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An expression for the work function of a monovalent
metal, previously obtained by E. Wigner and the author,
included a term which represents the energy required to
move an electron through an electrostatic double layer at
the surface of the metal. In order to determine the moment
of this double layer, it is necessary to make an explicit
calculation of the electronic charge density at the surface of
the metal, which is attempted in the present paper. In the
model taken for this calculation, the density of positive
electricity is assumed constant on the negative side of the
YZ plane, and is zero in the positive half-space. The
electrons are so distributed as to neutralize the positive
charge density in the interior, and the metal as a whole is
neutral. An approximate self-consistent solution of the
Fock equations gives the charge density at the surface. An

attempt is made to go beyond these equations, so as to
include the effect of correlation (or polarization) forces on
the double layer. The density of positive electricity assumed
is the same as that which would exist in Na if the ions were
treated as a continuous charge distribution. The final
values obtained are 2.35 and 2.0 ev for the work function,
and 0.4 and 1.0 ev for the moment of the double layer,
where the first values in each are obtained when the correla-
tion forces are included, and the second when these forces
are omitted in the calculation. A comparison of these values
with the experimental values of the work function of Na is
given. It is concluded that the surface barrier is due pri-
marily to exchange and polarization forces, and that
ordinary electrostatic forces play a minor role.

1. INTRODUCTION
HE theory of the work functions of mono-
valent metals has been discussed in a recent
paper! by E. Wigner and the author. This work
was incomplete in two respects. In the first place,
the free-electron values were used for the Fermi,
Coulomb, exchange and correlation energies of
the metal. This defect could be removed by
making explicit calculations of these energies for
the different metals. Such calculations have been
carried out, at least in part, for Na,? 3 Li,%*
* Society of Fellows. The major part of this work was
completed while the author was a Fellow in Mathematics
at Princeton University.
1 E. Wigner and J. Bardeen, Phys. Rev. 48, 84 (1935).
2 E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933); 46,
509 (1934).
3]. C. Slater, Phys. Rev. 45, 794 (1934).

4 F. Seitz, Phys. Rev. 47, 400 (1935).
5 J. Millman, Phys. Rev. 47, 286 (1935).

and Cu.® 7 Secondly, the electrostatic double
layer at the surface of the metal was left unde-
termined.

The main object of the present work is to show
how the double layer is determined and to make
a rough calculation of the moment of the double
layer at the surface of an ideal metal. The charge
distribution at the surface is calculated by the
method of the self-consistent field based on the
Fock equations. This calculation may be of some
interest, not only in the present connection, but
also because it yields some information about the
potential barrier at the surface of the metal.

In the previous paper, the work function was
obtained by first calculating the energy E(n;, n.)

6 H. M. Krutter, Phys. Rev. 48, 664 (1935).
7 K. Fuchs, Proc. Roy. Soc. A151, 585 (1935).

653



654

of a metal containing #; ions and #, electrons.
This calculation required but a slight modifica-
tion of the method used by Wigner and Seitz®
for calculating the energy of an uncharged metal.
The work function, ¢, was then easily obtained,
as

o=—(0E(ni n.)/00e)nimn, (1)

It was shown that the work function consists of
two parts, the “binding energy” of the electron,
and the energy required to move the electron
through an electrostatic double layer at the
surface of the metal. The first part may be cal-
culated without reference to the surface, and
this has been carried out in (I). In order to
determine the moment of the double layer, it is
necessary to make an explicit calculation of the
charge density at the surface.

As our model for the present calculation, we
suppose that the metal occupies the half-space
on the negative side of the Y-Z plane. The
density of positive electricity is constant for
x<0 and is zero for x>0. This same model has
been treated by Frenkel® from the standpoint of
the Thomas-Fermi theory. We here determine
the charge distribution at the surface from an
approximate solution of the Fock equations.
Our calculation also gives the work function of
the model from a somewhat different viewpoint
than that used in (I). The density of electrons
assumed is approximately the same as the density
of free electrons in Na, and a comparison is made
of the work functions of our model and that of
Na. An attempt is made to include the corre-
lation (or polarization) forces which are neglected
in the Slater-Fock approximation of one-electron
wave functions.

2. DEFINITIONS

The work function may be defined (cf. I) as
the difference in energy between a lattice with
an equal number of ions and electrons, and the
lattice with the same number of ions, but with
one electron removed. It is assumed in both
cases that the lowest electronic states are com-
pletely filled, so that the electron is removed
from the highest energy state of the neutral

3 Cf. reference 2. A general review has been given by J.
C. Slater, Rev. Mod. Phys. 6, 209 (1934).

? J. Frenkel, Zeits. {. Physik 51, 232 (1928). This paper
also gives a discussion of the surface double layer.
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metal. Since the work function may be different
for different crystallographic planes, it is neces-
sary to specify the position of the electron after
its removal from the lattice. It is supposed that
the electron is removed to a point in the neigh-
borhood of a surface plane of the crystal, the
distance from this plane being small compared
with the dimensions of the plane, but large in
comparison with atomic dimensions. The poten-
tial differences between the outer neighborhoods
of differently oriented crystal surfaces will be
equal to the differences of the work functions of
these surfaces.

The moment of the electric double layer on
the surface may be defined as the difference in
potential between a point outside the surface
and a point in the interior. This definition will
serve for our free-electron model. As the potential
in the interior of an actual metal is not constant
in the interior, but is periodic, it is necessary to
specify further the position of the interior point
relative to the lattice. The position of this point
is somewhat arbitrary, but once chosen, it fixes
the otherwise arbitrary constant in the energy
parameters of the wave equations for the dif-
ferent electrons which are valid in the interior
of the metal. It will be sufficiently accurate to
specify the position of the interior point with
respect to the approximate model of Wigner and
Seitz in which the actual metal is replaced by a
set of close-packed spheres (the s spheres).? In
each sphere, the potential will be a function only
of the distance from the center of the sphere. As
our interior point we shall take, as in (I), a point
on the surface of the s sphere. This definition is
most convenient, as it gives a zero moment if the
electron-distribution in the s spheres of the sur-
face ions is the same as that in the s spheres of
the interior ions. The double layers are due to
the fact that the actual distribution may extend
outside the limits of the s spheres of the surface
ions, and may have greater or smaller densities in
the interior of these spheres.

The exact definition of the moment of the
double layer is of importance in our connection
when we compare the work function and double
layer of our free-electron model with the corre-
sponding quantities of the sodium crystal. We
shall find that the work functions may be
directly compared, but that, as a consequence of
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the above definitions, the moment of the double
layer of the 110-face of the sodium crystal is
about 0.25 ev less than that of the free-electron
model.

3. MAGNITUDE OF THE DOUBLE LAYERS

Before proceeding with the calculation, it
might be well to say a few words about the ex-
pected order of magnitude of the moment of the
double layers. The most direct evidence was
given in (I). It was found that the theoretical
values of the work functions- of the alkalies
checked the experimental values very closely,
even though the double layer was omitted en-
tirely. This suggests that the double layers of
these elements are probably small (less than half
a volt).

Since the potential in the interior of a metal is
constant (or, more accurately, periodic), the
differences in the work functions of different
surface planes of the same crystal are equal to
the differences in the moments of the corre-
sponding double layers. These differences, experi-
mentally, are of the order of % to 1 volt.® One
might expect that the moments themselves are
of this same order of magnitude.

On the other hand, experiments show that the
value of the work function depends to a large
extent on the condition of the surface.!’ Ad-
sorbed gas or deposits of foreign material may
alter the work function considerably. Ives and
Olpin® and J. J. Brady'* have shown that a
monatomic layer of alkali atoms deposited on a
metal may reduce its work function by as much
as 50-75 percent. These data indicate that the
work function of a surface is really determined
by the top few layers of atoms, and not by the
metal as a whole. The large changes in the work
function due to different surface conditions,
must, of course, be due to corresponding changes
in the surface double layer. A knowledge of the
charge distribution at the surface is thus really
necessary for the determination of the work
function. One may expect, however, that the dis-

10 N. E. Farnsworth and B. A. Rose, Proc. Nat. Acad.
Sci. 19, 777 (1933); B. A. Rose, Phys. Rev. 44, 585 (1933);
N. Underwood, Phys. Rev. 47, 502 (1935).

1 See, for example, A. L. Hughes and L. A. DuBridge,
Photoelectric Phenomena (McGraw-Hill, 1932), p. 72.

2 H. E. Ives and A. R. Olpin, Phys. Rev. 34, 117 (1929).

13 J. J. Brady, Phys. Rev. 41, 613 (1932).
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tribution for pure metals will be such that the
double layer is small.

4. THE FREE-ELECTRON MODEL

The density of positive electricity has the con-
stant value ep, in the half-space on the negative
side of the YZ plane and is zero elsewhere. If the
density of electrons is p_(x), the electrostatic
potential, V, will be given by the solution of
BV Jdxt= —dmep(x); pl)= | 7" <0

—p_(x) x>0.
If the charge distribution is known, this equation
may be solved for V. The boundary conditions
are, if the metal is uncharged:

V=0, dV/dx=0 as x—x, (a)

3)
dV/dx=0 as x——oo. (b)
Condition (3b) requires that!*
lim p(x)dx=0. 4)

The constant value of the potential in the in-
terior,'® V9, is, by definition, the moment of the
surface double layer.

5. T Fock EQUATIONS

Our calculation of the charge density at the
surface is based on the Slater-Fock!¢ approxima-
tion of one-electron wave functions. An attempt
is made, however, to correct for the correlation
(or polarization) forces which are neglected in
this approximation (cf. section 8). If there are
electrons which occupy #/2 doubly degenerate
states, the Fock equations have the form:

(= (7%/2u)Aj—eV(r) —AY(r;) =En;i(r), (5)

where V(r;) is the Coulomb potential of the com-
bined positive and negative charges. If

p(r, 1;) =24 (0)¢u(r)) (6)

4 If the metal has a surface charge, the integral of Eq. (4)
is no longer zero. In this case, condition (3a) is replaced by
dV/dx=4mwo as x—», where o is the surface density of
charge.

15 The superscript zero will be used throughout to indi-
cate values which apply in the interior.

16 ]. C. Slater, Phys. Rev. 34, 1293 (1929); 35, 210 (1930).
V. Fock, Zeits. f. Physik 61, 126 (1930). An excellent re-
view has been given by L. Brillouin, Les Champs “‘self-
consistents’ de Hartree et de Fock, Actualités scientifiques
(Herman, Paris, No. 159, 1934).
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is the Dirac density matrix, the exchange oper-
ator A4; is defined by

7 1 7d
,¢,<r>—~f plo i)

r—r,i

The sum in (6) is over all orbital wave functions,
the spin factors being omitted. The factor %
appears in (7) because the exchange operator is
effective only for electrons of parallel spin, while
the wave functions of all electrons are summed in
o(x, r;). The density of electronsis p_(r) = p(r, r).

In the following, we shall use instead of the
exchange operator, an exchange potential defined

by 7

p(x, 1;)¢;(r)dr
= e ©

This exchange potential thus depends on the
wave function, and will be different for different
wave functions. The advantages of using the
exchange potential rather than the exchange
operator are two. First, the potential is easier to
visualize physically. As Slater and Krutter!?
point out, the field acting on the electron is
actually to be identified with the sum of the
Coulomb and exchange potentials, rather than
the Coulomb potential alone. There is a hole cut
out of the charge distribution about each electron
due to the fact that the probability of two elec-
trons of parallel spin being close together is
small. The total charge cut out by the hole is
exactly e. The exchange potential is essentially
the potential resulting from the hole.® The
second reason is more practical. We want to find
a self-consistent solution of these equations, and
this must be obtained by numerical calculations.
The exchange integrals are very difficult to
evaluate directly. The procedure adopted was to
approximate the actual set of wave functions by

17 Cf. reference 8, and J. C. Slater and H. M. Krutter,
Phys. Rev. 47, 559 (1935).

18 Tt should be emphasized that this interpretation can-
not be made in all cases. The exchange potential defined
in this manner may be complex or may have infinite
values. In our case, the potential is real and finite. The
probability of an electron in the jth state being in the
volume element dr, and a second electron being in the
volume dr; is the real part of :

(W )Y ()Y (09 (1) —* (T )y (0)¢* (1) (r1) ) drdr.

‘The second term represents the ‘‘hole.”
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F1G. 1. Exchange potential in interior as a function of the
velocity of the electron.

a set of analytic functions for which some of the
required integrations could be performed. It was
found that the exchange potentials were much
less sensitive to the actual form of the wave
functions than the exchange integrals.

6. WAVE FUNCTIONS IN THE INTERIOR

We shall replace the actual infinity of wave
functions for the free-electron model by a finite
number by introducing periodic boundary con-
ditions (period L) in the ¥ and Z directions, and
a fixed boundary at x= — L. The wave functions
in the interior!® will be the plane waves

Wi, 3, 5) = 2L sin (kw-oy)e Gartska, (0)

The allowed values of k; and k; are 27ve/L and
2wv3/L where vy and v; are integral. The allowed
values of k; are 27v;/L where the Values of vy
lie close to the half-integers (3, 1, §, ---). We
suppose that there are % electrons in the volume
L3 and that all states are doubly occupied from
v=0 to v=v, where v=(vi+wl2+r?)? and

= (3n/8)}. The radius of the sphere (s sphere)
whose volume is equal to the average volume
occupied per electron is:

ro=(3/47n)}L=1.92(21v,,/L) =1.92F,. (10)
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We shall find it convenient to use 7, as a param-
eter which gives, indirectly, the density of the
electrons.

The exchange potential in the interior is
constant. The exchange operator acting on a
wave function of the form (9) has the effect of
multiplying the wave function by a constant.
This constant, which has been evaluated by
Dirac,”® depends on the ratio a=£k/k, of the
momentum of the given electron to the maximum

momentum of the Fermi distribution. The value

of the exchange potential in the interior is:
AR =eknf(a)/27=0.306e*f(a)/7s,
where
fla)=2+4(1/a)(1—a?)log (1+a)/[1—al). (11)

A plot of 4;° as a function of «is given in Fig. 1.
The equation for ¥ is:

(= (#/2) A—e V' — A’ = E’,
Ek= (ﬁ2/2M)k2_6V0"‘A ko.

It may be noted here that, to the approxima-
tion of the Fock equations, the energy required
to remove the kth electron from the metal is
—E;. The work function, ¢, is the minimum
value of —E;, or

o= —(12/2u)kn2+eVO+ A, °.

This agrees, except for the correlation energy
which we have so far neglected, with the results

of (I).

(12)

so that (13)

(14)

7. METHOD OF CALCULATION

The exchange potential decreases in magnitude
as oné approaches the surface, and goes to zero
as x— . It is independent of ¥ and z. The Fock
equation (cf. Eq. (5)) thus has the form:

(= (#/2n)A—eV(x) = Aw(x))Yi(r) =Ewbi(r) (15)

with V(x) given by (2) and (3) and E; by (13).
Since the potential is independent of y and gz,
the wave functions must be of the form:
Yi(x, v, 3) = o(k, x)eik2vtks2), (16)

The equation for ¢(k, x) is

(= (#*/2p)(d*/dx*) — eV (x) — A r(x)) o (k, x)
=(Ex— (1*/2u) (k2*+ks?)) o(k, x)  (17)
1 P. A. M. Dirac, Proc. Camb. Phil. Soc. 26, 376 (1930).
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and the asymptotic form of ¢(k, x) in the in-
terior is:

ok, x) =2 L% sin (k; x+ ). (18)

The phase, v, may depend on ks and k; as well
as kl. :

In order to obtain an accurate solution of
Fock’s equations, one takes a set of starting
wave functions, and then computes the Coulomb
and exchange potentials from these. The next
approximation to the correct wave functions is
obtained by solving Fock’s equations using these
potentials. This procedure is repeated until a
self-consistent set of wave functions is obtained,
i.e., a set such that the Coulomb and exchange
potentials computed from these wave functions
are the same as the potentials used in deriving
the wave functions. Because of the numerical
difficulties involved in evaluating the exchange
integrals, it was not found feasible to carry out
this process in full.

Instead, the exchange potentials were chosen
at the beginning and held fixed throughout. A
self-consistent solution was then obtained for the
electrostatic part of the problem. In the final
stage, the Coulomb potential calculated from
the final wave functions was equal to the poten-
tial used in determining these wave functions.
The exchange potentials were determined from
an approximate set of wave functions which will
be described in the next section. As the charge
distribution corresponding to these approximate
wave functions is fairly close to the calculated
charge distribution, one may expect that the
exchange potentials as determined from the two
sets of wave functions are also very nearly the
same. The Fermi hole is very large near the
surface, and so should not be sensitive to the
exact form of the wave functions at the surface.

8. CALCULATION OF EXCHANGE POTENTIALS

As one approaches the surface of the metal, the
Fermi hole will increase in volume in such a way
that a total charge e is always cut out by the hole.
The shape of the hole will depend not only on the
speed of the electron, but also on its direction.
The dependence on direction is rather small, and
is unimportant for our purpose. The exchange
potential of an electron whose motion is per-
pendicular to the surface will drop a little more
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slowly than the potential of an electron of the
same energy whose motion is parallel to the
surface, but the drop will start sooner, so that
the potentials of the two electrons will be about
equal half-way down the slope. We shall, in our
work, neglect this dependence on direction.

It is very difficult to evaluate the exchange
potentials for wave functions other than the
plane waves discussed above. It is possible,
however, to get some idea of the behavior of the
exchange potentials by calculating A4;(x) for the
wave functions of a somewhat simplified model.
We shall suppose that the electrons move in a
constant negative potential, W, for x <a and that
the potential is zero for x >a. The position of the
barrier, a, and the height of the barrier, W, are
adjusted in such a way that the wave functions
and charge distribution of this simplified model
correspond most closely with the wave functions
of the free-electron model. The integrals are so
complicated, even for this simple model, that it
is difficult to evaluate them except at the
potential wall, x=a.

Instead of using x as a coordinate, we shall use
¢=x—a, so that the barrier is at §=0. The wave
functions are then of the form (16) with

i (1/p)(— (p'— k) sin k&
ok, £) = +kcos kf) £<0, (19)
RLH(k/p)e(rrroke £>0,
where pr=—2uW/H. (20)

The integrals we must evaluate are those of
Eq. (7). '

Y (r)yu(n)dn(r)dr, (

|r—1,|

62
A =" T f 21)

The summation over ! is over all occupied states,
and may be replaced by an equivalent integra-
tion over asphere S of radius k,,= (2r/L)(3n/8)%.
(n is the number of electrons in the volume L3.)
It is shown in the appendix that if we replace ¥y
by (16) and then integrate over y;, and 2, that
we have:

e’L? 7
Aol = f dt, f oy £, )

X o(k, &) (e N8l /N)dldladls,  (22)

BARDEEN

where = (lz—kz)z-l-(ls—kg)?.

The integration over I, and /3 is difficult to
carry out in general unless ky=Fk;=0, or, in
other words, unless the electron is moving in a
direction perpendicular to the surface. Since the
exchange potential of an electron depends
mainly on its velocity, one may obtain a good
approximation for arbitrary ks, k; by first
carrying out the integration with k. and k; set
equal to zero, and then replacing ki, by
(k2 +E2+k?)?E in the final result. If ko=Fk;=0,
the integral (22) reduces to:

82L3 +oo km (km?2— 112)%
Aot 9=—— [ au[ af
2w —o —km 0

><d)\e_)\!£_zll gﬂ(lly fl)?’(ll, E)¢(k1v g)' (23)

The integration over X may be also carried out,
but before doing this it is best to substitute the
expressions (21) for o(l4, £) and then integrate
over £. The integration over N may then be
carried out at £¢=0. If one then divides by the
value of ¢(k, £) at £=0, one obtains the following
integral for 4,(0).

e? km k
0= ) ) {—l[%wcw)
Xlog ((kn24+12—2k1)/(k—1)?)
+(IB—FC) tan~! (D/(k—1))]
8 log (B-+C+D)/(B+C))}dl

where B= (p2—Fk®)}, C=(p*—10)?% D= (k.2—k*)%
The last integration may be carried out if p= =,
i.e., if the barrier at £=0 is infinite. In this case

Ax(0) = (ekn/m)[§ —1/4a>+(1/8%)
' X (1+2a2—3a%) log (1+a)/[1=al)], (25)

where a=Fk,/k,. It can be shown that this last
equation is rigorously correct for electrons of
arbitrary direction if a= (k2+k?+ks?)}/ k.

Fig. 2 gives the variation of the exchange
potential with « for p=» and for p=1.15k.
The latter were obtained by numerical integra-
tion. The wave functions for p=1.15k, corre-
spond most closely with the computed wave
functions of the free-electron model.

These data enable one to get a reasonably good
picture of the way in which the exchange poten-

(24)
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F16. 2. Exchange potentials at the barrier for p=1.15kx
and p= .

tials vary near the surface of the metal. The
exchange potentials for wave functions of the
type we are considering depend mainly on the
charge distribution, and not on the exact form
of the wave functions at the surface. The Fermi
hole is so large that any local irregularities are
ironed out when one integrates over the hole to
obtain the potential.

The position of the barrier is at £§=0 or at
x=a. The value of a is fixed for any value of p
by the requirement that the metal be neutral,
i.e., the requirement of Eq. (4). It may be shown
by straightforward calculation that this gives:

a=(3/2kn®) [rkn2/4
— (kn?—9%/2) sin™ (kn/p) —3(p*—kn?)]. (26)

If p=», a =23r/8k, = 0.617,. Similarly if
p=1.15k,, a=0.117,.

If the positions of the barriers are fixed in this
manner, the exchange potentials are rather in-
sensitive to the value of p. The values of the
exchange potentials have been computed for
p=x at a point a distance 0.57, behind the
barrier, or at x=0.117,. These values, obtained
by numerical integration, agreed to within one
percent with those computed at the same point
for p=1.15k,..

In the actual calculation, the positions of the
barriers were taken at points slightly different
from those given above. The wave functions cor-
responded more closely with those of the free-
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Fi16. 3. Charge distributions for approximate wave func-
tions and exchange potentials adopted.

electron model with the barriers placed at
a=0.587, and at ¢=0.087, for p= oo and for
p=1.15k,, respectively, instead of at points a
distance 0.037, further out. The difference, how-
ever, is very slight, and hardly enough to affect
the results appreciably.

Fig. 3 shows the charge distributions for p=
and p=1.15k,, as well as the charge distribution
for the free-electron model which will be discussed
at more length later on. The charge distributions
match fairly well, so that it may be expected that
the exchange potentials will also agree.

The exchange potentials which have been
adopted are also shown in Fig. 3. These were
obtained by drawing smooth curves through the
known points at x=0.087, and at 0.587, in such
a way that they are asymptotic to the known
values of the exchange potentials in the interior,
and to zero for large positive values of x. The
circles represent the values of the exchange
potentials for p=1.15k,, as taken from the curve
of Fig. 2. The triangles represent the correspond-
ing values for p= . One would, of course, expect
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that the circles are closer to the actual exchange
potentials than the triangles, but the latter are
probably not far off. This method for obtaining
the exchange potentials is, of course, very rough,
but it was not thought advisable to attempt a
more accurate calculation at the present time.

Before discussing the solution obtained, we
shall, in the next section, discuss the modification
introduced by the correlation or polarization
forces which we have so far neglected.

9. THE CORRELATION ENERGY

Because of electrostatic repulsion, electrons
tend to keep as far away from each other as
possible. In the Slater-Fock approximation,
electrons of parallel spin keep apart because of
the exchange effect. There is, however, no allow-
ance for the interaction of electrons of one spin
with those of opposite spin except that resulting
from the integrated charge distribution. The cor-
relation energy of a metal is the energy gain in
the binding energy of a metal which results from
the use of a more general wave function than
the Slater determinant of one-electron wave
functions. Wigner? computed this energy for free
electrons by using a wave function which allowed
for a statistical correlation of the positions of the
electrons of one spin with those of opposite spin.
The direct contribution of the correlation hole
to the work function, computed in (I), is

ef(rs) —er.f'(rs) /3,

where 7,f(r;) is the correlation function of
Wigner.2

The correlation hole will also influence the
charge distribution at the surface, and therefore
the double layer. This latter effect seems to be
very difficult to take rigorously into account,
because to do so it would be necessary to abandon
the one-electron wave functions we have used so
far. One would expect, however, that the influ-
ence on the charge distribution could be approx-
imately taken into account by an appropriate
modification of the potential curves for the one-
electron wave functions. This modification would
be such as to lower the potential in the interior
of the metal. At large distances from the surface,

(27

20 E. Wigner, Phys. Rev. 46, 1002 (1934). The correla-
tion function is represented by the lower curve of Fig. 7.
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F16. 4. Combined exchange and correlation potentials
(rs=4 Bohr units).

the combined potential of the exchange and cor-
relation forces should go over into the image
potential, —e?/4x.

The amount the potential is lowered in the
interior will depend on the velocity of the elec-
tron, and will be smaller for electrons of high
velocity than for those of lower velocity. In the
following work we shall make the crude approx-
imation that the correlation potential varies in
the same way with velocity and position as the
exchange potential in the interior and at small
distances from the surface of the metal, and that
at large distances from the surface the combined
correlation and exchange potential approaches
the image potential asymptotically.?® In other
words, we shall replace 4(x) in Eq. (17) by a
potential Bj(x) where

B(x) = (1+c)Ax(x)

except for large x, and we assume that when x
is large, Byp(x)~e?*/4x. We shall take for ¢ the
ratio of the correlation to the exchange energy
of the free-electrons. If 7,=4 Bohr units, c=0.24.

Fig. 4 gives the potentials B;(x) for several
values of ¥ which were obtained from the ex-
change potentials, 4 ;(x), of Fig. 3 by the method
described above. These curves apply for r,=4
Bohr units.??

(28)

2 J, C. Slater has suggested a treatment along these lines.
Cf. reference 8.

22 The curves for the smaller values of « should probably
approach the image potential more rapidly than I have
indicated. This modification would make little difference
in the present connection, but should be borne in mind if
these curves are put to some other use. The author is
indebted to Professor Slater for this remark.
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10. THE SELF-CONSISTENT SOLUTION

Two solutions of Egs. (17) have been obtained,
one using the exchange potentials of Fig. 3, and
the second using Bi(x) of Fig. 4. The first solu-
tion was very rough, and served only to indicate
the order of magnitude of the moment of the
double layer. The Coulomb potential of the
second was self-consistent to within =+0.01¢%/7..
The density of electrons in both cases was taken
to be approximately equal to the density of free-
electrons in Na, assuming one free-electron per
atom, the actual value corresponding to 7,=4.

The solutions were obtained in the following
manner. One first assumes a charge distribution
for the electrons, and then calculates the
Coulomb potential, V(x), by integration of Eq.
(2). Eq. (17) is then integrated numerically from
large positive values of x into the interior, where
¢(k, x) must join smoothly with the solution in
the interior, sin (kix+ 7). This requirement de-
termines the amplitude of the wave function, and
also the phase, v, of the plane wave in the
interior. The integration is carried out for a suf-
ficient number of values of ki, ks, ks, so that one
may integrate .over the occupied states and
obtain the charge distribution. If this calculated
distribution checks the assumed distribution, the
problem is solved. If not, a new distribution is
assumed, and the wave functions and charge dis-
tribution are redetermined. This process is re-
peated until a self-consistent solution is obtained.
The exchange potentials 4,(x) (or Bx(x)) are
held fixed throughout.

In order to determine an accurate self-con-
sistent solution of Fock’s equations, the exchange
potentials should also be redetermined from the
calculated wave functions, but this involves a
difficult numerical integration and has not been
carried out.

In the pure Fock case, the exchange potentials
A(x), are used, and the work function, ¢, is

o= — (12/2u) b2 +e VOt A . (29)

Rough calculations that have been carried out
indicate that the moment of the double layer,
e1?, is about one volt for r,=4. The maximum
value of the Fermi energy, #%k,2/2u, is 3.15 ev.
The exchange energy of the electron of maximum
velocity is 0.61 e2/r,=4.1 ev. Thus if we neglect
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the correlation energy entirely, the work function
will be about two volts. If we include the direct
contribution of the correlation energy (cf.
section 8) the work function is about three volts.

It is not altogether reasonable to include the
direct contribution of the correlation energy if
we omit it in the calculation of the surface double
layer (V°) because the work function is rather
insensitive to the exchange potential employed.
Our neglect of the correlation energy has been
partly compensated by a large V° If we had
omitted the exchange energy, we would still
obtain a positive (though probably small) value
for the work function with a very large V° (~4
volts).

The solution obtained when the potentials
Bij(x) of Fig. 4 were used is illustrated in Fig. 5.
The potential curves shown include the Coulomb
potential, V(x). The moment of the double layer,
V0, is 0.06e?/7,, or about 0.4 volt. The value of

TH0

Charge Distribution

~leVw + Bw)
(units ~ eyl

Fi1c. 5. Self-consistent charge distribution and potentials
for the free-electron model (#;=4 Bohr units). The po-
tential curves shown include the exchange and correlation
potentials of Fig. 4 and the Coulomb potential of the
charge distribution.
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the work function is then 2.35 volts, if we include
the direct contribution of the correlation energy
(1.0 ev).

11. COMPARISON WITH SODIUM

It has been shown by Wigner and Seitz? and
by Slater? that the wave functions of the con-
ducting electrons of the sodium crystal are, except
in the immediate vicinity of the ions, very nearly
the same as those of perfectly free electrons. The
density of electrons 1is practically uniform
throughout the crystal. The Fermi energy is
within one or two percent of the classical free-
electron value, 3%2k,2?/10u. The exchange poten-
tials are very nearly constant in space, and are
close to the free-electron values in magnitude.
One would thus expect that the free-electron
model which has been discussed in the preceding
sections would bear a close relationship with the
sodium crystal.

Since the exchange potentials are constant in
the interior of the lattice, the Fock equations are
identical with the Hartree equations. The ex-
change terms affect the energies of the electrons,
but not the wave functions. If we omit the
exchange terms, the potential field in which the
electrons move is the combined potential of the
ions and the Coulomb potential of the electrons.
Wigner and Seitz replace the actual (body-
centered) lattice by a set of close packed spheres.
They found that if the zero of potential is taken
on the surface of an s sphere, the energy of the
lowest state is Eo= —0.23 ev. The actual poten-
tial on the surface of an s sphere, relative to a
point outside one of the faces of the crystal, will
differ from zero by the moment of the double
layer of this face.

The work function, ¢, is (cf. (I)):

oxa= —Eot+eD+ A"+ C—Wkan?/2p, (30)
where we have written C for the contribution
from the correlation energy, and eD for the
moment of the double layer. The only difference
between (30) and the corresponding formula for
the free-electron model is that — Ey+eD replaces
eV of the latter.

One might at first be tempted to identify eV°
with eD. Some care must be taken, however, as
the definitions of the moments in the two cases
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TaBLe 1. Comparison of theoretical values of the work
Sfunction of the free-electron model with experimental values
for sodium.

FREE- FREE-
ELECTRON  ELECTRON
MobDEL, MobEL,

CORRELA-  CORRELA- So-

TION FORCES TION FORCES DIUM
OMITTED INCLUDED (exp.)
Moment of double layer 1.0 0.4 (0.15)
Work function 20 2.35 2.46*
2.25%

* A, R. Olpin, see reference 11, p. 75.
1 Z. Berkes, Math. Phys. Lapok 41, 131 (1934).

are slightly different. Thus eD will be zero if the
distribution of electrons in the surface s spheres
is the same as that in the inner s spheres, while
eV° will be zero if the distribution is constant for
x <0 and zero for x >0. For the same distribution
of electrons, eD will be somewhat smaller than
eV The difference can be computed for any face
of the crystal, and it amounts to approximately
0.25 ev for the 110-face. Values for other faces
are slightly larger.

Thus —Eo+eD for the 110-face should be
about the same as eV, while the corresponding
values for other faces should be a little less.
This, of course, rests on the assumption that the
electronic charge distribution at the surface of
the sodium crystal is approximately equal to
that of the free-electron model. Calculations that
have been attempted for the 110-face indicate
that this assumption is justified.

Table I summarizes the results that have been
obtained for the free-electron model, together
with the rather uncertain experimental values of
the work function of sodium. The agreement is
very satisfactory, considering the approximate
nature of the theory. The moment listed for
sodium was obtained by reducing the value for
the free-electron model (0.4 volt) by 0.25 volt.

12. CONCLUSIONS

The following are the main results obtained
from the present investigation of the free-electron

-model :

(1) The barrier at the surface is due largely to exchange
and polarization forces, rather than to ordinary electrostatic
forces.

(2) There is no single potential barrier which is satis-
factory for electrons of all velocities. Each electron has, so
to speak, its own barrier.
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(3) The moment of the double layer at the surface is
relatively small, in agreement with the conclusions reached
in reference I. This, of course, means that the ordinary
electrostatic potential in the interior is small.

(4) Approximate agreement is obtained between the
work function of the free-electron model and the experi-
mental values of the work function of sodium.

The writer wishes to express his gratitude to
Professor E. Wigner, under whose direction this
work was carried out, and to Professor J. H.
Van Vleck, Professor J. C. Slater, and Dr. F.
Seitz for interesting discussions.

APPENDIX

Evaluation of the integral:

IN NICKEL 663

eil (ka—12) (y—y1)+(ks—13) (2—21)
I=
ff((é— £+ —y1)*+(z—21)?)t

This integral is not absolutely convergent, and in evaluat-
ing it one must be careful to introduce polar coordinates, 6,
p in place of y; and 2z; and then integrate first over 6. If
one chooses the origin of 6 properly, the integral takes the
form:

dy;dz;.

S T eihp cos 8
I= d, ————df
fo PP ) (=) +e?)
with A2=(k2—12)2+ (ks—1I;5)2. The integration over @ gives
Bessel’s function.Jo(A\p). We thus have:
pJo(Np)dp
T=2r [ 2200200 (5n/n)eNEH
”f Ce—trton O/

Eq. (22) follows immediately.
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The Variation of Young’s Modulus with Magnetization and Temperature in Nickel

SIDNEY SIEGEL AND S. L. QuiMmBy, Columbia University
(Received March 3, 1936)

The relation between Young's modulus, magnetization,
and temperature in annealed polycrystalline nickel, 99.7
percent pure, is determined for values of J between zero
and saturation, and for values of T between 23.5°C and
400°C. The percent increase in Young’s modulus is propor-
tional to J? between zero and about 0.4 saturation, at all
temperatures below 311°C.. The total increase in the
modulus from the demagnetized to the saturated state is
6.7 percent at 23°, reaches a maximum of 18.7 percent at
185°, and decreases to zero at the Curie point. The results
indicate that the theory of this phenomenon offered by

HE domain theory of ferromagnetism, first

suggested by Webster in connection with
magnetostriction and since developed by Heisen-
berg, Akulov and others, is noteworthy for its
success in correlating different ferromagnetic
phenomena in both single and polycrystalline
materials. For example, Akulov! has shown that
the change of Young’s modulus with magnetiza-
tion in a polycrystalline substance can be de-
scribed solely in terms of the initial susceptibility
and one magnetostrictive constant of a single
crystal. The present paper is a report of an
experimental investigation of the relation be-
tween Young’s modulus and magnetization in
annealed polycrystalline nickel at various tem-

1 Akulov, Zeits. f. Physik 85, 661 (1933).

Akulov is probably essentially correct but requires modi-
fication. The method employed for the measurement of
Young’s modulus yields at the same time a measure of the
coefficient of internal friction of the material. The internal
friction decreases with increasing magnetization at all
temperatures below the Curie point. In the demagnetized
material it reaches a maximum value at the same temper-
ature as does the change in elastic modulus. Its value at
magnetic saturation is the same order of magnitude as that
of a nonferromagnetic substance.

peratures below the Curie point. The results are
compared with the formulae of Akulov’s theory.

EXPERIMENTAL METHOD

The research consists in ascertaining the value
of the Young’s modulus, E, corresponding to an
intensity of magnetization, J, and a temperature,
T, for values of J lying between zero and tech-
nical saturation, and values of T ranging from
20°C to 400°C. Accordingly the experimental
method must permit the simultaneous measure-
ment of E, J, and T. To this end a preliminary
determination is made of the relation between
J, T and the normal magnetic induction, B,
so that in the subsequent procedure a knowledge
of B and T suffices to fix the value of J.



