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The information which can be obtained from measurements on both the outgoing particles
in single ionization is discussed for the case of high-energy electrons incident on neutral
one- and two-electron atoms. The Born approximation is used to analyze a particular ex-
periment suggested by studies of the nuclear (P, 2p) reaction. It is concluded that the mo-
mentum distribution for the single-electron orbitals of atomic systems can be determined
by experiments of this type. The effects of identity and correlations are investigated, es-
pecially for the case of target helium atoms.

I. INTRODUCTION

In the single ionization of an atomic system by
an incident electron, two electrons are emitted.
The differential cross section for this process,
o~Q, 402&E, specifies'the number of ionization
events (per unit incident flux and target atom) in
which the two outgoing electrons have directions
within the solid angles ~Q, and 4Q, and a total en-
ergy within the range bE. No direct experimental
information on this differential cross section ex-
ists, i. e. , only integrated cross sections have
been measured in which the kinematics of the out-
going electrons were not separately determined.
A full understanding of the ionization process re-
quires differential cross-section measurements of
this more general type. In this paper, we analyze
the possibilities that would be opened up by such
measurements at high incident energies.
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FIG. 1. Proposed experiment of the Chamberlain-
Segrd' type for single ionization of an atomic system by
a high-energy electron. The angular variation of the
coincidence counting rate is determined by the momen-
tum distribution of the target system evaluated for
k)+ k2 -kp.

Recently, we proposed a specific experiment of
this type, using high-energy electrons, which
could provide a test of the "direct interaction"
mechanism in atomic reactions. ' A schematic
representation of the experiment is given in Fig.
1. An electron is incident on an atomic system
with kinetic energy E, greater than the ionization
potential B. Two electron detectors, C, and C„
capable of determining direction and energy, are
employed in coincidence. If the ionization occurs
according to the direct interaction model, i.e. ,
as a simple "knock-out" process, the angular dis-
tribution of the outgoing electrons will have special
features. To see this most easily, consider the
special case E,&)B, so that the target electron
may be considered to be at rest in first approxi-
mation. Then the two outgoing electrons are emit-
ted at an angle of m/2 with respect to each other,
since this is a collision between two particles of
equal mass, one of which is initially at rest. Be-
cause the target electron does have a finite bind-
ing energy and is in motion, there will be a dis-
tribution in the separation angle g. This distri-
bution will be concentrated near the angle 8, =m/2

B/E, with an angular —breadth b, 8 = (B/E )' '
This type of measurement was first made by

Chamberlain and Segre for the nuclear (p, 2p) re-
action. ' Tyren, Maris, and Hillman made the im-
portant improvement of measuring the sum of the
outgoing electrons' energies. ' According to ener-
gy conservation

Eo —B = (E, +E2) +83, (l. f)
if the recoil energy E, is ignored, the sum E,+E,
determines the binding energy of the knocked-out
particle. Thus if the target system is described
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by an independent-particle model —as is appro-
priate for atomic as well as nuclear physics —the
outgoing electrons may be expected to be emitted
in well-defined energy groups if the shell struc-
ture is well defined. This implies that the angular
distribution of the outgoing particles should be
studied as a function of the shell from which the
target particle is knocked out. Experiments of
this kind have already become an important tool
in nuclear spectroscopy. 4

In this paper we explore the results to be ex-
pected from measurements on both of the outgoing
electrons in the. atomic (e, 2e) reaction, i. e. , sin-
gle ionization by an incident electron. For pur-
poses of simplicity in this first discussion, the
analysis is restricted to high incident energies and
to the experimental arrangement depicted in Fig.
1. Measurements of this type are of interest at
any energy, although it is only at very high ener-

.gies that a theoretical framework now exists for
interpreting such experiments. Variations in the
experimental arrangement should also be worth-
while. Not only might one of the counters be
moved out of the plane of the other counter andthe
incident beam, but detection of the recoil ion, the
use of projectiles other than electrons, and the
use of various molecules and ions as targets,
should be considered. Our primary objective at
this time is to stimulate interest in the simplest
experiment of this type, the (e, 2e) reaction at high
energies with neutral atoms as the target. '

In Sec. II we use the crudest possible theory, the
plane-wave Born approximation, to discuss the
knockout of an electron which singly occupies the
weakest bound orbital of an atom. As is expected
from the simple discussion given above, the angu-
lar distribution of the outgoing electrons is given
directly by the momentum distribution of the or-
bital. Section III is devoted to the application of
this theory to atomic hydrogen and the alkali atoms.
In Sec. IV, we extend the theory to two-electron
atoms, paying attention to the requirement of over-
all antisymmetry of the wave function with respect
to electron exchange. A detailed analysis is given
for He as the target and for the effect of electron
correlations in its ground state. The results of
the paper are then briefly summarized in Sec. V.

II. SIMPLE THEORY FOR ONE-ELECTRON
SYSTEMS

The starting point of our theory is the familiar
expression for the transition probability per unit
time according to first-order perturbation theory

u (n, , o. ) = (2w/Fi) I (n I
H' In, )l

' 5[E(n ) —Z(o, )).

(2.")
Here af and nf are quantum numbers for the ini-
tial and final states of the Hamiltonian H, describ-
ing the incident electron and the target system

le) =E(o.) to. ), (2. 2)

and H' is the interaction between these two sys-
tems: the sum of Coulomb interactions between
the incident electron and all the electrons and
nuclei of the target. In order to obtain a reaction
cross section from (2. 1), we must suitably aver-

age over n~, sum over of, and divide by the inci-
dent flux. The states Inf) and tof) describe one
and two unbound electrons, respectively, which
we here approximate by plane waves. Thus our
results are meant to apply only to high energies
where the following conditions are satisfied: (1)
large incident and exit speeds —relative to char-
acteristic speeds for the target and residual sys-
tems —and (2) large incident and exit kinetic ener-
gies —relative to the potentials generated by the
target and residual systems. The first condition
permits the use of (2. 1), and the second the use of
plane, rather than distorted, waves.

Equation (2. 1) is essentially the same formula
used to describe the nuclear (p, 2p) reaction. ' In
that case, however, one must invoke a further im-
plication of the "impulse approximation, "' and re-
place the matrix elements of II' by those of a suit-
able scattering operator. This is an essential
change because the potential between two nucleons
differs greatly from the operator describing their
scattering. In atomic physics, on the other hand,
the amplitude for Coulomb scattering is correctly
given, except for phase, by the Born approxima-
tion, i. e. , by the matrix elements of the potential.
Thus the distinction between potential and scatter-
ing operator is unimportant in using the impulse
approximation for atomic scattering if the phase of
the relevant two-body scattering amplitude does
not enter. Moreover we will show below that the
kinematics for the experiment depicted in Fig. 1
are such that the matrix element of the two-body
scattering operator is a constant. Therefore in
both the nuclear (p, 2p) and the (e, 2e) reactionsat
high energies, any difference between potential
and scattering operator affects only the absolute
normalization of the calculated cross section. The
theory we have been describing originated, of
course, with Bethe. 7

In this section we consider the case where the
knocked-out electron is initially in a single-parti-
cle orbital vl, and the reaction does not alter the
structure of the rest of the atomic system. Of
course, hydrogenic systems are the only ones
which exactly satisfy this description, but this
model should provide a good first approximation
for other targets such as the alkali atoms. In the
beginning we will ignore the spins and the identity
of all the electrons. The unperturbed Hamiltonian is

Ho = T, + (T~ + T3 + V2~), (2. 3)

and the interaction Hamiltonian is
II'= V,2+ V, , (2. 4)

where 1 stands for the incident electron, 2 for the
target electron, and 3 for the rest of the target;
T is the kinetic energy and V is the potential ener-
gy of interaction. The constant Hamiltonian for
.the unaffected part of the target system has been
dropped from (2. 3). We shall also assume that
only the interaction between the incident and tar-
get electron is important, i. e. , V» will be ignored
in a'.

In configuration space, the initial state is

ik 'r, - iK'R
e 0 ' e

1 2 3 i 0'~' O'I' ~nlm R=O '

(2. 5)



ANGULAR DISTRIBUTION IN ELEC TRONIC IONIZATION

where the first factor refers to the incident elec-
tron and the second to the target. Here r„r„and
r3 are the respective positions of the incident elec-
tron, the target electron, and the center of mass
of the rest of the target —which is also the origin
of the central force for the orbital nbn —i. e. ,

(2. 6)r =12 —r

Also k, is the incident electron's wave number,
and k is the same for the target atom of mass M
located at

0= (mr, +mr, )/(m+I), ;2. 7)

where m is the electron mass. We use normaliza-
tion in a box of volume Q for the plane-wave states.
The energy of the wave function (2. 5) is

E(n,.) =e(k0)- a„&,

where e(k) = 5'k'/2m

(2. 8)

(2. 9)

and gn~ is the binding energy of the orbital mls.
The final wave functions will be of the type

—8/2 i(k, r, +k, r, +k, ' r, )
rir2r2 Q~

= e
(2.10}

where now k, and k, are the wave numbers for the
two outgoing electrons and k, is that for the residu-
al atomic system (usually an ion). The correspond-
ing energy is

E(n ) =e(ki)+e(k2)+E(k8),

where E(K) =5'Ã'/2M

(2. ii)

(2. 12)

The matrix element of H' in (2.4) between the
initial and final states (2. 5) and (2. 10) may now
be easily obtained by integrations over r» r» and

r, . Each of these leads to a Kronecker 5 function
if the potential V(r, —r, ) and the spatial wave func-
tion p~fm(r) "== ."irst replaced by their respec-
tive Fourier transforms

V(r) =[(2v) /Q]g-e q v(q)
q

x 5(e(k0) —B f
—e(ki) —e(k2) —E(k8))i) (2. 16)

where the sums over k, and k, are restricted so
that k, and k, are within the intervals M, and Af„
respectively. The symbol 4k represents the three-
dimensional element in the k space of an electron
that is detected by one of the counters C:

4k =k2hkd k = 2 (2m/h') I'e'~'LQ Ae

where ~Q is the solid angle subtended and bq is
the energy resolution. This expression for I is
somewhat idealized because we have assumed that
the counters have 100% efficiency for detecting
electrons in the interval bk. The evaluation of the
sums in (2. 16) is complicated by the dependence
of the recoil energy E(k, ) (in the energy-conserv-
ing 5 function) on the sum variables k, and k, . The
result of the calculation is that I has the form

be supplied by the target electron. We also note
that the amplitude for the process, o.;=k, , nlm
—oy =k,k,k, , is proportional to the electron-
electron scattering amplitude v(k, —k, ) = v(k,
—(- k, )) and the probability amplitude g~fm(- k, )
for the target electron to have the required mo-
mentum —k, =k, +k, —k, . Of course the residual
ion retains the same momentum k, because we have
assumed that it does not interact during the col-
lision.

For the experimental arrangement of Fig. 1, we
have to sum the transition probability over finite
angular and energy ranges for the two outgoing
electrons and over all recoil momenta R„since
the residual system is not observed. In addition,
we must average over the initial magnetic quan-
tum number m corresponding to an unpolarized
target. Using (2. 15), the total transition prob-
ability per unit time divided by the incident flux,
I, =5k/ mQ, is

l
n

5k0 2l+1 5 ( Q
m= —f k,

ko —k„k+k, '

1 0 ~ f 1 2 0

-
fdic e'q v(g), (2. iS)

I = o(konl, k,k2) &Q,AQ2&e, (2. 17a)

where o is a quantity with dimensions of area/
energy and is defined as the cross section for the
process. It is given by the expression

— (2m) / fdice g„& (t) . (2. 14)

The result is

xv(ki —k0)g
&

(ki+k2 —k0). (2. 15)

The 5 function expresses momentum conserva-
tion; in particular, the recoil momentum must

o(k0nl, k/2) = C8v'(ei e2/e0)'~'f (ki —k0)I'

x IE &(ki+k2 k0) I' (2. 17b)

A number of new quantities appear on (2. 17a) and
(2. 17b). First of all, special units have been
adopted in (2. 17b) in which lengths are measured
in terms of the Bohr radius a, =5'/me' and ener-
gies in terms of the Rydberg A=e'/2ao. Next the
Fourier transform of the Coulomb potential v has
been replaced by the Rutherford scattering ampli-
tude whose absolute value is
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Also the radial part of gnfm(ic) has been replaced
by

with the various terms in (2. 21)], then energY con-
serva, tion implies that

and the following identity has been used

al 1 l~nl I 4' I nl I

(2. 19)

(a. 20) cos28O =ko/2k . (a. 26a)

where y'= (am/5')E„f . Now if we consider the
partlcul Rr angle eo corresponding to no recoil, i.e .,
to the ionization of an electron with zero momen-
tum z(8,) = 0, we find this angle to be given by

The factor C in (2. 17b) contains the restrictions
imposed by energy conservation. If the two elec-
tron counters detect electrons within the intervals
(Cg —

2 +E~, Eg+ g 6E~) and (E2 —
p AER E2+ 2 EE2),

then we may define the'quantity

In this same case we also have

k = (ko/v2)(l —y'/ko2)'~'

and, therefore,

(2. 26b)

&e=e(k0)-E f
—fe(ki)+e(ka)

+E( I kik 1 + kaka —k0 I ) ] (2. 21)

cos 8, =y'/(k, ' —y') . (2. 2V)

At very high energies y'/k, ' =Bnf/E, « 1, and so
(2. 2V) is, up to first order in y'/ko',

which is the difference between the given total en-
ergy and that measured by the counters. Then C
is expressed as

I &e I & -', (&e, + &e,)
I &e I)—,'(ae, +.&e,)

1 ibm I& &(Ae, —&e,)

1 —
& &, —,'(&e, —&c,)& I&el& —,'(&e, +&a,)~E'g + ~E'2

where we have taken he in (2. 1Va) to be &e= Ae,
To derive this result we have had to make

use of the fact that m &(M and to assume that all
other factors in (2. 1V) do not vary much within he.

The main conclusion to be drawn from (2. 17) is
that the intensity I is proportional to the probabili-
ty distribution in momentum space IFnf(e) I',
where

p( =—k, +k2 —ko= —ks.

To understand how the functional dependence of
IFnf I' can be measuredwe , consider the energies

of the outgoing electrons, e(k,') and e(k, ), to be
within the energy ranges &q, and 4g, . Such parti-
cles wiO be registered by counters gated at the
same energy ranges so that C(4q) will be nonzero.
That is, ionization from the particular shell with
binding energy P~E may be studied by proper
choice of the outgoing energies. Then varying
the directions k, and 52 wfll map out a range in
the argument g = Ik,k, +k,k, —$, I. As a special
but informative case, we consider A„k„and A,
coplanar, k, and k, at equal angles with respect
to the incident direction (8, = '8, =- 8/2), and k, =

k, =-k. In this "symmetrical situation, " the re-
coil momentum is always parallel to the incident
momentum, i.e. ,

80 = w/2 —8 f /E0 . (a. 26)

Thus, when the experiment is arranged to observe
the ionization of target electrons which are at rest,
they will be observed at a slightly smaller angle
than m/2 because of the finite binding.

We may use (2. 26a) to write y in (2. 24) for the
symmetrical situation as

IT = [(cos-,8/cos-, 8,) —1]k, (2. 29)

a. ) 2 g y'+(miM)g' )"*
ko ko

where the upper sign refers to g parallel to k„
and the lower sign to y antiparallel to k, . Thus
the scale of variation for f& is ko whereas that
for Fnf is typically y; hence f&(q) may be re-
placed by f&(ko/W2) to a very good approximation.
Therefore the important variation in (2. 17) for
the symmetrical situation arises from the factor
IFnf(e) I' for g «k, . We express this fact by

writing the relative cross section (the ratio of the
differential cross section to its maximum value)
for the symmetrical situation gs as

without any approximation. Also we note that the
(2. 26b) is always an excellent approximation be-
cause z' will never be much bigger than y' —other-
wise IFnf(z) I' becomes too small —and the ratio
m/M makes the recoil term in (2. 25) negligible. a

The remaining factors in (2. 17b) may be ignored
in the symmetrical situation, at least as far as
the variation with I(; or 8 is concerned. The small-
ness of the recoil energy implies that 4q, and
therefore the factor C„ is constant. Qf course
(e,e, )'~' = e is also fixed. The magnitude of the
momentum transfer g=k, —k, is

g = (2k cos-,'8 —k,)k, . (2. 24) (a. sia)

If we assume that k has been chosen so that 4e
= 0 for equivalently that b,e is negligible compared or, using (2. 29),
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1 E cos(8/2)
s 1E (z jI' ml cos(8O/21 0)

(2. 31b)
The subscript s identifies the symmetrical situ-
ation under discussion, and e~ is the first maxi-
mum in IEnf I; 8 differs frem 80 for l 110, in
which cases Enf(p = p.

Up to now we have ignored the identity of the
initial and target electrons. Because we are deal-
ing with an essentially free collision and a single
target electron, the effects of the identity are
easy to treat. For unpolarized beams, (2. 1V) has
to be replaced by

o(k pnl, fp2) = C811'(el &2/ep)'~' IE I(kl + k2
—kp) I'

x[lf (kl-kp)l'+ lf (k2-kp) I'

FIG. 2. The relative cross section for the symmetri-
cal situation (81——82= 8/2, k, =k2=k =ko//2l plotted ver-
sus x [Eq. (2.29)] for 1s and 2s states of H (solid curves)
and the (1s) state of He (dashed curves). The arrow in-
dicates the position of an extremely small subsidiary
maximum for the 2s state of H.

—Ref&*(kl —k )f (k2 —k )] .

(2. 32)

This expression is invariant under interchange of
the two electron counters, i. e. , k1 kg. Equa-
tion (2. 32) can be understood in terms of the fa-
miliar formula for unpolarized scattering of two
free electrons,

'If I'+ —' lf-I'= Ifl'+ Igl' —Ref*g (2. 33)

in terms of the singlet and triplet amplitudes fS,
S=0, and 1, and the direct and exchange ampli-
tudes

fi=f-g, (2.34a)

fo =f+g (2.34b)

In our high-energy Born approximation, f-=fIf
(k1 —kp) and g=fR(k~ —kp) so that (2. 32) agrees
with (2. 33). For the symmetrical situation the
identity of the electrons leads only to a change in
the absolute cross section because both momen-
tum transfers, k, —k, and k, —k„are given by
(2. 30); i. e. , they are essentially constant.
Therefore (2. 31), which gives the angular varia-
tion of the cross section, remains valid when the
identity of the incident and target electron are in-
cluded.

III. APPLICATION TO HYDROGEN AND THE
ALKALI ATOMS

For hydrogenic orbitals, the momentum distribu-
tion is given in closed form in terms of Gegenbauer
polynomials. ' For example, the relative cross
section (2. 31) for the n = 1, I =0 state becomes

half-width in this case is 48,12- —,'Z/ko. A plot of
os(1, 0) versus» for Z=1 is given in Fig. 2. It
is interesting to compare. (3. 1) with the correspon-
ding cross section for the n=2, l =0 state,

o,(2, 0) =([2»/Z)'- 1]/[(2»/Z)'+I]']' (3.2)

E (») = CI$ d~r'j (»~)R (~), (3.3)

with CI —-(-) 4v(211) '. In analyzing this expres-
sion, we recall the characteristic lengths of
Rnf..n —I —1 zeros xnf(1') and the exponential de-.

cay lengths anf = (2mBnf/5')'~' Then from (3.3)
we can easily determine that

(i) E I(») =0(» ), for»((a I

which is also plotted in Fig. 2 for Z= l. In addi-
tion to the centraL maximum at g = 0, there is a
zero at » = Z/2 and an extremely small subsidiary
maximum at » = Z/V2. The intensity from this
maximum is down by 3 '=-10 ' from the central
peak. On the other hand, the absolute cross sec-
tions stand in the ratio IF„(0)I': IE„(0)I'=2': 1.
The essential difference between (3. 1) and (3.2) is
the compression Of the n = 2 cross-section curve
towards smaller momenta, corresponding to the
smaller binding energy of this orbital.

In order to discuss the situation for the alkalis,
we first recall some general properties of central-
field wave functions in momentum space. Accord-
ing to (2. 14) and (2. 19), the radial parts of the
momentum- and configuration-space wave func-
tions are related by the spherical Bessel transform

or
a (1,0) =[1+(»/Z)'] -'

/

o (10)= 1 —1 kZ'
c os(80/2)

(3, 1a)

(s. Ib)

(ii) E I(») has n —I —1 zeros,

(iii) E (») =0(» (I+4)), for»)) (r &'&)
ml nl

%e can also study the changes in J'~l due to changes
in R I by rewriting (3.3) as4

As expected, (3.11) is strongly peaked about 8,
with a width of order (8/8, )'I' = Z/k„ the actual ~E &(»)/m I(~) =CP'j, («) . (3.4)



156 E. GLASS GOLD AND G. IALONGO 175

For s states, jf(kr) =(kr) 'sinkr, and (3.4) implies
that a change in Rno(r) at r affects Enf(z) only for
z(r '. Crudely speaking, changes at large x
affect small g and changes at small x affect all g.

For the ns ground states of the alkalis we may
therefore expect a central peak (in IEnf(e) I' or in
os) plus n —1 subsidiary maxima. The properties
of the central peak will be mainly determined by
the asymptotic behavior of the radial function
Rnf(r), which is largely hydrogenic in character.
In fact, we expect the width of this central peak
to change fairly slowly from one alkali to the next,
because of the relatively slow variation in their
ionization potentials. The most interesting fea-
tures of the cross section will be connected with
the subsidiary maxima and minima, i.e. , with
the zeros of E„o. These characteristics are de-
termined by the deviations of the actual (Hartree-
Fock) central field from its asymptotic Coulomb
form. Unlike the situation discussed above for
the pure Coulomb potential, the subsidiary maxi-
ma for the alkalis are expected to yield cross
sections which are quite comparable with that
from the central peak. Indeed this is one of the
most important reasons for carrying out ioniza-
tion experiments of this type, that is to measure
directly and from point to point the wave functions
E„& of the atomic self-consistent field.

IV. TWO-EI.ECTRON ATOMS

We consider here the case of targets with two
electrons in a 'S, state, the prototype being the
normal helium atom in its ground state. How-
ever, in line with the point of view adopted with
regard to the alkali atoms, we expect the analy-
sis also to apply to knockouts from the valence
shell of the alkaline earths. The theoretical basis
will be essentially the same as in Sec. II, except
that the antisymmetric nature of the three-electron
wave functions will be incorporated from the out-
set of the calculation.

The Hamiltonian for the problem is

H=T, +(T2+'ra+ 4+ »+ 24+ 34)+(»+ »+ i4) ~

(4. 1)
where 4 refers to the nucleus (plus inert inner
shells), 2 and 3 refer to the target (valence) elec-
trons, and 1 refers to the incident electron. The
perturbing Hamiltonian to be used in the transi-
tion probability (2. 1) is U» + U», i. e. , the inter-
action between the incident electron and the tar-
get nucleus will be again ignored. The initial and
final wave functions, prior to antisymmetrization
with respect to the incident electron, are as fol-
lows:

( rgr2r~r4 I Q .)

x ly f(i)(kl+k2-fo) I'

x [tfR(kl —
kO) la+ lf (k k ) t2

—Reft*(kl-Fo)f (k2-kg] . (4.4)

The only essential change from (2. 32) is the
appearance of the factor 2(2l +1) lynf(i) t~ rather
than IFnf I', where y„&(i) is defined as follows:

We introduced some new quantum numbers beyond
those used in Sec. II: m„ the spin projection of
the incident electron; S, and M, the total spin
quantum numbers of the target electrons; m, and
nz„ the spin projections of the outgoing electrons;
1123,the spin pro jection of the reco il ion; and E

and m, its orbital angular momentum quantum
numbers. In addition, r,4=(mr+Mr4)(m+M) ',
Pi is the (space- and exchange-symmetric) wave
function for the two target electrons, pnfm is the
final electron' s orbital, and Pzj is an exchange
operator (for both space and spin variables). The
presence of the operator 2 '~'(I —P») guarantees
that both of the target electrons can be knocked
out.

Were we to immediately substitute the above
wave functions into (2. 1), we would not obtain any
exchange scattering amplitudes associated with
the identity of the incident and target electrons.
This would be a serious error in our analysis,
because we are particularly interested in the
"symmetrical situation, "where the two outgoing
electrons have the same dynamical properties.
Therefore it is essential to multiply (4. 3) by the
operator (1 —P» —P»), which thereby generates
a completely antisymmetric final state. The am-
plitudes included in this way are represented
schematically in Figs. 3a—d: (a) and (c) repre-
sent the direct knockout of particles 2 and 3, re-
spectively, and (b) and (d) are the corresponding
exchange amplitudes. Figure 3e depicts a process
which may be ignored at high energies (k„k„
k, )) 1), i.e. , it is very improbable that a knock-
out collision with particle 3 will leave it bound and
eject particle 2 with a large momentum. Finally,
after the entire. matrix element between initial and
final states is evaluated, we will have to average
over m, and sum over m„m„m„and m, be-
cause we consider only the situation where the
initial state is unpolarized and no polarization
analysis is made of the final state.

The calculation we have just outlined is quite
standard, so we omit the details and give only the
final result. The appropriate cross section [of
the type defined by (2. 17)] is

o(k,i, k,k,nl) = C8m'(e, e,/e, )'~'2(2l +1)

z 2. 4' 3
xn-'"lm, ) IS=O, M=O), (4. 2) (i)

nfm (7&) =y
&

' (~)F (rt), (4. 5)

( r,r,r, r41 n )

-x/2g P ) Sg2 i(k~or~+R2 ~ 12+@'r34)

x P (r ) Imp tmg tm ). (4. 3)

(i)I'
& ( ) (2 ),+yd +in ~ r

xJdr'y I (r') p. (r, r') (4. 8a)
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According to (4. 6b), I"„1~ (ic) is the joint prob(&)

ability amplitude for one of the electrons in state
i to be in the bound orbital nlrb and for the other
electron (in state i) to be in the unbound plane-
wave state lc. Thus ly~l(&) I' is the natural gen-
eralization of the momentum distribution IF~I I

for a one-electron target. Likewise the new factor
2(2l+1) is proper because there are now two target
electrons which can be ionized and (2l+ 1) magnet-
ic substates available for the final ion. The sym-
metrized two-body cross section which appears
in (4.4) has already been discussed in connection
with (2. 32). In contrast to elastic scattering from
'S, systems, for example, the two target electrons
scatter independently into all available spin states.

The distribution in momentum space Ill(f)(cc) I

determines the angular variation of the coincidence
counting rate in exactly the same way that IE„I(cc)I'
does for one-electron targets. Thus the relative
cross section for the "symmetrical situation" for
two-electron targets is given by (2. 31) with F„l
replaced by yzl(i).

%e can obtain a good understanding of the be-
havior of this cross section by assuming that the
two electrons are in s-states3

ntm P.(r, r') = y, (r)y, (r') (4.g)

(4. 9a)

Later on we shall consider more general wave
functions including, in particular, correlation ef-
fects involving the target electrons. Substituting
(4. 8) into (4:5) and (4. 6) leads to

y„l
'

( ) =
I pP„Gp( ),(f)

P = fdF P pp*(r) y p(r ), (4. 9b)

or
(&)

vlw (Ic) = fdic P (ic')tII. (cc& cc ) (4. 6b)

In (4. 6), gf and g„l~ are the momentuin-space
wave functions for the target (two-electron) and
recoil (one-electron) systems:

(r) =(2v) 31'fdice g I (cc), (4. Va)

FIG. 3. Processes relevant to the calculation of the
amplitude for the ionization of an electron in a
electron state leaving one electron in the state num.
Initial states are at the bottom, and final states at the
top of each diagram. The Coulomb interaction is repre-
sented by a dashed line and particle states by solid ver-
tical lines. The upper four diagrams are included in
this calculation; the last is typical of those which are
omitted.

where (4m) '~'G, is the Fourier transform of )t, .
Because P~ is the overlap of two unit-normalized
orbitals, P„&1. Thus the relative cross section
in this case is determined solely by the momen-
tum distribution of y„ i. e. ,

cr = IG, (cc-)/G, (ic ) I'

The absolute cross section will involve, in addi-
tion, the factor P '~1. It should be noted that
the very reasonable assumption (4. 8) does not
imply that the residual ion is necessarily left in
its ground state immediately after ionization.
Rather one expects every s state tlizpp to be popu-
lated with probability I P~ I'. Thus, even if the
summed energy of the outgoing electrons is not
measured [recall that El +E2 =Ep —(B~ —B~I)) &

0& still determines the momentum distribution of
the initial state if (4. 8) holds. For He-like tar-
gets, this feature is quite relevant, even if the
summed energy is determined, because of the
accidental degeneracy of the energy levels in a
pure Coulomb field.
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To obtain some insight into the shape of gs as
given by (4. 10), we adopt the hydrogenic approxi-
mation

(4. 11)

G (a) = (32/m)'+Z. 'I'(y'+ Z.')-'
0 i (4. 12)

which leads to (3. 1) when Z; is set equal to one,
and

with Zi determined variationally'o to be Zi —Zf yg.
Then we have

'
(r) =R l" (r)rl (r). (4. 16)

Equation (4. 15) is the most general expansion in
terms of a single set of central-field wave func-
tions for atwo-particle state whichhas zero total angu-
lar momentum and which is even under (space) ex-
change. Substitution of (4. 16) into (4. 6a) leads to

y l
'

(~) = Z [2(1+6 )] cl(ni, n2)
n] n2

x(F I (g)(nl lin21) +F
I (v) (nl linil )], (4. 17)(i) (i)

ng n2l

P0'={Z;Z /[l(Z;+Z )]'l' (4. iS) where &nl lin'1) = J drr'R l(r)R, l (r) (4. 18)

for the probability of ionization to the ground state
of the residual ion. For the case of the ground
state of normal He, Z =2, Z;=1+~M=1. 688, so
that p, '=0. 983. Fur hermore, with (4. 12), os
has the same shape as (3. 1) and the (n= i, l =0)
curve in Fig. 2, but with a width increased by the
factor Z~. The peak of the cross section is also
shifted in comparison with hydrogen from m/2
—(R/Eo) to m/2 —1.695(R/E, ) (using the variational
energy) because of the increase in ionization po-
tential. These changes in the relative cross-sec-
tion function os(8) are accompanied by a decrease
in the absolute cross section which goes like
2P,'[G,(0)/F„(0)]', all other things being equal;
for He this factor is 2p, 'Zi ' = 2 x —,= 1.

We will now complete our discussion of two-
electron systems by evaluating the role of inter-
electron correlations in the ground state of the
target system. We have considerable freedom in
choosing appropriate ground-state wave functions,
but we are also faced with the problem of properly
defining the amount of correlation. Most He wave
functions are variational in character, and any
measure of correlation effects will depend on the
form of the wave function for a fixed value of the
energy. Of course here we are only concerned
with a level of accuracy far below the best avail-
able for He wave functions. The most obvious
procedure would be to simply substitute wave func-
tions of the Hylleraas type into (4. 6) and attempt
to carry out the integration. For example, we
have done this with a very simple correlatedwave
function, the two-parameter Hylleraas function'

yl

~( ) t
— 3. 63(r~+ r2)

lP 2

x [1+0. 081(3.63)r»] . (4. 14)

But the resulting closed form for I is so complex
as to be essentially useless in the context of our
work.

A more efficacious procedure is to expand the
two-electron wave function in the manner of Green
etal"

y.(r, r') = Z Z (-) cl(nin2)[2(1+ 6 )]
n, &n lm

Z ~ 2 ~p Z ~p

nial-m n2lm
" '

n, l-m '
n, lm

(4. iS)

is the overlap between the radial function Rnl for
the residual ion and one of the set of radial func-
tions used in the central-field expansion of the
initial state. If this set is chosen to be the same
as the complete set of final one-electron orbitals,
i. e. , R„l(i)= R„l, (4. 17) reduces to a single sum
Although such a choice also seems appropriate
for the knockout process under consideration, it
does not lead to a rapidly convergent expansion
for the ground state of He. In order to insure
satisfactory convergence with hydrogenic wave
functions, it is essential to use expansions in
which the leading term takes into account the
screening of the nuclear charge.

By examining the three-term Hylleraas wave
function for He, Green et al. have obtained a
rapidly converging expansion using s and p
orbitals. The best choices for the screened nu-
clear charge are close to the simple variational
value used above for l = 0, and about 4. 5 for l = 1.
It is also found that cl(n,n, ) is large only for n,
= n, = l + 1, or in the notation of Ref. 11,

cl(nin2) = (2l +1) '~2.cl6 6 l 1 (4. 19)
l ny n2 ny l+1

with c,-=1 and c, = 0.063. The next terms, (2s)2
and (3p)', involve coefficients smaller by 2 and
4%, respectively. Because these corrections
must still be multiplied by the radial overlap in-
tegrals in (4. 17), their effect will indeed be small.
For the residual ion left in the (n=1, l=0) state,
this implies that (4. 17) reduces to

y„(tc)= „F(a')(f10 li10),(i) (i) (4. 20)

The first term is the same as (4. 9) for an uncor-
related initial state, but the second term is a

which is really the same as (4. 9), i. e. , the same
as the best uncorrelated two-electron function
based on hydrogenic orbitals. In other words, the
correlation effects can be ignored in this case to
an accuracy of at least i%%uo.

Because there is only one shell in He, knockout
processes in which the final ion is excited can be
easily detected by energy analysis. Taking into
account the degeneracy of these states, the cross
section for leaving the ion in the n =2 states, for
example, is proportional to

IF„(a)(f20 li10) l +c, IF» (a)(f21 li10) I
(i) . 2 2 (i) . 2
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direct consequence of the correlations. The small-
ness of e, = 0. 063, together with the Coulombic de-
generacy in He+, makes observation of this term
very difficult for He. It might be possible, how-
ever, to do this for the alkaline„earths. In this
case, the observation of an np momentum distri-
bution for a target approximately described as
(ns)' —together with a summed-energy measure-
ment indicating the residual ion to be in an np
state —is clear evidence for electronic correla-
tions. For the alkaline earths these correlations
aris~ from interactions between the two ns elec-
trons and, to a lesser extent, from their inter-
actions with core electrons.

In conclusion, we find that correlations in the
He ground state will be unimportant if the recoil
ion is left in an s state. It also seems reasonable
to expect this to be true also for alkaline earth
atoms. For these systems, the effects of correla-
tions, although small, may be directly observable
by resolving processes in which the final ion is in
an /& 0 state. This somewhat negative conclusion
should not be too surprising because we are con-
sidering a single ionization, or knockout process.
To measure correlation effects more directly, one
must measure the angular distributions of the three
electrons in double ionization.

V. SUMMARY

The basic conclusion of this paper is that the
momentum distributions of atomic electrons can
be observed directly by measuring the angular
distribution of the outgoing electrons in single
ionization by a high-energy electron. We have

demonstrated this by analyzing in detail the sim-
plest experiment of this type; it involves knocking
out the weakest bound electron from one- and two-
electron atoms and selecting processes in which
the outgoing electrons have the same energy and
make the same angle with the incident beam ("sym-
metrical situation"}. Measurements of this kind
can be expected to provide new information on the
self-consistent field of the atomic electrons.

In this preliminary discussion, we have not
covered a number of interesting variations on the
basic experiment discussed here. In one cate-
gory are experiments which depart from the sym-
metrical situation. Of particular interest would
be situations involving small momentum transfers,
in contrast to the large momentum transfers in-
volved in the present discussion. In another cate-
gory are experiments involving different projec-
tiles, such as protons and other heavy ions, and
other kinds of targets, for example molecules.
In addition, we have not discussed the ionization
from inner shells. We plan to treat these topics
at the appropriate time, i.e. , when experimental
results become available.

Finally it must be emphasized that measure-
ment of both outgoing electrons is important at
any energy, and that a real understanding of the
ionization process requires such experiments.
We have restricted this first discussion to high
incident energies because this is the only energy
range where reaction theory is reliable enough to
provide an interpretation of the experiments, and
because this range should provide some interest-
ing new physical information about atomic struc-
ture.
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