JANUARY 15, 1941

PHYSICAL REVIEW

VOLUME 59

The Density Distribution in the Steady-State Diffusion of Neutrons

E. A. UEHLING
Department of Physics, University of Washington, Seattle, Washington

(Received November 2, 1940)

By carrying the method of Laplace transformations and inversions to its ultimate conclusion,
an expression in closed form for the spatial distribution in density of diffusing particles is
obtained. This derivation is valid both for the case of incident currents of particles upon the
face of a half-infinite medium and for the case of source distributions within that medium.
The final expressions are given in terms of a transcendental function and its zeros together with
a definite integral, all of which require numerical evaluation. Such numerical calculations have
not been performed, since the problem is principally of theoretical interest in the sense that
these methods yield for the first time an exact nonseries solution of a well-known, and in this
respect, unsolved integral equation. From an experimental point of view it is the ratio of
activities at different points within the medium rather than the ratio of particle densities
which is of principal interest. These quantities are not the same, and some results for the
former based on the exact theory have already been given.

INTRODUCTION

HE problem of neutron diffusion under
steady-state conditions has been solved for

the emergent distribution from a medium, and
the results have been published in previous com-
munications.®? The study of this problem has
now been carried one step further in order to
find exact expressions for the particle density
within the medium in which the diffusion occurs.
The idealizations employed in the statement of
the problem are discussed fully in the previous
papers.t? We may mention briefly that the
diffusion occurs under steady-state conditions
within a half-infinite, isotropic, homogeneous
medium having a plane boundary face, that the
diffusing particles interact isotropically and with-
out the exchange of energy with particles of the
medium, and that there are no mutual interac-
tions. Furthermore, the incident current is taken
to have azimuthal symmetry about the perpen-
dicular to the boundary face, and to vary only
in polar angle, whereas the source distribution is
taken isotropic and to vary only in the direction
perpendicular to the boundary plane. Under
these circumstances the particle velocity enters
only parametrically, and the number of inde-
pendent variables is reduced to two, (x, 2), where
x is a spatial coordinate measured into the

1E. A. Schuchard and E. A. Uehling, Phys. Rev. 58,
611-623 (1940). Further references to this paper will be
to SU.

2 Q. Halpern, R. Lueneburg and O. Clark, Phys. Rev.
53, 173-83 (1938).

medium and positively to the right from the
boundary plane as origin, and z=cos 8 is the
direction cosine of the particle velocity with
respect to the positive x axis. The distribution
function f(x, z) is taken to represent the density
of particles at x per unit solid angle in velocity
with the velocity vector lying at 2. The emergent
distribution of particles from the medium is then
represented by f(0, z) with —1=3<0.

THE EMERGENT DISTRIBUTION

It has been shown! that the emergent distribu-
tion is given by the value on the real interval
z=(—1, 0) of the function

_ ng 1 R(z) <0
Ttz @) R(E)=0

which is analytic over the entire negative half
of the z plane. This result is valid for a particular
form of incident current and source distribution,
but the validity of superpositions renders the
solution for other forms readily available. For a
source distribution of the form

o) =g R(©)=0

the constant # is given by

f(0, 2)

(1a)
where 7 is the total m.f.p. of diffusing particles.

For an incident current of the form

fole)=fo(z—¢) 0<i=l1,
n=fo o=1/21,

n=gl/v,

(1b)
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DIFFUSION OF NEUTRONS

when /, is the m.f.p. for scattering, which to-
gether with the capture m.f.p. I, contributes to I
according to the relation 1/l=1/l,41/I,. This
equivalence of source and incident current dis-
tributions insofar as the emergent current is
concerned and for values of ¢ in the interval
(0,1) has been discussed in SU. The earlier
paperst? may be consulted also for a discussion
of the functions p; and p,. It will be sufficient for
our purpose here to mention only that

0 1 ;
1np1(z>=—ffdtnp(“) R(z) <0
Yy 22+t2
z r° In p(it) @)
lnpg(z)=;j;dt o R(z)>0
p1(2)=p2(—2) A
Lda F, (3)
§5) = pi(D)pa(s) = 103 [
qaa—z )

and that p;(z) has the branch point and zero of
p(2) in the positive half-plane, while ps(z) has
the branch point and zero of p(z) in the negative
half-plane. These branch points lie at 41, and
the zeros lie at =43z, where

U da
=0.

p(ZQ) =1 +0’Zof
1 a—23
One finds that 1=2;=w. The value of z, is
determined only by ¢, being unity for ¢=0, and
becoming infinite for ¢ approaching its maximum
value 1. _
An obvious property of p(2) is

'liIm p(z)=1—2¢.
This result shows that in the integrated form

p(a) =140z In [(z—1)/(z+1)] (4)

with z restricted to points off the real interval
(=1,1), the principal value of the logarithm
must be taken. If, furthermore, we write

p(2) =140z(In p+ia), (5)
where
z—ll (u—-l)“’—}—v?)%
ekt N1+

tan a=2v/(u?+v2—1) z=utiv

the same condition requires the vanishing of « at
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infinity. Thus, one has for « in the neighborhood
of the branch points the values consistent with
the arrangement given in Fig. 1 instead of the

"W /i a2
AT VAR
ok -/ -r |0 -n +1 40

F1c. 1.

alternative arrangement in which 0 and = are
substituted for — and 0, respectively, below the
real axis.

THE PARTICLE DENSITY

The total density of particles at the plane x is
given by

F(x)=27rf f(x, 2)dz.

It has been shown in SU that the density function
must satisfy a well-known inhomogeneous in-
tegral equation

| —a’]

1 <
R =g+ f F(x)K(—l—)dx, (©)

where

2(x) = 27rf fo(z)e—=Itdz

2r > | —x|
+—f g(x’)K( )dx’,
v 0 I
v dz © dt
K(s):f e—“’-=f e—st—= —Ii(e™),
0 2 1 14

and fo(z) and ¢(x) are the incident current and
isotropic source distributions, respectively. An
integral equation of this type with the symmetric
logarithmic integral function as kernel has been
encountered in the study of numerous other
problems in physics.? Particularly, in connection

3V. A. Kostitzen, Mem. Sci. Math. 69 (1935). A discus-
sion of the Kundt and Warburg problem of velocity
distribution between two parallel plates in relative motion,
the Chwolson and Lommel problems of semitransparent
sheets and others is given, together with an extensive

bibliography. References to some of these papers will be
found also in SU,
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with the astrophysical problem of radiant energy
transmission through stellar atmospheres, this
equation has been the object of considerable
study. But no exact solution in closed form has
ever been found. Such a solution is required for
the case of neutron diffusion, since the develop-
ment parameter, 20=1/I;, of the iterative solu-
tions is very nearly equal to unity, and such
solutions converge very slowly.

It has been shown in SU, Eq. (4a), that
—2f(0, 2) is the Laplace transform in the variable
—1/lIz of

F(x) /4wl +q(x) /v

for R(z) <0. Introducing z= — 1/If this relation is
put in the form

0, —1/1t) ® F(x) q(x)
—_—— = —el 4~ |d .
It J; ‘ [47rl3+ ] ] = R(H>0

Since F(x) and ¢(x) may be assumed continuous
and the integral is absolutely convergent, this
transformation has the unique inversion*

47l
fﬂ+w@, (8)

Flx)=—

2ls t1-+io0 dl
@)= [ etso, ~1/1-
/Ll t1—1i%0 ¢

t=ty+its 1,>0, (9)

where ¢, is a line parallel to the imaginary axis
and lying within a strip of the ¢ plane within
which the integrand is analytic. Reference to
Egs. (1) and (2) shows that this region is the
entire positive half of the plane not including the
imaginary axis. Considering now the problems of
incident currents and source distributions sepa-

4 G. Doetsch, Theorie und Anwendung der Laplace
Transformation (Springer, 1937), pp. 40-3.
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rately, one has in the first case

fo(z)=f3(z—{) glx)=0 0<¢=1,

g(x) =2mfe~*'%; F(x)=o(x),
where g(x) is the inhomogeneous term of Eq. (6),
o(x) is given by Eq. (9), and f(0, —1/1t) is given
by Eq. (1) with n=fs. In the second case one has

g(x) =ge~*%,  fi(z)=0, R()=0,

2wqle —1 2uql 1 g—uliz
i el 1n§ — ﬂ-q{f dz,
v ¢+1 v 0o $—2
(11)

F(x) = — (4mgls/v)e~ "+ o(x),

where, again, o(x) is given by Eq. (9) and
f0, —1/It) by Eq. (1) but with n=g¢l/v. The
equivalence of incident currents and distributed
sources, which holds for the emergent distribu-
tion when 0< ¢ =1 and ¢//v=fo, is thus modified
slightly for the density function. One finds F(x)
for sources to be less than F(x) for incident
currents by an amount equal to

(dmgly/v)e=118 = 2 fe=l18.,

(10)

glx)=

This quantity is, however, just the contribution

, to the density at the plane x due to the incident

current when account is taken of the kinetic
theory probability that a particle incident on the

. boundary will travel the distance x/{ without

collision. This result may be established, also,
directly from the integral equation (6) itself.

Thus, for the determination of F(x) for the
case either of incident currents or source distribu-
tions, one requires the evaluation of the single
function ¢(x) for all values of ¢ such that
R(¢)=0. Introducing Eq. (1) into (9), using the
relation $1(2) =p2(—2), and introducing ¢=1/21,
one has

e*tdt

nlg‘ f t1+iw
iopa(¢) eiw (118 pa(1/18)

o(x) =

Fic. 3.
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The integrand, while analytic everywhere to the
right of the imaginary axis, has certain singu-
larities in the negative half-plane, which will now
be discussed. There exists, first of all, a simple
pole at t=—1/I¢. There is, in the second place,
a branch point at ¢t= —1/I. The branch cut for
p2(1/lt) may be drawn from the point t=—1/I
to the left along the negative real axis to — .
Finally, there is the zero of po(1/Ilt). This zero
is located on the negative real axis at a point

= —{o where 0={y=1/I. Since this zero of p, is
the zero of p in the negative half of the plane,
it may be found, by using Eq. (4) and the sub-
sequent discussion, from the relation

p(z0) =140z In [(20—1)/(20+1)]=0,

2o+1 1 1
1=¢rzoln—-—=20[1+ +--~],
52-'04
(13)

+

2'0—1 3202

ﬁ(]: 1/120.

o(x) FoR COMPLEX VALUES OF {

The function ¢(x) may be evaluated by de-
forming the path of integration about the singu-
larities and branch cut in the negative ¢ plane.
If ¢ is complex, including pure imaginary, or if
real it is at least greater than unity and not
equal to 1/lte, ¢(x) may be expressed as the sum
of three contour integrals

o(x)=(nl{/0)(A+B+C),
where 4, B and C are the integrals

(14)

1 f e*tdt
1pa () Y (1+10) po(1/1)

taken about the contours 4, B, and C, respec-
tively, of Fig. 2. .

Since the contour A contains only a simple
pole at t=—1/I¢, the value of A is obtained
immediately. One finds

21 el 2we* K

A=—v =
K ips()p(—5)  Lp(§)

(15)

after introducing the relations given by Eq. (3).

Before evaluating B and C it is convenient to
transform back to the z plane by introducing
t=—1/Iz. Introducing Eq. (3) again, one finds
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that B and C are given by the integrals

1 f e~z po(2) dz
tUps(§) J 2—¢ pl2) 2

over the contours B’ and (', respectively, of
Fig. 3. The branch cut along the interval
(=1/l, — «) of the ¢ plane is transformed to the
interval (0, 1) of the 2 plane. Since the function
p2(z) is analytic everywhere for R(2) >0, and
the contours B’ and C’ do not inclose the point
z={, these integrals are taken only about singu-
larities of p(2), its branch cut and zero, respec-
tively.

The evaluation of B may now be carried out.
Permitting the contour B’ to collapse upon the
branch cut, and referring to Eq. (5) and Fig. 1
for the selection of « in p(2) one obtains for this
integral

B 1 fl e—ft‘/lu p2(u) du
T dlpe(©) o u—¢ 1+ou(ln p—ir) u
1 0 g xltu pa(u) du

+ — P
ilpa(§) Vo u—{ 1+ou(ln ptir) u

16
pa(u) du (16)

2na fl .
P ezl ,
Ipa($) Yo (I14ouln p)2+(rou)? u—g§

where

In p=(1—u)/(14u).

Finally, we may determine C. Since the only
singularity within the contour C’ is the zero of
p(z), the behavior of this function in the neigh-
borhood of =2, must be found. This zero lies
on the real axis, and we may set zo=u,=1 where

P(uo) = 1+0'u0 In [(uo-“ 1)/(u0+ 1)] =0.
Using this condition on %, one obtains
1—u2(1—20)
plug+A2) =Ag———

uo(ue?—1)
Therefore, 1/p(2) has a simple pole at z=1u, and
its residue is
wo(uo®—1) /[1 —uo*(1 —20)].
2w (M02— 1) pz(%u) _
Ipa(e) 1— (1 —20) to—¢

Then

zltwo,  (17)
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Bringing these results together by introducing
Egs. (15), (16) and (17) into Eq. (14) one
obtains

2rn[ el
¢<x>=—[

o Lp()
3 ¢ (wo®—1)  paluo) S
C—tto 1—u2(1—20) po()

o ! pa(u) u
i1 . (18
Pz(s“)j;e (14ouln p)2+(7wu)zs°—u] s

o(x) FOR {=u,

The result for ¢(x) given by Eq. (18) was
obtained subject to R({)=0 but for {#u, and
not lying in the interval (0, 1). One may never-
theless obtain the correct result for {=u, from
Eq. (18) by setting { =uo+A{ and canceling the
first-order infinities of the first two terms against
each other, or one may set { =, at the beginning
and evaluate (4 + C) about the second-order pole
then existing at z=u,. Using the first procedure,
one has for {=u,+A¢

==l = ==l 1 4 xA¢ /luo?],

() =140o(uo+A$) In —————
uy+14A¢
A\1—1402(1—2(7) " 0
= —(a '
§/ Mo(uzz—l) g‘ (u02—1)2 (

Also, one may define a function a(u#,) by the
relation valid to the first order in A{

Da(10) /pa(tto+AL) =1 —Afa(uo). (20)

Introducing these results into Eq. (18) and
passing to the limit of A{=0, one obtains

( ) 27!'71( 20u4® i
olx) = el uo
o L(1—ue(1—20))2
(ue%—1) x
—M{l———uoa(uo) g—eltuo
1 ——u02(1 —20’) Zuo

21
pa(u) du (_ )

1
—_ —2z/ lu.
pg(ug)j; (14+ouln p)2+ (wou)? uo—u

olUg

Since this result is of interest principally for the
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z=y 2=u,
Fic. 4.

sake of completeness, the details for the evalua-
tion of a(uo) will not be given. In order to find
this function one must return to the defining
equation for pi(z), introduce the definition of
p(4z), which may be expressed in the form

p(iz) =1—20z tan! (1/2) (22)

and then evaluate the logarithm of the desired
ratio to the first order. One obtains

uoa(to) =3
lf"’ 14u0%2(1—20) dt
7 do 1—20uot tan=t (1/uof) (1412 (14-ue22)

o(x) FOR { IN THE INTERVAL (0, 1)

When ¢ takes on real values in the open
interval (0,1) the integrand in the definite
integral appearing in the expression for ¢(x)
given by Eq. (18) diverges at one point in the
range of integration because of the factor ({—u)
in the denominator, and the first term of ¢(x) is
complex and indeterminate because of the appear-
ance of p(¢), which, according to Eq. (5) and
Fig. 1 has the value

p(§)=140¢(n pim) p=1-¢)/(14)

on this interval. We will show, however, that
Eq. (18) still gives ¢(x) correctly providing that
for ¢ lying in the open interval (0, 1) the prin-
cipal part of the integral is taken, and that
p1(¢) is interpreted to mean the average value
of p~1(¢) on the branch cut. Finally, we will
show that the point {=1 offers no particular
difficulty, because the first term of Eq. (18)
vanishes at {=1 for all directions of approach,
and the integral is finite, though the integrand
diverges at the upper limit of the integration
range. From these interpretations together with
those of the preceding section of the terms in



DIFFUSION OF NEUTRONS

Eq. (18) this form for ¢(x) may be regarded as
correct for all values of ¢ with R({)=0.

In order to establish the desired result we
return to the evaluation of (4+4B) of Eq. (14)
with the point t= —1/I{ of the ¢ plane lying on
the branch cut. This integral may be performed
in either of two ways. We may deform the
branch cut and evaluate 4 and B separately as
before. In the 2 plane the contours then have the
form given in Fig. 4. The branch cut is inclosed
entirely within B’. Now if B’ is divided into two
parts, the two small semicircles and the straight
line portions, one obtains from the latter the
same definite integral as before except that the
principal part is meant. For the evaluation of 4
we recall from Eq. (5) and Fig. 1 that with the
branch cut having been deformed upward, the
contour for A lies everywhere on that branch of
p(2) for which « of Eq. (5) has the value —= on
the real axis. Then 4 has the same form as given
by Eq. (15), but with p(¢) given by

p()=1+o¢{ln [(1—¢)/(A+5) ]—in}.
Therefore
2me=alit . I4+otIn [A=8)/(1+8)]
K {14l In [(1=5)/A+iT} 2+ (rop)?

2n%ige—=lk 1—¢\? =
+—“[(1+a; In )+(7ro§‘)2] .
l 1+¢

A:

Now we evaluate the parts of B consisting of the
two semicircles. Setting z= {+ee?® where ¢ is the
radius of the semicircles, taking the limit for
e—0, and remembering that the lower and upper
semicircles belong to branches of a having the
values —x and , respectively, on the real axis,
one obtains for this part of B the result

2r¥%e 1-5\? -
- e—z/lr[(1+a§ In —-—) +(1ws“)2] .
1 S+t

Thus, this part of B just cancels the imaginary
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term of 4. Now since

1[ 1 . 1 ]
2l p(¢+40) ' p(c—i0)

C et In[(1-0)/(140)] 23
(ol In [(1=0)/(1+8) 12+ (wot)?

ol =¢ O<i<1

one finds that this result for { in the interval
(0, 1) is the same as before except for the neces-
sary changes in the interpretations of p7!(¢) and
the definite integral which were asserted above.

A second method of performing the integration
for (A+B) when { lies in the interval (0, 1) is
to leave the branch cut undeformed, and to
integrate over the single closed path inclosing the
branch cut. This contour may, however, be
regarded as two straight lines broken at z=¢,
giving the principal value integral, plus a small
circle about z={. In the integration over the
circle it must be remembered that « assumes
values belonging to different branches on the
upper and lower halves of the circle. It is this
method which may be used in particular for the
point ¢=1. Considering the circle to be of
radius € one obtains the same definite integral
as before for the straight line portions of the
contour except for the upper limit which is now
(1—e¢). For the integral over the circle one
introduces z=1-€¢*’, and integrates over 6 from
— to 7. This integral is observed to vanish in
the limit of e approaching zero. Returning to the
definite integral one finds that for small ¢, the
integrand behaves like ¢ 1(In €)—2. The integrand
diverges but the integral is easily shown to be
finite. This result for { =1 may be obtained, also,
directly from Eq. (18) in which { is permitted
to approach unity from any direction other than
along the real segment (0, 1). The definite in-
tegral remains finite, and the first term of Eq.
(18) vanishes because of the unbounded char-
acter of p(¢) at ¢=1.

FiNAL RESULTS FOR F(x)

The case of incident currents and source distributions will be expressed separately. For an incident

current distribution of the form

fo(Z) =f6(2—§'),

0<i=1

ene obtains from Egs. (10) and (18) with n=fe, and after inserting (23) since { is real and in the
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interval (0, 1)
140 In [(1—=0)/(140)]

F(x)=2n e—ellt
(I+o¢In [(1=8)/(148) D)2+ (ro()?
¢ (uo2—1) Pz(“o)e__x/luo_'_ af fle—x”" pa(u) du ]’ (24)
uo—§¢ 1—ue*(1—20) po(5) P2(8) Yo (14+ou In p)2+(wou)? u—¢

where, except for { =1 the principal part of the integral is to be taken. For a source distribution of

the form
g(x) =ge** R({)=0

one obtains from Egs. (11) and (18) with #=¢l/v and setting 2/,=1/¢

27rqu 1 } s S (uo?—1)  pa(uo)
e x

1
uo—{ 1—ue*(1—-20) pa($)

F(x)=
© 2©)

6——x/luo

av

o§ . pa(n0) :
+ —z/lu :I, 25
p2(8) fo ‘ (14ouln p)24 (wou)? u—¢ (25)

where, if { lies in (0, 1) the right member of Eq. (23) is to be substituted for p~1({) and the principal
part of the integral is to be taken, and if { =u,, the limit of the first two terms leading to the result
for ¢(x) given by Eq. (21) is to be taken. In each of these expressions p=(1—u)/(14u), uo must be
determined as the positive root of

and the functions p2(¢) and p(¢) are obtained from Egs. (2) and (4), respectively.
The case of a constant source distribution is of particular interest. The result for constant sources
g may be obtained from Eq. (25) by letting {— . One shows easily from the defining equations that

lim p({)=1—20, lim pa(§) =(1—-20)%,
and obtains, therefore, for g(x) =¢
4mgl I’l B 1—=20)%  (ue®—1)
o(1—20)L 2 1—ue(1—20)

pz(uo)e—x/luo
pau)
(14-ou In p)2+ (wou)?

Defining a capture mean time 7,=1,/v where 1/I=1/l,4+1/l, and ¢=1/2l,, one obtains for F(«) and
F(0), the density at points located far from the boundary surface and at the boundary surface,
respectively

_%(l_za)%f e—=llu du] (27

F(OO) = 47TQTm (28)
F(0) (1=20)F  (ue®—1) 1 Po(10)

=1-3 2(0) —3(1—20)* du. 29
F() o 1—u02(1—2<7)P (o) =3(1~20) j; (1+ouIn p)2+ (rou)? " (29)

The first result agrees with that obtained from more elementary considerations® as it should. The
ratio F(0)/F(«) depends only on ¢, though F(x)/F(«) depends on both / and o.
It is of some interest to compare these results for F(0) with a direct result obtained by integration

8 H. A. Bethe, Rev. Mod. Phys. 9, 126 (1937).
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over angles of f(0, 2) given by Eq. (1). In the limiting case of ¢ =0 (pure capture) this comparison is
easily made. For the case of source distributions both methods give

F(0)=2mgre¢ In (14571).
1

The verification of the expressions for F(0) for the limiting case of =% (no capture) by comparison
with the direct calculation is not as easily established. In this limit #(0) for a constant finite source
distribution ({= «) is unbounded for ¢—%. The direct calculation shows that the approach of F(0)
to infinity is like (1 —2¢)~% In order to establish this result from Eq. (29) one must first determine the
behavior of pa(us) for e—%. One finds that whereas?

lim po(2) =1/¥3z o=1,

o having passed to the limit % before taking the limit in 2, the result of a simultaneous approach to
their limits through the maintenance of the relation given by (26) is

111‘1’1 Pg(uo) = 2/\/3140

Then the second term of (29) may be shown to have a leading term of unity so that the entire ex-
pression leads with a term of order (1—2¢)% Since 7,~(1—20s)"! the expression for F(0) given by
(29) is shown to increase like (1 —20)~* for o—1, as it should.
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The Relative Stopping Powers of Carbon and Lead for Slow Mesons

MARTIN A. POMERANTZ AND THOMAS H. JOoHNsON
The Bartol Research Foundation of the Franklin Institute, Swarthmore, Pennsylvania

(Received November 18, 1940)

An experimental determination of the relative stopping powers of carbon and lead for slow
mesons has been made with an anticoincidence arrangement of G-M counters. For mesons
having an average energy of approximately 4 X 107 ev, the experiments revealed that 28.5 g/cm?
of carbon is equivalent in stopping power to 24435 g/cm? of lead. This gives a value for the
ratio of the stopping powers of equal masses of carbon and lead, Sc/Spp,=0.844-0.18, to be
compared with the theoretical value of Sc/Spp=1.82 calculated with the ionization theory.
However, it is not necessary to invoke a hitherto unknown absorption process to account for
this discrepancy, since it may be explained as arising from the scattering and transition effects.
The data corrected for these effects show that 28.5 g/cm? of carbon is equivalent in stopping
power to 4547 g/cm? of lead, and Sg/Spp=1.6-0.3, in agreement with the theoretical value
within the experimental uncertainty. These experiments indicate that in a dense absorber, any
additional absorption process is unimportant compared with ionization for mesons having
energies of about 4X 107 ev, or higher.

INTRODUCTION (1) The value of 7o, the proper lifetime of the

XPERIMENTAL evidence consistent with M€ calculated from the observed rate of
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