
and

is expressible as $0(rl, T2, rl2). Consequently, in

terms of Cartesian coordinates we have

4'0(xi& x2& ' ' '
p s2) $0( xlp x2i ' ' '

i s2) ~ (9)

x l "leap dT =
0 I (xl2 +$12~+sl20)4'0 lfT (14), I'

t

xlx24'0 dT = p, t (xlxp+gQ 2+sls2)lpp dT. (15)
J

Hence, we findThe functions y and V' contain factors of xi or
x2 so that we may expect certain integrals to
vanish in the present case. In particular, ltpp P; (grad; q)"dT=~ $02 (grad f)'dT, (16)

Also, for small values of the 6eld strength F we

may neglect the term 0J'pppfppdT

Consequently, Eq. (8) becomes

Also, we 6nd

4)t V'q fp'dT =4)tFP0'dT,

fppdT= I $02 p; (grad y)pdT+4 V'~02dT
J 4 (») w) ere

~ 'd. =O I Vy 2d. =o it V'P „d,=o
(10)

(grad f)'=2A'+ i~izAB(rl+rp)+2B'(rl2+rp')
(1&)

On performing the differentiations, etc. , we
find that

P (grad q)pdT=2A'

l Xy X2 )
+2AB} r,+r,+ +—

r, rp)

+B'Irl'+rp'+3(xl'+x2') }, (12)

AF
I 2 (rl'+ T2') —

rip�

}
3

BF 2+ }rl'+rp'+q(rl+r2)(rl'+rp' rip) } (19—).
3

We now introduce the Hylleraas variables; i.e.,
we let

T1+T2 t T2 Tl u T12.

—V'02 =A F(xl2+ 2xlxp+x22)

+BFfxl'rl+xlxp(rl+rp)+xp'rp}. (13)

Using these we have

(grad f) 2 2A2+ is~ABs—+B2(sp+P) i (21)

Then it is found convenient 6rst to express the
integrands in terms of the variables (Tl, rp, rip). 4&,AF( 2+&2
Since the unperturbed function fp is a function
only of these variables, we see from symmetry +22BF(sp+2sP su'). (2-2)—
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The Hylleraas type wave function used is

Po e ——"'(—1+cu+dt'+es+fs'+gu') (23)

We now introduce the following substitution

Cato = ~$'Pu foodr,

oooo 2~ +Goo+ Vs+2 ~Iso

We see that all of the functions that we need to
integrate are symmetrical in ri and r2—or involve

whence Eq. 11 may be written as
only even powers of t—so that, if the general
integrand is g(rr, r2, r22), we have

' g(rr, rs, r22)dr=22rs dS du

G(s, t, u)u(s' —t2)dt. (24)

Lu, b, cj.
(222)2+e+o+o

(25)

Then, if we express the volume factor separately,
we have

22r' ~ e '"'s't u'u(s' t')dsdtdu—

Ia, b, cI, (26)
(2u)e+s+r+o

These can all be broken down into terms of the
following type JJ'J'e '"'s t u'dsdtdu, where

" ~ t e 2™s't'u'ds-dtduJJ~
(a+b+c+2)!

(222)'+'+ ' (b+1)(b+c+2)

+~ (C200+ ~020) Ys~ ~(+200+ ~oso ~002)

—2&+(&soo+2&22o ~&os) (29)

applying the Ritz method we must minimize
the s with respect to A and B (i.e., Be/BA =0,
Be/88=0). The solution of the resulting two
equations gives the values of A and 8 in terms
of F—and so gives the perturbed wave function.

If 0. represents the polarizability of the system,
we have

OAF .

To convert n to c.g.s. units from the atomic units
used it is necessary to multiply by 0.7410
)&10 "(= l/ts22Ne s)s.

Solutions were made with both third-order and
sixth-order wave functions for He and H .' The
following polarizabilities and constants found for
the perturbed wave functions are given in
Table I.

I wish to thank Dr. S. Chandrasekhar for sug-
gesting this problem.

where
3 The constants for the sixth-order wave function of H

+2 b +1j I b+2 +1j (27)
were kindly supplied by Mr. Ralph E. Williamson in


