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Dispersion Sum Rules, interference Model, Duality, and the p-n Mass Difference*
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On the basis of new dispersion relations, an attempt has been made to derive an interference model
together with the duality principle for the m p ~ m I reaction. Also, the same technique has been applied
to the calculation of the P-n mass difference with some success.

I. INTRODUCTION

'HERE are several interesting applications of the
new m-X dispersion relations obtained with a

modified amplitude (v' —tt') C(v), where C(v) repre-
sents the ordinary scattering amplitude. From these
relations, one can obtain several sum rules'' for the
Regge parameters of the I', I", and p trajectories,
which are found to be well satisfied. Recently, the same
method has also been applied to the so-called con-
tinuous-moment sum rules' for various other reactions,
with interesting results. In this paper, we make an
attempt to utilize the same technique in deriving the
so-called interference model4 with no possible double
countings, and a version of the duality principle' for
cases where only a single dominant Regge exchange is
involved in the t channel (as in the n p ~ vr"rt forward
reaction). One can also use the same technique for a
calculation of the p nmass differen-ce, as we show in
Sec. III.

First, let us consider the interference model, where we
assume that the scattering amplitude can be well repre-
sented by a sum of ]-channel Regge contributions and
of s-channel resonant poles. This model has been ex-
tensively studied' for various reactions in the inter-
mediate energy regions (say 1—3 BeV), with varying
degrees of success and failure. The usefulness of such
a model is, of course, due to the fact that in the inter-
mediate energy region, one cannot really rely upon
either a pure Regge pole model or a pure resonance
model. However, recently this model has been criti-
cized,"on the basis of finite-energy sum rules' (FESR),
as possibly involving a double counting of certain
Feynman diagrams. Obviously, this difhculty is inti-
mately connected with the duality principle, ' in which
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it is assumed that the t-channel Regge term is equal
to a sum of the s-channel resonant poles. However, it
does not necessarily follow that one may not find a
modified version of the interference model which is
consistent with both FESR and the duality principle.
Indeed, Veneziano' has found a model amplitude
satisfying all these criteria. Recently, Igi" successfully
extended it to the case of ~-A scattering. Although this
wor'k is very interesting, its theoretical foundation is
by no means clear yet. Our purpose in this note is very
modest in comparison. Ke want to achieve the limited
goal of deriving in some sense both an interference model
and a duality principle by using only well-established
first principles such as analyticity and unitarity. As a,

matter of fact, we shall show in Sec. II that the inter-
ference model, when we modify it slightly, can be
derived in some approximation, and that it appears to
be compatible with the FESR and with the duality
principle. Actually, one can even obtain an equation
which may be interpreted as manifesting the duality
principle.

We can apply the same technique to the calculation
of the p nmass difference-. The traditional difficulty in
this problem, as is pointed out by Harari, " is that we
have to have one subtraction in the dispersion relation
for the ti amplitude (see below). Therefore, one cannot
calculate the p-rt mass difference by the traditional
method, since the subtraction constant is unknown.
But by applying our new technique, we shall show that
one can circumvent this difficulty. Unfortunately, we
have to introduce rather arbitrary parameters in our
theory, and the final result is very sensitive to their
precise choice. However, the numerical calculation
shows that the p rt mass difference is gre-atly improved
over the result of the old calculations which ignore the
difhculty pointed out by Harari. " Indeed, it is easy to
obtain the correct p-rt mass difference by this method,
although we do not take it seriously, because of many
ambiguities involved.

II. DERIVATION OF THE INTERFERENCE
MODEL AND DUALITY PRINCIPLE

Let us consider~ the crossing-odd forward pion-
nucleon scattering amplitude C' 1(v) which describes

9 G. Veneziano, Nuovo Cimento 57A, 190 (1968).
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» H. Harari, Phys. Rev. Letters 17, 1303 (1966).
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mental Particles (W. A, Benjamin, 1nc., ¹wYork, 1963).
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the charge-exchange reaction 2r p —+ n'22. Since only
the p Regge trajectory is dominant in the t channel,
we have

C(—) (v)-iyv"e —('/'), (v -+~ )

g2

It (v) v 3 (b2 v 2)
—(1+a) /2

ns pg —p

where y is the real residue.
Now, following the technique described elsewhere, '

let us introduce an auxiliary function F(v) given by

V~2

dv' (b' —v") ('+ '" ImC( )(v')
p p

p~2

F (v) = C( )(v) v—(v' b2) B—e' B-, (2)
(vI2 b2)

—(1+a) /2

p 2 ~p2

where b and P are arbitrary real constants satisfying
the following conditions:

1)P)2 (1+n), b)/3, (/3= pion mass) . (3)

We define the function (v' b') —~ in such a way that
its cuts run on the real axis in the intervals ~)v&b
and —~(v& —b, and that it assumes real positive
values for v=x+23, (x)b, a~+0) in the cut plane.
Then it is easy to see that F(s), as given by Eq. (2), is
a crossing-even, real meromorphic function of s:

F(s)=F(—s), F*(s*)=F(s)

Moreover, when we let p ~~, we have

F(v) yv ('B ' —) expL —',iir(2P —1—n)g. (5)

Thus, when one chooses 1)P)2 (1+n), one can write
an unsubtracted dispersion relation for F(v):

g2
F (v) = vB'(b' —vB')—

m pg —p

p v

ImF (v'+i&), (6)

g2 1
F(v) = y+ vB'(b—' vB'—) B—

m Vga
—p

ImF (v'+32), (7)
p 2 p2

where the first term, —y, is the contribution from the
infinitely large semicircle in the upper-half complex
v plane. Equation (7) is known as a dispersion relation
once-subtracted at v= ~ . One may, alternatively,
derive Eq. (7) from Eq. (6) by letting P ~ 2 (1+n)+0.
In this case, we cannot interchange the order of the
limit and the integration. We must separate the p' in-
tegration into two regions ~&p'&N and &&p')p,
where 1V is an arbitrary but very large number. Then,
one can easily see that the first term, —y, of Eq. (7)
results from the integration region ~ & p'&E when we
let P -+ —2' (1+n).

Now, Eq. (7) can be rewritten as

C' '(v) =2(1/v) ("—b')'"'"B '-"L7+&(v)j, (Sa)

where vB ———/32/22)3 is the position of the nucleon pole.
On the other hand, when we set p=-,' (1+(2), we have

XRet C( ) (v')e'~a/'g (Sb)

Then, it is clear that the first term of Eq. (Sa) gives the
correct asymptotic behavior gas in Eq. (1)j for v ~~,
so that we must have E(v) ~ 0 for v —+~. Therefore,
Eq. (S) represents a separation of the p-Regge term
from the background.

Before going into further details, we notice that we
have introduced an artificial pole at v=0 in Eq. (Sa).
Since such a pole should not appear in the amplitude
C( ) (v), we must have a constraint condition:

g2

p = —It (0) = vB(b V—B ) —( +a) /2

m

oo

dv'(v'2 —b2)
—(i+a) /2 Re/C( —) (v') B'~a/2j

7l

b

+— dv'(b' —v") ('+ '" ImC' )(v'). (9)
p,

This relation must be valid for arbitrary values of b

satisfying the condition b&p, . When one chooses b= p,
this reduces to the sum rule of Olsson, ' who found that
it gives a good value for the p Regge residue y.

Similarly, if we start from Eq. (6) with v=0 and
b= p, we have

00

VB(/32 vB2) B+ —dv~(v&2 /32)
B—

m X p,

XImPC( )(v')e' Bj=0

for all 1)P)-2'(1+n), since F(0)=0 by Eq. (2). This is
nothing but the superconvergent dispersion relation
investigated and verified in Ref. (1). Hence, Eqs. (6)
and (7) contain all previous results as special cases.

So far, b is arbitrary, apart from the restriction b& p.
If we wish to maximize the contribution of the Regge-
pole term, then it is natural to choose b= p, as we see
from Eq. (Sa). Actually, the precise value of b should
be immaterial. Indeed, for the practical calculations
we make, the final results are insensitive to the value
of b. Hence, in the following we shall restrict ourselves
to the case b=IJ, for simplicity.

Coming back now to the original problem, the asymp-
totic behavior of E(v) depends upon further assump-
tions. For instance, if the Regge cut due to the simul-
taneous exchange of the p and Pomeranchuk trajec-
fpJ.'j.es is important, we expect to have

E(v) L(3/1nv+a'/(lnv)'j, v —&~,
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where a is a real constant, so that the integral of
Eq. (8a) exists at v'= ~. On the other hand, if the
so-called p' trajectory exists, we have instead

IC(v) const v &~ ~')e& ' 's)&~~') (10)

where n' is the Regge trajectory intercept at (=0 of the
assumed p' meson. For this case, one can explicitly
separate the asymptotic p' Regge contribution from
E(v) by repeating exactly the same argument as in
the previous case of the separation of the p-Regge con-
tribution from C' '(v). However, this procedure is
rather complicated and cumbersome, and we do not
attempt it. Instead, we are interested in the possibility
of expressing IC(v) as a sum of direct-channel resonance
terms. To that end, let us suppose for a moment that
C& '(v) has only the elastic unitarity cut (i.e., we
neglect all inelastic cuts). One can then analytically
continue E(v) into the second Riemann sheet by dis-
torting the integration contour in Eq. (8b). Further-
more, if the asymptotic form of C& &(v) for v-+~ is
more rapidly decreasing than (or at most is the same as)
in Eq. (1), even in the lower half of the second Riemann
sheet, then one can rotate the unitarity cut by 180' in
the second Riemann sheet by a well-known method. "
Since C& &(v) should have resonant poles at v=v„
(Imv„(0) in the lower half of the second Riemann
sheet, one finally obtains

C& &(v) =iy—(v' —p,') &'+ '" exp( —'siam)
v

1 p v++-("—u') "+'"2 — +&(v),
v s v2 (v 2 ~2) &&+a)/2

(11)

where E(v) is the residual integral over the interval
—~ &v'&p in the second Riemann sheet. For sim-
plicity, we have included the Born term in the summa-
tion over e in Eq. (11).Note that at the position of the
pole v= v, it has exactly the same Breit-Wigner form
as an ordinary amplitude. If the residual integral J&.'(v)
can be neglected, then Eq. (11) is nothing but the
interference model, ' apart from the multiplicative factor
(v' —p') ('+~) &s

In the argument given above, we have neglected con-
tributions from the inelastic cuts of C& &(v) in the com-
plex v plane. In principle, one could repeat the same
argument if one could analytically continue into the
second Riemann sheet of these inelastic cuts. Then
formally we would still have the formula Eq. (11).But
in that case, the background integral R(v) would con-
sist of a sum of principal-value integrals involving a
factor (v's —v') ' in the interval —~ (v'(v, where v

is the threshold of the inelastic cut under consideration.
The trouble now is that v can be as large as one likes
because of many pion-production thresholds. Hence,
there will be no reason why R(v) should be negligible,
unless the nonresonant inelastic cross sections are rela-

"E.g., R. Jacob and R. G. Sachs, Phys. Rev. 121, 350 (1961).

tively small in the energy region under consideration.
Therefore, one of our criteria for the validity of the
interference model is that the nonresonant inelastic
cross sections must be small.

One possible weak point of our derivation of Eq. (11)
is the assumption that C& & (v) must have an asymptotic
behavior which is the same as or less rapid than that
in Eq. (1) in the second Riemann sheet. Unfortunately,
there is no u priori reason why this should be correct.
It could be worse. However, we still expect Eq. (11) to
be approximately valid for the following reason. ,If we
approximate C& &(v') in the integrand of Eq. (8b) by a
sum of Breit-Wigner terms, then Eq. (11) emerges again
approximately, irrespective of the previous argument
of going into the second Riemann sheet. Such an
approximation would be reasonable if the low-energy
region gives the dominant contribution to the integral
in Eq. (8b). Thus, we would expect Eq. (11) to be
valid in either case. However, one thing that is not so
clear at this point is the possible existence of resonant-
like peaks which may not correspond to poles in the
second Riemann sheet. In the second argument given
above, such contributions must appear in the summation
of Eq. (11), in addition to the legitimate poles. In view
of the previous arguments stated after Eq. (11), it is
quite conceivable that such peaks could result from
the background integral E.(v) in the second Riemann
sheet corresponding to inelastic cuts. If this should be
the case, Eq. (11) must be accepted as a semiphe-
nomenological expression rather than as a straight-
forward theoretical derivation. Indeed a similar idea
has already been expressed by some authors. '4

Now, before going into the question of FESR, we
consider the duality principle. For this purpose, we
first note that the ordinary unsubtracted dispersion
relation for C' )(v) must be valid because of Eq. (1)
with n&1:

g V

C& )(v) =—
v&)

1S v~ —v

2V 1
+— dv'

p, v v

ImC&—
& (v') . (12)

Comparing this with Eq. (8), one obtains the following
identity:

1
iy—(v' —p') "+~'I' exp (—g~iÃn)

'(v')2v " v" ImC(—
=B(v)+ dv'—

7l p v v I2

v
'

&J,') &'+. &"—expL( ,')is.n)—-
+i

v &2 ~2] v2

)&Re/C& &(v')e'~~)'g (13)

~4 V. A. Alessandrini, D. Amati, and K. J.Squires, Phys. Letters
27B, 463 (1968).
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where we have set f/=/1, the Born term B(v) is given by

g v

B(v) =— —vi/
$$ vg —v

)2 p2 p2 (1+a) /2

X 1+ —
~

— i exp (—2 im.n) . (14)
p ) /12 —ps2

Notice that the left-hand side of Eq. (13) is purely the
p-Regge contribution, while the right-hand side of
Eq. (13) contains quantities involving the s channel,
independent of the Regge residue y. In this sense, we

may regard Eq. (14) as a manifestation of the duality
principle. ' If we analytically continue the right-hand-
side integral of Eq. (13) into the second Riemann
sheet as before, then we can rewrite it as follows:

(V2 2) (1+a) /2

iy - exp (—2iiru)

low-lying levels. But then, because of the many suc-
cesses of the FESR in conjunction with the narrow-
width approximation, this fact appears to make our
interpretation a bit implausible. However, this is the
only alternative reconciling Eq. (15) with the idea
of the duality principle. Suppose that on the contrary
R'(v) is important and not negligible. Then we have
to conclude that the t-channel p-Regge pole cannot be
built up from the s-channel resonant poles alone. Hence,
we believe that the narrow-width approximation some-
how does not work for Eq. (15). Of course, one may
argue that Eq. (15) is not valid, probably because of
the impossibility of analytically continuing C' '(v)
into the second Riemann sheet. Our dilemma will then
disappear, but we have nothing to gain from this
possibility. At any rate, if we accept our philosophy as
stated above, then our modified interference model
LEq. (11))is consistent with the FESR. Note that the
FESR is written as

p -p p2 ~2 ) (1+a)/2 —+R'(), (»)„„2 v

where we have incorporated the Born term in the
summation over n, and where R'(v) is the residual back-
ground integral as before. In this form, the t-channel

p-Regge term is now expressed as a sum of s-channel
resonant poles, if one can neglect R'(p). Note that the
right-hand side of Eq. (15) is now a smooth function of
p without resonant peaks at V= Re(v ). One can
numerically compare both sides of Eq. (15)—neglecting
R'(v). If we take into account only contributions from
a few low-lying resonances listed in the Rosenfeld
Table, " then we find that the left-hand side of Eq. (15)
gives values much larger than the right-hand side,
although the signs of both sides are the same. This
trend is worse for the imaginary part by a factor of 10,
especially in the high-energy region, (p&3 BeV). For
the real part, the discrepancy is by a factor of 2 in the
energy region 3 BeV&v&1 BeV. This fact seems to
suggest the following alternatives: Either R'(v) is not
negligible at all, or we have to take into account slowly
convergent infinite sequences of resonant poles, which

may correspond to Regge recurrences of the E and 6
trajectories and possibly of their daughters. In the
first case, our formula Eq. (15) is completely useless
since we have no reliable way of calculating R'(v). The
second case obviously corresponds to the duality
principle in the ordinary sense. In the latter case un-
fortunately, we cannot use the narrow-width approxi-
mation since the imaginary part of the right-hand side
will vanish in that approximation. As a matter of fact,
this is the practical reason why the imaginary part of
the right-hand side of Eq. (15) is so sznall for a few

"N. Barash-Schmidt, A. Barbaro-Galtieri, L. R. Price, A. H.
Rosenfeld, P. Soding, G. Wohl, and M. Roos, CKRX Report,
1968 (unpublished).

dv ImC( ) (v) =y COS22rn E"+'.
(2+1

C( )(v) =Q —— +R"(p),
v v v

(17)

which is nothing but a modified way of writing Eq. (12).
Then Eqs. (16) and (17) constitute the content of the
ordinary FESR. In this connection, it may be worth-
while to derive the modified interference model of
Dolen, Horn, and Schmid' in an analogous way. For
this purpose, we start from a new dispersion relation

C( ) (V) =Zpp(V2 p2) (a 1)/2

2v
X exp (—-2'i7ru) +-

7l p

dv
v 2 v2

)(p') —2yp'(p'2 —/12)(a )/ eXp( —12iirQ)). (18)

Experimentally, the integrand of Eq. (18) oscillates
around each resonant pole v'=Rev„. Hence, one can
approximate it by Imfa„(v') —Im(fa„(p')), where
(fR„(v )) implies some kind of averaging over resonant
peaks. Integrating over v', one finds that Eq. (18)
leads to

C' '(V) =fR""(V)+fR"----(V)
-&f........())+R"(), (19)

which, if we neglect R"(v), is nothing but the modified
interference model due to Dolen, Horn, and Schmid. '
We remark that in this case, the analytic continuation
method into the second Riemann sheet is probably not
so good, because now the residual integral still contains
the Regge asymptotic term. Otherwise, we would have
some conflicts with Eq. (11). This may imply that

Because of Eq. (15), our formula Eq. (11) is now re-
written as

v
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C& )(v) decreases much more rapidly in the second
Riemann sheet than implied by Eq. (1).

In conclusion, we have been able to give some
rationale for the validity of interference model and the
duality principle. But our discussion should not be
taken as a proof of this validity. As we have seen, we
have to make many additional assumptions, some of
which are by no means obvious or may even be a bit
implausible. Even if we accept our derivation, it is
valid only for the case where a single Regge exchange is
dominant. For the multi-Regge exchange case, one can,
in principle, repeat the same argument. But as we

emphasized already, the result is too complicated to
allow any simple interpretation. Thus, at least for
2r p~2r pinthebackward direction, andfor 2r p —+2r022

in the forward direction, we may apply our formalism,
since these reactions correspond to a single dominant
Regge exchange in the t or u channel. Indeed, according
Chiu and Stirling, ' the interference model may account
reasonably well for these reactions. Also, the presence
of an extra factor (v' —v ') &'+~)t' in our Eq. (11) can
help to give a larger polarization in 2r p b 2r'22 reaction.
We have made a calculation at this point and obtain a
polarization as large as 5—7 jc in the range 0.05( ~t~

(0.35 to 5 BeV, and on average of 4/c at 11 BeV in the
same range of t. With respect to the total and diGerential
cross sections, our result is more or less similar to more
exhaustive calculations given by Chiu and Stirling, '
and we have nothing to add. A generalization of our
technique is given in the Appendix.

IIL P-n MASS DIFFERENCES

We start with the Cottingham formula"

1 "d(q')
6222 =——d v (q' —v2) ')2

27[ p q p

X/3q2ti(q2, iv) —(q'+2v')t2(q', iv)$. (20)

If one can use unsubtracted dispersion relation for t»

and t~, then one has for i = 1, 2

4nzq2 2 "Imt, (q', v')
t, (q', v) = f, (q')+ —v'dv', (21)

q4 —4m'v' vr g v"—v'

where

C= (1/2222) (22)2tb+tb2+ q'),

fi(q') = (no/ ) (q'+4~') 'LG~'(q') —G~'(q') jr=i
(n2 ——e2/)tc), (22)

f (q') = ( o/ )Lq'(q'+4~')7-'
X fq2G~2 (q2) +42222G@2 (q2)$

However, Harari»» has pointed out that if we assume the
validity of the Regge asymptotic behavior, we would
have the following asymptotic behavior for t;, when we

"W. N. Cottingham, Ann. Phys. (N. Y.) 25, 424 (1963); M.
mini, E. I'errari, and R. Gatto, Phys. Rev. Letters 2, 7 (1959).

let v~~
ti(q', v)-yi(q2) v exp( —'2i-2m), v —+~

v't, (q', v)-y2(q2) v exp( —22i~n),
(23)

where n=n~2(0) is the t=0 intercept of the A2-Regge
trajectory and it is, independent of q'. Therefore, we
cannot use an unsubtracted dispersion relation for t»,
although we could do so for t~. However, if we use a
once-subtracted dispersion relation for t», then this
introduces an unknown constant, and we cannot calcu-
late the P-22 mass difference. But one can overcome this
difhculty by using a method analogous to that used
in Sec.II.

I.et us consider an amplitude given by

G(v, q') =ti(q', v)(v' —b') ~ exp(i2rP)

analogous to Eq. (2), where we choose

(24)

4nsq'
ti(v, q') =R(q')+

q4 —4m'v'

q4
—P

&f (b')(b' — ( '—b') "m(—'
tb)

4m'
2 oo

y-(v2 —b' )e e~r —i P3 dv
v 2 ~ v2

XImfti(v', q2) (v"—b') —e exp(i2rP) j, (26)

where d and R(q') are given by

d = min(b, c),
R(q') =0 for 1)P) ', n, —

=yi(q2)(v2 —b') "exp(——',i2rn) for p=-', n. (27)

Note that R(q') is a discontinuous function of )8 with
the discontinuity at p=-2'n. This again implies Lsee the
argument following Eq. (7) of Sec. IIj the impossibility
of interchange of the order of the limit p —b 2n+0 and
the integral. (This example may be taken as a warning
against the indiscriminate use of the so-called Bjorken
limiting procedure where interchanges of the limit
qo

—&~ and integrals are freely assumed. )
If we choose p=-2'n, then the first term R(q') in

Eq. (26) corresponds to the contribution of the A2
Regge trajectory, and it will lead to the Reggeized
tadpole model, which has been discussed by several
authors. '2 To discover the explicit form of yi(q2), one
can appeal to the finite-energy sum rule, as Srivastava"
has done. In this way, he obtained a large negative con-
tribution for t1222 (D2)2= —2.5 BeV). However, the same
calculation has been recently repeated by several other

1)p)-2, n b) q2/2222, (25)

but now, we shall not impose the condition b&c. We
repeat the same argument for G(v, q'), obtaining the
following equation:
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TABLE I. Calculation of Am with b=c. TABLE II. Calculation of Asn, with y=0.

y

0.04
0.04
0.04
0
0

s (BeV')

40
30
20

Din (MeV)

102

—1.3
1~ 1

+0.32
+0.28

1
0.5
0.5
5.0
5.0

nm (MeV)

—0.62
—1.32
—2.53
+0.14
—0.01

authors" and it has been found in contrast that its
contribution to hm is rather small —of the order —0.3
MeV at most. A similar estimate has also been obtained
by Hara" who used the field-current identity and SV(6)
theory to evaluate yi(q'). Hence, it appears that the
Reggeized tadpole term gives too small a contribution
to account for the p-I mass difference. However, it
must be borne in mind that the value of Am is ex-
tremely sensitive to the behavior of yi(q'), for qs ~~, as
is shown shortly, and that there is really no reliable way
to determine its precise asymptotic behavior.

In this paper, we avoid computing the contribution
from the Reggeized tadpole term by choosing P)-,'n= e.
Also, we calculate the contribution to hm only from the
Born term Lthe second term in Eq. (26)j, thus neglect-
ing the continuum contributions. For the precise form
of G~ and G~, we use the following parametrization:

(1/p„)Gsr &» (q') =Gir &» (q') = ((1+q'/0. 71)'j—'

(1/+ )G (n) (q2) —(4m2/q2+ )G&in) (q2) (28)
= $(1—y)/(1+q'/0. 71)'j+y/(1+q'/s)'.

The standard form" corresponds to the choice y=0.
However, hm is extremely sensitive to the asymptotic
form of G(q') when q'-+~. Also, it is sensitive to the
value of b and P. In general, if we choose as small a b

and as large a P as possible, the calculated Am improves.
As an example, let us choose b=c. The result is sum-
marized in Table I. For comparison, we note that the
old calculation, corresponding to P =0 and y =0, will
give Am=+0. 6 MeV. We remark that the values of y
and s given in Table I are consistent" with the ob-
served G(q').

To see the dependence of Am upon b, we choose the
following parametrization:

b2 —q4/4m2+((2m~+~2)2/4m )g s(g) 0) (29)

"S.Okubo, Phys. Rev. Letters 18, 256 (1967); Y. C. Liu and
S. Okubo, Nuovo Cimento 52A, 1186 (1967);G. Segre, Phys. Rev.
Letters 20, 29 (1968); Y. Srivastava, Phys. Rev. Letters 20, 232
(1968).

~8 K. Miura and T. Watanabe, Tokyo University of Edu-
cation Report, 1968 (unpublished); R. Rockmore (private
communication).

'fl Y. Hara, Tokyo University of Education Report, 1968
(unpublished).

'0 See, for example, S. Gasiorowicz, E/ementary I'article I'hysics
(Wiley-Interscience, Inc. , New York, 1966).

»J. R. Dunning, Jr., K. W. Chen, A. A. Cone, G. Hartwig,
X. I'. Ramsey, J. K. Walker, and R. Wilson, Phys. Rev. 141,
1286 (1966); W. K. H. Panofsky, in Proceedings of the Heidelberg
Conference (North-Holland Publishing Co., Amsterdam, 1968).

Setting y= 0 in Eq. (28), one obtains the values for Am
summarized in Table II.

As we see from these tables, the calculated Am is
much improved, compared with the old calculation.
Also, hm is extremely sensitive to the precise asymp-
totic form of G(q') and to values of b and p. Indeed, in
several instances, one could easily reproduce the experi-
mental value for Am. However, because of the sensi-
tivity of Am to various parameters, such agreement
cannot be taken seriously. Besides, the neglect of the
continuum integral may not be justifiable. "We gave
our calculation to indicate a possibility of explaining
the observed p nmass d-ifference. This remark also
applies to the calculations of Reggeized tadpole con-
tributions. Using a sum rule for yi(q') which can be
obtained by equating the two equations of Eq. (26),
corresponding to the choices P)-,'n and P=-', n, respec-
tively, one can estimate its contribution to Am. Again
neglecting the continuum integrals, one finds that the
result is extremely sensitive" to the asymptotic form
of G(q') for q' ~~ and to the values of b and P. There-
fore, the small values found by various authors""
must be taken with some caution. In our opinion, it is
still possible that the Reggeized tadpole term could
be the dominant contribution, '4 as was originally
postulated.
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APPENDIK

Here, we brieQy consider a generalization of the dis-
persion relations used in Secs. II and III.

We consider arbitrary functions pi+i(v) satisfying
the following conditions:

~ However, some calculations indicate that the contribution
from the second 37* resonance may be small. See T. Muta, Uni-
versity of Sussex Report, 1968 (unpublished); R. Rockmore,
Rutgers University Report, 1968 (unpublished).

"M. Suzuki, Phys. Rev. 173, 1473 (1968), has proposed an
analytic-continuation method for the Regge parameter n when
the q integral at inanity formally diverges. In this case also, the
result depends quite sensitively upon the asymptotic form of
7&(q') when q' ~~, in conformity with our claim.

~ J. S. Ball and F. Zachariasen, Phys. Rev. 177, 2264 (1969').
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(i) crossing property: &v&+) (v) =& q
(+) (—v) .

(ii) reality condition: t
(p&+)(v)]*= &v

+ (v*).
(iii) analyticity conditions: p&+)(v) is rneromorphic

with cuts on the real axis for v&u and v& —a, where u
is an arbitrary real constant satisfying a)tt. &v&+)(v)

may have poles in the cut plane at v= v„, with residue
P„.Because of (ii) and (iii) we note that Im&v&+)(v) =0
on the real interval —a(v(a, except for possible
6-function contributions from its poles.

(iv) Asymptotic behavior:

q &-)(v)- i)—v-'e'"t',
~(+) (p) ~ ) v rei—mr/2

(A1)

for v —&~ in the cut plane; where A~ and r must be
real because of (i) and (ii).

Now consider a function

G(+) (p) =C(+) (p) ~(6) (p) (A2)

Then, G&+'(v) is a crossing-even function of v, while
all the other requirements (ii)—(iv) are satisfied. Setting

G&+) (v)-+y~X~v —&'—"& expLkr(r —&r)/2j

for v ~~.Hence, one can find the following dispersion
relations:

g 2vts Pv
G'"(v) =~+

&
(~)(»), ,+Z C"'(")

2m vg —v

C&+&(v)- y+v—exp( ', ivm—),-
(A3)

C&—)(v)-+iy v exp( —-', ivr&r), (v —+~)

one finds

dispersion relations in a similar manner:

dv ImLp&~) (v+te)C&+) (v+te) j
+ dv ip&+) (v+ie) ImC&+) (v+ie)

(t
g &v&+)(vi))+ —Q p„ReC&+&(v„)+-',7', (A6)

&2t&t 2 n

depending upon r)rr and r=ot exactly as in Eqs. (A4)
and (A5). Note that we are now using the crossing-odd
combination ip&+ (v)C(+ (v) instead of the crossing-even
combination p&+) (v)C&+) (v). These sum rules are gener-
alizations of those of Sec. II and of Ref. 1.

As an application of this sum rule, we may set

p& &(v) = v(&t —v ) ts/(vs++)s (A7)

where f& is an arbitrary real constant. Then q
& &(v) has

poles at v=+ib In Eq..(A6), C&+)(&ib) can be calculated
by the use of the ordinary once-subtracted dispersion
relation. Then by means of Eq. (A6) the Porneranchuk
residue p+ can be calculated using only experimentally
measurable quantities. An advantage of using Eq. (A7)
is that the integrand of Eq. (A6) is now a continuous,
bounded function of v. Therefore, our evaluation of
y is less sensitive to the precise knowledge of C(+)(v)
at v= p, as has been encountered in the Ref. 1.Actually,
we estimate C&+&(v) up to 8 BeV by using the data of
Hohler et al. , and up to 29 BeV by using that of Foley
et al." For v&29 SeV, we use the Regge asymptotic
formula Eq. (3). In this way, we find that the value of
p+ ——p„, with n=1, is given by

yv=ag(~) =23.5 mb

where E. is given by

dv' ImG&+'(v'+is), (A4)
v 2 v2

consistently for all values of b from 0 to 10 BeV; here
we have used a=29 SeV. This value is very near to
that found in Ref. 1.

Similarly, by choosing

E=O if r&n,
=X~yg if 7- =n.

Then the result of Sec. II corresponds to the choice

~(—) (p) —(v2 bs) peimp—
One can repeat essentially the same argument of Secs.
II and III on the basis of Eq. (A4).

One can also obtain the following superconvergent

~(+) (p) (vs+ f)s)
—1(gs. vs) (s—0:p)/2

one can estimate y, 7.5 mb BeV, where we assumed
n, =0.58. This result agrees with that obtained by
Olsson. ' The details of the calculation, together with
other applications to EÃ, m-m, and Em scatterings, will
be given elsewhere.

"G. Hohler, G. Ebel, and J. Giesecke, Z. Physik. 180, 430
(1964); K. J. Foley et at., Phys. Rev. Letters 19, 193 (1967); 19,
330 (&9M').


