
P HYSICAL REVIEW VOLUME i 66, NUMBER 2 10 FEBRUARY 1968

Existence of a Thermodynamic State with a Broken
Geometrical Symmetry in an Electron Gas*
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We consider some possible thermodynamic equilibrium states of a system of electrons with a broken
geometrical symmetry. We give the analytic expression for the (quantum-mechanical) static linear-response
function of a system of free electrons moving in a uniform magnetic field. For the case where the energy
associated with the cyclotron frequency of the system is negligible compared with the Fermi energy, and
the temperature of the system is negligible compared with the Fermi temperature, the expression for the
static-response function is extremely simple and can be rigorously derived. We analyze the response function
and show that it gives various broken-symmetry states in an electron gas.

adopt a state with broken symmetry on the scale of the
cyclotron radius, which might be susceptible to labora-
tory investigation.

1. INTRODUCTION

E study the thermodynamic equilibrium state
~ ~

of an electron gas in a uniform applied magnetic
6eld. We are looking for the possibility of occurrence
of a state with broken geometrical symmetry. The basic
theorem of our work is introduced in the Sec. 2. The
theorem itself is not conceptually new. There have been
frequent applications of the idea, in both the relativistic
and the nonrelativistic domains, that there exists a
new particle or a new mode whenever the denominator
of a renormalized propagator vanishes. We introduce
a theorem that gives a simple condition, for a system
of electrons, for the existence of a thermodynamic
equilibrium state with a broken geometrical symmetry.
This state will be characterized by a spontaneously
induced symmetry-breaking magnetic field in the sys-
tem. We call the combined system of the electrons and
the induced electromagnetic fields the total system.

In Sec. 3, we consider the system of electrons in a
normal metal. We give some properties of such a system
when it is in the state with a broken geometrical sym-
metry. In Sec. 4, we apply the result of Sec. 3 to the
case of the system of noninteracting electrons. These
electrons represent the system of quasielectrons in a
metal with a spherical Fermi surface. We give method
of calculating the static (bare) linear-response function
analytically. The static response function X(q) is
given in Eqs. (4.25) —(4.28), which are extremely
simple expressions. The expressions are mathematically
rigorous under the assumptions that co,/e~&&1, T/Tp&&
1, and q& pp, where cu, is the cyclotron frequency and
ez, TF, and pp are the Fermi energy, the Fermi tem-
perature, and the Fermi momentum, respectively.

Finally, in Sec. 5, we use the results of Sec. 4 to prove
that the symmetry-breaking state we are interested
in does not occur in the system of quasielectrons when
there is no uniform magnetic field present, while it
may occur for the system in a uniform magnetic field.
We give a qualitative discussion of this latter case. %e
show, in particular, that the system will spontaneously
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2. A THEOREM

We consider a system of Ã electrons in a large volume
V. The interactions of electrons with the electromag-
netic fields is governed by the principle of minimal
electromagnetic interactions. ' This principle gives the
coupled equations of motion for the electrons and for
the electromagnetic fields. The equations of motion
for the electromagnetic fields are the Maxwell equa-
tions. We consider the case where the electrons are in
the nonrelativistic domain. Since we are interested
in the thermodynamic equilibrium states of the total
system, the electromagnetic fields must be static. Sub-
tracting out the electrostatic self-energy of the electrons
in order to have true interactions of the point charges,
and taking the thermodynamic limit, we find that the
electrons are governed by the Hamiltonian given by'

Ig=g d'xtP ~(x) I(2m) 'Pi '(cI/Bx) —(e/c)A(x)]'

+ey(x) IP.(x)+-', Q d'xgd'xgk. +(xg)Pe+(x2)
cx,P

&&v(x, —x,)ge(x2)P (x~). (2.1)

with the gauge given by

(8/Bx) A(x) =0, (2.3)

where the macroscopic current density is given by

j(x) = (ie/2m) g lim L(8/Bx') —(8/Bx) ]
cr x~~x

x Q' '( ') 4' ( ) )
—(e'/~c)A(x) Z 8-'(x)0-(x) ) (2 4)

' See, e.g., S. Gasiorowicz, Elementary Particle Physics, (John
Wiley R Sons, Inc. , New York, 1966); p. 90.

'We use the unit 6=1.
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The vector potential A(x) is governed by the Maxwell
equation

(8'/Bx') A(x) = —(4~/c) j (x), (2.2)



JOON LEE

A(x) =Ao(x)+A, (x) (2.6)
such that

(a) Ao(x) is a Maxwell Geld, that is, Ao(x) satisfies

with
(8'/Bx') Ao (x) = —(4'/c) j"' (x)

j"'(x) =j(x) I~,=-o,

(2.7)

(2.8)

(8/Bx) Ao(x) =0; (2.9)

(b) Ao(x) does not break any of the symmetries of
the total system. For example, for the case of a uniform
external magnetic Geld, we choose Ao(x) such that
Bo(x) = (8/Bx) XAo(x) equals the spatial average of
B(x) = (8/Bx) &&A(x) projected on the direction of the
external field. We call the field Ai(x) the symmetry-
breaking field, and the corresponding magnetic field,
Bi(x) = (8/Bx) XAI(x), the symmetry-breaking ma, g-
netic field. From Eqs. (2.2), (2.3), (2.6)—(2.9), we
then have

We denote the thermodynamic average { ~ ~ ) a,s

{~ ~ ~ )=Tr{expg(H —plV)j ~ ~ }/Tr{expg(8' —pN) j},
(2 3)

in which X denotes the number operator and P = 1/lsd'.
The field operators f (x) and P I(x) satisfy the anti-
commutation relations. The Hamiltonian, Eq. (2.1),
formally contains all Coulomb intera, ctions among
electrons, including those which give rise to the familiar
plasma modes. In the present case, however, we are
not interested in such collective modes, so we will
assume that we have carried out proper renormalization
so that the electrons described by Eq. (2.1) are quasi-
electrons and the two-particle interaction r (x—x') is a,

screened interaction.
The vector potential A(x), as the solution of Eqs.

(2.1) and (2.2), will be the self-consistent field. We set
it equal to

system has a translational symmetry in the 2' direction
and translational and rotational symmetries in the x-y
plane, then x—x'=—(~xi —xi'~, s—s'), where xi de-
notes the projection of the vector x on the x-y plane.

For simplicity, we further restrict ourselves to the
case where the field Ai(x) is deGned on, and exists in, the
subspace in which the unperturbed state of the system
has both translational and rotational symmetry. For
example, for the latter case shown above, we will be
looking for the symmetry-breaking magnetic field

Bi(x) oriented in the s direction and depending on the
x and y coordinates only.

We introduce the Fourier transforms

j"'(x) = dg
exp(iq x)j"'(q),

(2ir)'

etc. Then, Eqs. (2.10)-(2.12) become

ri Ai(q) =0,

V'AI(q) = (4~/~)j"'(q),

i""(q)= —Z &' (q) LAI(q) j,

(2.13)

(2 14)

where all the vectors and the tensor have components
only in the subspace in which the unperturbed state
has the full geometrical symmetries. For example,
for the case of a uniform external field applied in the
z direction, we have i, j=1, 2 and q = (q„q~ 0) . Be-
cause of the geometrical symmetries and of the require-
ment of the gauge invariance, we have'

&' (q) =&(V)L~' —(W /V') j (2.16)

where E(rj) is a scalar function of q=(g, qI')I".
Substituting Eq. (2.16) into Eq. (2.15) and using
Eq. (2.13), we have

j'"(q) = —1~(g)A (q),

or, from Eq. (2.14), we have

(8'/Bx') Ai(x) = —(4~/c) {j (x) —j'OI (x) }, (2.10)
{ q'+ (4ir/c) X(q) )AI(q) =0. (2.18)

(8/Bx) Ai(x) =0. (2 11)

j"'(x) = — d'x'K {x—x') Ai (x'), (2.12)

where j&'&(x) is the current density linear in Ai. The
(bare) linear-response tensor K(x—x') is a functional
of the Geld Ao(x), and the argument x—x' is a notation
denoting the geometrical symmetry of the unperturbed
system. For example, when the unperturbed system
ha, s the full translational and rotational symmetry, we
have x—x'=—

~
x—x'

~, while when the unperturbed

We restrict ourselves to the case in which the sym-
iilctry-breaking Geld Ai {x) cRI1 bc treated Rs a pcl"tlllba-
tion. We may then assume that

~t Ai(x)
~ ~

is sufGcientiy
small to justify use of a linearized equation. We then
have

Since one can always transform away the constant
vector potential A, (q) ~,=0, we can set

Ai(q) ~,~=—0. (2.19)

From Eqs. (2.18) and (2.19), we therefore have the
following theorem:

For the linear-response theory with respect to the
symmetry-breaking field Ai(q) that can have compo-
nents only in the subspace where the unperturbed
system has translational and also rotational symmetries,
the Maxwell equation gives the following solutions
for the thermodynamic equilibrium state of the system:

(1) there always exists the trivial solution

Ai(q) =—0,

' M. R. Schafmth, Helv. Phys. Acta 24, 645 (195I).
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and
(2) the nontrivial solution Ai(q) $0 exists if and

only if the relation

with the field Ap(x) being chosen as

A, (x) =I —I4y, 0, 0I, (3.2)

is satisfied.
(4'/c) If.(q) /rI' = —1 (2.20)

and the symmetry-breaking field Ai(x) as

A, (x) = IAi" (x, y), Air(x, y), 0I. (3.3)

The question as to which of the two solutions is
preferred can be answered by finding which has the
lowest thermodynamic potential. ' We consider this in
Sec. 3 for a system of electrons in the normal state.

This theorem is not completely new. A similar theo-
rem has been studied by Quinn' and others. However,
our approach is to solve the equation of motion for the
fermions and the Maxwell equations simultaneously.
The solutions of these coupled equations will give
thermodynamic states of the system. The question
of whether such a solution corresponds to a stable or a
metastable state will be determined by considering the
thermodynamic potential of the total system. Even
though the above theorem is based on the linearized
equation with respect to the symmetry-breaking field
A, (q), and so is valid near

~~ Ai(q) ~~=0, it would
determine a possible phase boundary. However, to
have the properties of the system in a broken-symmetry
state, one has to go beyond the linearized theory. In
the rest of this paper, we apply this theorem to a metal
in the normal conducting state.

3. A SYSTEM OF ELECTRONS IN A NORMAL
CONDUCTING STATE

A(x) =Ap(x) +Ai(x), (3.1)

L. D. Landau and K. M. Lifshitz, Statistical Physics (Addi-
son-Wesley Publishing Co., Inc. , Reading, Mass. , 1958).' J.J. Quinn, Phys. Rev. Letters 16, 731 (1966).' C. N. Yang, Rev. Mod. Phys. 34, 694 (1962).

We consider a system of E electrons in a large volume
V, moving in a uniform applied magnetic field. We
assume that there exists no oB-diagonal long-range
order' in the electron system, so that the system is in
the normal state, and ignore the eRect of spin. The
electrons in a thermodynamic state are governed by
the Hamiltonian given by Eq. (2.1), with the one
particle scalar potential p(x) =0. We assume that the
applied magnetic field is in the z direction. Then, the
maximum geometrical symmetries that a state of the
system can have are the translational symmetry in
the s direction and the translational and rotational
symmetries in the x-y plane. We might also expect
that the thermodynamic equilibrium state of the sys-
tem will possess these symmetries, just as the ground
state of a system, in general, does. We are, however,
interested in the occurrence of a state with a lower
geometrical symmetry that can arise by inducing a
position-dependent, symmetry-breaking magnetic field
Bi(x, y) oriented in the s direction.

According to Eq. (2.6), we separate the field A(x) as

Then, in the momentum space, Eq. (2.13) gives

where i and j are the unit vectors along the x and y
axes, respectively.

To get the thermodynamic quantities and the prop-
erties of the system, we introduce the one-particle-
temperature Green's function for the electrons in the
system. It is defined as~

From the properties of a double 7. Green's function~

and our neglect of the inQuence of spin, we have

G.p(x, x') =b.p G(,xx'), (3.6)
where

G(x, x') =P ' g exp[ —soi„(r—r') ]G„„(x,x'), (3.7)

with pp„=L(2n+1)/P]s- (is=0, a1, a2, ~ ~ ~ ).
Ke will first consider the case where the system is

in the unperturbed state, so that

Ai(x) =—0. (3.8)

We denote the one-particle-temperature Green's func-
tion in the unperturbed state as G„.&" &(x, x'), where

the index co, denotes the cyclotron frequency,

oi, =eBp/mc. (3 9)

x—x'=(i (x—x')i j, s—s'), (3.11)

and is obtained by substituting Eq. (3.10) in the equa-
tions of motion for the particles and solving them.

We next consider the temperature Green's function
G „(x, x') for the system in the state with the broken

~A. A. Abrikosov, I. P. Gorkov, and I. E. Dzyaloshinsk,
Methods of QNuntum Field Theory in Statistical Physics (Prentice-
Hall Inc. , Englewood Cliffs, N.J,, 1963).

A. H. Wilson, Theory of Metals, Cambridge University Press,
New York. 1953), 2nd ed. , p. 162.

9 J. M. Luttinger, Phys. Rev. 121, 1251 (1961).' Yu. A. Bychkov and L. P. Gorkov, Zh. Eksperim. i Teor. I'"iz.

l English transl. : Soviet Phys. —JETP 14, 1132 (1962)g.

Since the system in the state described by the tem-
perature Green's function G„„&"&(x, x') has the maxi-

mum geometrical symmetry, one can use this symmetry
and the gauge-invariance condition to have 8 '

G „'"'(x,x') =exp) —s-s'(moi, ) (y+y') (x—x') j
XG „&" & (x—x'), (3.10)

where G„„&"i(x—x') denotes a function depending on
the argument
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will be unchanged. That is,

p. =lim p+O(Ai2). (3.16)

+ ~ t ~

This can be easily proved by introducing the momen-
tum space representation of the Green's function and
considering the parity of the integrand in that space.

Similarly, one can easily prove that
rIG. 1. The diagrammatic expansion of the temperature Green's

function with respect to the symmetry breaking fie1d Ai(x) . j("' (x) = lim j (x) =0
A 1~0

(3.17)

geometrical symmetry. Since we have restricted our-
selves to the cases where the magnitude of the sym-
metry-breaking field is sufficiently small so that the
field Ai{x) can be considered as a perturbational Geld,
the perturbed Green's function G„„(x, x') can be
obtained by using diagrammatic methods. " The ap-
propriate diagrams are given in Fig. 1, in which a cross
denotes the operator

e 8 e e2——A, (x) ~ i ' ———A-o(x) +,Ai2(x) (3.12)
1SC Bx 2mc

and the thin lines denote the unperturbed Green's
function G „'"'(x, x'), while the thick lines denote the
perturbed Green's function G„.(x, x'). Thus, the dia-
grams in the Fig. 1 give

as one expects from Eqs. (2.7) and (3.2). Note that
the current density is given by Eq. (2.4),

j(x) = (ie/m)P ' Q exp(ia)„0+)

)& lim ((8/Bx') —(8/Bx) )G „(x,x') —(e'/mc) (2/P)
x~-+x

&& P exp(ice 0+„)G („x„x,)A(x) . (3.18)

We now derive an expression for the linear-response
function X(q) appearing in Eq. (2.20). Using Eqs.
(3.17) and (3.14), we have

j"'(q) = —(2e'/m'c) P-' g exp(ice„0+)

dI
, LnG-. '"'(p+) jLAi(q) nG-. '"'(p-) l

G (x x) =G ("c)(x,x) ——
mt."

—(noe'/mc) Ai(q), (3.19)

where the operator ~ is defined as

or

dx]G (") x, x~ A~ x& ~ i—' 8 Bx&

—(e/c) Ao(xi) ]—(e/2c) Ai'(xi) I G„„(xi,x') (3.13)

and p+ denotes

n={m„%„,0),

~,=p, —(mu, /2i) 8/it p„
~„=p„+ (mu, /2 )8/i8 p.,

(3.20)

(3.21)

(3.22)

G „(x,x') =G„„("i (x, x') ——
mc

d'xiG„„&"~&(x, xi) Ai(xi) Pi '(8/i~ txi-)

—(e/c) Ao(xi) ]G„„i"i (xi, x') +O(Ai') (3 14)

Hence, in principle, one can get all the equilibrium
properties as well as the linear-response properties of
the system in the state with the broken geometrical
symmetry, provided that the symmetry-breaking field

Ai(x) is known.
It is easy to see from Eq. (3.14) that in first-order

perturbation theory the chemical potential p, deter-
mined from the equation

1V/V= (2/P) g exp(ia& „0+)V ' . d'x G„„(x,x),

p+=p~-:q.

The function G„„' '(p) is the Fourier transform of the
Green's function 6 „'"'(x—x'):

G „&"'(x—x') = expLip (x—x') jG „i &(p),
d'p

(2m. )
'

and has a symmetry property that

G-."(p) =G-."(Ip I, p.),

(3.23)

Noting Eqs. (2.15) and (2.16) and considering that

where pi denotes the projection of the vector p on
the p,-p„plane. The quantity no appearing in Eq.
(3.19) is the number density of the electrons in the
unperturbed state;

no (2/P) g——exp(ice„O+) G„„'"'(x,x). (3.24)

(3.15) q=(q. , q„, O), (3.25)
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we have from. Eq. (3.19) that

E(q) =TrIK;;(q) }

= (2e'/mc) so+ (2e'/m'c) P ' Q exp (uu 0+)

Q =Q~+Qf, (3.27)

will not change when the symmetry-breaking field

Ar(x) is switched on. The proof of this statement will

be given in Appendix A. Hence, in the linearized theory,
any state with broken symmetry has the same thermo-
dynamic energy as the unperturbed state. It should
be noted, however, that the linearized theory is valid
in the limit where II Aq(q) II tends to zero.

4. APPLICATION TO A METAL AND THE
CALCULATION OF THE RESPONSE

FUNCTION K(q)

We now apply the results of Sec. 3 to a system of
noninteracting quasielectrons in a homogeneous and
isotropic metal. We thus assume the vanishing two-
particle interactions

d3
X

2 .G-.(")(p+)."'G-.(")(p-) (326)

In the above equation, we have a sum in co„as well as
the integral with respect to p. When the series with
respect to co„does not converge uniformly, one has to
decide the order of the sum and the integral. We will

always take the conventional view~ that the weight
function that comes from the statistical distribution
in the momentum space should be introduced before
the integral with respect to p is carried out. Since the
sum with respect to or„gives the statistical distribution,
we shall carry out the sum in M„before carrying out the
integral with respect to y.

It may be shown that, in erst-order perturbation
theory, the change in the thermodynamic potential
for the electrons, 0„, cancels that due to the magnetic
fields Qf, so that the thermodynamic potential of the
total system,

particle energy of the Landau 1evels" measured from

the chemical potential p, . An expression similar to
Eq. (42) was obtained by Bychkov and Gorkovl for
the double time one-particle Green's function at ab-

solute zero temperature. The unperturbed Green's

function is derived in Appendix B.For the electrons in

a metal at low temperature, one can set the chemical

potential p, approximately equal to the Fermi energy
ep. For convenience, we introduce pp and sp through
the relations p= (1/2m)Pp'=7'Ppvp, so that one can
consider the quantities p~ and np as the Fermi momen-

tum and the Fermi velocity.
The calculation for the bare linear-response function

X(q) given by Eqs. (3.26) and (4.2) is not a trivial
problem. We wish to get X(q) in such a simple form
that Eq. (2.20) can be solved easily. We here give a
method of calcula, ting K(q) analytically.

We note that for a system of electrons with a metallic
or higher density, one has two natural expansion
parameters, namely, ro,/p, and I/Pp, T/Tr, where

T~ is the Fermi temperature. We also note that we are
not. interested in the broken geometrical symmetry
within a distance of the order of the lattice constant
of a metal. We therefore assume that

ro./p«1,

1/Pp«1,

rl& p~

(4.5)

(4 6)

(4 7)

These three are the only assumptions we make in order
to get the response function E(q).

We carry out the sum with respect to co„ in Eq. (3.26)
and we define the quantities D(X, N'

I p,) and Q(g) as

D(~ ~„I )
fLFv(p )j fL&~ (p) j —

(48)
&~(p.) F~ (p.)—

and

8e' d'p
Q(~) =, , Z (-1) "'D(~, ~'I p.)

m'c (2~) ' ~,~r

v(x —x') —=0. (4 1) Xc~'"I-~ (n') I:4q'+ (p q)+k(~.)

X (g+4(8/Bg) q(8/Br1) )]~ ""lzr(n), (4 9)In this case, we can easily obtain the unperturbed
Green's function G„„'"'~(x, x'), given by Eqs. (3.10)
and (3.23). The resulting expression for G„'"a(p) is where f(s) is the Fermi distribution function,

" ( —1)"I-~(~)
G (~c) (p) —2c—el2 Q

NM 'room +N (ps)
(4.2) and

f(s) = I/Lexp(Ps)+ 13

where IN(r1) is the Laguerre polynomial of the order
E, and

~'=(2/~. ) I (p+q) ~ I'=a+(4/~. ) L(p q)+kg'j

We then have
(2/m .) (p*'+p—w'), (4.3) &(v) =Q(v) -Q(o). (4.10)

(4.4)F~(p, ) = (1/2m) p.'+ P'+k) ~. p—"A. B.Pippard, Reports on Progress in Physics {The Institute
of Physics and The Physical Society, London, 1960), Vol. 23;

The expression E~(p, ) in Eq. (4.4) denotes the one- Proc. Roy. Soc. (London) A272, 192 (1963).
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In deriving Eq. (4.10), we have noticed that

Q(0) =Q(a) I~2

= —(2e2/n2c) rc2. (4.11)

We give the proof for Eq. (4.11) in Appendix C. We
thus need to get Q(g).

One of the difhculties in calculating a physical quan-
tity based on a microscopic theory for an electron gas
in a uniform magnetic held is to carry out the sums
over the discrete Landau levels. To avoid the difhculty,
we introduce the inverse Laplace transform of the
Fermi distribution function,

sQo+g

Laguerre polynomial, "

Z "I. ( ) (I I 1)
+~0 1 Z

we can easily carry out the sums with respect to E
and X'.

In order to be able to interchange the integrals with

respect to t and v. with the integral with respect to

p, we subtract and add the quantity for ~,=0 in Eq.
(4.9) . Then, the p integral can easily be done by using
the relations"

d8 cos(s cos8) =JD(s)
0

fPE~(P, ) j= (2i)-' dt(sin&rt)-' exp[' —E~(P,) tg a„di4—iaO+C

where 0(c(1.We then have

D(1&/& 1lc"
I p&) = — dr(2i) '

0+

4 co+c

dt .
sinxt

OO $V —b2

exp( cx2x2—) x"+'J„(bx)dx = exp
(2~2) &+1 4c„2

for Rev) —1 and Rec22) 0, where J„(s) is Hessel func-

tion. We then have

XexpL —(P—r) &ir (P.) t —r&~(p.)tj (4 12)

The limiting process at the endpoints of the integral
with respect to v are chosen in such a way that, when

(4.12) is substituted in Eq. (4.9), the sums in X and
E' are uniformly convergent with respect to the vari-
ables r and t. Noting that Ret=e)0, 0(r(P, and
0(P r(P,—and using the generating function of the with

Q(g) =
0+

dr (22ri)
—0 CO+C

dts(t, r
I q), (4.14)

e(~) -e.(&) =6(&)-l
toc~p

where the function Q(ct) is defined as

iCX2+C

e2co,2 m 'c2 t exp (Piet) g2 sinh-,' (p —r)(o,t sinh22r(o. t)
2e 22rp t't2 sinirt sinh2pcd, t rrcc», sjnh2pc», t I

costs, t cosh-,'(P —r) co„.t ct2 sinh' —,'(P —r) ce,t, q' g2 sinh-,'(P —r) 0&.t cosh2ro), t

sinh2Pcd, t cosh2rco. t tried, sinh2Pcd, t 4nuo, nm, sinh2Pcd, t

and the function Qc&(q) is defined as

Q2(g) =—Q(V) I.,=o

2e' d'P f(e~2) f(e„)—
2222C (22r) ' e~2 —e„

X f -,'q'+Lp (p +q) jI, (4.16)

where e~= (1/2222) P' —&cc. The calculation of Eq. (4.16)
is easy for the long-wavelength region, namely,

We now consider the integral with respect to t. The
integrand $(t, r

I I7) has the following singularities in

the t plane:

(a) it has a branch point at t =0, so we will introduce
a cut in the t plane along the negative real axis;

(b) it has isolated singularities at the zeros of
sinh22pa&, t, or at

t=ti

We have
ct&(P2. (4.17)

=i(2lir/pc0, ) (t =0, +1, a2, ~ ~ ~ );
(c) it has first-order poles at the zeros of cosh22rcd, t,

or at

=i (222'+ 1)rr/res, (22'=0, +1, +2, ~ ~ ~ )

x&& 5~&/2p~)' ~~(a/2—p~)'+o(e/p~)'+o(p 't ')l.
(4.18)

It2(I7) is the response function for a system of free
electrons without any uniform magnetic 6eld. Note
that we have considered the case where q= (I7„&7„,0).

with vanishing residues (which can be easily proved);

'2 Higher Transcendental Functions, edited by A. Erdelyi
(McGraw-Hill Book Co, , New York, 1953), Vol. 2, p. 188—192.

"Ref. 12, Chap. 7.
'4 Tables of Integral Transforrnations (McGraw-Hill Book Co.,

New York, 1954), Vol. 2, p. 29, Eq. (10) .
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and

(d) it has first-order poles at the zeroes of sinirt, or at

t=is(rs=O, +1, a2, ~ ~ ).

lim
Bet~co,Retgn

Noting the condition Eq. (4.5), o&,«tu, we have the fol-
lowing boundary properties for the integrand S(t, r

~ q):

S(t, r i q) =0,

"C0O

Cp

Ci

S(t, r
~ q) =0.(ll) hm

)Imt)~co, Imt&t t,p"-tel

Therefore, deforming the path of the integral with
respect to I, as shown in I'ig. 2 and noting boundary
properties of S(t, r

~ q) given under (i) and (ii), we
have

"Coo

C,

c,(

Q(q) =Q"'(q)+ Z' Q'"(q),
Z~co

where the prime on the summation sign denotes that
1=0 is excluded from the sum. A1so, We also have

(4.19) I'"io. 2. The contours c (), ci (t/0), and c„defined in the t plane.
The dots on the imaginary axis denote the locations of the poles of
the integrand 5(t, v. (g) having vanishing residues.

Q"'(q) =
0+

d (2 ~) 'f dlS(l— )q) (4.20,)
&—(xi

0

Q('&( ) = dr(2ni) 'C-tS(t, r
~ q) (l/0) ) (4.21)

0+ C$

with the contours c ' and c)(l/0) shown in Fig. 2.
The deforming of the path of integration, as shown in
Fig. 2 is a standard technique that appears in the theory
of the de Haas —van Alphen effect in connection with
separating the oscillatory terms with respect to the
magnetic field from the nonoscillatory terms. In Eq.
(4.19), the function Q( &(q) leads to the nonoscillatory
terms while the function

Q' Q"&(q) = —( pc/ss' arm))coi(ptu, o&./ti)
t=m

XLA(2~q/~. p.)3'{1+0(~./t )+0(P 't ') I, -(4-23)

where the oscillatory function pi(Pu, o&./ti) is defined as

t i(P&, ~./t ) =~'/ljt (2& /~—.)"
( —1) 'l')' cosL'2 l(tu/, ) ——,

' j
sinh (2l&r'/Po&, )

The derivation of Eqs. (4.22) and (4.23) are given in
Appendix D, where we also show the relations

lim Q' Q('&(q) =lim Q' Q('&(q) =0.
cue~0 ~ @~0 g oc)

Z' Q'"(q)
m

leads to the oscillatory terms.
We now use the assumptions given by Eqs. (4.5)—

(4.7). We can, then, easily carry out the integrals in
Eqs. (4.20) and (4.21). We have

Q"'(q) —Qo"'(q) = (e'P~'/2~'mc) (~.—/2& ) '

X t s+rVo(q/2P& )'+—0—(q/p& )'],
where

Q()('& (q) =lim Q('& (q)
cs&c +0

or

t:Q o (q) —Q.(' (q) 3—LQ( &(o) —6,( &(o)]
iVo (e'p& '/2rr'mc) (o&—./2&i) '(q/2pr) '[1+0(q/2pp) 'j.

(4.22)

Therefore, combining Eqs. (4.10), (4.13), (4.18)
(4.19), (4.22), and (4.23), we have

with
E(q) =E("'&(q)+E(-'&(q) (4.25)

E'-'(q) = ("Ps'/~'mc) t i(t3&—, ~./& ) (t q/~. p~) '

) i'+o( /I)+o(s 'r ')), (42s).
pq/o&cps

E("' & (q) =E()(q) ~sr (e'p&"/2rr'mc) (q/2ps) s

&& (~./2& )'L&+0(q/P~)'j, (4 26)

Es(q) = (e'P /3ss' &cr)m(q/2Ps)'

&& L1 s(q/2P~)' V~(q!—2P~) '+0(P—'t ')+0(q/p~)' j,
(4.27)
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wllcl'c tlm osclllatoly fullctloll pl(pp, (g~/}I)

Eq. (4.24) . Equation (4.25) gives the analytic
expression for the static linear-response function for
an electron gas In a uniform magnetic QCM.

It is Intcrcstlng to examine the behavlol of the
various terms in the response function given in the
above fol thc various physical regions OIM is Dltercstcd
in. Wc first note that

«""(q)=It (q) L1+O(~ /~)'j
That is, the nonoscillatory part of the response function
is almost equal to the response function for the system
when there is no magnetic fieM present.

Secondly, wc consider the ratio of the oscillatory
part to the nonoscillatory part of the response function.
Thc ratio ls given by

I
«-}(q)

I

(..}
I

=12(v/~. ) ' I u (PIv, ~./} ) I

II(2I q/~. p~) '
(4 2g)

pq/Happ

Taking the 6rst term in the expression given by Kq.
(4.24) of the oscillatory function }j}I(pp, M,/p) as is
usually done in discussing the de Haas-van Alphen
effect" in a metal, we can write pl(pp, , co,/p) as

2' /pG}g
pl(Pu, ~./u) = (~./2~)—" .

sinh (2~'/P(o, }
&& COS(2lr(p/a), ) ——,'lr). (4.30)

This approximation is valid for the case where P~.&(1.
Substltutlng Eq. (4.30) IIlto Eq. (4.28) Rnd Illspcctlllg
the resulting equation, we can say that, except near
the values of y/co, where pl(pp, or,/p) vanishes,

I«-}(q) I/I«"'}(q)
I

»1 if P~,»1,
(&1 lf P~,((1.

for arbitrary q. Thus, one can say that, in the high-
temperature and the weak. -magnetic-field regime, the
DonosciHatory term Is dominant, so that one has

+(q)~It (n.o.}(q)

On the other hand, in the low-temperature and the
strong-magnetic-6cM regime, the oscillatory term ls
donlinant, so that one can vrrite the response function
X(q) as

It (q)=It'-}(q).

In Sec. 5, in order to have a, rough idea of the behavior
of some quantities introduced, vm will occasionally
use Eq. (4.30) in place of Eq. (4.24). Any result so
obtained should not be taken too seriously in the regime
where P~,&&1.

Finally, for the long-wavelength regime defined by

pq/~cpF((li wc have, fol practical pllrposcs,

(I «-'(q) I/I «"'}(q) l)»1,

X(q) EI-o}(q)

(~—'P~'/~'IN~) ul(PI, ~.i}) (}q/~. P~)
'

x I1-(&q/-.p, ) +,(.q/-. p.) +o(.q/-. p.)'I

(4.31)
It is sometimes corn enient to set

Pp /3Ã =No, 2pq/&dqPI' = I}pq/coq,

where ~p denotes the plasma frequency.

In this section, we make use of the results of Sec. 4
and analyze them. %C 6rst prove that in the meek fleM
and/or the high-temperature regime (that is, Pro.«1),
one cannot have a state with broken symmetry for a
system of noninteracting electrons. To prove this„we
substitute Eq. (4.26) into Eq. (2.20) and obtain

—,
' (cvI'/c'-p}"') I 1——,

' (q/2p}) '——",—,'-(q/2p}") '+O(q/pF) '

+O(~./~)'+O(0 'I ')'I = —1 (51)
We can immediately see that Eq. (5.1) does not have
a solution for a metal subject to Eqs. (4.5)—(4.7).
Thus the statement is proved. The case when the
homogeneous magnetic 6eld is zero is contained in the
above statement.

Slllcc thc nonosclllatolp palt « ' '}(q) docs 110't

give a state with a broken symmetry, it should arise
from the oscillatory part ItI"'(q) if at all. We will
thus consider the regime where we have

II(21 q/~. p~) '
12(I /&.)' I I I(P},~./} ) I

'
&&1, (52)

pq 44p~

I
«'"}(q) I/I «""(q) I»1

A (q) =I"'-'(q) (5 4)

I ater~ wc %'lll plove that this condition ls ahvays satls-
6ed by any broken-symmetry solution we may get.

In order to see what we have for a long-wavelength
llllllt ('tllRt ls, pq/&4 Pp((1) wc consider ollly tllc fllst
two terms in the right side of Eq. (4.31) and substitute
them into Eq. (2.20) . We then have

q'= (»./»)'I1 3(~~./~~»)'L—a(P~, ~./~) j 'I (5 5)

This solution was independently given by Quinn. '
Ke next consider the general case. Ke substitute

Eqs. (5.4) and (4.28) into Eq. (2.20) and obtain

»gnLPI(PI, ~/I ) jLI.(~)/»j'= 1, (5 6)
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where x is de6ned as

and D is dehned as

x=—2pg/Mopy (5.7)
0.6—

0.4

value of p/ar„and

(b) Ji(x) =&Dx. (5.10)

(c/») (p/a)p)

(3(p/~. )'I p»(Pp, ~.lp) I)"'
Thus, we have the following theorem:

Equation (2.20) has solutions if and only if the fol-
lowing two conditions are satis6ed:

(a) pi(Pp, (o,/p) )0 (5.9)

or, when Eq. (4.30) is valid, Eq. (5.9) is satisfied if

8&p!~.—Lp/~. 3& s,

where Lp/~, j is the largest integer not exceeding the

-0.2

F&G. 3. The curves y= J&(x) and y= ~ax. The dots indicate the
solutions of Eq. (5.10).

that when the value of D decreases from the critical
value of i2 there exists only one solution of Eq. (5.10)
until the line y= Dx touche—s the curve y= Ji(x). This
occurs at

The second condition, Eq. (5.10), is the condition
of having simultaneous solutions of the equations

D '0.06,

and the solution is located in the region where

(5.17)

y= J&(x) (5.11) g/pp(5. 2 ((a./p) . (5.18)

and two linear equations

(5 19)
(5.13) And in the region

When the parameter D is further decreased, the curve

(5.12)
y=Dx will touch the curve y= Ji(x) at

D 0.03.

This can easily be satis6ed by drawing corresponding
curves in the x-y plane and by reading the x coordinates
of the intersecting points, as shown in the Fig. 3. The
magnitude of the slopes for the two linear equations
are equal and are given by D. The parameter D is a
function of the temperature, the uniform magnetic
field, and the Fermi energy, and can be obtained from
the defining Eq. (5.8).

We can prove that Eq. (5.10) is consistent with
Eq. (5.3). To see this, we rewrite Eq. (4.29) as

I
&'-'(v) I/I &'""(e) I =(4cpI»~~)'(Ji(x)IDx)'.

V/p«8 4(~ /p). (5.20)

To study the dependence of the solutions on oo,/p
quahtatively, we set

0.03&D&0.06

we have three solutions for Eq. (5.10). Out of three
solutions, two solutions come from the intersections
of the line y= Dx with the—curve y= Ji(x) and the
remaining one comes from the intersection of the line
y=Dx with the curve y= Ji(x). All three solutions are
located in the region

(5.14)
Do= I cosL2~(p/coo) —4img

—I'"D, (5.21)

Substituting Eq. (5.10) into Eq. (5.14), we have

I
&'-'(c) I/I &'""(v)

I
= (4cpl»~~)'»1 (5 15)

We have thus proved the validity of using the relation

+(~)~+(oso) (~)

in getting the broken-symmetry solutions.
We now consider the solutions of Eq. (5.10) as a

function of the parameter D. Since one has"

lim (a/Bx) Ji(x) =-'„

it is necessary to have
(5.16)

in order to have a. solution. From Fig. 3, one can set,"

so that, by considering Eqs. (5.8) and (4.30), we have

D—Do. (5.22)

Thus, starting from D= DO (or setting cosL2x(p/~, )—
=1), we see that D increases as cosI 2~(p/~. )—
decreases. So, the solutions of Eq. (5.6) depend

sensitively on
I cosL2x(p/a&. ) —4s] I. In Fig. 3, when

I cosL2~(p/~, ) —oin]
I

decreases, the lines y= &Dx are
rotated away from the x axis providing various solu-
tions of Eq. (5.10) until D becomes 0.5.

We shall 6nally study the eGects of the temperature
on the solutions of Eq. (5.10).From Eqs. (5.8), (4.30),
and (5.21), we have

sinh (2m'/Poo, )~-,'V2(p/cu )@'(~sour/cp)'Do' (5.23)
2''/PM,
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also be solved easily by conslderlngThis equation can also e so ve
s a known parame erthe right side as a

d in solving Eq.graphical method asRs wc hRvc onc l
(5.10). Since we have

5.6) andfUll Uantltatlvc anRlysls o qs.
5.8) will be made in a uture
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APPENDIX A

et the thernno-ndard technique to getUsing thc stRn Rr
~ we have, or enalrllc potCntlR

PotcntlRI ( p o IQ

(A1)n„=n, (x) },=,,

10 ' for P(o, 2m an, Rs %'c can
wc CRn cRslly Rvc RSCC froID Flg. 3)

for the case wethc older of G), p, y,
with

wRvc vector q of th
in the region whereth temperature In eRlc consMcrlng, wl

=Q, (X) }), o, (A2)

—e mc A~(x) ~ (i '(8/Bx) —(%)Ao(x) )0+} d'x lim {t ( / )—Q„(X) =- Z, exp za)„
x~~xN "

p „
+ (e9,/mc') AP (x)$LG „(x,x'}j~, ~~,

~ (i—'(8/Bx) —(%)Ao(x) )G,&" ~ x, x') Id'x lim {—(e/mc}Ag(x) ~ i+exp(i „+)

x im — . i ' ——-Ao(x)
8 e

doxAP(x)+ —Q exp(uo„0+ x im d'xgG „&"'(x,»)

( c) (» x') +0(g ) A3))&Ag(x)) ~ i ' ——-Ao(» ~~. i)
' ~ ~

~
~

er& cRslly scc t,

~ ('-'(8/Bx) —(%)Ao(x) ) „„«"&(.,")=LA (~) j,=-'d'x lim Ag x ~ z

0

, G-.'"'(p)
(2g)'

~ (.. . )

dog, G„„& &(x, x~)A~(x)expLi-', (nm. ) (y+y') (x—g') jd'x lim A~(x) —,——exp &o ~a
xl-+x,

e
G„& ~(», x') . (A5—-Ao xg

BXI C

x, „, ~ ~-' ——-Ao(»)
e

&" &», x')) ~ j-& ———
o

—— d'g, G„„~"& (x, x,}Ag(xg) ~ illm ~~ x ' z 0 ~1
Sl'

(A4) and (A5) into Eq. (A3), andSubstituting Eqs. a
noting Kq. (3.19), we have

j"'(q) .4(—q)+O(~ ').Q~ —O,o= —(2c) ', l q ~

(A6)

2.17) into q.K . (A6) and using the
nce of a nontrivia, l solu-condl tlon 2 20) on the existence o *

tion A~ (q), we have

, Bi(x)'
0 —0„0=— d'xy p
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This equation gives the changes in the thermodynamic
potential of the particle system when the symmetry-
breaking field Al{q), satisfying the Maxwell equation,
is switched, on. However, the first term on the right
side of Eq. (A7) CRIlccls tllc lllcl'cRsc 111 tllc field cllclgy
duc to thc IQRgnctlc 6cld. Therefore) thc total lncrcasc
of the thermodynamic potential of the total system is

fi „—(2m)-) L(l-'(~/~r)'+-', (~.)ri'j+&I

XG..("'(r) =&'(r) (313)
and

(r„((t/c)r, ) r, (—8/Br„) )6„„'") (r) =0, (314)

0—00——O(213),

Qo=lim Q.
A 1~0

(AS)
(815)

Eq. (314}will give

6 (~.)(r) —6 (~.)(rz r ) (816)
This gives the proof for the statement that the thermo-
dynamic potential does not change in first-order theory. which is just Eq. (35). Introducing the following

exp Rnslon:
APPENDIX 8

We here give R derivation of the temperature Green's
function foI' R system of fI'cc clcctlons 1D R unifornl
magnetic 6eld. The equations of motion are given by

6„„(")(ri,r,) = d g
CQ

'exp(ip, r,) Qu~(p, )
2%

&«xp( —2p') I-~(p'), (31&)

f i(o„—L(2m)
—'(i-'(()/Bx) —(%)Ao(x) )'—p/ I

XG„(~ )(x x') =P(x—x') (31}

where 1~(p ) is the Laguerre polynomial of the Eth
order Rnd p 1s defined Rs

p'=-,'(mo, )ri',

fiar„—f (2m) '(i '(()/()x')+(%)A()(x') )'—pjI
&&6„„("'(x,x') =P(x—x'), (32)

with the vector potential Ao(x) chosen as

and substituting it in Kq. (813), we have

a)(((p, ) =m(d. /2sfi(u„Ev (p. .)$ —',
where E~(p.) is given by

(819)

Ao(x) =
f Boy, 0, 0f. — (33)

E~(p.) = (1/2m) p'+ P+5)~.—w (32o)

Therefore, we have

G„( )(x x') =expf —i-', (m(0,) (y+y') (x—x'))
&&6„„(") (x—x') {84)

6„„( ) (x—x') =6 „(") (i xi —x~' i, s—s') (85)
as by Kqs. (3.10) and (3.11). Substituting Kq. (84)
into Kqs. (31) and (82), we have

fi~- —L2~.(9+1it')+ (2m) '(i '(~/~r. ) )'—pjI
XG. (" )(r) =P(r) (86)

6„'"'(x—x') = -' —Q s '"I)))(p')
2(tt Co 2X Pf~

x expLip, (s—s') j
no„E~(p,)—

Tak1ng thc Fourler transforIQ RIll us1Dg thc forIQula

dpp"'~ ""1~(p'}~o(pn")(mF")"'

=( 1) c "n"—~~(~) (V&0)

where )t is given by Eq. (43), we can easily get Eq.
(4.2) .fi~. Lk~. (~+1—).')+(2m) '(' '(~/ )r)' pj'f—

XG„„(-)(r) =P(r). (Br) APPENDIX C

YVc have defined thc lelatlvc vcc'tor I'= (r~, r((, rg) Rs Wc llel'c give tile ploof of Eq. (4.11). Fl'olll Eq. (4.9)
we have

and introduced the operators j, p„, $, and pt as

j=——(m(0, ) "'(i '(()/()r„)+-', (m(o.)r.), (39)
p„—= —(cue.) "'(i '(8/()r, ) —-', (nm, )r„), (810)

C=—(neo),)-'"(i-'(()/()r, ) +-,' (mo), )r„), (811)

1)t=—(~) "'( '(~/~ ) —'(~)r ) (312)

Adding and subtracting Kq. (37) from Eq. (36), we

s'&oP dp,
Q(v) I.=o=

&& g f y +1)D(fear, iV+1 ) p.)+J)/D(JV, X 1( p.)I—
2' Zf(E+( .)).

'~ Ref. 14; p. I3, Eq. (3).
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Zf(&~(P*) )2'

by using Eq. (821). Substituting Eq. (C2) into Eq.
(C1) we get Eq. (4.11).

APPENDIX D

In this Appendix, we carry out the integrals with
respect to variables t and r appears in Eqs. (4.20) and
(4.21). Using assumptions given by Eqs. (4.5) —(4.7),
we can easily carry out the t integrals by using the
method similar to that of tuttinger. '

We will calculate the nonoscillatory term Q(0&(q)

first. Ke note that, on the contours of integration
', we have

—~ &Ret&0.
We therefore set

j=ppt.

Then, due to the factor e& in the integrand S($/P&1, r
~ q),

the contributions from the large values of
~ $ ~

to the
integral are vanishingly small. Thus it is natural to
expand the integrand S($/PtI, r

~ q) in the powers of
co.$/t( and f/Pt( We then. have, after some algebra,
Eq. (4.22).

We next consider the oscillatory term Q('& (q) . We set

YVe have
$=PP(t t)) . (D2)

We have used the fact that the set of functions
Ie &('1~(rt) I is complete. From Eq. (3.24), we have

IIO= (2/P) Q exp(io).0+)G„„'"&(x, x)

2pg
X JI II+0(~./I )+o(P 'I ') I (D4)

&cPI'

In deriving Eq. (D4), we have used the Schla6is in-

tegral representation for 3essel functions" which

reduces, for Sessel functions of an integer order, to

J„(s)= (2Irz) '(-'s)" d$
r0

where the contour I'o is that appearing in Eq. (D3).
We shall note the following properties of the function

Q'"(q) (1~0):

(a)

since the dominant factor in Q('&(q) when co.~0 is

(sinvrt() I =Li sinh(21''/pcs. ) j ',

(b) lim Q"&(q) =0,
q-+p

oscillations. ' We then have, after some algebra, "

Q(I& (q)—
e'Pp' m It' ( —1)'tI exp(Pent()

m(: 2IrP t~~l~ slnwtt

X —(cos28)J, si 9))1+0( ./y)+ (0)~)'))
d0 4'

p 7l Q)c P

(1/0)
e'p&, ' m 't' ( —1)'t( exp(pt(t()

mc 2mP t,~~~ sinmtg

Q(I) (q)— d (2 )) ' —5 tr+ /q), (ZWO)—,
df

r, p&I p&I
(c) Z', ( —1)'t( exp(pIItI) 2m "'

t&'t' sine t~

(D3)

where the contour I'p is that encircling the origin of the

$ plane counterclockwise. Since, for 1/0, the origin of
the $ plane is an isolated singularity and one can deform
the contour Fo in an arbitrary e neighborhood of the
origin, one can consider

~ $ ~
arbitrarily small on the

con~our r, . We can thus again introduce an expansion
in the powers of cu,$/t( and &/Pt(. This is again a standard
method of calculating the leading terms for a physical
quantity in connection with the de Haas —van Alphen

(—1) 'l"' cos(2Irt()((/(0, ) —-', Ir)

slnh(21Ir /P(t) )

We then have Eq. (4.23) and the relations

lim g' Q"&(q) =lim Q' Q('&(q) =0.

' H. JeÃreys and B.S. JefFreys, method of 3Icthematical Physics,
I'Cambridge University Press, Neve York, 1959), p. 575.


