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region where the quantum effects are important,
both from the point of view of diffraction and ex-
change effects. For interparticle separations
much greater than X the r.d.f. is given by the clas-
sical result.
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The characteristics of ion energies at the cathode are derived from collisional ionization
cross sections for conduction between plane, parallel electrodes in rarefied gases, where
the mean-free path is much greater than the cathode-anode separation. Expressions are
given for the electron ionization efficiency, the ion particle-current density striking the
cathode, the power density transferred to the cathode by the ions, and the average impacting
ion energy. These expressions are given both for a homogeneous (single species) gas and
for a heterogeneous mixture of gases. The latter can be obtained additively from the results
obtained by treating each of the constituent gases individually. The maximum impacting
ion energy is equivalent to the potential applied across the cathode and the anode; the
minimum impacting ion energy is equivalent to the smallest first ionization potential of the

gases present in the cathode-anode space.

The amount of ionization is discussed in terms of an “lonization volume” swept out by
each of the bombarding electrons. By maximizing this volume with respect to the applied
potential, the maximum amount of collisional ionization occurs in the cathode~-anode space
(a potential of approximately 200 V for most gases). Drawings of the typical shape of the
ionization volume are given for applied potentials much less than, equal to, and much
greater than, the applied potential which yields maximum ionization. A specific example
demonstrating an application of the derivations is given, using argon as a model.

INTRODUCTION

The molecules of a gas can be ionized when sub-
jected to bombardment by electrons which are ac-

celerated through the gas by the electric field of
an applied potential. The ions, which are gener-
ated by collisional ionization, are accelerated
toward the cathode by the same applied electric
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field. The energy absorbed from the electric
field by these ions is dissipated at the cathode.

A knowledge of the energy characteristics of the
ions as they strike the cathode provides an in-
sight for interpreting the surface phenomena (e. g.,
sputtering, implantation, etc.) occurring at the
cathode. An analysis is presented below describ-
ing these energy characteristics at the cathode
for conduction between plane, parallel electrodes
in a rarefied gas when a constant potential gra-
dient (including a Townsenddischarge, but exclud-
ing other electrical discharges) exists throughout
the cathode-anode space.

To determine the energy characteristics of the
ions striking the cathode, it is necessary to know
the relative amount of ionization occurring in the
cathode-anode space as a function of distance from
the cathode. For the motion of ions, most the-
ories are based on the assumption that the cathode
anode separation, L, is related to the mean-free
path, X, by

L>AX. (1)

For this condition, the ions have an average
drift velocity determined by the mobility of the
ions and the magnitude of the applied electric
field. For single ionization, the number of ions
impinging on the cathode are equal to the differ-
ence between the number of electrons reaching
the anode, v,, and the number of electrons leav-
ing the cathode, v.. Therefore, the amount of
ionization can be approximated indirectly from
the relationship?

v (2)

v =V

a ¢ ’

where yV is the average number of ionizing col-
lisions experienced by each electron falling through
the applied potential difference, V.

As the energy distribution of the electrons leav-
ing the cathode becomes steady only after the
electrons have traveled a distance of several A,
detailed investigations require a modification of
Eq. (2) to the form!*

v =v V= Vo) , 3)
a ¢
where V, is a constant. With Eq. (3), analyses
can be conducted as if the electron-energy dis-
tribution were steady throughout the entire region
between the cathode and the anode.

For the case of rarefied gases, however, just
the reverse of Eq. (1) applies, i.e., L<<A. The
nonsteady electron energy-distribution condition
which was more or less confined to the region im-
mediately adjacent to the cathode for situations
obeying Eq. (1) now extends throughout the cathode-
anode space. Therefore, ionization in a rarefied
gas cannot be adequately described by the preced-
ing equations. Instead, an analysis for determin-
ing the ion energies at the cathode for conduction
through rarefied gases must be based on the funda-
mental concept of ionization cross sections.

THEORY

One of the fundamental measurements in the
field of electronic-impact phenomena is the ab-

solute total cross section for ionization of mole-
cules in a gas by electron impact. A cross sec-
tion is a measure of the probability that a given
type of reaction (in our case, ionization) will occur
under stated conditions. The magnitude of a cross
section depends on the nature of the colliding parti-
cles, their mutual velocity of approach, the im-
pact parameter, and the particular reaction con-
sidered.? Due to the relatively large number of
events occurring in collision phenomena, an
average cross section is sufficient to account for
all the parameters which affect the magnitude of
the cross section with the exception of the de-
pendency on the mutual velocity of approach. In
turn, since the velocity and energy are directly
related, the cross section is considered to be a
function of energy. The ionization cross sec-
tions for various gases as a function of the energy
of monoenergetic electrons are shown in Fig. 1.3
It is evident from Fig. 1 that the maximum values
for ionization cross sections occur for electrons
which have an energy of approximately 100 eV,

A monoenergetic electron which has an energy
greater than, or less than, approximately 100 eV
will, on the average, generate fewer ions than an
electron with an energy of approximately 100 eV.

Since the electrons between the plane, parallel
electrodes are not monoenergetic but are acceler-
ated by the applied electric field, the probability
of an ionization collision at any given point in the
cathode-anode space depends on the energy pos-
sessed by the particular bombarding electron at
that point. For the subsequent analysis, the follow-
ing model for ionization in the cathode-anode space
is assumed:

(1) The potential gradient between the cathode
and the anode is constant.

(2) The energies of the conduction electrons in-
itially leaving the cathode and the thermal energies
(approximately i eV at room temperature) of the
gas molecules are negligible compared to the en-
ergies absorbed by the electrons from the applied
electric field.

(3) An ionization collision results in the forma-
tion of singly-charged positive ions. Although
some multiple ionization does occur, the amount
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FIG. 1. Ionization cross sections of various gases
when bombarded by monoenergetic electrons (data for
these curves taken from Ref. 3).
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is small compared to that of single ionization.
However, the cross sections used in the calcula-
tions are those experimentally determined for -
total ionization cross section.

(4) The generated ions do not interact with other
atomic systems. Although some electron exchange
may take place between an ion and another mole-
cule (whereby the ion is neutralized and another
ion formed without there being, necessarily, any
exchange of energy),? the cross sections and ener-
gy losses for this and other collisional processes
experienced by the ions as they are accelerated
toward the cathode are negligible in rarefied gases,
where L << A, Elastic collisions are predominantly
small-angle scattering and thus do not affect the
velocity of the ion to any great extent.> Further,
any photo-ionization is assumed to be negligible.

(5) Electron losses due to attachment, electron-
ion recombination, and space- or surface-charge
effects are negligible.

(6) The average energy lost by an electron dur-
ing an ionization event is negligible. This is justi-
fied since the fraction of electrons which actually
cause an ionizing collision in a rarefied gas is
small, and the resulting average energy loss per
electron due to ionization is negligible.

With the foregoing assumptions, the bombarding
electrons at any given equipotential “plane” (see
Fig. 2) between the cathode and the anode are
monoenergetic (disregarding the energies of the
small number of electrons generated by ioniza-
tion). Thus, for a gas composed of a single
species, the number of electrons generated per
second by collisional ionization in unit area of an
infinitesimal planar element situated a distance of
x cm from the cathode is

dn =nN(x)g(e)dx electrons/cm? sec; (4)

where » is the number of electrons impinging on
unit area of the planar element per second, N(x)
is the density of gas molecules as a function of
displacement from the cathode, g(e¢) is the ioniza-
tion cross section which corresponds to the energy
of the bombarding electrons at the equipotential
plane represented by the planar element, and dx

is the thickness of the element. Integrating Eq.
4),

L
f”a an/n :f Nx)g(e)dx (5)
n 0

c
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L
FIG. 2. Model used in the derivation of the ionization

characteristics in rarefied gases.

where 7, is the particle-current density of elec-
trons leaving the cathode, 7, is the particle-cur-
rent density of electrons reaching the anode, and
L is the cathode-anode separation.

The energy, €, of the bombarding electrons at
any given equipotential plane between the cathode
and the anode is a function of the displacement of
that plane from the cathode. These two quantities
are related by

€ =8x (8)

=(V/L)x eV M

where the energy is measured in electron volts,
§ is the strength of the applied electric field, and

V is the magnitude of the externally applied po-
tential. Substituting Eq. (7) into Eq. (5)

Mg |4
[ anm-@/m [ Mee/vigtene (8)
N, 0
or na/nc=exp[(L/V)f‘)VN(Le/V)tI(E)dG] (9)

and (o, ~n_)/n_=exp [(L/V) [ VN(Ee/V)gledde] - 1.

(10)
The term in brackets in Eq. (10) is positive.
Therefore, assuming
(na—nb)/nc K1 (11)

(which is subsequently shown to be a valid assump-
tion), then the bracketed term is small. Since

e*~1lia (12)

for @ << 1, Eq. (10) can be approximated by

(n,~n )/n = (L/V) [V N(Le/V)gle)de .

. (13)

For the condition assumed in Eq. (11), the error
introduced by using the approximation given in
Eq. (12) is of the order

[error in (na - nc)/nc]

~1@/v) [V N(Le/V)g@de]? (14)
The term, n, —n,, represents the number of
electrons generated per second in a rectangular
parallelopiped with unit cross-sectional area
which extends from the cathode to the anode. Since
single ionization was assumed, 7, -7, also rep-
resents the number of ions impinging on unit area
of the cathode per second, or, from Eq. (13),

T=ny=n, =0 1/v) [V NLe/V)glede ,  (15)

where J is the ion particle-current density im-
pinging on the cathode. The average number of
ions generated for each electron leaving the
cathode is the electron ionization efficiency, 7,
where
n=d/n,=L/v) [V MLe/V)alede (16)
The power density delivered to the substrate by
the generated ions can be determined similarly.
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The energy transferred by each ion depends on
the distance at which the ion was generated from
the cathode, and the strength of the applied elec-
tric field. The power density transferred to the
cathode by the ionization which occurs in a planar
element situated x cm from the cathode is given

by
dQ=neeNx)q(e)dx, 1m

where e(=1.6x1071°C) is the fundamental electronic
charge. Assuming the total amount of ionization is
small, then

n N, (18)
and Eq. (17) becomes

dQ=n_ eeN(x)g(e)dx . (19)
Substituting Eq. (7) into Eq. (19), and integrating,

Q=(neL/V) [V eN(Le/V)a(O)ie . (20)

‘The power density can also be described by the
product of the ion particle-current density and
the average impacting ion energy, €,

Q:J? a (21)
or, from Egs. (15) and (20),

\4
g:fo eN(Le/V)q(e)de ' (22)

fOVN(Le/V)q(e)ds

When several gases are present in the cathode-
anode space, the molecules of each gas act in-
dependently. Thus, the number of free electrons
generated per second by ionization in a unit-area
planar element situated x cm from the cathode is

dn =nN,(x)q,(e )dx +nN,(x)q,(e )dx ++* +, (23)

where Nj(x) is the density of the ith species of
molecules at x, and qi(e) is the corresponding
ionization cross section for the energy of the
bombarding electrons at x. Again, assuming the
total amount of ionization is small, then from
Egs. (18) and (23)

dn =nC[N1(x)q1(e )dx +N2(x)q2(e Ydx ++++]. (24)
Substituting Eq. (7) into Eq. (24) and integrating,
the ion particle-current density in a mixture of
m species of gas is

J=n,=n = L/V) SV N (Le/ Vg, (ede +---

+f0VNm(Le/V)qm(e)de ] (25)

L
"; % [VN, (Le/ViaeNe. (26)
[

The electron ionization efficiency for this hetero-
geneous mixture of rarefied gases is

m
":;{; :%lE fOVNi(Le/V)qi(e)de . 27)

Similarly, the power density transferred to the
cathode is

n eL m v
Q=-5 ;fo €N, (Le/V)g;ledde (28)

%

and the average impacting ion energy is

m
2 [VeN;(Le/V)g; (e
e=-L . (29)
%y
Z/ /) N;(Le/V)a,(e)de
2

The immediately preceding analysis reveals that
the modifications in J, 7, and @ due to hetero-
geneity can be obtained additively from the results
obtained by treating each constituent gas individu-
ally.

DISCUSSION

Since the impacting ion-energy characteristics
of a gas mixture can be obtained from the results
of treating each constituent gas separately, only
a single species need be considered for the
following discussion. Further, the residual pres-

sure is assumed to be uniform throughout the
cathode-anode space:

N(x)=N=constant . (30)

During a collision, a “point” electron is generally
assumed to collide with the finite cross section of
a gas molecule; however, it is immaterial whether
the target molecule or the energetic electron pos-
sesses the cross section. Therefore, the bom-
barding electrons can be assumed to possess the
cross sections, and the gas molecules can be as-
sumed to be “points”, without altering the final
results. As an electron traverses the cathode-
anode space, the ionization cross section pos-
sessed by the electron sweeps out a volume. Since
the velocities of the accelerated electrons are
much greater than the thermal velocities of the
gas molecules, the points representing the gas
molecules can be considered as fixed in space.
The average number of fixed points (molecules)
enclosed by this “ionization volume” represents
the average number of ionization events which
occur when a single electron travels from the
cathode to the anode. From Egs. (7), (15), and
(30),

[Fatexx=w/v) [V alede=am N . @)

The term at the left of Eq. (31) represents the
volume swept out by a cross section. Since L
represents the distance between the cathode and
the anode, then

V! fovq(e)de (32)

is the ionization volume per unit cathode-anode
separation. Values of this term as a function of
applied potential are given in Fig. 3 for the vari-
ous gases depicted in Fig. 1. The values for the
curves in Fig. 3 were determined by numerically
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FIG. 3. Ionization volume per unit cathode~-anode
separation as a function of applied potential for various
gases.

integrating (Simpson’s Rule) the corresponding
curves of Fig. 1.

Since cross sections are a function of energy
and since the bombarding electrons are continu-
ously accelerated by the applied electric field,
the shape of the ionization volume swept out by
each of the electrons in a given gas is not cylin-
drical, but has a characteristic shape which is
dependent on the magnitude of the potential applied
across the cathode and the anode. Therefore, if
the ionization volume could be maximized as a
function of the applied potential so as to contain
a maximum number of fixed points (molecules),
then maximum collisional ionization occurs. For
this maximum ionization, the equation

@av)(@/v) [¥ ale)de]l ,_, =0 (33)
m

must be satisfied. Inspection of Fig. 3 shows
that Eq. (33) does have a solution; for the gases
considered,

VvV _~200V. (34)
m

If a potential much greater than, or much less
than V,, is applied across the cathode and the
anode, a smaller electron ionization efficiency

and a smaller ion particle-current density re-
sults. Figure 4a shows the typical shape of an
ionization volume, where V=~ V,,. Figures 4a
and 4b show the typical shapes of the ionization
volume for V<< V,,, and V>> V,,, respectively.
The phenomenon apparent near the cathode in

Figs. 4b and 4c is due to the fact that the bom-
barding electrons cannot produce ions by collision-
al ionization until the electrons have fallen through
a potential difference equivalent to the first ioniza-
tion potential of the gas. Therefore, the minimum
impacting ion energy is equal to the ionization po-
tential of the gas because the ions, while traveling
to the cathode, must fall through (at least) this
same potential difference. The maximum impact-
ing ion energy is equivalent to the magnitude of
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the applied potential. From Egs. (4), (7), and (30),
and assuming the total amount of ionization is
small, then

dan/de = (n NL/V)q(e)

which shows that the distribution of impacting ion
energies for a single gaseous species has the form
of the corresponding cross section, g(e) (see Fig.
1).

For determining the power density delivered to
the cathode, values of the term

v-1 fOV eq(e)de

must be calculated. These values as a function of
applied potential are given in Fig. 5 for the vari-
ous gases shown in Fig. 1. Data for the curves
plotted in Fig. 5 were obtained by weighting each
point of the curves shown in Fig. 1 by the energy
which corresponds to that point, and numerically
integrating (Simpson’s rule) the resulting function.

EXAMPLE

To demonstrate the numerical magnitudes rep-
resented by the preceding derivations, consider a
rarefied gas composed of a single species — argon.
Since the pressure is assumed to be uniform, the
molecular density is given by!

N=NLPO=3. 54><10“1170 molecules/cm3, (35)

where Pg is the reduced pressure in Torr (mm Hg)
and Ny Is a constant, known as Loschmidt’s num-
ber, which is the number of molecules per cm3
per unit reduced pressure,

Py = (273/T)p, (36)
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FIG. 5. v~! foveq(€)d€ vs applied potential
for various gases.

where T is the absolute temperature in degrees
Kelvin. (For a mixture of gases, p is the partial
pressure.) If the electron particle-current den-
sity is expressed as an electrical current density,
j, and assuming the electron ionization efficiency
is small, then

jznae e . 387
Substituting Eqs. (35) and (37) into Egs. (15), (16),
(20), and (22), and recasting the resulting equa-

tions in the form of (32), then for a single species
(with j in A ecm™2, p, in Torr, L in cm, ¢ in cm?)

7 =2.21x109%p,L [V [V g(e)de]

ions/cm? — sec , (38)
n=3.54x108p,L[v [V qle)ae], (39)
Q=3.54 x10%jp, L[V-lfOV eqle)de]W/em? , (40)
E:V‘lfoveq(e)de/V'lfOVq(G)de. (41)

For purposes of demonstration, consider the fol-
lowing values:

V=200 V, p,=10"° Torr, L=10 cm,j=1 mA/cm?.
(42)
From the curve shown for argon in Fig. 3,

200
z'o%-‘foo gle)de =2.3x 10716 cm? (43)

and the ion particle-current density striking the
cathode is

J =5.1x 102 ions/cm? sec. (44)

Similarly, the electron ionization efficiency is
n=8.1x 10-* (45)
=0.08% (46)

which indicates that, on the average, approximately
80 ions are generated for every 10° electrons leav-
ing the cathode. From Egqs. (14) and (43), the er-
rors introduced by using the approximation shown
in Eq. (12) are approximately

error in J ~2.1x10° ions/cm?sec ,
error inn~3.3x10"7. 47)

Since these errors are negligible compared to Egs.
(44) and (45), the approximation shown in Eq. (13)
is valid.

From the curve shown for argon in Fig. 5,

200
z—éofo eqle)de=2.6%x10" eV cm? (48)

and the power density transferred to the cathode by
the generated ions is

Q=9.2x10-5 W/cm?, (49)

eq(s)de/f:OO q(e)de=110 eV (50)

200

and €=f0

is the average impacting ion energy. The maxi-
mum impacting ion energy is equivalent to the
magnitude of the applied potential, or 200 eV. The
minimum impacting ion energy is equivalent to the
first ionization potential of argon, or approximately
15 eV,
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