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The level density of light nuclei (4 <70) is studied by analyzing statistical reaction spectra, slow-neutron
resonances, and level widths at high excitation energy. Further evidence seems to indicate that, as proposed
in a preceding work, the effective excitation energy of excited nuclei, appearing in the Lang-Le Couteur
level-density formula, must be calculated by means of the following expression:

U=(E—A+70/4) MeV.

E is the usual excitation energy, A is the pairing energy, and 70/4 MeV is a term that shifts, in a smooth
manner, the zero of the energy scale of different nuclei. In this case the Lang-Le Couteur formula, assuming
R=21.543F, §=0.79rig, a=(0.1274) MeV~, gives, without further changes of its parameters, a correct
estimation of the slope and absolute value of the level densities of light nuclei for energies ranging from
(14A) up to ~20 MeV. It is also shown that the preceding choice of the parameters of Lang-Le Couteur
level-density expression allows one to reproduce very well the experimental distributions of low-energy levels
observed with reactions which proceed, at least partially, through the formation of a compound nucleus.

1. INTRODUCTION

ARIOUS authors have derived, on the basis of
particular nuclear models, theoretical expressions
for the level density p(E,J) of atomic nuclei.*=8
The so called “‘equidistant spacing model” is the most
widely used; the estimation of the single-nucleon
spacing necessary to calculate the level density of the
nucleus® is usually performed by utilizing the Fermi-gas
model or the shell-model nucleon density averaged over
a small energy interval around the Fermi energy. A
general survey of mathematical methods and physical
assumptions is given in Ref. 6.
Some discrepancies concerning the correct expression
of the level density p(E,J) appear in the literature.
For the most part two different expressions are used:
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p(E,J) is the density of levels having energy E and spin
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J. The density of levels of a given parity = is just one-
half of this quantity if one assumes an equal probability
of both parities. This is usually considered to be the
case for excitation energies which are not too low. U is
an “effective excitation energy” simply related to the
excitation energy E (see Sec. 2). d is the moment of
inertia of the nucleus: o®= 9¢/#? is the spin cutoff factor,
which regulates the level spin distribution; ¢ is the
thermodynamic temperature; ¢ is a characteristic
parameter related to the single-nucleon spacings near
the Fermi energy. In the case of Eq. (1), ¢ is related to
the effective excitation energy by the law U= a#; in the
case of Eq. (2), by the law U=a?—1.

The discrepancy between Egs. (1) and (2) is due to
the approximate mathematical procedure of the saddle-
point method.”® A straightforward comparison with
exact combinatorial calculations based on the equi-
distant spacing model seems to indicate that Eq. (2) is
a little more accurate for a two-fermion gas with equi-
distant nucleon spacings.2:%° For this reason, in the
following sections, we use Eq. (2) to fit the experimental
level densities of light nuclei.

The comparison of theory with experiments is usually
done by analyzing: (i) slow-neutron resonance
data®1011.7; (if) energy spectra of statistical reactions!®12;
(iii) low-energy level distributions (up to ~5-6 MeV
excitation energy)4; (iv) level widths of nucleils17
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Most analyses concern the behavior of level density
with the mass number of excited nuclei. The experi-
mental results show a smooth dependence of the
parameter @, appearing in Egs. (1) and (2), on the mass
number 4 in the case of light nuclei (4 £ 70), and strong
shell effects in the case of heavier nuclei.’®

Other works test the energy dependence of p(E,J).
A considerable effort has been made,'” in a work here-
after called I, to obtain from the analysis of experi-
mental results a set of parameters that, with the help
of Eq. (2), allows a correct estimation of the slope and
absolute value of experimental level densities over a
wide range of excitation energies (from ~6-7 up to
~20 MeV). The authors of I took only the light-
nucleus region (20<4<70) into consideration, where
the experimental level densities vary smoothly with the
mass number 4, and it seems quite plausible to apply a
simple model like the equidistant spacing model. In
this manner they deduced empirical parameters which
in fact seem to fulfill the expected requirements.

Further work was, however, necessary: (I) to
establish with more accuracy the value of the proposed
parameters and the energy range of their validity; (II)
to understand whether they are mere effective param-
eters, or have a physical meaning.

To answer point (I) we have thought it useful to
reanalyze the great number of data concerning the
spectra of statistical reactions induced on light nuclei
(4<70).

It was recently suggested!8 that the results of nearly
all analyses are biased by the rough approximations one
usually makes to simplify the work.

To facilitate the comparison of the results of our
analysis with the analyses performed by other authors
with different approaches, we have used both Egs. (1)
and (2) for extracting the empirical values of parameter
a. In the case of Eq. (1) we have used the usual effective
valuel®! for the excitation energy of residual nucleus.
In the case of Eq. (2) we have used both the usual
effective value of the excitation energy of residual
nucleus and the one suggested in paper L

The experimental data used, the analysis methoa
followed, and the results obtained will be shown in
Sec. 2.

In Sec. 3, for the reason previously stated, we will
compare the new results obtained by using Eq. (2) with
those of paper I and those obtained by analyzing new
slow-neutron resonance data.

Finally, in Sec. 4, we will discuss whether the con-
clusions we reach in Sec. 3 agree with the experimental
distribution of low-energy levels observed with various
reactions and we will make some comments about other
analyses recently performed, concerning this subject.”.*4

1B, Gadioli and L. Zetta, Report INFN/BE 67/3 (unpub-
lished) ; Nuovo Cimento 51A, 1074 (1967).
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2. ANALYSIS OF STATISTICAL
REACTION SPECTRA

In recent years, many studies have established that
(n,p), (nm'), and (n,0) reactions induced by not too
large energy neutrons on light nuclei are mostly com-
pound-nucleus reactions.’0:12:192 Most of these reactions
have been induced by 14-MeV neutrons.

Other studies of reactions induced by charged
particles give results which are more difficult to inter-
pret. We must note that in many cases, because of the
high energy of the bombarding particles, the excitation
energy of the intermediate system allows the emission
of more than one particle; on the other hand, the high-
energy part of the emitted-particle spectrum, which
should correspond only to one-particle emissions, shows
that direct processes are surely superimposed on the
statistical ones. 2%

On the other hand, other reactions induced on light
nuclei by particles of energy up to about 15 MeV are not
very different from the neutron-induced ones and can
also be mainly attributed to compound-nucleus
processes.

Let us fix the general notation we will use: Eiy is the
c.am.-system energy of initial channel, Q is the Q value
of the reaction, e is the final channel kinetic energy in
the c.m. system, and U is the “effective” excitation
energy of the residual nucleus.

To analyze the experimental results one usually
makes some rough approximations which greatly
simplify the exact expression (in the framework of the
statistical model) that relates the spectrum #(e) of
emitted particles to the level density of the residual
nucleus.

Assuming as infinitely large all the spin cutoff factors
o? appearing in the level densities of various residual
nuclei to which the compound nucleus (C.N.) can
decay, one obtains the following widely used ex-
pression:

n(e)dex ea.(e)p(E,0)de. 3)

o.(¢) is the inverse cross section at energy e.

In a previous work!® we have shown that, in order to
obtain more accurate results, one must take into
account in a more realistic way the level spin distri-
bution of nuclei to which the C.N. can decay. We sug-

gested (i) for (nn'), (n,p), (9,¢), (pn), (a,p), and

(a,m), reactions the following expression:
n(e)de « ea.(e)p(E,0)0%de, 4)
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F. Tonolini, and L. Tonolini-Severgnini, 4bid. 51, 460 (1964).

21D. B. Thomson, Phys. Rev. 129, 1649 (1963).

2 P. C. Gugelot, Phys. Rev. 93, 425 (1954); R. Britten, sbid.
88, 283 (1952); G. Igo, ibid. 106, 256 (1957).

% N. O. Lassen and V. A. Sidorov, Nucl. Phys. 19, 579 (1960);
N. O. Lassen and C. Larsen, sbid. 42, 183 (1963).

2 A. Zucker, Nucl. Phys. 6, 420 (1958); W. J. Knox, A. R.
Quinton, and C. E. Anderson, Phys. Rev. 120, 2120 (1960).
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where o? is the energy-dependent spin cutoff factor of
the residual nucleus; (ii) for (#,0) and (p,a) reactions
the slightly different expression

n(e)dex (e)%0,(e)p(E,0)a%de. ©)

For a careful discussion of this point see Ref. (18).

In this analysis we will use Egs. (4) and (5).

These equations, combined with either level-density
equations (1) or (2), allow one to obtain empirical values
of the parameter ¢ from the experimental spectra. One
must only take into account that, if we assume Eq. (1),

g U\
= {3) ©
a

if we assume Eq. (2),

at(EY" o

a

where g is the moment of inertia of the residual nucleus.

As far as the excitation energy of the residual nucleus
is concerned, most authors assume that U should be an
“effective energy” which is obtained by subtracting
from the excitation energy E= Ei,.+(Q— e the pairing
energy A (see Refs. 7 and 25):

U=E—A. (8)

In paper I it is suggested that, for light nuclei
(204 <70), U should be given by the expression

U=E—A+(70/4A MeV), 9)

where 4 is the mass number. The term 70/4 MeV is an
average term which shifts in a smooth way the zero of
the energy scale of different excited nuclei.

As pointed out in the Introduction, we have analyzed
the experimental spectra by utilizing both Egs. (1) and
(2) for the level densities and the two types of effective
energies.

We will denote by @, the @ values obtained by using
Eq. (4) or (5), depending on the type of the reactions,
and the level density p(E,0) given by (1) with the
effective excitation energy U=E—A; as the a values
obtained by using Eq. (4) or (5) and the level density
o(E,0) given by (2) with the effective excitation energy
U=E—A; a; the a values obtained by using Eq. (4)
or (5) and the level density p(£,0) given by (2) with the
effective excitation energy U=E—A-+(70/4 MeV).

The pairing energies A are those given by Cameron.?

Before showing the results obtained, let us discuss
briefly the quantities o.(e).

We have

lmax

crc(e)=7r3\2lz QI+1)T(e). (10)

The transmission coefficients T7;(e) are calculated using

% A, G. W. Cameron, Can. J. Phys. 36, 1040 (1958).
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optical-model potentials with parameters usually ob-
tained by a best fit of elastic scattering differential
cross sections.

In general, the agreement of optical-model calcula-
tions with experimental elastic cross sections is good for
nuclei which are not too light and energies which are not
too low. We apply these calculations both to light
nuclei and to quite low energies of emitted particles.

However, this procedure should not introduce signi-
ficant systematic errors, as we can conclude from the
fact that we obtain quite good agreement between a
values deduced by means of reactions leading to the
same residual nuclei with emission of different particles.

For the evaluations of o, we have used, in the case of
protons, the results of Ref. 26 (they do not differ
sensitively from those of Perey and Lindner?”); in the
case of neutrons, the results of Ref. 28; and in the case
of « particles, the results of Ref. 29. The @ values we
obtained are not characterized by a quoted error. This
is due to the fact that we think it is very difficult to
estimate these errors correctly because of the experi-
mental uncertainties and analysis approximations. We
think, however, that the average behavior of a values
with 4 can be correctly deduced without being greatly
affected by local fluctuations of single values.

The results we obtained are summarized in Table 1.

From row I to row VIII are successively tabulated:
the reactions analyzed, the initial channel energy in the
c.m. system, the reference, the excitation energy range
AE of the spectrum we analyzed, ay, @s, a3, and the mass
number of the residual nucleus. The a values are
extracted by experimental spectra by means of a com-
puter and a best-fit FORTRAN program, following the
method outlined in Ref. 18. The high-excitation-energy
limit of the spectra we analyzed is suitably chosen in
order to eliminate the possibility of multiple particle
emission. The choice of the low-excitation-energy limit
is not performed according to a general law; it depends
on various factors such as the reaction, the possible
presence of direct effects, the observation angle, etc. In
Table I, on the average, the low-excitation-energy limit
is given by E=A+ (1.5 MeV), but in many cases it is
considerably lower [ E~A+ (0.5 MeV)].

The excitation energy range considered for each
nucleus is, on the average, 5 MeV.

In the case of (#,0) and (p,a) reactions, whenever
necessary, we have taken into account the angular
dependence of the spectrum slope, and we have intro-
duced a correction for this effect. (For a discussion of
this point see Ref. 18.)

% G. S. Mani, M. A. Melkanoff, and I. Tori, Report CEA 2379
(unpublished).

# F. G. Perey, Phys. Rev. 131, 745 (1963) ; R. Meldner and A.
Lindner (private communication).

8 F. G. Perey and B. Buck, Nucl. Phys. 32, 353 (1962).

»® J. R. Huizenga and G. Igo, Nucl. Phys. 29, 462 (1962);
Argonne National Laboratory Report No. ANL-6373, 1961 (un-
published).
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TaBLE L. a3, a2, as values (see text) obtained by analyzing energy spectra of particles emitted in statistical reactions.

1019

Excitation

Eine 25 az as
Reaction (MeV) Reference  energy range (MeV™Y) MeVy) (Mev—Y) Ar
NU(n,a)B1 13.72 a 3.56-11.68 291 1.66 1.57 11
Na2 (n,q) F20 13.51 b 0.40- 6.92 2.65 1.99 2.25 20
Al¥ (n,a)Na 14.27 c 0.59- 5.29 2.76 2.01 2.11 24
Al” (n,a)Na 13.78 d 1.64- 6.66 3.65 3.22 4.08 24
Mg (1, p)Na2s 13.46 e 2.90- 5.41 3.54 2.70 3.21 25
A% (1, ) Mg’ 13.50 e 2.41- 7.91 4.05 3.20 3.88 27
Al¥ (n,n") A1¥ 6.75 f 2.49- 6.25 3.62 2.711 3.20 27
AlY (p,m)Si¥ 15.42 g 2.53- 17.70 4.26 3.52 4.53 27
Si28 (1, p) A28 13.61 h 0.62- 5.86 3.75 3.06 3.71 28
P31 (n,0)Al%8 14.05 i 0.16- 6.10 3.75 2,73 3.03 28
S8 (n,p) P32 13.58 e 2.16- 7.67 4.20 3.86 4.69 32
Ca®o(n,a) Ar?” 13.76 b 4.59- 8.93 4.00 3n 4.43 37
Ca®(n,a) Ar?? 14.15 i 3.32- 8.76 4.57 4.20 4.63 37
Cao(n, p)K40 13.66 e 2.62- 6.60 6.34 5.99 7.25 40
Ca®(n,p)K* 14.14 j 1.72- 7.62 5.32 4.94 5.94 40
Ar(a,p)K® 14.50 k 2.20- 7.711 5.64 5.06 6.12 43
Ar(a, p)K# 16.01 k 2.62- 9.14 5.67 5.24 6.24 43
Ti#7 (1, ) Sct” 13.71 e 3.45- 8.05 5.47 5.11 5.95 47
Vo (1,0 Sct8 13.73 1 0.86- 5.15 6.40 5.73 7.11 48
Vit (p,0) Tite 17.36 m 3.30- 9.88 5.35 4.55 5.22 48
Cr® (n, p) V&0 13.72 e 5.47- 7.95 5.89 5.67 6.37 50
Vil (n,n') VoL 6.87 f 2.02- 6.35 5.96 5.22 6.24 51
V51 (p,m)Crot 7.85 n 2.11- 4.94 5.70 4.87 5.84 51
Cr(n, p) V5 13.73 e 2.02- 5.02 7.20 6.75 8.08 52
Fest (11,0) Crst 13.85 b 4.13- 7.67 5.52 5.17 5.96 53
Fest (p,a) Mn 17.18 m 1.61- 9.20 5.45 4.49 5.06 53
Fes(r,9) Mt 13.56 o Seonm  gm gs eh s
Feb (n,p) Mn 13.74 e 2.82- 7.84 6.57 6.26 7.16 54
Mn¥ (#,%") Mn55 6.87 f 2.28- 6.34 5.37 4.79 5.57 55
Ni8 (1,0) Fets 13.86 b 1.93- 9.80 5.91 531 6.29 55
MnS5 (p,)Fess 7.86 n 2.03- 5.45 5.25 445 5.18 55
Nis8 (p,a) Coss 17.30 m 1.78- 6.9 5.25 437 4.93 55
Fes (n,p) Mnss 13.53 0 2.40- 6.45 6.18 5.81 6.68 56
Feb8(n,p)Mn56 13.75 e 0.08- 7.07 6.74 4.93 5.49 56
Co™ (12,0) M6 13.76 d 2.07- 7.07 7.39 7.01 8.17 56
Feb6(n,n')Fest 6.87 f 3.96- 6.38 5.74 5.06 6.00 56
Fet (p,p)Fess ot p 4.26- 7.26 5.43 488 5.69 56
11.80 7.56
Co® (p,a) Fest 12.61 p 4.26- 8.77 451 4.03 4.57 56
13.27 9.27
Co® (p,a)Fess 17.30 m 4.65- 9.43 478 4.39 4.97 56
Fes6 (a0 ) Fes® 19.60 q 3.83-13.53 5.95 5.58 6.36 56
Fes(p,1)Cos 15.71 g 3.46- 8.24 7.47 7.20 8.18 56
Ni%8(n,p)Co58 13.76 e 2.62- 8.12 5.87 5.57 6.28 58
Ni®8(n,p) Co®8 13.76 r 2.82- 1.73 5.94 5.63 6.36 58
Spos ws . lIm oo g8
Ni% (n,p)Co®® 14.55 t 5.93- 9.61 5.83 5.63 6.18 58
13.05
Mnb5 (@) Co®8 iggi u 3.10-11.09 6.04 5.81 6.43 58
Nise (p, ") Nise 11.21 v 4.82- 7.57 7.30 6.85 8.04 58
Co® (p,n)Ni® 7.86 n 1.95- 4.54 6.88 5.93 7.24 59
13.06
Feb6 (,n) Ni%® %ggg u 1.66- 6.71 6.70 6.05 7.12 59
Ni® (1,p)Co® 13.50 o 3.17- 7.18 6.71 6.41 7.24 60
Ni%0 (1,p) Co®0 13.77 e 2.75- 6.76 6.34 6.00 6.81 60
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TABLE I (continued)
Eine Excitation a a a3

Reaction (MeV) Reference energy range (MeV1) (MeV1) (MeV1) Ar
Cu®(,a)Co®? 13.78 w 3.84- 7.51 7.91 7.64 8.61 60
Zn% (n,a) Nist 13.88 b 3.19- 7.67 6.95 6.53 7.55 61
Ni%8 (@, p) Cust 11,97 v 1.66—- 6.26 8.56 7.51 9.13 61
Cu®(n,p)Ni® 13.78 e 3.50- 8.50 6.06 5.69 6.45 63
Cu®(n,p)Nié 13.78 r 4.94- 797 5.83 5.53 6.19 63
Cu®(n,n')Cu® 4.92 f 1.67- 4.43 7.58 6.22 7.49 63
Cu®(n,n')Cu® 6.89 f 2.48- 6.37 7.29 6.70 7.95 63
Zn®(n,p)Cu® 7.88 X 0.34- 4.33 8.03 6.97 8.33 64
Zn%(n,p)Cu® 13.78 e 2.99- 8.01 7.05 6.75 7.55 64
Zn%(n,p)Cu® 13.78 b3 3.31- 8.76 6.28 6.02 6.69 64
Zn% (1,p)Cuss 13.79 e 2.43- 7.45 7.95 7.61 8.62 66
Zn% (n,p)Cu® 13.79 e 4.51- 9.47 10.13 9.83 11.12 67

a J, Csikai and S. Nagy, Acta Phys. Acad. Sci. Hung. 21, 303 (1966).

M. Bormann, U. Seebeck, W. Voigts, and G. Wolfer, Proceedmgs of the International Conference On The Study of Nuclear Structure With Neutrons, edited
by M. Néve de Mevergnies, P. Van Assche, and J. Vervier (North-Holland Publishing Co., Amsterdam, 1966).

¢ M. Irfan and W. Jack, Proc. Phys. Soc. (London) 81 800 (1963).
d W, Patzak and H. Vonach, Nucl. Phys. 39, 263 (19 2)

e D, L. Allan, Nucl. Phys. 24 274 (1961); and (private communication).
. B. Thomson, Phys. Rev. 129, 1649 (196)

(é Gugelot, Phys. Rev. 81, 51 (1951).
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= R. Sherr and F. P. Brady, Phys. Rev. 124, 1928 (1961)

n R, D. Albert, J. D. Anderson, and C. Wong, Phys. Rev 120, 2149 (1960).
o P, V. March andW T. Morton Phil. Mag. 3, 143 (1958); 3, 577 (1958).

p H. K. Vonach and J. R. Huizenga, Phys. Rev 149, 844 (1 96 ).

a J, Benveniste, G. Merkel, and A. Mitchell, Phys. Rev. 141, 980 (1966).

r L. Colli, U. Facchini, 1. lori, G. M. Marcazzan, and A.

s, Kumabe and R. W. Fink, Nucl. Phys. 15, 316 (1960).

t R. N. Glover and K. H. Purser, Nucl. Phys. 24, 431 (1961).

u A, Alevra, R. Dumitrescu, I. Lukas, M.
108 (1964).

v R. Fox and R. D. Albert, Phys. Rev. 121, 587 (1961).

w B, Czapp and H. Vonach Mitt. Inst. Radiumfors. Nr. 542 (1960)

x A, H. Armstrong and L. Rosen, Nucl. Phys. 19, 40 (1960

3. COMPARISON OF a VALUES DEDUCED FROM
STATISTICAL SPECTRA, SLOW-NEUTRON
RESONANCES, AND LEVEL WIDTHS

In this section, we will limit ourselves to discussing
the results we obtained concerning the es and a3 values.
We will compare these values with those obtained by
analyzing slow-neutron resonances at E~8 MeV, and
those corresponding to a higher energy E~19 MeV,
extracted from level widths in the continuum energy
region.

In paper I, a comparison between a values deduced
by analyzing slow-neutron resonance data and level
widths at high excitation energy, by using the level-
density expression (2), was already made. Recently,
however, Cameron’ has reported a list of slow-neutron
resonance spacings for light nuclei that in some cases
are slightly different from those utilized in paper I. In
Table IT we give a new list of slow-neutron resonance
spacings with their corresponding a, and @3 values. To
obtain the a, values reported in Table II, we utilized
Eq. (2) for p(E,J). For the moment of inertia we have
taken the rigid-body value corresponding to a spherical
nucleus, with radius R~1.274'# F.

The effective excitation energy U of the compound
nucleus was taken as U=E—A

olli, G, M. Marcazzan, F. Merzari, P. G. Sona, and P. Tomas, Nuovo Cimento 20, 928 (1961)
TM. Turkiewicz, N. Cindro, P. Kullsxc, P. Strohal, and D. Veselic, Nucl. Phys. 77, 276( 66).
. Colli, U. Facchini, I. Iori, G. M. Marcazzan, A. M. Sona, and M. Pignanelli, Nuovo Cimento 7, 400 (1958).

. O. Lassen and Clive Larsen, Nucl. Phys, 56, 259 (1964) ; and (private communication).
. Breuer, B. Goel, K. N. Muller, and E. Rossle. Proceedmgs of the International Conference On The Study of Nuclear Structure With Neutrons, edited
. Néve de Mevergmes P. Van Assche, and J. Verv:er (North-Holland Publishing Co., Amsterdam, 1966).

M. Sona, Nuovo Cimento 13, 730 (1959).

T. Magda, N. Martalogu, D. Plostinaru, D. Poenaru, E. Trutia, 1. Vilcov, and N. Vilcov, Nucl. Phys. 58,

E is either the neutron binding energy B or the
“effective neutron binding” B.s, given by the relation
Bets= B+Ein., where Eiy, is the average value of the
initial channel energy in the c.m. system and is of the
order of 100 keV.
Hereafter we will call the following set of parameters
set A:

G, 9=91g, R1.27ABF, U=E—A.

Likewise, to obtain the a3 values, we utilized Eq. (2)
for p(E,J); as in paper I, for the moment of inertia we
assumed the spherical-nucleus rigid-body value cor-
responding to a radius R~1.2743 F,

The effective excitation energy U of the C.N. was
taken as U= (E— A+ (70/4) MeV). E is defined as in
the previous case.

The @, values, reported in Table 11, are not appreci-
ably different from those one would obtain by analyzing
the slow-neutron resonance spacings reported in Ref. 10
and utilized in paper I; the a3 values are not appreciably
different from those, corresponding to slow-neutron
resonances, reported in Table III of paper I, and their
average value is again roughly given by the law a;
~(0.1274) MeV—L,

This law giving the average a3 values is immediately
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TasLE II. Slow-neutron resonance spacings for light nuclei. (C.N.=compound nucleus,
B=neutron binding energy ; Bo¢t=B~+FEino; Dobs=o0bserved resonance spacing.)

Compound B Bt Dons a as
nucleus Reference (MeV) (MeV) (KeV) MeV2) (MeVY)
pa2 a 7.937 50 4.58 3.90
Clss b 8.577 13.3+2.6 5.09 4.42
Clss a 6.110 27.8 5.83 4.88
K4 a 7.798 11.2 5.74 498

b 7.85 1012 5.83 5.06
Catt b 8.361 8.6 505 5.90 5.12
K« b 7.530 102 6.06 5.28
Ca# b 11.136 4108 6.41 5.60
Scté b 8.766 22403 7.25 6.46
Tit? b 8.887 9.05 2844 6.55 5.78
it a 11.040 1.26 7.16 6.36
Ve2 b 7.304 3.7+£0.4 7.30 6.42
Cr® b 7.943 8.2 4416 6.76 6.00
Fess b 9.300 9.5 2543 6.55 6.01
Mnbé b 7.270 2.1+0.7 8.01 7.13
Fed? b 7.641 7.9 2943 7.55 6.71
Nibe a 9.001 25.7 6.92 6.26

b 9.1 2443 6.97 6.31
Cot b 7.497 2.5+0.5 7.74 6.94
Nist a 7.873 22 7.99 7.15

b 7.9 213 : 8.04 7.18
Cu® b 7.916 1+0.15 8.74 7.94
Zn® a 7.989 1.85 10.42 9.37
Cut a 7.061 1.99 8.84 7.96

b 1.7+£0.4 9.00 8.12
Zn® b 7.046 6.5+1.0 10.12 9.02
Znss a 10.199 0.69 9.25 8.40
Ga™ a 7.730 0.30 10.36 9.44

s E, Erba, U. Facchini, and E. Saetta Menichella, Nuovo Cimento 22, 1237 (1961)

b A, Gilbert and A. G. W. Cameron, Can. J. Phys. 43, 1446 (1965).

interpretable in the framework of the Fermi-gas model,
and it corresponds to a nuclear radius R~1.543F,
(The Fermi-gas model predicts a=%4 ; & is given by the
law k=x2/4eo; € is the Fermi energy.®)

As in paper I, we explain the lower value of the
moment-of-inertia radius as due to a reduction of the
moment of inertia to ~709, of the rigid-body value
(9:ie=2%A4R?) corresponding to a spherical nucleus
with R~1.5412 F. (For a discussion of this point see
paper 1.)

The following set of parameters: as, 9=0.79 g,
R~15418F, U=E—A+(70/4 MeV), will be called
set B.

In Fig. 1 we plot against the mass number 4 the a,
values obtained by analyzing statistical reaction spectra
(open circles) and slow-neutron resonances (black
circles). In this figure we do not explicitly give the a,
values which could be deduced from level widths at
high excitation energy; however, we have drawn the
straight line a~0.1274 MeV~! that represents with a
good approximation the average behavior of these
values with the mass number 4. (The a values obtained
bytanalyzing the level widths correspond to nuclei with
mass numbers ranging from 4~24 to 4~58.)

As one can see, the ay’s deduced from slow-neutron
resonances are larger than the corresponding ay’s
obtained by means of level widths, which in turn are,
on the average, larger than the a,’s obtained from
statistical spectra.

The disagreement between the a, values deduced
from slow-neutron and level-width data is carefully
discussed in paper I, and it suggested the introduction
of the shift of the effect1ve-exc1tat10n~energy scale we
used to calculate the a; values.

The disagreement between the as values from slow-
neutron and statistical-spectrum data, though they
correspond to not very different excitation energies, can
be explained as follows: The slow-neutron resonance
data fix the absolute value of p(E,J) to an energy
E~8 MeV; the statistical spectra data give the slope
of the level density. The disagreement means that, in
the energy region (1.5+A)SES(6.5+A) MeV, the
slope of the level density (2) with set A of parameters,
that correctly give the experimental absolute value at
E~8 MeV, is bigger than the experimental one. This
fact is in agreement with the conclusions reported in
paper I; there it was concluded that the theoretical
level density (2), with the parameters of set A that



1022

correctly give the absolute value at E~8 MeV, grows
too rapidly with respect to the experimental one going
from E~8 to E~19 MeV.

The shift in the effective energy scale was introduced
in order to obtain, with the same a values which cor-
rectly give the level density at E~19 MeV, the correct
absolute value also at the lower energy E~8 MeV.
Consequently, p(E,J), with set B of parameters sug-
gested in paper I and here introduced to evaluate as,
has a lower slope. This can be seen in Fig. 2, where we
compare, as a function of E—A, for a nucleus with a
mass number 4 =45, p(E,}%) given by (2) and set A of
parameters (@2=06.65 MeV™) with p(E,3) given by (2)
and set B of parameters (a;=35.715 MeV™).

An important observation must be made: In Fig. 1,
the straight line that gives the average behavior of the
as values deduced from level widths is obtained by
utilizing, in the level-width expression, the slow-neutron
resonance data to estimate the absolute value of the
level density of the residual nuclei to which the C.N.
can decay. (For a description of the method of analysis
of level-width data see paper I.)

The a, values obtained by analyzing statistical
spectra are in poor agreement with those fitted by this
straight line. This agreement could, however, be much
improved by using the @’s obtained from statistical
spectra to estimate the absolute value of the level
density of the residual nuclei in the level-width ex-
pression. In this case, one would obtain, from the level
widths, @, values lower than those fitted by the straight
line of Fig. 1. This procedure does not seem justified by
the experimental results because, in the level-width
expression, the absolute values of the calculated resi-
dual-nucleus level densities would disagree with the
ones we obtain from slow-neutron resonances.

E. GADIOLI AND L.
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However, we must emphasize the great importance,
in our procedure, of slow-neutron data, which are the
only experimental results we have considered that
unambiguously fix the absolute value of level density at
a given energy.

In Fig. 3 we compare the a; values obtained from
statistical spectra (open circles) with those obtained by
analyzing slow-neutron resonances (black circles) and
level widths. In this figure, we do not report explicitly
the a3 values deduced from level widths at high excita-
tion energy: We have simply drawn the straight line,
suggested in paper I, that with very good accuracy
gives the average behavior of their value with 4. One
can note the very good agreement of the average
behavior of the a; values extracted by the three different
types of experimental results.

Figure 3 of this paper and Fig. 2 of paper I indicate
that single ¢; values deduced from statistical spectra
fluctuate, from nucleus to nucleus, somewhat more than
the ones obtained by analyzing slow-neutron resonances
and level widths. These fluctuations include contri-
butions from the experimental and theoretical un-
certainties affecting the analysis of statistical spectra.

The good agreement between the a; values from
different experimental results confirms the reliability
of set B of level-density parameters (as~0.1274
MeV™) and, as can be seen in Table I, extends the
range of their validity down to excitation energies as
low as E~A+4-(1 MeV).

To eliminate any doubts about the reliability of the
slow-neutron data, reported before, we think it would
be very useful to evaluate the absolute value of statis-
tical cross sections to single final levels and compare the
theoretical results obtained with the expression (2) for
the level density and set B of parameters, on the one
hand, with the experimental results on the other.

F16. 1. A plot against mass number
A of the a, values obtained by
analyzing statistical reaction spectra
(open circles) and slow-neutron reso-
nances (black circles). The straight
line represents, with a good approxi-
mation, the average behavior of the
ay values extracted by level widths at
high excitation energy.

Y
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4. LOW-ENERGY LEVELS OF LIGHT NUCLEL
DISCUSSION OF EXPERIMENTAL RESULTS
AND COMPARISON WITH THEORETICAL

CALCULATIONS

We must now discuss the results, referring to low
excitation energies obtained by a different method,
e.g., counting the levels of residual nuclei in charged-
particle reactions.

This method was first suggested by Ericson® and
recently applied by Cameron to a wide variety of light
nuclei.

In particular Cameron reaches the conclusion that
the level density of nuclei at low excitation energy

—
00m 12 13 4 15 16 17 18 19 20
E- AMev)

cannot be represented by a Fermi-gas-type law, but
that a law like the following must be used:

p(EJ) < A(2J+1) exp[—J (J+1)/26*] exp(E/T). a

At an energy that sometimes is lower, sometimes
higher than the neutron binding energy, there will be a
matching point which connects Eq. (11) to Eq. (1).7

Apart from the difference between Egs. (1) and (2)
used by us, the conclusions of Cameron are very differ-
ent from those we reached in Sec. 3. We want now to
discuss this point, and also, without making a fully
detailed analysis, we will show that the experimental
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F16. 4. Comparison between: (a) the experimental level density
p(E) of Mg?, estimated by counting low excitation levels, and the
theoretical one (full line) calculated by using (2) and set B'of
parameters; (b) the experimental cumulative number N (E)
defined in the text and the theoretical one (full line). The full-line
histograms are obtained by counting the reported levels without
correction for loss of levels due to finite energy resolution; the
dashed-line histograms are obtained by introducing this.correction.

results concerning low-excitation-energy levels are not
in disagreement with our conclusions in Sec. 3.

First of all, we must make a careful discussion of the
nuclear reactions we could utilize to obtain the final
levels, whose distribution gives information on the
behavior of the level densities.

(i) Some reactions, when the incident particle energy
is not too high, proceed at least partially through the
formation of a C.N. This, for instance, seems to be the
case for (d,0),* (p,0),** (p,p’),® and (p,n)® reactions.

In many cases it is easy to show, with the help of
optical-model calculations of transmission coefficients,
that, especially when the target spin is high, almost all
the levels of the residual nucleus are excited, and almost
all the possible spins and parities are present (eventu-
ally a loss of high-spin levels will be possible). This
happens because the C.N. reactions are not affected by
the presence of configuration selection rules, and strict
selection rules due to spin and parity conservation laws
are not present. This seems to be the case of the levels
of Mg? obtained by means of the reaction AF"(d,a)-
Mg?3 Ar® obtained by means of the reaction K*-
(p,2)Ar®835 and Fe’® obtained by means of the reactions

% E. Gadioli, I. Tori, M. Mangialaio, and G. Pappalardo, Nuovo
Cimento 38, 1105 (1965).

s1B, W. Allardyce, W. R. Graham, and I. Hall, Nucl. Phys. 59,
239 (1964); H. K. Vonach, A. Katsanos, and J. R. Huizenga,
Phys. Rev. Letters 13, 838 (1964).

32 0, Hausser, P. Von Brentano, and T. Mayer Kuckuck, Phys.
Letters 12, 226 (1964); T. Mayer Kuckuck, J. Ernst, W. von
Witsch, and P. von Brentano, Comptes Rendus du Congrés Inter-
national de Physique Nucléaire, Paris, July, 1964, edited by P.
Gugenberger (Editions Du Centre National de la Recherche
Scientifique, Paris, 1964), Contribution C 262.

# P, C. Gugelot, Phys. Rev. 81, 51 (1951).

# S, Hinds, H. Marchant, and R. Middleton, Proc. Phys. Soc.
(London) 78, 473 (1961). .

3 R. G. Allas, L. Mayer-Schiitzmeister, and D. Von Ehrenstein,
Nucl. Phys. 61, 289 (1965). . ) ‘
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Fe®(p,p")Fe®® and Co%(p,a)Fe®.3® In Figs. 4-6 are

quoted the results concerning such nuclei and the

theoretical estimations (full line) obtained with the

help of (2) and set B of parameters (a;=0.1274 MeV™?).
In these figures are given both

E
p(E")dE'

Ey

p(E)=§ p(EJ) and N(E)=

(in the case of odd-odd nuclei Ey=0, and in the case of
even-odd and even-even nuclei Eq=A, where A is the
corresponding pairing energy?®).

As one can see, the agreement is excellent also at very
low excitation energies, confirming fully the results of
Sec. 3. (A best-fit procedure with a very slight variation
of such parameters could give a slightly better fit.)

We quote here only few of the possible experimental
results. A very good agreement between experimental
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Fi1G. 5. Comparison between: (a) the experimental level density
p(E) of Ar’8 estimated by counting low excitation levels, and the
theoretical one (full line) calculated by using (2) and set B of
parameters; (b) the experimental cumulative number N (E)
defined in the text and the theoretical one (full line). The full-line
histograms are obtained by counting the reported levels without
correction for loss of levels due to the finite energy resolution ; the
dashed-line histograms are obtained by introducing this correction.

38 A. Katsanos, J. R. Huizenga, and H. K. Vonach, Phys. Rev.
141, 1053 (1966).
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F16. 6. Comparison between: (a) the experimental level density
p(E) of Fed estimated by counting low excitation levels, and the
theoretical one (full line) calculated by using Eq. (2) and set B
of parameters; (b) the experimental cumulative number N (E)
defined in the text and the theoretical one (full line). The full-line
histograms are obtained by counting the reported levels without
correction for loss of levels due to the finite energy resolution; the
dashed-line histograms are obtained by introducing this correction.

results and the level density (2) with set B of param-
eters is, for instance, obtained by analyzing low-energy
levels of the following nuclei: AI?6373 Ay37 90 Scis 41,42
Ti* % Cr% Cr®, Cr3, Cr** and Fe®™.* So far we have
not made a systematic search of all the possible experi-
mental results in this field ; we can, however, affirm that,
up to now, analyzing low-energy levels of residual
nuclei obtained with reactions, at least partially of
C.N. type, we have not found examples of meaningful

37 P, M. Endt and C. Van Der Leun, Nucl. Phys. 34, 1 (1962).

38 S, Hinds and R. Middleton, Proc. Phys. Soc. (London) 73,
501 (1959).

3 In this case the levels of Al* have been observed as final
levels of two different reactions: Mg*(He3,p)Al*® and Al¥-
(He3,a) Al%6,

4 J. H. McNally, Nucl. Phys. 88, 257 (1966).

4W. R. McMurray, M. Peisach, R. Pretorius, P. van der
Merwe, and L. J. Van Heerden, Nucl. Phys. A99, 6 (1967).

4 Tn the case of Sc'8, whose levels are obtained by means of the
reaction Ca®®(p,n)Sc®, it is easy to show that, in view of the
transmission coefficients corresponding to incident and outgoing
particles, only levels with 0 J <3 are observed, on the average.

4 W. E. Dorenbusch, O. Hansen, D. J. Pullen, T. A. Belote, and
G. Sidenius, Nucl. Phys. 81, 390 (1966).

# A, McGregor and G. Brown, Nucl. Phys. 88, 385 (1966).

( 45 A) Aspinall, G. Brown, and S. E. Warren, Nucl. Phys. 46, 33
1963).



1026

disagreement between our calculations and experi-
mental results.

(ii) To other reactions, on the contrary, the contri-
bution of C.N. processes is much lower. This seems to
be, for instance, the case of (d,p) and (He?,d) reactions,
at quite high energy of incident particles.

As is well known, these reactions are mainly of the
direct type. Apart from the spin- and parity-conserva-
tion laws, these reactions are restricted by selection
rules due to the shell-model configuration of the target
and the final nuclei. This happens because, in most
cases, in a (d,p) or a (He3,d) reaction the final nucleus
appears in a shell-model configuration corresponding to
a neutron or a proton captured in a single-particle state
over a core corresponding to the target nucleus. Then
the excited states of residual nuclei correspond to the
excitation of the outermost nucleon. It is easy to deduce
that, in general, many of the possible excitation states
of residual nuclei are not reached with appreciable
probability in these reactions.

As a clear demonstration of this fact we will limit
ourselves to recalling the case of the reactions®®
Ca®(d,p)Ca® already discussed by French.*®* Looking
at Fig. 1 of Ref. 47, it is easy to note that, in a typical
experiment, the very small peaks corresponding to the
excitations which are different from those just described
are usually not counted. In this experiment the most
prominent proton groups correspond mainly to a neu-
tron captured on /=1 orbits, and the corresponding
levels of residual nucleus have J=% or /=% and odd
parity.

Another striking example of the loss of final levels in
(d,p) experiments is given by Fig. 5 of Ref. (44), where
a comparison is made between the cumulative numbers
N(E) of levels of Cr® and Cr* obtained by means of

4 C. M. Braams, Phys. Rev. 105, 1023 (1957).

47C. K. Bockelman C. M. Braams, C. P. Browne, W. W.
Buec7hner R. R. Sharp, and A. Sperduto, Phys. Rev. 107 176
(1957)

48 J. B. French, in Nuclear Speciroscopy, edited by F. Ajzenberg
Selove (Academic Press Inc., New York, 1960), Part B, p. 890.
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(d,p) and (p,p’) reactions [note that the nuclear barrier
acts much more strongly on the outgoing protons of
(p,p") reactions, because of their much lower energy].

The examples seem to indicate that, in general,
residual levels obtained with (d,p) or (He?d) reactions
should be considered with caution when one deduces
information from them about the behavior of the level
densities. This is unfortunate because of the great
number of (d,p) and (Hedd) experiments on light
target nuclei.

Apart from some approximations introduced by
Gilbert, Chen, and Cameron' that are not completely
justified at low excitation energy, the previous dis-
cussion seems to explain the disagreement between our
conclusions and theirs. These authors have based their
analysis over many nuclei whose levels have been
obtained by means of (d,p) reactions. This is the case of
the nucleus CI*¢ which is discussed by them in detail 374

Looking at Figs. 4-6 we can say that the cumulative
number N (E) of low-energy levels can also be repre-
sented by a simple law, N (E) < 4 exp(E/T), as already
deduced by Ericson.®® No careful attempts, however,
have been made so far to see if a level density p(E) « 4’
exp(E/T) could explain the level-density features of
many nuclei over a large excitation energy interval.

This work and the previous paper I, seem, on the
contrary, to establish the fact that the level densities of
light nuclei, on the average, can be well described by the
Eq. (2) with set B of parameters, from very low excita-
tion energies up to ~20 MeV.
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