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Note on Neutron-Proton Exchange Interaction

The matrix elements of the interaction between a proton
with coordinates x; and a neutron with coordinates x, as
proposed by Majorana! may be written as

(X1X2I V!Xl/X2/) = —](|X1—X2| )a(xl—X2')5(X2—*X1'). (1)

This interaction assumption corresponds to an interchange
of the positional coordinates (xi, X3) of the two particles;
clearly this interchange will entail a shift in the center of
mass if the mass of the proton, m;, is not the same as the
mass of the neutron, m,. A similar effect on the center of
mass is also characteristic of the Heisenberg interaction
assumption? in which both spin and positional coordinates
are interchanged, and of any ‘‘mixed” Heisenberg-
Majorana interaction. While the difference between the
masses of the proton and neutron according to present
values is small, the difficulty introduced by the shift in
the center of mass has perhaps a theoretical interest and
has been discussed by Breit and Wigner.3

This center of mass difficulty is made at once evident by
considering the matrix elements of the exchange interaction
in terms of momentum variables. Thus, the transformation
of (1) gives

(pip2| VIp/'po) =f(Ipe’ —pi])d(p —p14ps' —p2), (2)

in which p; is a momentum of the proton, and p; a neutron
momentum and the form of f depends on the particular
form assumed for J in (1). If the matrix elements (2)
are now written as functions of the total momentum
P=p;+p:and therelative momentum p = u(ps/mo—pi/m1),
where u=mymsy/(mi+ms), (2) becomes

(®P|V|p'P")
=f(Ip+p'+P(me—m1)/(mi+ms)|)6(P—P"), (3)

in which form the flaw in the exchange interaction assump-
tion is obvious: the matrix elements of the interaction are
explicit functions of the momentum P of the center of mass
so that it is not possible to separate the energy or the wave
function into parts characteristic, respectively, of the
internal motion and the motion as a whole. (3) is to be
regarded as a consequent interaction law only insofar as
one may put 7, =m,, for which case

(®P| V|p'P)=f(|p+p'|)s(P—P’), 3"

and the difficulty mentioned above disappears.

There are many possible ways of modifying the inter-
action assumption (1) or (2) without losing the essential
feature of the exchange, and without introducing at the
same time any error due to a difference in masses. One

simple possibility is to take instead of (2) the following

(PIP2|V|P1'P2/)=f< E i (p'+p2)
mms

—mz(Pll'l‘Pl)[>5(P1"‘P1+P2,—Pz)~ 4)

Then, (P| V[p’P)=f(|p+p'|)s(P—~P). (5)

The identity of (5) and (3’) proves the interesting result
that the wave functions ¢(p) and the energy values E(P)
found by using the Majorana interaction under the as-
sumption m; =m, are exactly the same as the corresponding
wave functions and energy values deduced from the
modified interaction which is valid regardless of the values
of my and ms.

The same conclusions as given above should of course
follow from consideration of the interaction in a coordinate
representation. In fact, the coordinate representation of
(4) is

(XX | Vx/%x5") = "J(le—xzi)
— My
Xo| x1— x2+ (xl—XZ)]
m
X8| xo—x1"+ l+m2( "—Xz)]y (6)

which is the same interaction as has been proposed by Breit
and Wigner. If the wave function for a neutron and a
proton is written as ¢ =u(X)g(&) where X = (m.x;4m,X,)/
(my+ms) and E=x;—x;, and if V is the operator defined
by (6), V-uX)g¥)=—J(|&])uX)g(—§), while the
operator defined by (1) is such that V-u(X')g(&)=
—J(|ENuE A+ (my—m1)E/ (ma+m1))g(—&).

It is clear that it is possible to extend the exchange
interaction law so as to include the case of two particles of
different masses without adding any essential complication.
The greater complexity of (6) as compared with (1) is
only apparent and should be regarded as characteristic of
the particular coordinate system used. Although there
may be other reasons for supposing that the exchange
interaction is accurate only insofar as (m,—ms)/(m+ms)
can be neglected in comparison with unity, it does not
appear that such a limitation? can be found by examining
the exchange hypothesis itself for consistency and sim-
plicity.
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