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TRANSFORMATION OF ELECTRIC AND MAGNETIC FORCES
IN A PLANE WAVE, IN A PLANE NORMAL TO THE

DIRECTION OF RELATIVE MOTION OF TWO
OBSERVERS

BY VLADIMIR KARAPETOFF

ABSTRACT

Two observers are assumed to move along the X axis and to measure the
components of the electric intensity E(Ej, E&, E3) and magnetic intensity
H(H&, H&, H3) of a plane electromagnetic wave propagated at an arbitrary
angle to the X axis. According to the theory of relativity, the two observers
will find the same values of the components E~ and H~ along the X axis. The
components E~, E3, H2, H3, along the I and Z axes, are replotted in a novel
manner in the so-called conspufing plane which consists of two sets of oblique
co-ordinates. The angle comprised by each set is uniquely determined by the
relative velocity of the two observers. In the computing plane a transforma-
tion point M is located such that its abscissa and ordinate with respect to one
set of oblique axes gives the components E2 and H3 of the wave intensities as
measured by one of the observers, while its co-ordinates with respect to the
other set of axes gives the values of the same components as measured by the
other observer. Another transformation point N gives the components E3 and
H~ for the two observers. It is shown that the loci of M and N are ellipses.
The results obtained are shown to check with the well-known equations of
the theory of relativity. The location of the points M and N is shown in two
simple special cases, and instructions are given for locating them in the general
case.

C ONSIDER an observer S, with an orthogonal right-handed system of
axes XFZ which are stationary with respect to himself, and let a

plane electromagnetic wave be propagated in some direction which does
not coincide with any of the coordinate axes. Let a second observer S'
be in uniform motion with respect to 5, in the positive direction of the X
axis, and let the observer 5' refer his observations to an orthogonal
right-handed system of axes X' Y'Z' moving with him, and such that the
X' axis coincides with the X axis while the P and Z' axes remain parallel
to the corresponding axes F and Z of the first observer. Furthermore,
let the velocity of light in vacuum be taken as unity, and the relative
velocity g of the two observers be expressed as a fraction of the velocity
of light.

The 8 observer determines the components, parallel to the coordinate
axes, of the electric and magnetic intensities (E and H) of the wave, and so
does the S' observer. Let the 5 observer 6nd the amplitude values of the
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components of the electric intensity parallel to the X, Y, and Z axes to
be E~, Z~, E3 respectively and let the corresponding values of the mag-
netic intensity be II'&, Il&, H3. Let the S' observer measure the values
E&', Z&', E3', H&', H2', II3'. According to the restricted theory of rela-
tivity, we have the following relations among these quantities:

E2' ——p(Eg —
g SI,)

&3'=P(&s+g ~A)

(t)
(2)
(3)

and also

(4)
(5)
(6)

where

sin a=g

P=(& —a') ' (&)

The sinusoidal function which expresses variations of E' and II' with
the time is here omitted, since we are concerned only with their ampli-
tudes; the questions of aberration and Doppler effect are not considered
in this article. The two observers 6nd the same values of the electric and

magnetic components in the direction of their relative motion, but
different values of the Y and Z components.

The purpose ot' the present article is to show that Eqs. (2), (3), (5),
and (6) admit of a simple graphical interpretation. The diagrams shown

below not only permit to visualize these relationships and to check the
signs of the individual components, but may lead to new relationships
not apparent in the analytical equations.

In Fig. 1 two sets of 0Nigne exes are shown, viz. , YOZ and Y'OZ'. This
figure and the axes are intended only for computation purposes, that is,
for plotting the values of the electric and magnetic components, and have

nothing to do with the actual relations in space. In other words, Fig. 1

represents an arbitrary plane for a graphical representation of the above-

mentioned equations, and we shall refer to it as the con&Puting plane.
The two sets of axes are obtained as follows. Let OC be an arbitrary
reference axis, and OYp and OZp two mutually perpendicular directions
at 45' to OC. Then the FOZ set of axes is obtained by expanding FoOZp

symmetrically by an angle a, while the F'OZ' set is obtained by con-

tracting the VpOZp set by the same angle a. OC is the common bisector
for all the three sets of axes. The acute angle a is determined by the
relationship

' See, for example, O. W. Richardson, The Electron Theory of Matter, 1916, p. 309.
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d b is the relative velocity of the two observers,where g, as mentioneu a ove, is e re

expresse as a rac
'

d fraction of the velocity of light. Eq. 7 becomes

(9)P=sec a

We shall now prove that for any given plane electromagnetic toave an a
given relative ve ocz y q o~

't of the two observers, there creen the cornPuting lane

two trans orrnation porn s, anp ants 3I and X equivalent to the Eqs. (8), ( ), ( ), an

Fig. 1. The computing plane with transformation points M and ¹

(6'). o o tarn poinb t M we plot along OV the value Ob =E2, measured
b the S observer, and draw the ordinate bM=H3, para e to e
axis From the geometry of the 6gure, the abscissa Oa' of the same

h Y'OZ' system is equal to the electric component E2'point in t e
measured by the S' observer, and the ordinate a M is equa o
magnetic component II3 found by t,iehe same observer. Namely,

B2 cos 0, =En —II3 sin 0,
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Multiplying both sides of this equation by sec a, gives
Z2' ——sec a (F2 —Hq sin a) (11)

Substituting for sin u and sec a their values from Eqs. (8) and (9), Eq. (2)
is obtained. Similarly, from Fig. 1,

H3 cos a =H3 —Z2 sin a (12)
Multiplying both sides of this expression by sec a and using again Eqs.
(8) and (9), an expression is obtained, identical with Eq. (6).

The transformation point N in the YOZ system has the abscissa equal
to —II2 and the ordinate E3. The necessity for a minus sign before H& will

be seen by considering an electromagnetic wave propagated along the X
axis, with the electric intensity in the first FZ quadrant. Three of the
projections, Z2, Z3, and H3, are then positive, while B2 is negative. Since
in Fig. 1 both transformation points, 3f and X, are shown in the first
quadrant, II2 must be taken with the minus sign.

To prove that the transformation point P represents Eqs. (3) and (5),
we write, from Fig. 1

B3' cos a=E3+II2 sin a (13)
—B~' cos a = —B2—Z3 sin a (14)

Multiplying these equations by sec a, and using Eqs. (8) and (9), the
foregoing expressions are converted into Eqs. (3) and (5).

We thus see that the relations (2), (3), (5), and (6) can be represented

by the cross-hatched quadrilaterals Oa'3A and Oc'Xd. It is understood
of course that in reality II2 is normal to II3 and Ii 2 is normal to E2, and
that the computing plane is to be used only for transforming the indi-

vidual components from one observer to the other and not for the total
values of Z and IX. There is nothing in Fig. 1 to indicate that one of the
observers is "stationary" and the other "moving. " The diagram merely
states that if one of the observers measures certain values, say E2 and H3,
then the observer whose relative velocity is q in the positive direction of
the X axis, will find the values Z2' and H3'.

It is of interest to find the locus of the transformation points M and X
when the relative velocity g or (which is the same) the angle u varies.
Since the position of the bisector OC remains the same, it is natural to
orient 37 and %with respect to OC. Let the orthogonal co-ordinates of M
be $ and g. We then have

g= (Hg+E2) cos (45'+0.5~) (15)
s = (H3 Eg) sin (45'+0.5a)— (16)

Eliminating a from these two equations gives an ellipse

p/(Hg+E2)'+s'/(H3 Eg)2=1—(17)
A similar equation may be derived for the locus of the transformation

point N.
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T%'0 SPECIAL CASES

(R) Let Ils consider the 811npies't possibie cRse of R piailc wave plopR-
gated along the X axis, with the electric intensity along the Z axis and
the magnetic intensity along the negative F' axis. Let the magnitudes of
both intensities be A. Then B~=E2=0; II~=&3=0; E3=A; II~= —A.
In the computing plane (Fig. 1) the transformation point M coincides
with the origin 0, and the point X (denoted by N&) lies on the bisector
OC. It will be seen from the sketch that Z2'= JI3'=0 and

Z8' cos (45' —0.5a) =Zs cos (45'+0.5a) (Ig)
from which

Z1'= —H2' ——A tan (45' —0.5a) =A+(1—g)j(1+g) (19)
This shows the apparent reduction in the magnitude of the two intensities
for an observer traveling at a velocity g in the direction of propagation
of the wave. The elliptic locus degenerates into the straight line ON'.

(b) The example considered by Richardson' is sho~n in the computing
plane in Fig. 2. The direction of the propagation of the wave is in the
XY plane, at an angle 8 to the X-axis. The angle 8 is considered positive
tov ards the negative Y axis. The electric intensity is in the direction of

Fig. 2. Transformation of the Z and II components of a wave propagated at an
angle tt to the X axis, E being directed along the Z axis.

the Z axis. Here we have EI ——E2=0; E3=A; III= —2 sin O', II2=
—A cos8; I13=0. The transformation point M again coincides with the
origin; the transformation point N lies above the bisector OC. We see
from the diagram that II3'=E2' ——0; the quantities E3' and H2' will also
be found to agree with the expressions given by Richardson.
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THE CO-ORDINATES OF M AND N IN THE GENERAL CASE

(21)

EI =A/, ; HI ——A/g, (22)
E2 =Am, ; H3 ——AnI ,

' (23)
E3 =An„ I72 ——Amp. (24)

The values given by Eqs. (22) are the same for the S and S' observers.

The values given by Eqs. (23) determine the transformation point M
(Fig. 1) and those given by Eqs. (24) determine the transformation point
N. It must be remembered that the abscissa of the point X is equal to
H~ with the minus sign. Having located M and N, we draw M|2' and Nc'

parallel to Z'. This will give the values of the electric and magnetic

intensities for the S' observer.
SCHOOL OF ELECTRICAL ENGINEERING,

CORNELL UNIVERSITY, ITHACA, N. Y.,
September 11, 1923.

Let 3, m, n be the direction cosines of the line of propagation of the
wave, let its electric intensity be de6ned by its direction cosines I„
m„n„and let the magnetic force II be similarly determined by the
direction cosines /y„mq, n~. Since the direction of propagation and the
directions of E and II form three mutually perpendicular lines, we have 2

a,+mm, +nn, =0
Og+mmg+nny, = 0 (20)
l,3~+m,m y, +n,nI, =0

and also the usual parallelopiped conditions
2+m'+n' = 1

l ~+m ~+n ~= 1

ly, '+mp, '+ny, '= 1

A wave is completely determined by four out of the nine direction
cosines and by its intensity E=II=A. The other direction cosines can
be determined from Eqs. (20) and (21). Thus, for a given wave we may
write

' See, for example, Snyder and Sisam, Analytic geometry of Space, Chap. III.


