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ABSTRACT

The reflection of atoms by a crystal surface is examined by a modification of the
Born collision method. The fraction of reflections in which all the normal coordinates
of the crystal remain unaltered is found to be approximately

U ~
—3'rr (mg/m~) (t~/p) (t~/p)/(1+4'/)~)

mg, mp are the masses of the reflected atom A and of the lattice atoms, respectively.
The energy of atom A is ktg. The temperature of the lattice is tp. 0 is the characteristic
temperatureof the lattice. d is the distance in which the mutual repulsion between atom
A and lattice atoms falls to one e'th its value. X is the de Broglie wave-length of atom
A. For reflection of H atoms on LiF at room temperature, U is estimated to be 0.9.
When (~3 and tg are comparable, those normal coordinates are found to be most readily
excited which have the lowest frequency.

I. INTRGDUQTIoN

ECENT experiments' indicate that the majority of light atoms bom-
barding a crystal may be reflected without an appreciable loss of energy.

It is of interest to ask: what fraction of atoms will be perfectly elastically re-
flected& In the classical theory this fraction is infinitesimal. Some transfer of
energy would always occur between lattice and bombarding atom. The situa-
tion is not so obvious from the standpoint of the quantum mechanics. Each
normal coordinate of the lattice can absorb only quantised amounts of en-
ergy. But as the number of atoms in the lattice becomes infinite, the spectrum
of the lattice approaches a continuum, so it is not evident that the quantum
mechanics should hinder an exchange of energy. The following analysis will
show however that this actually is the case.

It will be assumed that the only transitions of the crystal are those of the
normal coordinates of the lattice. The excitation of electronic levels by the
colliding atoms is considered negligible.

II. FQRMULATIQN oF PRQBLEM

Our problem will be stated in an idealised form. (-ee Figure 1.)
Angular reflection difhculties will be avoided by confining the bombarding
atom 2 to one dimension. Its line of motion is taken to be perpendicular to
the surface of the lattice, and to pass through the equilibrium position of a defi-
nite surface atom B. The interaction energy is considered to be a function
only of the distance R between the two atoms A and 8, say V(R).

* National Research Fellow.
' T. H. Johnson, Phys. Rev. 37, 847 (1931);J. K. Roberts, Proc. Roy. Soc. 129, 155 (1930)

has discussed the similar implications of the experiments of Stern and his collaborators.
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ELASTIC REFLECTION OF ATOMS FROM CRYSTALS 179

The crystal is to be of simple cubic type, with all the atoms of equal mass,
m~. There are N atoms on an edge, X3 atoms in all. The three components of
the displacement from equilibrium position of the atom with indices (lcm)
Shall be X'Lmn~ PLmnq ~Lmn.
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FIG. 1.

If in the lattice we assume the mutual energy of pairs of atoms to be a
function only of their interatomic distance, the transformation'

&lmn

N/2

g—3/2 ~ & @2+i(La+ mP+ny) /N
ape

aPy= —N/2

N/2

p Lmn g—3/2 ~ $ g2m'i(La+ mP+ny) /N
ape

aPy= —N/2

~lmn

N/2

Q—3/2 ~ & ~2 Iri (La+ mP+n7) /N
apy

aPy= —N/2

changes the Hamiltonian of crystal into nearly

& = 2{~./2(
I
'.~ '+ &-~

I
'+

I
'-~ ')

ape

+ «»n2«/&+»" &/&+»" ~~/»(I s-~. I'+
I t-~ I'+

I '~. I') I

The conditions

a p~ = a p~, etc.

are necessary in order that the displacements be real. The terms that must
be added to make this transformed Hamiltonian exact involve only the coor-
dinates of the surface atoms. Our neglect of these terms is equivalent to as-
suming that the surface atoms behave as if the crystal were of infinite extent.

We are now able to write the wave equation of the system. The center of
gravity of the total system is eliminated as usual. Let the mass of the free
atom be m~, and let its distance from the equilibrium position of the 1attice

' M. Born and T.v. Karman, Phys. Zeits. 13, 297 (1912).
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atom 8 be s. Let $, ()„ol, 2„be the real and imaginary parts of (2 ()2, respec-
tively. The wave equation is then

Q [(h2/gor22ms) (82/Bp, ()7 + 82/Bgo, (2~)

aPy xyz

h'
(O ) (O)l~ )r') (P s'+..s',..s,)] + —r()t) + 2)O = O

8m'mg Bs'

(2)

We have made the usual approximation of the Debye theory of specific heat
that

It I sin2 (or(2/N) + sin (orp/N) + sin (ory/N) } = 2)os(22r))o) (2l/N) /2

where I' =n'+P'+y' with 0 (I5 N/2.
Our problem may now be precisely defined. We are to find a solution of

(2) which for large values of s satisfies the initial condition that when atom A

is moving to the left, it has a definite energy kt&, and the crystal is in a defi-
nite. state corresponding to a temperature t~. The solution is thus to have the
asymptotic form

22rs()ss/)s) s(p /222 )
—1/2(t) (X)

+ gC s—2 i(prsloh) s(p /222&)
—2/24) (X)

P glc I

~ =I
In particular, the elastic reflection coefficient U is equal to

I
C„l, or

~ = I —g'IC, I2 = I —S

(4)

where the summation is over all states except 7 p, and is denoted by S.

III. Sos,vTioN

A method previously used by the author4 for studying the interchange of
energy between molecules will be applied to calculate the coefficients of (3).
In this method the first approximation to C„is unity, so the elastic reHection
probability must be defined by (5) where the first approximations to the C, 's

are used.

' Cf. P. Dirac, Principles of Quantum Mechanics, Oxford Press (1930),p. 176.
4 C. Zener, Phys. Rev. 3'7, 556 (1931).

The variables of the crystal are denoted by X. C,(X) is that normalized
wave function of the crystal whose ensemble of quantum numbers is denoted
by 7-. If e, is the eigenenergy of the crystal in state v. , then E, =Z —e, is the
energy of atom A when the crystal is in state 7.. p, refers to the corresponding
momentum (2222~8,)"'.

The first term is normalized to represent a unit Hux of atoms' to the left
associated with the crystal in the initial state ro. The reflected atoms are re-
presented by the summation. In order that the net Hux of atoms across a given

oint vanish
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Let the x component of displacement of atom 8 from its position of equi-
librium be denoted by x&. Since atom A is conhned to one dimension, the in-
teraction V(R) must be a function only of one dimension, so we set R=s-
x~. Then

U(R) = V(s) —xeV'(s),

neglecting higher powers of x~.
The perturbation scheme starts with the solution of (2) in which U(s) is

substituted for V(R). The difference between V(R) and V(s), namely
—xe- V'(s), is taken as the perturbing term that causes transitions. The prob-
ability of the transition 7.p~r is given by'

2

(gx'm~/h') )f p„xsp,dX jf Q„V'(s)Q,ds

Q, (s) is that solution of

I (h'/8x'mg)d'/ds' —V(s) + E, IQ, (s) = 0

which has the asymptotic behavior

, „sin ((2x/h)p„s + 8,),(s)
(2xp,/h) "'

(7)

In evaluating the first integral of (6) we replace the index B by the in-
dices (X/2 m n), and use the transformation (1). We see that this integral
vanishes except when one and only one normal coordinate changes its quan-
tum number by + 1. Let that normal coordinate which changes be $, e~ or
g& s~, and let its initial quantum number be n e„Then. the value of

~
fp, ,xe

p,dX
~

' averaged over all surface atoms, i.e., over m and n, is

The two quantities in the bracket are to be associated with the transitions
+ 1. v p~ is related to the limiting frequency vp by

zap„= vo21/1V.

A definite form for V(s) must be assumed in the evaluation of the second
integral of (6). This may be taken to be Ce '~s, ' in which d has the magnitude
of about 0.2 &(10. '. Then V'(s) = —V(s)/d. However, with this potential Eq.
(7) is difficult to solve. Hence we substitute a potential with which we can
solve this equation. Such a potential is 2/(s —B)', where the constants 2 and
8 are so adjusted that the two potentials join smoothly at that value of s for
which V(s) =Z, „, i.e., at the classical closest distance of approach. For ease in
integration we shall still replace V'(s) by —V(s)/d. These assumptions lead to~

' Reference 4, Eq. 13.
' Reference 4, Section II.
' Reference 4 (19}.The E"of this reference has been replaced by E„to facilitate future

integration s.
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P 00 2

(8s'mg/h') I Q V'(s)Q, ds = (2sr'm„/h') (p'/p) 'P &'~&, & "&

0

Here e'=8„—hv ~~, e-=B„, or e'=8„, e=E„+hv p~ according as n p~

changes by +1 or —1. X = P„/h is the de Broglie wave-length of atom A be-
fore collision. Combining these integrations gives

E, —(s+ s)»"
y„' = (sr'/2N') (mg/ms) (E„/hv, p,) (n.p„+ ~2 + —',) E„+P y -') hp

where « =4srd/X.
The frequencyvo is related to the characteristic temperatureO~ of the crystal

by
hpp = kO~.

If the temperature of atom A is defined by E,„=kt&, the preceding equation
becomes

tg —(1 + 1)Ol/N v

y, ~ = (7p /s4 tN')( m/ ms)( gt/ 0)( np7 y 2 + 2)
tg + (1 + 1)Ol/N

In forming the summation of y„' over all possible transitions, several more
approximations will be made. First we replace the summation by the integra-
tion

Now if 0" «tg,

3N' I (2l/N)'d(2l/N) .
0

t~/(t~ + 0~21/N) —(tg —0'2l/N)/tg.

When the inequality is not satisfied, n p~ is very small except for those
values of / for which the above is nearly valid, provided t~ t~, which is usual
in experiments. We thus have for the sum S of all the transition probabilities
approximately

1

5 = 3s&~(mg/ms) (4/O~) (2l/N) (n~p„+ p) (1 —2l/NO~/tg) "d(2l/N) .
0

If 0) tz, the upper limit is to be replaced by t&/0
When 0~ 21/N((ts,

n p„+ —', = hts/hv p„= (ts/O)(N/2l).

However, since (tz —0 2l/N) occurs to a fairly large power in the integrand,
the major contributions to the integral are associated with small values of 2t/
N. Only a small error will thus be made if we substitute (N/21)ts/8 for n p, +
1/2, provided t&/0 is not a very small fraction. We now have

1

5 = 3sr'(m~/ms)(t~/8)(ts/8) (1 —2l/NO'/tz)' &"d(2l/N).
0
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Integration gives

S = 37r'(mq/ms)(t~/0')'(ts/0')(1 + 4sd/. X) ' [1 —(1 —0/t~)' "t"]. (9)

The second term in the last bracket is to be omitted if 0~/t~) 1.
We must investigate under what conditions we may substitute the S of

(9) into (5). S has been obtained by a perturbation scheme which uses as an
unperturbed solution that corresponding to an elastic reflection. Hence the
method fails unless the unperturbed solution is the major portion of the final
solution, which requires that S((1.The previous analysis is thus limited to
cases of large elastic reflection. However, a simplification is introduced by the
large magnitude of the number of normal coordinates of the crystal. Consider
a wave packet representing atom A being reflected by the crystal. We have
seen that the majority of the transitions in the crystal are associated with an
energy change very small in comparison with the energy of the wave packet,
kt&. This preferential weighting is caused by the presence of the factor (1—
0/t~ 2l/N)' ~'" in the integrand of (8). Moreover, the energy changes asso-
ciated with various transitions partially cancel each other. Hence the char-
acter of the wave packet during collision is not very different from. that cor-
responding to an elastic reflection, obtained by holding the lattice atoms
rigidly to their positions of equilibrium.

The preceding discussion shows that in the collision of a wave packet with
a crystal, the transition of one normal coordinate does not appreciably e8ect
the probability that a second normal coordinate will suffer a change. Assum-
ing that these transitions are absolutely independent, and defining Pi, as the
probability that the k th normal coordinate suffers a transition, then the prob-
ability that all normal coordinates remain unchanged during collision is

U = II(1 —Pp).

Now the Pz's approach zero as N becomes infinite, so we may replace (1—Pz)
by exp ( —Pq). Thus

To a good approximation the P& of the wave packet will be equal to the
probability calculated by the previous method that the k'th normal coordi-
nate suffer a transition, irrespective of whether 5 is large or small. Since in
that method only one normal coordinate can change during collision, P& is
simply the sum of the

~
C,

~

"s for which the k'th quantum number changes by
+ 1.The sum over the Pz's is thus equal to S. We have finally

U=e—8

This expression for U is no longer limited to small values of S, as is (5).

IV. DrscvssroN

(10)

The one-dimensional collision of atoms with a crystal has been examined.
An expression has been found for the fraction, U, of atoms reflected elasti-
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cally. It is to be expected that the general dependence of U upon the param-
eters of the crystal and bombarding atoms will be approximately valid for
actual reflections.

If the conditions m~& 7m~, 0~~2t~, 0~24, , d~™0.25&&10 are satisfied,
then 5~0.15, and both (5) and (10) give U)~0. 75. Johnson' has found the
experimental value of U to be as high as 0.5 for H atoms bombarding LiF.
Here the above inequalities are valid. Application to other crystals gives con-
sistently larger values for U than found by Johnson. It may be possible that
the experimental values of U have been lowered by the presence of adsorbed
gases on the crystal surface. The author wishes to acknowledge illuminating
discussions with Dr. E. Wigner.

' T. H. Johnson, Phys. Rev. 3S, 650 (1930),


