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tions may be important in ionic rare-earth compounds
(and perhaps also in other systems). It is found that
there are a number of competing effects which may or
may not point to a relative enhancement of the higher-
degree terms, but there is certainly no clear cut evidence
that they are negligible compared with the usually con-
sidered electric quadrupole-quadrupole interactions.
The effect of higher-degree terms on optical nonradia-
tive energy-transfer processes is shown to be largely
quantitative rather than qualitative, any observable
effects arising principally from the less stringent selec-
tion rules resulting from the extra higher-degree terms.
The effects on magnetic properties are also similar to
those produced by the lower-degree quadrupole terms,
except for the fact that the extra terms may produce
appreciable contributions to components of the inter-
action and g-value tensors which are otherwise zero or
very small. Unless it can be shown, therefore, that the
higher-degree electric multipole terms are in fact
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negligible one must expect a completely general form
for both the effective spin-spin interaction, S, K-S,
and the Zeeman interaction ugH-(g;*S,/+g;*S;/) de-
scribing a pair of S'=% ions. We have not considered
situations of higher degeneracy or the case of non-
Kramers ions but the same sort of complications will
apply. The calculation of the components of the K and
g tensors will generally be very difficult but in favorable
cases they may be simplified appreciably by symmetry
which, as always, remains as the only reliable guide to
the possible anisotropy.
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The problem of the interaction of a beam of radiation in a coherent state and an atomic system is investi-
gated. A complete set of states of the field is introduced, called displaced stationary states, which are found
to be particularly convenient in dealing with first- and second-order processes such as dispersion, Raman
scattering, single and double emission, and absorption. In this formalism the resonant conditions for the
occurrence of processes which have their counterpart in ordinary first- and second-order perturbation theory
(where the state of the field is assumed to be a stationary state) are found in a natural way. In addition, a
description is indicated of physical situations which are peculiar to coherent field dynamics and thus have no
such counterpart. The coherence properties of the displaced stationary states are analyzed. It is shown under
which experimental conditions (such as appropriate photon correlation methods) it would appear to be
possible to verify whether the displaced stationary states indeed provide a good description of the underlying
dynamics. The formalism can readily be extended to higher-order processes.

I. INTRODUCTION

N quantum optics, with the advent of the laser, one
faces the problem of describing elementary first-
and second-order processes such as absorption and
emission, dispersion and Raman effect, and double
absorption and emission. If one treats the output of
the laser as a coherent state (in the sense of Glauber?)
and considers the interaction of such a state with a
material system such as an atom or molecule, one is
faced with the problem of the coherent state (unlike
the stationary state with a definite number of photons)
not being an eigenstate of the unperturbed Hamiltonian

1 R. J. Glauber, Phys. Rev. 131, 2766 (1963).

of the radiation field. The problem one faces is to find
a representation of the Schrédinger equation suitable
to convey a physically meaningful description of the
atomic system interacting with the coherent field.
In Sec. II, we introduce a complete set of states of
the radiation field, the displaced stationary states,
which we arrive at by carrying out a unitary transfor-
mation of the Schrodinger equation and representing
the transformed equation in Fock space. In Sec. III,
we deal with the problem of absorption and emission
when the atomic system is interacting with a coherent
field or with a displaced stationary state field. We find
that in addition to a description bearing a close re-
semblance to the usual one prevailing when the initial
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state is a stationary field, a situation arises where the
atomic system makes a transition and the final state
of the field is the same as the initial one. In Sec. IV,
we deal with second-order processes. We find that in
addition to the processes of dispersion, Raman scatter-
ing, and double absorption and emission, which have
their counterpart as ordinary second-order processes,
there exists a description of processes having no such
counterpart, which are thus peculiar to the initial co-
herent field. In Sec. V we discuss the coherence prop-
erties of the displaced stationary states. We find that
states, for instance, of the form Via;' | 0) do not have
first- or higher-order coherence. They would thus ex-
hibit photon correlations in appropriate photon-count-
ing experiments. We make the prediction that if such
states exist and interact with an atomic system, they
can make transitions to states V | 0)=| ), which are
coherent to all orders and thus do not exhibit photon
correlations. An experimental way is thus indicated
for testing the reality of the states Viar' | 0).

II. GENERAL REPRESENTATION IN TERMS OF
DISPLACED STATIONARY STATES

Unitary Transformation of the Equations of Motion

The dynamical problem consists, in principle, in
solving a Schrodinger equation, which in the Dirac
picture becomes

#hi(0/00) UL, bo) | ¥(0))=HO U4 ) [¥()), (2.1)

where U (4, #) is the usual time-displacement operator.
The vector | ¢/() ) is the state of the combined material
and radiation systems at time /=0. If the initial state
of the radiation field is a stationary state, i.e., a state
with a fixed number of photons, given by |#n)=
art"%/ (np!) Y2 [ 0) (here | 0) is the vacuum state, af,
a, are photon creation and annihilation operators,
respectively, for the mode %), Eq. (2.1) is most ap-
propriately represented in Fock space, and in the
eigenstates of the unperturbed Hamiltonian of the
material system. In this section we deal mainly with
finding a suitable representation of Eq. (2.1) when
the initial state of the radiation field is given by a
so-called coherent state, described by

| ay=exp(—% | o |2)

X 20 [ows/ (m) ¥ ]Latm/ () V5] | 0),  (2:2)
nk=0

where oy is a complex number. In this section we are
only concerned with a single mode (and henceforth
omit the subscript k), although our results can easily
be generalized to the many-mode case. If we denote
by | 7, @) the combined initial state of the atom (de-
noted by 7) and of the field (denoted by «), we can
rewrite Eq. (2.1) as

ih(8/dt)U | i, a)=HU | i, a). (2.3)
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The displacement operator V(a), introduced by
Glauber,! allows us to write the coherent state of Eq.
(2.2) as

|a)=V|0)=exp(aat—a*a) | 0). (2.4)
It will be remembered that V is a unitary operator.

Because of this property, Eq. (2.3) can be written,
after being multiplied to the left by V-1, as

#(@/) VUV | i, 0y=(V-LHV) VUV | 4,0)

or

(2.5a)

iH(9/00)U" | i,0)y=H'U" | i, 0). (2.5b)

Here the state |7, 0) is an eigenstate of the original
unperturbed Hamiltonian of the combined system. It
would thus appear that a natural representation of
Eq. (2.5a) be in a space spanned by the eigenvectors
of the original unperturbed Hamiltonian, which is
Fock space for the radiation field. We wish to evaluate
the transformed Hamiltonian H'=V-1HV. We choose

H=—C exp[ (i/) Hol] / §(1)-A(r) dr

X exp[— (i/%) Hyf]= — C-1 f i(r, 0) -A(r, ) dr

(2.6)

as a typical interaction Hamiltonian in the Dirac pic-
ture, where Hj is the unperturbed Hamiltonian of the
combined material and radiation systems, and

Hrs= [ §()- A

is the interaction term of the total Hamiltonian in the
Schrodinger picture.
We have the vector potential operator

A(r)=AD(r, a1,) +AO (1, a, ), 2.7
with
AD(1, )
=C ; (%) 26, Vo) Y24 a1, exp(ikye1), (2.8a)
1
A(—)(r’ akl’r)
=C ; () 200, Vo) V21,0, exp(—ikyer), (2.8b)
1
and the following equalities:
Vi exp(iartart) ar, exp(—iarTart) Vi
= Vi tay exp(—iwit) Vi
= (ax+oax) exp(—iwit), (2.9a)
Vit exp(iartart) axt exp(—iartart) Vy
=V o exp(dont) Vi
= (arT+ou*) exp(iant).  (2.9b)
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The equalities of the extreme right of Egs. (2.9a), and
(2.9b) follow from the displacement theorem.!
We define

L () = f (1) -AD(r, a)d,  (2.10a)
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L (a¥) = / i(2) -AC(r, *)dPr,  (2.10b)

where we have replaced ax by ax in AP (r, a;) and a; '
by ai* in A©)(r, ;). Using Egs. (2.6) — (2.10b), the
transformed Hamiltonian is given by

Vi HV = Vi exp[ (¢/1) Hot] / j(r) - A(r) & exp[ (—i/f) Hot ]V

— exp[ (i/A) Hot] / §(r) -A(r) d*r exp[(—i/%) Hot]

o (exL /R Bt [ 307)- A (5) expl— i/ Hat]) expl(—ion)

+ (el /8 Hat] [ 50+ A (r) expl— (/) Hat]) explin)

= H+exp[ (4/) Hat JLLD (ar) exp(—iwit) +LO (or*) exp(iwnt) ] exp[— (4/4) Hut]

=H+Q(, b),

where we define H,, as the unperturbed Hamiltonian
of the material system in the Schrédinger picture. In
the case where the incident radiation consists of several
modes [ [+Vi | 0), we have, in general,

11 vit# I Vi=H+ 2 exp[(i/%) HatJLLS ()
) k k

X exp(—iwit) +LO (ax*) exp(ient)]
X exp[— (3/1) Hat].

The first term on the right of Eq. (2.12) is the original
interaction Hamiltonian in the Dirac picture. The
second term is an operator of the material system only,
i.e., it is a ¢ number in the field operators. It therefore
follows that Eq. (2.12), taken between two stationary
states | #) and {m |, of photon number # and m, respec-
tively, becomes,

(m | VietHV | n)=(m | H | n)+Q(t, &) .

Note that here the transformed Hamiltonian has matrix
elements in Fock space between stationary states
whose photon number differ by &1, 0. In Eq. (2.13)
this result follows from the choice of an interaction
Hamiltonian given by Eq. (2.6), which is linear in the
vector potential 4. Had we added the nonrelativistic
quadratic term in the vector potential, the coupling
between stationary states of the transformed inter-
action Hamiltonian would still have been between
states differing by a small number of photons. It there-
fore appears to be physically meaningful to represent
the field part of Eq. (2.5a) or (2.5b) in Fock space

(2.12)

(2.13)

(2.11)

(regarding V-'HV as the interaction Hamiltonian),
or to represent Egs. (2.5a) and (2.5b) in the space
spanned by the eigenstates of the unperturbed Hamil-
tonian H,. This means that we work with states of
the field of the form V | #), which we call displaced
stationary states.

Displaced Stationary States

Considering, as before, only one mode, the displaced
stationary state vectors are of the form

V[a'fn/("!)llz:] I 0>E |4 I ”) n=0, 1) tery ®
(2.14)

It is readily verified that the states given by expression
(2.14) represent a complete set, satisfying the com-
pleteness relation

ZV 01,2]0)(0[ ,)1/2V~1—1.

Clearly, Eq. (2.15) can be written

V(nZ( ,)],zi 0)0] ,)m)V-I=VV~1=1, (2.16)

because of the unitarity property of the operator V. It
might be of interest to be able to write the states (2.14)
in a form in which the operator V acts on |0) first,
i.e,, in terms of the state | a). We write expression
(2.14) as

L(Vatv=1)r/(n) 2]V | 0)

(2.15)

(2.17)

”=0: 1) cety O,
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and evaluate Ve'V—1. By the displacement theorem,!
we have

at=V[V-1atV]V-1
=V[at4a*JV1
=VatVi4a*V V1
= ValV-1+a*. (2.18)
Hence
Va'V-l=at—a*. (2.19)
Using Eq. (2.19) and the expression (2.17), we obtain
for expression (2.14) the desired form

V|n)=[(a'—a*)/(n)¥]V | 0)

=[(a"=a*)"/(n))"*][a)  #=0,1,..

07 o0,

(2.20)

The completeness relation (2.15) can thus also be
written as

S viool e

[) 1/2

=1. (2.21)
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III. FIRST-ORDER PROCESSES

From Eq. (2.13) it is apparent that Vi HV; has
matrix elements either of the form (m | H |#n) or Q,
depending upon whether m differs from # by =1 or
by 0, respectively. This would indicate, that in first
order, for an initial state ¥ | #) the final state can be
either (n| V-1 or (nt1| V-1 We wish to calculate
the matrix elements in first-order perturbation theory
of the operator U(¢#), which we designate by Uqy(¢).
We assume that we have a two-level atomic system
for the material system, with energy levels E;, (energy
of the initial state), and E; (energy level of the final

‘state), and with states | %) and | f), respectively. We

consider the following situations:

(1) Initial state E;, excited state. Final state Ey,
ground state. State of the field Vy | ).

In the light of Eq. (2.13) we then have two cases. The
first case is

O, 1| {axs1/C(m+1) 1TV V21U o (4) Vawt+/ (1) 2] | 4, 0)

—MW/@H

= [ 011

m Vi~ H(t ) Vk ( Y)ll2 I i, 0>dl/
o , ,
[(n +1) NE H(t) ( 1)1/2 |4,0) dt

= (i)~ / v expli(wr—w) U I(f | LD (1) | i)(m+1)"? exp(iat’). (3.1)
[}

This is the well-known expression for induced and spontaneous emission. The atomic system makes a transition
to the ground state and the final state of the field is (0 | {a"*1/[ (m+1) IJ¥2} Vi~ The process takes place under

the resonant condition

Wp= Wi wy.

(3.2)

If the initial state of the field were V| 0)=| a), we would have a final state (0 | ax Vs, with &'=F or ¥'>k. This

would correspond to spontaneous emission.
The second case is

O, f | Lo/ (m) 2 ]Vi U o (8) ViLa P/ (i 1) ¥2] | 4, 0)

=ww/mﬂ s VPO

= |)1/2 | 4,0) at

=) [ 0,710 140y ar
0

= (i)~ / v expli(wy—wi) V1(f | L (a*) | i) exp(ient’), (3.3)
0

with again the condition (3.2). Here the atomic system makes a transition to the ground state but the final state

of the field is the same as the initial state Vy | ).

(2) Initial state E;, ground state, final state Ky, excited state. State of the field V | ).
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Here again, two cases. The first case is

O, f | e/ [(m— DBV Uy (0) Vilar ™/ (me!) V2] | 1, 0)

*(m)—lf o, fl———Vk H() Vi

—nig" g 600

_(m)—lj<0f1—-—1—)—]1—/é H() ¢ )1/2110)d15’

= (i)~ f a expli(wr—w) ' 1(f | L (1) | £)(m)"* exp(—iwnt).  (3.4)

This is the well-known expression for absorption. The atomic system makes a transition from the ground state to
the excited state. The final state of the field is (0| {a™ /[ (m—1) I]¥?} V; 1. The process takes place under the

resonant condition
W= Wf— Wi (3.5)

The second case is

€0, f | Ca/ (m)) 12V U oy (8) VilLaw T4/ (i) 12] | 4, 0)

=) [ 0.f| G VRO T oy

=Gy [ 0.710() 15,0)ar

= (i)~ ./0 at expli(wr—w) U I(f | L (an) | 3) exp(—ient’), (3.6)

with the condition (3.5). The atomic system makes a transition to the excited state and the initial and final states
of the field remain unchanged, so that the new physical feature of the states Vi | 7;) is that, in addition to the
usual process of absorption and emission given by Egs. (3.1) and (3.4), we now also have, under the same condi-
tions (3.2) and (3.5), the processes described by Egs. (3.3) and (3.6), whereby the atomic system makes the up

or down transition leaving the state of the field unchanged.
IV. SECOND-ORDER PROCESSES

For a description of second-order processes we seek the appropriate matrix elements in second-order perturba-
tion theory of the operator U (¢), which we designate by U (1), i.e.,

1 1

U (1) =[(iF)1T / dn / droH (1) H (rs). (4.1)
0 1)

The representation of U (f) is in a space given by Eq. (2.15). We can therefore choose for example a matrix

element of the form

0, f1 IkI Caxme/ (mi) 2]V Vi U (1) Vi Vi IkI Lar™/ (m!) V2] | 4, 0), (4.2)

where, as before, | ¢) and | f) designate the initial and final states, respectively, of the material system with cor-
responding energy levels E;=7w; and Ey=7iw;. Substituting Eq. (4.1) into (4.2) we have

O, f] IkI Camr/ (m D)V Vi Vi U (8) Vi Vi l;I Lart*/ (m1)¥2] | 4, 0)

=[(i#H)p /ol dnj; dr2(0, f | H ’)1/2 o Wi W H (1) H(79) Vies Viy H o ’) " ] ,0). (4.3)

We wish to evaluate
Vi Wi H (1) H(712) Ve Viy= Vi, Wi H (11) Vi Vi Vi Va2 H (11) Vi Vi (4.4)
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Now, we know from Eq. (2.12) that

Vi Vi ™ H (70) Vi Vie= (1) +Q (71, k1) +Q (71, ks), (4.5)
where we define as before in Eq. (2.11),
Q(r, By =M (1) [ L& (o) exp(—iwsr) 4+ L (an*) exp(ieorr) JMD (1), (4.6)
MO (r)=exp[ (¢/h) Hnr], (4.7a)
M (1) =exp[— (i/fi) Hur . (4.7b)
By further defining
P(r)=Q(r, k) +0Q(r, k2), (4.8)

we have for Eq. (4.4), using Eq. (4.5),
Virm Wit H (1) H(72) Vi Viy= H (1) H (72) + H (11) P(79) +P(11) H(79) + P(11) P(73) . (4.9)

Since the first term on the right of Eq. (4.9) is quadratic, the second and third term are linear in H, and the last
term is independent of H, they will contribute to Eq. (4.3) in different ways. For a given initial state
VieViaL T/ () V¥ ][ a7 / (1) 2] | O) the first and fourth term on the right of Eq. (4.9) will couple to dif-
ferent final states. The second and third term of Eq. (4.9) will couple to different final states than either the first
or fourth term. In other words, Eq. (4.9) is the second-order counterpart of Eq. (2.12). We discuss the contribu-
tion of each term of Eq. (4.9) one by one. For a given initial state Vi, Vi,[art*/ () V2] at™' / (1) V2] | 0) with
arbitrary £ and %', Eq. (4.3) becomes

©,f]

e a1

COm-1) 1792 [ (mp— 1) 112

aptne g, Tne!
(m) 2 ()

nk’+1 vl » tnr ak,‘i‘ &’ .
(zﬁ) ./ dn/ @ 0, f| (n,c +1) 2 [ (me—1) 142 ViV HH () H(r) =5 (n D2 (g ')1/2I i, 0)

oML apel Ttk ay T’ .
( ) f dry [ a0, f +1) T Ty LD (o ( i Gy 0 (4.10)
The extreme right of Eq. (4.10) results from Eq. (4.9), since of the four terms on the right of the latter equation,
only the term H(ry) H(r2) contributes with final states indicated on the left of Eq. (4.10). This is not surprising,
of course, since H (1) H(7s) is the familiar second-order term in perturbation theory. In fact Eq. (4.10) describes
dispersion and Raman scattering. In a similar vein we can describe double photon emission and absorption, re-
spectively, by

Vi Wi U @ (8) ViegViey ——— |4, 0)

I gt Gt gt
O | S DT Elmea g Vo Vo O ViV s L5 14,0)
=<%)2 /0 'y /0 drs(0, 1 | [(n‘:f“fgl!]m [(n:i;l!]m Ve Vi tH (r) H () ,)"f,2 (‘;’";iﬂx i, 0)
=Gﬁ>2 f: dr /0” dr(0, f | [(nzk:k;;lljllz [(n:—li; NG H(ri) H(r) (s ;:/2 (‘:::)T/zl i, 0) (4.11)
and
C‘h)z/otd"/ond”“o’f | V[(Z:n—k: T Loy i Ve Ve D e VWi :)n; G 50
=(;_ﬁ)2 /0 " /0 drs 0, | (njfik;,]w[(n:f; Rl ¢ '):2 o ')1/2| i 0). (412)

The conditions under which, after the integrals are done, the processes of dispersion, Raman scattering, double
quantum emission, and absorption take place are well known and have been widely discussed in the literature.?

2 M. Goeppert-Mayer, Ann. Physik 9, 273 (1931).
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However, in this paper we wish to draw attention to the properties of the final state of the radiation field as will
be discussed in Sec. V. We now consider the terms H (1) P(r3) and P(ry) H(7z) in Eq. (4.9). In the case of emis-

sion, we have
O, f] {a/L(mA-1) ]2} Vi Vi Uy (8) Vi ViaLan ™/ () V2] [ 4, 0)

Cy&) / d“/o 0, f lm% Wi~ IH(TI)P(TZ)VMVM( 1,2! i, 0)

1\?2 @t .
+<m> / d"fo 07 'E( 1) r]xTz Vit Vi P (“)H(”)V"M‘( mml i, 0)

1 2 12 71
+(%> /O dry /0 (0, fIE—(—WP(n)H(Tz) o ')”211 0). (4.13)

Consider the term H(ry) P(r2) on the right of the last equation. By inserting the unity operator for the complete
set of atomic states | /) we have

1\2 rt 71 aknk-H. dkT"" ‘
(;%) fo dﬁ/o dra{0, f | mﬂ(n)f’(n) GaDi 14,0)

=§]; (’L%) / dn/ dr2(0, f!“““":l:l')‘r]l_lzﬂ(n) [ 7){7 | P(72) o ,)1/2] g

=; (z ) / dnf dra(0, f | m exp (t/fhHyry) Hrs exp(—i/TiHory) | 7){J | P(72) —— ( 1)1/2 14,0)

=Z<:—ﬁ) fo dry /0 " dry expli(ar—e)mtiom](f | LO) 1) | P(n) | i mt-1)1e (4.14)

It will be remembered that, whereas H is both an atomic and field operator, the operator P(7;) is an atomic opera-
tor only. This state of affairs has no counterpart in ordinary second-order perturbation theory where one only

deals with the form H(71) H(rz). By considering only the term Q(ro, %1) in P(7s) we get

1\2 /¢t 71 dk"k+1 aanlc .
<;7‘5‘) /(; dﬁ/o drs{0, f | mH(H)Q(m ky) T |,0)
=Z (1/in)3( f | L2 (1) | 7)€ | L (™) | 3) (mt-1) 12

11 T1
X / dry / dry exp[’i (w;-— wj) 1+ 'iwkT1] exp[w ((.Oj— wi) T+ iwk,n]
0 0

+ 3 (Vi) 11 L) 15 | L (ews) | ) (mt-1)22

t 1
X/ dn/ drp exp[i(ws—w;) T tent1] exp[7(wj—ws) Te— lonyTa . (4.15)
0 0
By doing the integrals in Eq. (4.15), the resonant conditions under which linear variation with time is achieved
are
wi—wr=wr+wk (4.16)
and
(4.17)

Wi— Wf= W — Wy

Equation (4.16) corresponds to the case where the initial atomic state is in the excited state. In the final state,
the atomic state is in the ground state. The frequency wy, of the coherent wave has to satisfy Eq. (4.16), which is
analogous to two-photon emission; Eq. (4.17) corresponds to dispersion for w;=wy, and to Raman scattering for
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wi#w; (Stokes for w,—w;<0, anti-Stokes for w;—w,>0). It is interesting to note that for 7,=0, we have essen-
tially scattering of a coherent wave leading to a final state (0 | @V, of the radiation field, with % arbitrary.
In the case of absorption we have

O, f | {am /[ (m—1) ]2} Vi Wi U 0 (8) Vi ViaLar T/ (i) V2] | 4, 0)

—(jﬁ) f d"/o dra(0,f l———m;,;nl Wi (n) () ViV ,)wlz, 0)

1\2 ¢ k" -1 '
H(g) [ on [ am0rr [T-—n—;rV P ) () VoV G 140

(zlﬁ) f dr ]: drs{0, f | “‘——1‘)"‘:'!‘1,‘2 H(71) P(r2) ')”2] i,0)

1\2 ¢ nl nk
+(;Z) ]0 d71[) de(O f]f—'—l)—']l/zP(n) (72)( 1)1/2'1" ) (4.18)

Again, as in the case of emission, if we only consider the term H(71) P(72) on the right of Eq. (4.18) and insert the
unity operator for the complete set of atomic states | j), we have

L\t " art ap e
(%) [o dﬁ/; drz(O,flmH(n)P(rz)le, 0)
1\2 ¢
=; (—1%) j; dnfo drs{0, f‘ET—"l)'—];,;H(n) |77 | P(r2) —= ( !)”2 | 4,0)

"Z<¢ﬁ> / dny / T 1) 5 XD /i) His exp(—i/iHo) | )7 | P () oo 1,0)

e ')1/2
->(7) / an [ ars explior—emimienr 1 O 1) 1G] P i) (e, (4.19)

By considering only the term Q(ry, k1) in P(rz) we get

(tﬁ) / dn/ dr{0, f | '———-ﬁle—/zH(ﬁ)Q(Tz, k1) n '),/2| i,0)
= S LT LW 1) L (oar®) | ) (m

X/t d1'1 /” de exp[i(wf-—wj) T1—‘iwkT1] exp[i(w,-——w,v) T2+1:wk17'2:|
0 0
+§,: CER)TPS | L (1) |57 | Lin™® (ewa) | 3 (i) V2

t T1
X f dr / drg exp[4(ws—w;) T1—twyr1] expli(wj—wi) re— it . (4.20)
0 0

By doing the integrals of the last equation, the conditions under which linear variation with time is achieved (the
resonant conditions) are

00— W= Wr W, (4.21)
W5 W= Wk —Wky. (4.22)

Equation (4.21) corresponds to the case where the initial atomic state is in the ground state. In the final state
the atomic state is in the excited state. Equation (4.21) is the analogue of two-photon absorption. Equation (4.22)
is the absorption counterpart of dispersion and Raman scattering. If the initial atomic state is the ground state,
the final state can be either the ground state (for wyp=wy,) or the excited state (w;—w;<0). Conversely, if the
initial state is the excited state, the final state will be the ground state (w;—w;=wr—wr,>0), corresponding to an
absorptive anti-Stokes effect. Similar considerations apply for the term P(7) H(rs), which will not be carried
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out here. We now wish to handle the term P(71) P(7,) of Eq. (4.9). This operator is only an operator of the atomic
system. From Eq. (4.8) we have
P(r)P(r)= 2, Q(rs, k)Q(rs ks). (4.23)
%,734=1,2;7=1,2
Let us choose the term Q (71, k1) Q(7e, k2) out of the four terms in the summation of Eq. (4.23), since no new physics
is to be gained by considering the other terms. We then have
Tnk

')mh 0)

| A g S (1) ViV . O
( ’f (n ‘)1/2 (% ')1/2 k1 Vs @) ko kl( k,[)ll‘l(

O AE Y Tnk

(1% .
(m) / dny / a0 f | G ’)1/2 o ,)”2 VoV Qs ) Qs k) ViV 1o W{ i, 0)

- (:_ﬁ)z /0 i /0 drs(f1Q(rs, k) Qs B2) 1)

=; (%)2 /: dny _/n dro{ f 1 Q(r1, k1) 17)(7 | Q(7s, k2) | 2, (4.24)

0

where we have inserted the unity operator for the complete set of atomic states | 7) in the last expression. We notice
that the initial and final state of the field have to be the same in order for the matrix element to be nonvanishing.
This is a direct result of the operator () being an operator on atomic states only, and of the orthogonality of the
stationary states. A more explicit evaluation of Eq. (4.24) yields

SA5) [ an [ amis1 0w 110G ) 19

= 5 (/i) (4] B awm) 1771 I (a) |0

t T
X / d7'1 / ' dT2 exp['» (w;— wj) - ’l:wlelj exp[z (wj-— w,-) To— 'iwszz]
0 0
+ (T L™ () [ 707 | L™ (e*) | 9
& T1
X / dTl / de exp['i (w;—- (Dj) T1— iwkl‘l']] CXp['I« (w,--— wz-) 12+ iwkg'z]
0 0
+ (f [ Lkl(—) (O‘kx*) [.7)(.7 ‘ Lk2(+) (akz) l 'L)
t 71
X | dn / dry exp[i{ws—w;) T1+ 1w 1] exp[s(wj—w;) Te— s ]
0 0
F {1 L@ (am™®) [ 707 ] L (s®) | 4)
17 T
X / dry / ‘ dry exp[i(ws—w;) T+t ] exp[i(wi—w;) Tg-i-iwkgz]). (4.25)
0 0

In order for the integrals of the four terms on the
right of Eq. (4.25) to yield quantities varying linearly
with time, the following resonant conditions have to
be satisfied:

W5 0= Wiy Wky, (4.26)
wr—w;=— (wp,+wr,), (4.27)
W= 0™ Wiy Wy, (4.28)
Wr—wi=— (Wpy— W) + (4.29)

Equation (4.26) represents “absorption,” i.e., the atom
goes to a higher energy level in the final state. The sum
of the frequencies of the two coherent waves have to
be equal to the energy separation of the two atomic
states. Similarly, Eq. (4.27) would represent ‘“emis-
sion”, i.e., the atom goes from an initial energy level
to a final lower energy level. A similar situation arises
from Egs. (4.28) and (4.29). Note, however, that in
all these transitions, only the atomic system undergoes
a change, whereas the state of the field remains un-
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changed. This is the second-order counterpart of Eqs.
(3.3) and (3.6).

In this section we were able to reproduce all the reso-
nant conditions normally associated with second-order
effects. In ordinary perturbation theory in the past,
this meant having a stationary state as an initial state.
By using the displaced stationary state formalism de-
veloped in Sec. IT, we were able to obtain, in a natural
way, the resonant conditions in the case for which the
initial state is a coherent state as given by Eq. (2.2),
or more generally of the form Vi/[ax/(n,!1)12]1]0)
(with &’ arbitrary).

V. COHERENCE PROPERTIES OF THE
DISPLACED STATIONARY STATES

The fact that we were able to reproduce, in the last
two sections, all the resonant conditions normally as-
sociated with dispersion, Raman scattering, single and
double absorption, and emission, provides only scant
evidence that the displaced stationary state formalism

(() ] [aknk/(nk !) 1/2] Vi 1A A Vk,[ak'rnk/(nk 1) 1/2] | 0)

COHERENT FILLD DYNAMICS
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(states as given by Vi'[axt/(m!)*/*]| 0)) represents
a good description of the physics that is going on in the
interaction of a coherent field (such as is provided by
the output of a gas laser, say at 50 times above thresh-
old) and an atomic system. The study of the coherence
properties of these states will allow us to make predic-
tions upon the outcome of photon-correlation experi-
ments in which these states are involved. We define,
in analogy with Egs. (2.8a) and (2.8b),

A (r, t) =C Z (ﬁ/thVo) l/21k1akl
k1

X exp[i(kirr—wif)], (5.1a)
AC(r, 1) =C Y (h/ 2w Ve) V¥ gar, '
k1
X exp[—i (B r—wit) ] (5.1b)

The first-order coherence relation in the sense of
Glauber,! for the state

+ 0 | Lot/ () 2]Vt A Vio[ar ™/ (m) 2] | 0)

Vi'[a 't/ (mi!) 127 | 0) (5.2)
is given by
=0 | Lax*/ (ms!) PV AV (a1 /[ (m—1) 12} ‘ 0)
X (0] {a/[(me—1) T2} Vet ADViLar ™/ () ] | 0)
X (0 | L™/ (m) 2]V AD Vi Lawt/ (me) 12] | 0). (5.3)

Equation (5.3) holds for both k%%’ and k=Fk'. The
fact that the terms on the right of Eq. (5.3) are both
different from zero for 7,0 indicates that the left
side does not factorize for 7;50. Thus the state given
by Eq. (5.2) does not possess first-order coherence for
m#~0. Similar considerations indicate that this is also
true for higher-order coherence. However, if 7,=0,
the first term on the right vanishes, and the state (5.2)
is of course coherent to all orders. This has an interest-
ing physical consequence. Consider the state Via;' | 0)
for instance, which can be considered spontaneous emis-
sion in the forward direction, or Rayleigh scattering in
the forward direction for an incident field Vi | 0)=| o).
If such a state Viai|0) is made to interact with an
atomic system, we know from the last two sections that
there is a probability for the state Vi | 0)=| ax) being
a final state of the field under a proper choice of an
initial state of the atomic system. However, this last

state is just a coherent state to all orders. It will thus
exhibit no photon correlations in an appropriate photon-
counting experiment.

The state Viai' | 0), on the other hand, will exhibit
such correlations. Hence, it would appear, that it ought
to be possible to determine experimentally whether the
state can indeed make a transition to a coherent state
in, say, an absorption process. If this were seen to be so
it would indicate that the state Viaxt|O0) exists and
that the displaced stationary state formalism is indeed
a good description of the physics prevailing in the inter-
action of a coherent wave and an atomic system.
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