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The magnetic interaction terms between two electrons
are well known. By using antisymmetric wave functions
the diagonal terms of the energy matrix for this inter-
action are calculated for an electronic configuration con-
sisting of a valence electron and a closed shell. From the
diagonal elements the doublet separation is easily obtained
by applying the energy sum rule. The direct integrals,
that is, terms which would occur even though the wave
functions were not symmetrized for the Pauli principle,

yield the expected contribution to the doublet separation;
namely the interaction of the spin of the valence electron
with the electric field produced by the closed shell. The
exchange integrals give a contribution which decreases the
doublet separation in the cases examined. They have been
evaluated for the f terms of Cs I. Their effect is much too
small to explain the inversion of the doublets in this
spectrum.

INTRODUCTION

N discussing the doublets of alkalies it is

customary to consider the valence electron in
a central field of force. The fact that the atom
consists of a nucleus and many electrons is
usually supposed to be taken care of by treating
the closed inner electronic shells as spherically
symmetrical distributions of charge. Their only
effect in such a consideration is that of changing
the central field of force in which the valence
electron is moving. It is clear that there is no
rigorous argument involved in such reasoning
and that the only basis for its acceptance is the
success of its results. Such results cannot be
claimed, however, to be consequences of quantum
mechanics because it does not follow from the
general theory that the effect of inner shells is
equivalent to a simple charge distribution
derivable directly from Schroedinger’s charge
density. The results themselves are not always
in agreement with experiment, for it is known
that alkali doublets show inversion and it is
also well known that such inversion can be
explained on the above picture only if one
supposes the effective electric field to be directed
towards the nucleus at least in some region of
space. Such an inversion of the electric field is
inconsistent with the picture itself, as follows
from simple electrostatics. We thought it of
interest, therefore, to reconsider the problem.
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We shall see below that the usual central field
picture is responsible for one of the terms in the
result but that another exchange term is also
present. The contributions to the doublet
splittings due to the exchange term are usually
very small and we may consider the central
field picture as justifiable for ordinary cases.
We have estimated the exchange terms for Cs f
terms and we find that their effect is not suf-
ficient to account for the inversion of these
doublets. We are not prepared to state that no
other inverted doublets can be accounted for by
this effect of exchange.

1. THE INTERACTION ENERGY

Using the spin model for the electron and the
Thomas correction factors, Heisenberg! has set
up an expression for the spin-orbit and the spin-
spin interactions of a pair of electrons with each
other and with the nucleus. This interaction
energy may be written (omitting the spin-spin
interactions) as

H' =2u2(A’-s1+A's-s2), (1)

where
A'l =Z1’1—311+7’_3[(I'1 '—1'2) X (2p2—p1):] (2)
and A’;y is obtained from the above by inter-
changing 1 and 2. Here 1;, s; are respectively

the orbital and spin angular momenta of the
first electron in units of h/2wr="h; 1, p; are the

1'W. Heisenberg, Zeits. f. Physik 39, 499 (1927).
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vector displacement from the origin and the
linear momentum of this electron; Z is the
atomic number and 7 is the distance between the
two electrons. . It should be noted that the
matrices representing s are one-half of Pauli’s ¢’s.
This form of interaction energy may be justified
by means of Dirac’s equation.?: 3: 4. 5. ¢ This jus-
tification is itself not entirely free from specu-
lation. It is, however, at least probable that to a
sufficient approximation the interaction energy
is given by

H'=—(¢/2)[(a'a®) /r+(a'r)(a’r) /7*]  (3)

which contributes the same amount to the spin-
orbit interaction as the second part of (2)

Ay =773 (r1—12) X (2p2—p1) ] 4)

in most of the configuration space. As long as
one is treating the problem by means of radial
functions satisfying Schroedinger’s equation
rather than by means of the radial equations of
Darwin-Gordon, there is no advantage’ in using
Eq. (3) since then Eq. (4) is fully equivalent to
Eq. (3). The additional terms due to spin-spin
interactions which must be added to Eq. (4) are
readily seen to have no effect on the interaction
with closed shells. The calculation of this effect
offers no difficulties and we leave it to the reader.

Using Eqgs. (1) and (4) we calculate the
doublet splitting using the method of sums.
We deal with the states of the valence electron

2os(ab| H' |ab) = 4pd’u’ T
where

Im' = Zm
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appropriate to strong fields and we describe them
by assigning the orbital and spin magnetic
quantum numbers m’, u’. We suppose that the
atomic wave functions may be described suf-
ficiently well as an antisymmetric combination
of products of single electron functions, there
being one kind of function for each electron in
the atom. The first-order perturbation energy is
then
W=2""w{(ab| H'|ab) — (ab| H'|ba)},

where a, b are the electronic states present and
the summation is restricted to pairs. For the
calculation of doublet splittings the pairs of
electrons in inner shells do not matter and we
may restrict the summation to

W=3{(ab| H'|ab) — (ab| H'|ba)},  (5)

where a refers to the valence electron and b to
the closed shells so that:

(59

The closed shells are specified here by the
principal quantum number #, the azimuthal
number [/, and the orbital and spin magnetic
numbers m, u. The energy (5) may be broken up
into parts, each part referring to a shell with
given #n, I. We shall suppose that it has been
thus broken up and we shall consider the con-
tribution to (5) due to such a shell. In order not
to complicate the notation we will call this also
W. We have, using (1)

a=m',y', b=m, u.

2 s(ab| H' [ba) = 6po*u’ T (6)
W ¥ (D)™ (2) A1,Wmr (1) 4 (2)dT1d 79
(6"
Tt = f (1)1 *(2) B 20 (2t (1)
B=[(r1—1;) X (p2—p1) 1/ = (A1+A,)/3 (6"

and w,, . are the Schroedinger orbital wave functions for the valence and shell electron, respec-
tively. The matrix vector character of A, B shows that

2 J. A. Gaunt, Phil. Trans. Roy. Soc. A228, 151 (1929).
3 G. Breit, Phys. Rev. 34, 553 (1929).

4 G. Breit, Phys. Rev. 39, 616 (1932).

8 Fock and Podolsky, Phys. Zeits. d. Sow. 1, 798 (1932).
8 Bethe and Fermi, Zeits. f. Physik 77, 296 (1932).

7Since this work was practically completed there
arrived a paper by Fock in Zeits. f. Physik 81, 195 (1933).
His considerations are closely related to ours and are in
many respects more general. Thus he goes into the influence
of exchange on the effective central field which we leave
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In=m'I, Jp=m'J (7

and a simple application of the method of sums shows that the difference in the energies of the two
doublet states due to the influence of inner shells is

Aw=2p*(2) +1)(I-3J/2) (€)

where I’ is the azimuthal quantum number of the valence electron. In addition the nucleus exerts
its usual effect.

2. T Direct TERM
According to Eq. (8), part of the doublet splitting is due to the direct integrals I. The term

2u 2V +1)I (8

in (8) we call the direct term because it would be present even if there were no Pauli principle. We
shall now calculate (8) and we shall see that its value is the same as one would expect from simple
charge density considerations. We resolve the orbital functions of the valence and the shell electron

into their angle and radial factors:
W =Yy F(r);  thm=Yif(r) ©)

and we normalize each factor to unity:

T 42T 00
f f | Y™ |2 sin 0d0dgo=f |f(r) |2r2dr =1. (10)
0 0 0
We have the summation theorem formula for spherical harmonics:
Zm Yzm*(l) Ylm(Z) = (2l+1)P1(COS 912)/471’ (11)

where P; is the Legendre function of order [ and 6,5 is the angle between r; and rs. The summation
theorem is applied to the first Eq. (6’). It must be remembered that the operator p, in Eq. (4)
applies only to u,(2) and not to u#,*(2). Thus we introduce a third point 3, use Eq. (11) for
> ntbn* (3 Um(2)wn (1) apply the operator 4, to the result and then we let the point 3 approach the
point 2 as a limit. We have

Iml = [(2l+ 1)/47!'][70,,,'*(1) {7’_3[(1'1 —l'2> X (2p2 ——pl)]zPl(COS 02'3>f2f3‘wm1(13)id2ﬁd7'2.

We note that lim [(r;—r2) Xp2 . cos 823=0 and also that the operation p, on f» gives rise to a term

which disappears on integration over 2. We are left with

m’
™

out of account. Fock considers two cases: (a) the non-
relativistic, nonspin case in which the electrostatic inter-
action is considered. This has to do with the calculation
of term values irrespective of multiplet structure. (b) He
works also with the Diracian form modified by Eq. (3).
He shows that in interactions with closed shells only the
exchange part of Eq. (3) gives a non-vanishing contribu-
tion. Neglecting this he obtains the usual doublet-splitting
formula, making use of the Darwin-Gordon radial equa-
tions and approximating the solutions of these by means
of the Schroedinger radial functions. He also gives a
tentative form for the effect of exchange on the doublet

_ 2l+1fwm1(1> {[(rz-rl) Xpzlz

fgszz} wm;(l)dn. (12)

7

splitting which involves the smaller of the Darwin-Gordon

functions. This form he regards as uncertain. In this
respect we have a more definite result, for we believe that
as long as the Darwin-Gordon functions are approx-
imated in the usual way by Schroedinger’s function, one
may use Eq. (4) instead of Eq. (3). It is furthermore
likely that the use of the exact relativistic radial functions
matters only for p electrons and even there we expect the
difference to be small because the difference between these
exact functions and their non-relativistic approximations
disappears in regions where the wave functions of the shell
and valence electron overlap.
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We interpret (rs—ry)f2?/7® as the electric field at the point 1 due to a charge —f2?dr: at the point 2.
Expression (12) is thus the diagonal matrix element with respect to w., of the quantity
(2141)[8Xp]./47 where & is the electric intensity at the valence electron due to a spherically sym-
metrical distribution of charge having a charge density —f% This contribution thus corresponds to
the central field picture. The interaction of the valence electron spin with the electric field of the
nucleus gives rise to a perturbing energy: 2ue?2Z[r;Xp1]-81/7:3, which contributes to the doublet
splitting the amount 2u¢?(2I'+1) Iy, where Iy =1ym /m/ .

ow=(2/2) [[an XD 500 (D (13)

Comparing this with Eq. (12) we see also that the numerical factors are precisely such as one would
expect on the charge density picture. The effect of the shell is to decrease the effect of the nucleus.
It is convenient to divide the action of the nucleus into parts, each part belonging to a shell. The
total nuclear charge Z is then divided into 2(2/+1) parts and the contribution of any part to Eq. (13)
is combined with the corresponding I as given by Eq. (12). The electric field due to the charge
density —f? in Eq. (12) may be broken up into contributions due to charges —4mrfy’rs?drs at r1=0
for ro<r;. The sum of the contributions to I due to the shell and the corresponding nuclear charge
then becomes, by Eq. (9),

(IN+I)3= (2[+1)f (F171)2f27’2)2/7’13d7’1d7’2. (14)

Ti>Te

This contribution added to —3J/2 and multiplied by 2u?(2)’+1) gives the doublet splitting due to
the closed shell together with the positive charge 2(2/4-1) on the nucleus. According to Eq. (14) the
effect of 2(2/41) charges on the nucleus is modified by the presence of the shell to the extent of
obliterating 1/7® outside the shell.

3. Tue ExcHANGE TERM

We evaluate next J,,» as given by the second Eq. (6). Various forms can be given to the result. We
first derive a form which involves only the radial functions f, F and the derivative of the valence
electron function F. To obtain this we transform the part of J, due to p; in (6”/). We integrate
by parts, thus transferring the differential operator p; from #,(1) to w,*(2). In the result we inter-
change the variables 1 and 2 and we combine this result with the part of J,.- due to ps of Eq. (6”).

We have

T =21+ 1)/47rff1f2Pl(12) {[(r1—12) X2/} [Wn* (1) Wi (2) — Wi (1) W (2) Jd71d 7.
Using the second Eq. (7) and the summation theorem (11) we have
LA+ +1))/61T =Zwm' T

=[(2+1) 2"+ 1)/8W2]ff1fzpz(12) {[(r1—12) Xp2 1./} [12: X P2 ). F1Fo Py (12)dmidre.  (15)

By symmetry we may replace the product of the two z components of the vector products in the
above integral by their scalar product provided we divide the result by three. We then note that

[(r;—12) Xpa]-[r2Xpa]= — (r1-12) Ag+2(11- V2) + (x2- Vo) (1 - V1) — 122,

where I, =[r2Xp:] and we find by means of Eq. (15) that
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21+1

7 7 d
J=—‘——ff2fzpﬂ’—3{ll(l’+1) (-1' COoSs 0—1)F1F2P1'+—1 sin? 0P11'F1'—— (Fg?'g) }dTlde.
872/ (I +1) 72

[} dre

The argument of the Legendre function is u=cos 612. We have

+1 +1
(I —=p?) P Py'r*dp= f (A=) PiPv'r're(9/0w)r~"dp
-1

-1

+1
= ‘—1’1_17’2_1f 7"—1[ ——I’(l’—{— l)PlPLI'Jr (1 —p2)Plr’P1’]du
-1

+1
=l +1)/nr] f rYPPp+Pu[(Pryn—Pr)/ 2V +1)]}du
and thus -

J=

2141 0 PPy Pyyy—Pyy i}
ff1f2F1{1’2—1 (——7"])P1PVF2+|: +Pl: ]7’2_2'—— (F27’2) }d'rld'rg. (16)
8r? are ] r QU'+1)r ars

Here the angular integrations can be performed by means of Gaunt’s integrals for products of three
spherical harmonics since

Py =QI4+1)Pi1+ (2 —5) Pyt -. (16")
By means of the expansion

1/r=X(r" /") P, n>r
0

the expression (16) reduces to

1,21'—2 1/2"
J=(21+1) errmz{ (hh T)[ ('fﬁ,+1 —(r+ 1)ﬁf+s) F
722 T

Te
+Gie +Ga

" 1 7T 3

727—«2 1,21'

]-{-Dllll’l’] (G12 -I—Gm )}d?’lde, : (17)
1,17+1 1,11'+3

where

+1
i, m, n) =f PPnPrdu
1

) L(+m—+n) /D P(m+n—DI+m—n)(+n—m)! (7
(U+m+n+D)!L((m+n—D /2 PLA+m—n) /2) PL{U+n—m)/2) P

is Gaunt’s integral® while

+1
(' )= [ PULPra=Po) /@D IPdu=TA+ D C+DIW ] (A7)
-1

can be calculated by means of Gaunt's integrals or usually more simply by using the expression for
P/ as a polynomial in u and applying the recurrence formula

Cr+DuPr=#n+1)Pr+nP,a

to express the integrand as a sum of products involving two Legendre functions at a time. In par-
ticular for an f electron outside a p shell we have /=1, I’=3 and

8 See reference 2, Eq. (14). Note that Gaunt’s P; is ' times the Legendre function used here. Thus Gaunt’s form
has been divided by ! m’ #’ for use here.



82 M. H.

=G
r1>rs 357’1

27’22

1051’1

JOHNSON, JR.,

407’2 ) (
217’1 351’1

AND G. BREIT

101'2 ) (121'2 107'2
217’1 357’1

211’1

(18)
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while for an f electron outside a d shell I’=3, =2, and

4 r, 44473

[ {( — 24
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4. 5p SHELL OF CAESIUM

69377

We begin with the outer shells of Cs for we
expect the largest exchange effects will come
from these shells. We have to evaluate the
integral J of Eq. (18). This is done in three ways.
The first is a calculation with a hydrogenic wave
function for the 4f electron and an approximate
nodeless function for 5p. The second makes use
of the same function for 4f but an improved 5p¢
function having nodes. The third uses Hartree's
5p function and a wave function for 4f obtained
using Hartree's field by a numerical procedure.

The nodeless function is so chosen as to fit
the Hartree 5p function® at large distances for
we expect that in this region the maximum over-
lapping between the shell and the valence elec-
tron will occur, and hence we expect that the
biggest contributions to our integral will be due
to this region.

Thus

F(x) =2.20X 10 %a g x3e 42,

f(x) =0.418a y3xte~ 1822,
x=r/am, = h?/Anme®,
Our integral then contains terms of the type

Jnm =f xlnxzmeﬂ(:cﬁ-rz)dxldxz,

z1>22

v=1.82+.25=2.07.

On rotating the coordinate system through 45°
the double integral becomes

Tom=2 f gt f (1 —y/x)m(1+y/x)dy/x.
0 0

Changing variables to z=v/x in the second in-
tegral, we find

Jom=[2(n+m=+1)!/(2y)" "+ | Hp,

9 We are indebted to Professor Slater for communicating
o us tables of the Hartree function for caesium.

2007’25 2 27’2
~ )F+ ( |
T7r8 Tren?®  Trt

50793 79?
—'r ) (G12+'—G2]) }d?’ldi’z. (19)
777’16 7’12

Hnm=f1(1+z)"(1—z)mdz.

In this way the terms of J are readily evaluated
and we find that the doublet splitting®® due to ex-
change is decreased by an amount 5X10~* cm™!

In order to test the error in our approximation
to the Hartree function, we have used other
approximations in which the part of the function
for large 7 is unchanged but nodes are introduced
in the inner part of the function. This is done by
replacing x* in f(x) by a polynomial in such a
way that the inner loops are about the same size
as the actual Hartree function. We find that the
contribution to the doublet separation is not
significantly affected by this change.

Finally we have examined the effect of the
charge distribution of the inner shells on the
wave function for the valence electron. From
Hartree's Z for the various shells, the potential
in which the valence electron moves is found by
integration. For x>4 this potential is inap-
preciably different from the Coulomb potential.
Starting with the hydrogenic solution at x=4
we have continued the solution in to x=1.5 by
means of the method of Wentzel-Kramers-
Brillouin. At this point the actual solution is
about twice as large as the hydrogenic solution.
Since the important contributions to the integral
all come from the region where «x is large (about
x=3 or 4) it is probable that this correction
cannot alter the order of magnitude of the con-
tribution to the doublet splitting. The point has
been examined by means of numerical cal-
culations and it has been found that no important
change is produced by using the improved wave
function.

1 The actual doublet separations in the f series of Cs
are of the order of 1071 cm™, since the contribution of the
direct integrals I to the doublet splitting is necessarily
positive, the exchange integrals must be at least as great
as the actual doublet separations if the inversions are due
to this effort.
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5. 4d SHELL oF CAESIUM

Since the valence electron function decreases
rapidly as x decreases we expect our exchange
integrals to be smaller for the 4d than for the 5p
shell. (See Fig. 1 for the 4d and 5p functions.)
If we calculate as before, using the hydrogenic
wave function for the valence electron, we find
that the effect of the 4d shell is about 1/100 that
of the 5p shell. However if we examine the
effective potential energy for the 4f valence
electron, we find (Fig. 2) that there is a second
region of classical motion between x=0.8 and

‘2 ?(/‘7"}

<o

F1c. 1. a, Hartree 5p function for Csl. b, Hartree 4d
function for Csl. ¢, [(rf)(rF)/r3Jo S (zf)(r F)dr where f is
the Hartree 5p function and F is the wave function of
the valence electron (see Fig. 2¢). The arc under this curve
is the contribution of the first term of Eq. (18) to the
integral J. The numbers from the graph must be multiplied
by 7.18X1077.

x=0.3. We therefore have continued the valence
electron function into the origin in the following
way. For the region 2>x>0.3 the effective
potential is approximated by the dotted lines in
the figure. For the region 0.30>x>0.15 we
assume a constant effective nuclear charge of
Z=32.5, while for the region 0.15>x>0 we

Asymptote
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Fi1c. 2. a, Effective potential energy for the 4f electron
of Csl as computed from Hartree’s Z. b, The approxi-
mation to the effective potential energy used in the inner
region of classical motion. ¢, Wave function for the 4f
valence electron of Cs as computed from the above
effective potential energy. The figures given by the graph
must be multiplied by 4.34X1073 to give the actual wave
function.

assume an effective nuclear charge of Z=54.
The above Z is that used by Hartree. Our use
of two different Z’s thus introduces a discon-
tinuity only in the derivative of the potential
but not in the potential itself. With the solution
obtained in this way we have made a numerical
estimate of our integrals. This modification in-
creases the effect of the 4d shell so that it is of
the same order of magnitude as the 5p shell.

From these calculations we conclude that for
the caesium atom the magnetic exchange effects
are unimportant. Though they are of the right
sign, they are about a thousand times too small
to explain the inversion of the f terms in this
spectrum.



