
CLASSIP I CATION OF PARTI CLE M ULTI PLETS

Type '?. For spin -', one may take an isospinor 1V

which by parity transforms as

iÃyo, (6.64)

D"(e.) =i
(o
ke oi

(6.6s)

and one should add an interaction which restricts the
internal symmetry group to be just SU(2). Then, in
the basis f= (E,Ete),

(6.66)Ep, + 1'6p

In the basis V„=(E„,E„te) the matrices D" are again
given by (6.6S).

The basis fields for the examples discussed above
for Table IV fit into general forms analogous to those
described after Eq. (6.33) for the types of Table II.
These general forms are collected in Table VIII, which
is a sort of summary of the results of this section.

A Lagrangian which achieves the above can be easily
constructed following a method similar to that used
for type 3. Similarly, for spin 1, one may use a vector
E„which is an isospinor and which by parity trans-
forQls as
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The aim of this paper is to generalize Toiler's work on elastic forward scattering and to expand the general
two-body amplitude for all values of momentum transfer in terms of unitary representations of SO(3,1).
The authors' concern is covariant inclusion of spin.

1. INTRODUCTION

' 'N a series of recent papers, Toiler' has made a funda-
l ~ mental advance in noticing and exploiting the extra
O(3, 1) invariance possessed by the elastic forward-scat-
tering amplitude. The new invariance leads him to an
expansion of the amplitude in terms of unitary repre-
sentations of the group SO(3,1). This is in contrast to
the normal partial-wave analysis which is an expansion
in terms of unitary representations of SO(3)—a much
smaller structure. The new expansion —embodying the
higher symmetry —leads to newer insights; for example,
if the new partial-wave amplitude, labeled with the
four-dimensional generalized angular momentum 0, is
assumed to be meromorphic for complex 0; one 6nds
that to each pole in the 0-plane there corresponds a
family of integrally spaced daughter poles in the com-

plex J plane for the partial-wave amplitude u~. This
parent-daughter phenomenon anticipated in the works
of Gribov and Volkov, 2 Domokos and Suranyi, ' and
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rediscovered recently by Freedman and Wang, 4 Ands

its most complete expression in Toiler's development
insofar as, in contrast to the other authors, Toiler takes
full account of the very essential complications intro-
duced by spin.

The aim of the present paper is to generalize Toiler's
work- on elastic forward scattering and to expand the
general two-body amplitude for all values of momentum
transfer in terms of unitary representations of SO(3,1).
That such a program is feasible and that it may be
expected to lead to new results has already been
demonstrated by Oakes' and Domokos' for scattering
of equal- or unequal-mass particles when no spins are
involved. In this simple case, the amplitude is a function
of scalar products of incoming and outgoing momenta.
Such a function (or rather its analytic continuation to
a Euclidean metric) can always be expanded in terms
of a corttpkte set of four-dimensional Gegenbauer
polynomials.

Our concern in this paper is covariant indusion of
spin. One simple suggestion for doing this would be to
separate out all spin-dependent factors and to write
the general amplitude in terms of scalar amplitudes of

Ya. A. Smorodinski, M. Ulhir, and P. Winternitz, Dubna Report
No. E-1591 (unpublished).
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M. L. Goldberger and E. Jones, Phys. Rev. Letters 17, 105 (1966}.' R. Oakes, Phys. Letters 248, 154 (196'tI').' G. DomoIros, Phys. Rev. 159, 1387 (196/}.
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the type used in Mandelstam's representation. I'or
these one couM certainly use the Oakes-Domokos-
Gegenbauer expansion.

Unfortunately, this straightforward procedure suffers
from two defects. Firstly, the choice of the amplitudes
is arbitra, ry. Secondly, one would lose touch completely
with Toiler's development for forward scattering which
employs the more physically transparent helicity
formalism and which must serve as a necessary boundary
condition for any 0(3,1) expansion of the general arnPli
tide. In this paper we 6nd such an expansion, using
conventional helicity formalism as far as possible.

Unfortunately, the formalism gets involved in a
multitude of indices which somewhat obscure the
simplicity of the basic ideas. Even at the risk of repeti-
tion we present a resume of the argument of our paper
in this introduction.

Consider scattering of two incoming particles of
momenta, spins, and helicities p, , S;, and X,, i = 1 2 to
outgoing particles i=3, 4. Instead of the conventional
S matrix, we choose to discuss the equivalent transition
matrix T which takes pr, Ps~ ps, p4. This can be ex-
pressed. in terms of three independent vectors

pt ps p4 ps (momentum transfer) and the rela-
tive momenta q= pt+Ps, q'= ps+ p4, in the form
(q'i Ss) s)S4&41 r(P) I q) S»)~tP's)) s) ~

The 6rst problem we face is that of covariant com-
position of S~, X~ and S3, X3. For Toiler's case of zero
momentum transfer, P=0 and pt= ps so that one can
simply "add" spins and helicities. In general, of course,
the very definition of helicity ties momenta to spins and
these must be decoupled before any "addition" is
possible. Most of the prepossessing nature of our
formulas comes about on account of this conceptually
very simple step, with its standard procedure of passing
from the helicity basis

I p, X) to the well-known' (dotted
and undotted) spinor basis

I p,A) and
I p,A). We thus

employ, as it were, an M-function-like approach and
pass from I q; St4,Sshs) to

I q; StAt, SsA s) and then,
6nally, after a Clebsch-Gordan composition to "states"

I q,J,A), reducing the problem to that of an expansion.f &q'~A IT(P) Iq~A).
This is the step where Toiler starts. For the forward-

scattering situation (P„=0), he notices that the state q'

is created from state q by a simple Lorentz transforma-
tion. ln the frame where we take q+q' along t and q

—q'

along the s axis, the q to q' transformation is an 03
rotation through the angle f between q and q'.
Thus

&q'~'A'I 2'(0)
I
q»)-(~'A'I &(0)e-'""'I&A), (1.1)

so that the expa, nsion problem is simply the problem of
writing matrix elements of the Lorentz rotation operator
on the riglit of (1). These ma, trix elements are well
known; they have been computed by Strom, ' Toiler, '

' H. Joos, Fortschr. Physik 10, 65 (1962).' S. Strom, Arkiv Fysik 29, 467 (1965); Dao Wong Duc and
Nguyen Van Heiu, Dubna Report No. P-2886 (unpublished).

Dao %ong Duc, and others, and. are conventionally
written as Ds ~,s~"'(f')=8~ ~ds ~s"'(f) T. he labels
js and o correspond to the two invariants of SO(3,1)—
one discrete (js) and the other continuous (o). The T
operator is a sum over je and an integral over o, and on
account of the factor b~~ in the D function there is no
helicity flip (Xt—As=As —X4) as one should expect for
forward scattering.

Now, although Toiler has not considered this case,
his considerations apply equaH. y to the case when T is
an invariant function of the four-vector P„D.e.,
T= T(Ps)]. This is the key observation in what
follows; linked with this is the observation that such
matrix elements must be fiipless.

A Tollerization of Aipless amplitude is therefore
always possible at all momentum transfers simply from
the completeness relation satisfied by the functions
ds'A s'"(t ).This expansion at l WO does not possess the
same group-theoretic sanction as the t=0 case LO(3,1)
is not the invariance group any more]; however, since
it passes automatically in the limit t -+0 to the original
Toiler expansion (for pairwise equal masses) we believe
that our expansion is equally as signi6cant as Toiler's.

For the spin-Hip case we are not on such unambiguous
ground. The procedure we have adopted is to express
the spin-Qip amplitudes as a series of kinematic terms'
multiplied into (an equal number of) tulip/ess amplitudes
of the form (g(—P'))""(q'J'BIS(P') IqJB). These
amplitudes are, as it were, half-way between helicity
and scalar-invariant amplitudes and are construcied
in Sec. 3. There can be more than one scheme of con-
struction of such amplitudes; the scheme we have
adopted has the merit that if the spin-Qip amplitudes
are approximated by a set of Toiler trajectories, one can
be sure that the parent Regge poles do lie on these.

The relationship of Regge formalism to that of Toiler
has been worked out for 1=0 case by Toiler arid
Sciarrinoi and again by Freedman and. ~ang~io wh
continue the group O(3,1) to O(4) and use O(4)
rotation functions d"' instead of d'" for O(3,1). The
basic idea of these authors is to expand, for example,
the O(3,1) functions d'"(f) into a series of O(2, 1) func-
tions d'(f); this expansion gives rise to the parent-
daughter phenomenon. For t/0, we use the same idea
and obtain not just parent-daughter poles at t=0 but
parent-daughter trajectories for all t. An important
consequence of the formalism is that the assumption of
meromorphicity of amplitudes in 0 plan" and this we
must stress is a dynamical assumption —leads directly
to the corresponding parent and daughter trajectories
in the j plane being strictly parallel to each other.

One may therefore take the position that if daughter
trajectories are experimentally discovered and found

' A similar but not identical isolation of spin-flip factors from
helicity amplitudes was carried out by M. Gell-Mann, M. L.
Goldberger, F. E. Low, G. Marx, and F. Zachariasen [Phys. Rev.
155, 8145 (1964)g in defining their new amplitudes for Reggeiza-
tion.

's D. Z. Freedman and J.M. Wang, Phys. Rev. 160, 1560 (1967).
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parallel or near parallel to their parents, the present
formalism would provide a more desirable, a more com-
pact, and (less singular) calculational procedure than
the conventional one based on 0(3) expansions. H, on
the other hand, no daughters are discovered, or if
discovered, t.he traject. ories are not nearly parallel, one
must either approximate to the amplitudes by families
of compensating Toiler trajectories, or go back to the
original Regge formalism with all its shortcomings at
1=0.Since we believe that Toiler's formalism possesses
a firm group-theoretic foundation at t=0 and since
ours (at least for the flipless case) is its direct con-
tinuation, it is unlikely that one will have to go back. to
the Regge formalism. "

The scheme of the present paper is as follows. In
Sec. 2 we consider the problem of spin decoupling and
pass from helicity amplitudes to M-function-like ampli-
tudes. The material of the section is standard; the
important end equation is (2.37) and the definition of
the amplitude (q'J'A'

~
T(P)

~ qJA) through the relation
(2.40). We state the basic expansion theorem (2.53),
(2.54), which leads on the final expansion (2.58).

In Sec. 3 we consider the case of gipping amplitudes.
Our aim is to de6ne a set of independent Ripless ampli-
tudes in terms of which one can express these. Our
procedure may be pictured graphically as the emission
at one of the vertices (where particle pi comes in and ps
goes out, for example) of a, helicity-flip-carrying
"spurion" which with helicity naturally also carries o6
spin, changing the spin J(=st+$s) at this vertex to
J+1,J+2, etc. , LEqs. (3.17) and (3.18)j.Analyti-
cally the procedure is essentially one of the expansion
of the T matrix (q'

~
T(P)

~ q) in a, power series

P P„P.(q'( T„, (Ps) ( q).
As stated earlier, there is an element of nonuniqueness

about this expansion; one may expand, for example, in
powers P„or the tensor p„q„or a combination of these
variables. In fact, in an earlier paper, "a different (and
possibly simpler) expansion was suggested than the one
adopted in Sec. 3. The difference between the two lies
in the fact that the earlier version was tied to the
center-of-mass (c.m.) kame. The formalism suggested
here, on the contrary, is fully covariant, not tied to any
given frame, and therefore also much more complicated.
It must be stressed, however, that so far as Tollerization
and the high-energy asymptotics are concerned, all
expansions wB1 give the same result since the behavior
of ti;» '"(s) for large s (s' ' ~" "~) is independent of j
and j, whereas it is just in the specification of j and j
that the alternative versions diGer. The Anal resu)t of
the present paper is given in (3.17), (3.18), and (3.27).

One important departure in the present paper is the

"L.Dttrand LPhys. Rev. I.etters 18, M (1967)]and R. Dates
(Ref. 5) have conjectured that there are no physical particles on
daughter trajectories. In this vievr, Toiler trajectories provide
just the proper relativistic treatment for Regge trajectones
without adding to the physica/-particle spectrum.

» R. Delbourgo, Abdus Salam, and J. Strathdee, Phys. Letters
25B, 230 (1967).

treatment of the unequal-mass case in Sec. 3, where, by
a change of variables, this case is brought to correspond
to the formalism for equal masses, thereby removing
one of the vexatious points of recent work. The point
we wish to stress is that it is of the essence of the
factorizability theorem that the characteristics of a
Toiler or a Regge trajectory which is exchanged should
not depend on whether the particles at a given vertex
have equal or unequal masses.

%e have not dealt here with the CTI' properties of
the amplitudes (q'

~
T(P)

~
q). These can be inferred from

the dining equation.

Z. SPIN DECOUPLING

The representation of the Poincare group associated
with a physical particle of mass ys&0, spin 5, helicity X,

and positive energy is spanned by the set of basis
vectors

where

~
pS)t) —

&
—io'zoo&—iszoi&io Jro&—ia Zoo

~
pS)t)

= U(Ls) i pSX),

p„=—(m, 0,0,0),

(2.1)

(2.2)

p„=m(coshn, sinhn sin8 cos rp,

sinhn sin8 sing, sinhn cos8), (2.3)

with

0& q (2m-, 0&8~&m-, 0~&+& ~. (2 4)

Thc. J„, operators denote generators of homogeneous
I.orentz transformations. The subset of states with
p= p is defined by the 50(3) conditions

Js~ps))=5(5+1) ~pS) ),
J„(pS))=)

~

pS) ). (2.5)

The crucial point is that, D8 is a representation of the
50(3) little group; this form of (2.6) is possible because
the transformation Ls„'hI „itself belongs to 50(3).

One of the important ingredients of the development
presented here turned out to be the necessity to
decouple the p dependence of the spin transformations.
The formalism for doing this is well known. ~ One
modihes the basis system, the connection between t.he
modified basis and the set (2.1) being provided by the
(2S+1)-dimensional representations of the homoge-
neous group. In order to 6x the notation, we shall review
brieRy some of the features of these representations.

It is usual in treating the hnite-dimensional repre-
sentations of SQ(3,1) to express the generators J„,in

Under homogeneous I.orentz transformations we have
from %igner's well-known theory,

U(A)
~
pSZ) =p j Apse')Di, i, (Lsr 'A.Ls) . (2.6)
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the form

J» EB——+Lm, iJ03=Ea—La, cyclically, (2.7)

where the opera, tors I and L obey the commutation
rules of SO(3)XSO(3), i.e.,

I E&,E2)= iE~, LL~,L2$ = iLg cyclically,

appropriate spatial rotations. Using iJog= E~—I.3, we

get

e 'azoaIAB) IAB)e a(" ) (2.18)

It is a simple matter to express these transformations in
the

I jX) basis. Thus,

LE;,L;]=0. (2.8)
U(i)),8$) I jX)=Q I jY)D);),'(q, 8,)P), (2.19)

The irreducible representations D~' are then. specified
by a pair of integer or half-integer numbers (k, l), where

(2.20)

I'= k(k+1), L'= /(l+1) . (2.9)

There are two alternative sets of basis vectors which

are useful for expressing the finite-dimensional repre-
sentations: one which diagonalizes E3 and J3 and one
which diagonalizes J' and J~~. These are written

IA,B),
A = —k, —0+1, , k; B=—l, l+1,— , /, (2.10)

d,',"'( )=P (j'&IkA, /B)e &~ a)(kA, /Bl jh). (2.21)

Of particular interest to us in the following are the
representations D and D which are irreducible under
SO(3). Since the Clebsch-Gordan coefficients reduce to
Kronecker symbols in these cases, the distinction be-
tween the bases (2.10) and (2.11) disappears. For the
finite transfor'mations dealt with above we have

Ij~),
j= Ik —ll Ik —/I+1 ''' k+l' 1)=—j ''' j.
They satisfy the eigenvalue equations

ESIAB)=A IAB), L3IAB)=BIAB), (212)

J'I j~)= j(jy1) I p), 3»I p)=~I p). {2.13)

Da': U(q, 8,&) ISA)=g ISA')Dg, „s(q,8,$),

e ' ~'3ISA)= ISA)e—"
D": U(~, 8,WI»)=E I»')D'"(.,8~)

e
—' »3ISA)= ISA)e &.

(2.22)

(2.23)

Since J=K+L, the connection between these basis
systems is provided by the ordinary Clebsch-Gordan
coeKcients.

Ip)=p IAB)(kA, lBIjx),

Finally, let us remark that the decomposition of a direct
product of two irreducible representations is little more

complicated than the corresponding problem in SO(3).
Thus,

IAB)=g
I j/)(PIkA, /B).

(2.14) /c 1+/c 2 l 1+l P

DPI)1D):2)2 — Q Q Dkl
&~l &1—&2l t I &1—&2l

(2.24)

AVe give examples of 6nite transformations in the I AB)
system. Firstly, corresponding to a purely spatial
rotation,

U(& 8 1/,)—e iq»»e i))&s&e iAJ12- — —

—e iyKge iSK)e ieK—ae irpL—ge iHLg—e ipLg— (2—15)—
we have

U(„,8,y)IAB)= g IAB)
B

XD~ ~'(p, 8A)De a'(q, 8A), (2.16)

where D~ ~ and DQ Q denote the usual SO(3) rotation
matrices

D~ ~'(v»8A) = e "'"d~ ~'( )e8'", (217)

and similarly for DB B'. It will suKce to exhibit only
the pure Lorentz transformation in the 03 plane since
any other can be built up from this one together with

or, in teriTis of basis vectors,

I k,A, /, B„k,A, /,B,)
=Q Ik)kgkA)/)/g/B)

X(kA IkiA), kmA~)(/B I/)B), /282),

Ik)/& j)x&,k2/2 j&x&)

I kl/lk2/2 k/j&)( j& I j)4j2~2)

x((k,/, )j„(k,/2) j,; jI(k,k,)k, (/)/, )/; j), (2.25)

where, in the last expression, a 9—j symbol has made
its appearance.

Returning now to the problem of decoupling the P
dependence in the transformation law (2.6) we see that
since D ' and Do are irreducible under spatial rota-
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tions, it is always possible to write

D);),a(L4„'AL ~) =D4 i,ao(L4.„'AL„)

elements. Let us consider the process

&posoks, p4S4x4 I
T

I pisiki, p2s2li2),

Z Di'A' (L4 ) where the X's denote helicity. From this matrix element
we can defme a new one by

D~ gao A D~iao L~, 2.26

or, alternatively,

Di'1 (LAy ALy) Dx'1 (Lhy ALy)

= P Di ~"(L4 ')D~ ~"(A)D~1"(L,) . (2 2&)
AA'

I et us therefore de6ne the modi6ed basis systems

lpsd&=Q Ipsl1)Di~ao(L~ '),

I psA &
=g I

ps')Dg~oa(L~ —') .

It follows immediately from (2.6) that under a homoge-
neous I orentz transformation these states transform,
respectively, according to the laws

(posolio, p4s4lw 4 I
T

I pisi4, pos24)

g„~ aoo(I,—1)D„~o84(L,—1)
$ ~ ~ ~ Jj4

x &poso+ 2 p4SA4 I
T

I pisl~ lyp2S2142)

XD...,'"«„)D.::"«.). (2.3n

The newly defined matrix element, which is a type of
M function, satisfies the invariance condition

&posgA o,p4s~i I
T

I p s A,p s A )

Q D~,a'"(A ')D~a"'(A ')
Bye ~ oB4

x&Apg B2,Ap~@ ITIAp s B,Ap s~ )

XDa, ~ aio(A)Da, ~,oa2(A). (2 38)

U(A) Ipsd)=Q IApsA')Dg a '(A)
A'

U(A) I ps'&=p IApsA')D~. ~os(A)

(2.30)
A more compact and convenient notation for this
matrix element can be introduced if we define the three
independent vectors

As it happens, the set (2.29) transforms contragredi-
ently to the set (2.28). This follows from the nonunitary
nature of the hnite-deminsional representations

Pi P2 P4 P2~

2q= pi+ po,

2q= p2+ p4 ~

(2.39)

LD~a (A)j =Da~ (A ) (2.32) I.et us therefore couple the spins 5~53 and 5254, writing

If we adopt the notational convention

ps'&*=&psAI &, & IpsA&*=&ps

then, corresponding to (2.28) and (2.29), respectively,
we must have

(psA I
=g D~~' (L )&ps' I,

(p62~2&p4S4~4IT I pisi~ip2M2)

= P (S~, I
J'w', s,w, )&q'J'A'I T(P) I qJw)

X&soA2, JA Isidi). (2.40)

The matrix element &q'J'A'IT(P) IqJa& satisfies the
invariance condition

(pSw I =Z D„„so(L„)&pS~I. (2.34)
&q JA IT(P) IqJ~&= PD..»(A-1)

BB'

t hus, in particular, the orthogonality condition reads

s(p2 —m2)(ps'
I
p'sB) = s»s(p p') . —

Let us note finally the explicit form taken by the
matrices in (2.28) and (2.29) when L~ refers to the
boost defmed in (2.1);

Ips»=Z lp»&.-'" '-d- (-0) '", (2.»)

Ipsd&=g lpsx)e @&4 4aidiza( 8)e4'1". (2.36)

X (AqJ'B'
I T(AP)

I Aq J.B)Da~~o(A) (2.4i)

for any homogeneous Lorentz transformation A. An
equivalent formulation of this requirement is contained
in the three relations

U(A) I qJ»= Z I AqJB&Da.rc(Al

(q'J'g'I U (A) =g D, .o (A--1)&Aq'J'B I, (2.42)

U(A) T(P) U '(A) = T(AP) .
The application for which the above formalism has

been developed concerns the analysis of T-matrix I.et us denote by L» ' and L; ' two transforms, t.ions
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which carry q and q', respectively, into the time axis angle Lsee (2.20)j, we write"

Ig g=g and I . 'q'= j' (2.43) D,»,; x '"(~)= &»x d,»""(~). (2.49)

where j and j' have vanishing space components. Kith
these notations we can write formally

(q J'A
I T(P) I VAJA&

=g D~ rr'~'(L;) (ri'J'B", U(L, —') T(P)
BB'

The group-theoretical result which we shall exploit
is the theorem which states that any square-integrable
function over the Lorentz group may be expanded in
the representations of the principal series. Let f(A) be
such a function. If we deine the coeKcients

XU(L,) IVB&D""(L )

=g D ."(L,.)(y'J B
I T(L,. P)- f,»,;»'"= de D; x .a'"(~)*f(~), (2.50)

thereby expressing the matrix element as a function of
two Lorentz transformations.

Now our principal aim in this paper is to develop the
matrix element in irreducible unitary representations of
the homogeneous Lorentz group. This can be done by
standard group-theoretical techniques provided that we
reduce it to a function of only one Lorentz transforma-
tion. In Sec. III a method is presented for separating
out the angular dependence on P„, and once this has
been done we shall have, in efI'ect,

f(~)=Z d&r( jps —o')

X Z fg».; 2."D;»,;»'"(A) (2 51)

Applying this to the function (jS'A'
I
T(P') U(A) I&SB&

and using in addition the properties

U(R) IVB&=Z IVA&D»'(R)

XU(L,—tL ) lyJB&Dz„zs(L -t) (2 44) where J'dh. denotes the invariant integral over the
group, then we can make the expansion

T(hP) = T(P) .
(qJ'B'IU '(R)=P Drr g (R ')(jJ'A'I,

(2.52)

For the special circumstance of forward scattering
(P„=O) this is of course unnecessary —the expression
(2.39) already contains only one Lorentz transformation.

Let us assume for the present that T= T(P') and so
proceed with the development. For the matrices of
irreducible unitary representations of the Lorentz group
we adopt the notation —in a

I j) &
basis—

for purely spa, tial rotations, we get

d~ D) x,;»'"(Jt)*(V'B'I T(P') U(~) I VB&

o ' J'4 'B' o Jo»B(J'
I
T'"(P')

I J), (2 53)

D2», ~'~ '"(A): and, conversely,

$00

j j'=
I jol I jol+1 I jol+2

j ~ ~ ~ j (2.45) (yJ'B'I T(P2) U(X) lyJB)

The labels jo and 0- are given in terms of the two Casimir
invariants by

do(j 22 o)(J'—
I
T~o~(P')

I J)
XDJ ~ zs~ (A) (2.54)

,'J„„J„„=js2+o2 —-1,
1
4 &Xp,vp J)tIx~vp 2&joo ~

(2.46) where cV denotes tbe lesser of J and J'. Inserting the
expansion (2.49) into (2.40) we get

The representations of the principal series, which are
the only ones we shall need, are given by jo and o- in
the ranges M

~j0=o~2~ ~, 2~

MK 'x) ~

(2.47)
do(jss os)(J'I Tao (P2)

I J)

The structure of the matrices (2.40) is such that for
purely spatial rotations E we have

X g DA'8' (J ')DJ'B', JB (L2' Ls)
BB'

XDa~ "(Ls ') (2.55)

»', '» '"(R)= ~22'»"(R), (2.4g) In a suitably chosen frame it is possible to fix L, and

where D»x ' denotes one of tbe usual SO(3) rotation» 1n the papers of 1'oiler, (j2,o) ~ (~,x). Onr notation in (2.49)
matrices (2.17). Corresponding to the pure I„orentz di8ers slightly in that Toiler writes

transformation in the 03 plane through a hyperbolic "(~)=Sos'~iij" "(~)
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I.; by only ming(2J'+1), (2j+1)j independent matrix ele-
ments of T(P'). One way of getting the correct total is

in which case we have J', J'+1, , J'+2J. (3.3)
Z D~s' '(Lo)D~s, Js'"(Io 'Io)D» '(Jo ')
BB'

= 8g ze " '~ dg gg~o (|)er ~ (2.57)

In this frame the formula (2.51) becomes

(q'J'-&'I T(P')
I q»)

Since j&~J', and since there are 2J+1 values, we have

P minD2J'+1)(2 j+1)j=g (2J'+1)

= (2J+1)(2J'+1).

do( jo'—0')(J'I T'"(P')
I J)

It remains to choose the matrix elements of I'(f) in
the simplest possible way consistent with the covariance
of (3.2). A further requirement to be imposed is that

Xd&'»" 0) ~ (2 58) the formula (3.2) reduce at P„=O to

where i denotes the angle between q and q'

cosh f= qq'/(q'q'o) '" (2.59)

«J'A IT(o)lqJA)=«JA IT(o)lqJJA). (3.4)

From the covariance conditions

3. REDUCTIO5' OF THE MATRIX ELEMENTS;
THE SPDT-FLIP CASE

In order to carry out the expa, nsion in irreducible rep-
resentations of the matrix element (q'J'A'I T(P)

I qJA),
it is necessary first to separate out the dependence on
the angular coordinates of I'„. This separation corre-
sponds in part to a,n expansion of the matrix element in
invariant amplitudes. However, we shall not carry out
a complete reduction to invariant amplitudes but
rather we shall separa, te only the powers of I'„. The
coefhcients in this expansion we shall denote by
(qj''8'I T(P') IqjB&. It is these simpler objects which
depend on I"rather than E„which can be developed in
irreducible representations of the homogeneous Lorentz
group. We may expect, of course, tha, t our method of
isolating the E„dependence has the feature —common
to all expansions in invariant amplitudes —of being
nonunique.

The problem of separating out the powers of I'„ is
made a little simpler if we deal instead with the self-dual
antisymmetric tensor.

f"=&~i(a.~r" r~C-)+i—o"~.jP~(q+q'). , (3 1)

which is linear in I'„. Thus, we propose to write the
matrix element. s of T(P) in the form

where, of course,

XVCII'(~f) I»&D»"(&), (37)

(Af) pv=h„pAvafpr. (3.8)

We can use (3.7) to simplify the structure of I'(f).
The self-dual tensor f„„has three independent com-

ponents. Let us write

(fr, fo, fo) = (fox foo, foa) = (ifoo, iform, ifu) . (3.9)

(q'J'A'
I T(P) I qJA)

D~ s oz'(g-')
BB'

X(~q Ja IT(~) I~qJa&D.,"(~), (3.5)

(q'J'A'I T(Po)
I qJ~A&

= Q D~ s'~'(~ ')
BB'

X (&q'J'&'
I
T(P')

I ~qJj &&D "(~), (3.~)

it follows that the covariance of (3.2) requires I"(f) to
satisfy the covariance condition

(q'J'A'I T(P) I qJA)

=2 (q'J'A'I T(P') IqJi P&V~I I'(f) I JA& (3 2)
'B

For an arbitrary A we have

(~f) =ED "(~)f, (3.10)

where I'(f) denoted a suitable polynomial in f„„.The
summation variables j, 8 must cover such a range as to
give the correct count of reduced amplitudes. Dis-
regarding the constraints arising from the discrete I',
C, and P symmetries, there are just (2J+1)(2J'+1)
independent matrix elements of T(P)—one for each
value of 3, 3'. On the other hand, for fixed j there a,re

while

f'=& ff = xf"f"-—(3.11)

I'(f)=Z I'~x- r.f~i' f~.. (3.12)

is invariant. We are assuming that I'(f) is a polynomial
m A~
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s'"fl =—Pl(q+q') o,
s'/'f, = iP—,(q+ q')„
s'"fl =Po(q+ q') 2

—P2(q+ q') o)(jBII(f)IZA&

=2 De."(A ')&j C-I I'U') I»&D»"(A)
(3.19)

and from (2.39) and (2.56),cD

The coefficients I;, ;„ transform as tensors under ponents of f„„can be expressed as functions of the
homogeneous Lorentz transformations and they can be Mandelstam invariants s and t From (3.1) and (3.9),
decomposed into irreducible parts. Choosing A. in (3.7)
such that Af= j= (0,0,+&f2)) we can write

Q Q DBc"(h')&jC.
I
f"I'o"(f')

I JD&Dilly (A)
cD n

=& & D/ie"&/» ')f"&j IIII'"ll J&&jcl«»&DD~"(/1)
CD n

=2 f"(jIII'"ll J&&P'I «JA&D«"'(A ')

=2 f"&j II
II'"ll J&&j BI« ~A&e * 'da "(~) (3 13)

where 42 and p denote the polar coordinates of f, ;

f;= (f') '/2(sinn cosP, sina sinP, cosn) . (3.14)

The reduced matrix elements (jllI'"IIJ'& must be
chosen in some convenient way. Let us require that
only the smallest possible value of e survives in the sum
(3.13), i.e., let us take

(3.15)

The matrix I'(f) is now completely speci6ed, viz. ,

&jBII'(f) I~A&

=f ' '~&FBI I
~ j I

/4. ,~A&e '"d»—' '~(~), (3 16)

where E=B A. The exp—ression (3.2) thus takes the
form

JI+2J
= P P f ~ I i&q J A

I
T(P-2)

I qg~B&

m4 —m2 mg m3

2 sin2| (2(m4'+m2') —t)'* (2(ml'+mp )—t)'

P —LP 2 P 2 t]l/2

s—24= [(2(ml'+m22) —t)
X(2(m4'+m2') —t)]'" cosh& . (3.21)

The invariant f is given by

sf'= P, '(q+q'), '
—Pip(q+ q') 22+ (Pp(q+ q') 2

—Pp(q+ q') p)
2

= LP (q+q')]' —P'(q+q')'
f2= (I/4s)Lmi2 —m22 —mp +m42] —t. (3.22)

For the elastic case m~=m3=3f, m2=m4=p, we have

s'"f = ——,'(—t)'"L(4M' —t)'"y (4/4' —t) '"]cosh-,'i,
s'"fl ——',i(—t) '——/'L(4M —t) '"—(4/4' t) '"]sinh—2l|

S 1/2f —0 (3.23)

2q„= I 2(mi2+mp )—t] /2(coshipl, 0, 0, sinhlpt ), (3.20)

2q„'= L2(m22+m42) —t]'"(cosh-,' f, 0, 0, —sinh'2t ),
P„=(Pp, Pl, O, P2),

where

m4 m2 ml'-ms'
Ep= +

2 cos-', f (2(m42+m22) —t)» (2(m22+mp') —t)»

x(jBI I
J j Ih JA&e '~ed—/lp~s '~( ). (3.17)

This form satisfies the requirement (3.4) only for J'&~J.
Matrix elements with J'&J must be dealt with by
extracting powers of f*. Arguments similar to those
used above lead to the form

&q~A IT&P)IPA&

= & O'A'
I
I'(f*)

Ij 'B'&&q'~j''B'
I T(P') I q~A &

.1+2J'
= 2 2 ft' "~&J'A'I I~' i'I~'i'B'&-

g'I J Q I

xe 'e*~'d/, p~s' &'~(n*)&q'J'j'B'I T(P2) lqJA), (3.18)

where d'=A' —8'.

The most convenient frame, for practical purposes, is
the one specified by (2.56). In this frame the com-

Q= 7l
—1

2

t (4M2 —t)»—(4/ 2—t)»~
tanp=il

I
tanh-', f . (3.24)

k(4M2 —t)»+(4/42 —t)»/'

They are
P„'= (0, I'l' 0, 0) . .

(m 22 m22) q" —(m 4' m—2') qq'—

qpq'2 —(qq') '

(m42 —m22) q' —(mi2 —mo') qq'
7—

q'q" —(qq')'

(3.25)

An alternative separation of the powers of P„can be
made if we make the replacement in (3.1),

P» ~P» =P» 'YIIt» 'V V» )

where y and y' are chosen so as to bring E„'into the form
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With this choice we have
+g o-plane pole terms,

(2(mls+moo) —f) 1—(2(mo'+mss) —f) 1-
tanP = tanssi,

(2(mls+ moo) —f) 4+ (2(m 44+ mrs) —1)»

X(S4/1 oi J'A', SOAO)DA, )„' '(L„,)

X(q JA iT(P) iqJA)D) „s,o(L —l)

X (Sod O,JA I Std l)DA, l„S"(L„,), (3.27)

where (q'J'8'iT(P)iqJA) is expanded according to
(3.17) for J'&~ J or, according to (3.18) for J'~&J.

The boost matrices here are defined by

D so(I ) e iArPd —s(e)eiB(r+ia)

OS(L ) e iAod S—(g)eiB(gaia)-(3.28)

with the angles (4o, &,tr) as in (2.3). It is of course neces-
sary to express these angles as functions of the Mandel-
stam variables s and I, consistently with our choice of
frame.

4. POLES IN THE e PLANE

A sufficient condition for the existence of the SO(3,1)
expansion employing only the principal series of urinary
representations D&0 is that the amplitude as a function
of energy s should fall faster than s ' (the square
integrability condition). For forward scattering, this
condition is not satisfied. For the general case however,
it would appear, purely empirically, that for a region of
large momerotlm tragsfer (—f) values, the amplitude is
likely to decrease fast enough for the square-integra-
bility criteria to be satisfied and the SO(3,1) expansion
in terms of only the principal series to be valid.

Let us 6x t large and negative so that this is the case.
Assume that the amplitude can be continued for com-
plex values of o and is meromorphic in a strip

i
Reo i &L.

With Toiler, if we now shift the integration path to the
left, we may write'4 for large negative I,

' Because the d&0~ functions satisfy the weak equivalence
relation

F(j+o.+1) . I'(j' —4+1)
r(' +1) '"' r(s'y y1)—'

the integration over o de6ned in Sec. 3 over positive imaginary
values can be extended over the entire imaginary axis provided
also that we restrict the range jo to non-negative values up tn
min( j,j'). Hereafter we adhere to this reinterpretation.

(3.26)

The development in irreducible representations of
the helicity amplitudes is given by

(ps) o,p4) 4iTipl) lips)is)

Z Z D»""(L ')

and then the pole contributions dominate asymp-
totically the contribution along the new shifted path.
The poles lie on trajectories o=a„(j o, f) in the o plane
and clearly provide a generalization of Regge trajec-
tories. The important point is that moving analytically
along a trajectory from large (—f) up to f=0, together
with the assumption that T=g (pole contributions),
means that we shall also reach those values of t for
which the amplitude was not square integrable in the
first place. Thus the possibility of the formulas holding
while we ride along the trajectory implies that no
nonunitary representations need to be added to the
SO(3,1) expansion and all we require is the analytic con-
tinuation of the principal series representations. But
before shifting the integration path arbitrarily to the
left, it is important that we expand the amplitude into
representation functions of the second kind e&'0, in
place of the dj0, since these have a well-de6ned asymp-
totic behavior. '~ More preciselv, the e are defined by the
sp/it

ioo(&) —. e, ro (&)

I'(j+o+1) I'(j'—o+1)
.—So-o(s)

n& —.+1) ~V'+-+»

with the asymptotic property

.spa(S)~So l—( jp—o(

Note the independence of this term from j and j'. The
factorization hypothesis leads us to suppose that the
pole structure is

bs;, (1)f s;,(1)
Ts, .,s.joo—Q

o —ir.(jo,f)

where r labels the set of Toiler poles. Introducing a
single pole into the amplitude in (3.11) and retaining
the leading term

&q'i'4
I T(j")I qj~)

-b,'(&)b;(f)Lj"—~'(io&)js-'"' ' " "~

where

s=g q'=2(s —44)/i (4M' —f)(4M"—t)1'".
It is the structure of the daughter-parent relationship

which is important, and this has been worked out by
Sciarrino and Toiler' by expanding SO(3,1) representa-
tions in terms of SO(2,1) representations. The latter are
based on the subgroup of SO(3,1) which operates in the
023 subspace having states labeled by the two eigen-
values Jsa= mJ(f+1)=Jso' Jos' Jos—' On—the other
hand, the O(3) subgroup employed in the SO(3,1)
representations above use the eigenvalues J~2——p, and

'~ J. Strathdee, J. F. Boyce, R. Delbourgo, and Abdus Salam,
In ternal Report, Trieste IC/67/9 (unpublished).
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j(j+1)=As'+J ss'+ Jsr'. We thus wish to Pass from

&i«i't le ""'Ij«iu& to &fm'Ie-""'Iam&.

This connection is obtained from the identity

Toiler. ' The crux of the argument is the fact that the
integrand E*Eas a, function of g exhibits poles at

y= o.—n —1 (n= 0,1,2).

Therefore,

++03—fa,
k&'tr J3' &gJOlg $&'fr~31

This means that the Regge poles (identified with j)
occur at the points

4 ~'"(f)=2 d.""(—s~)&j'~'le '""'Ij~&d ''(k~)
VV'

Once it is recognized that

&jm'= Jss(e 't~"
[ pe= Jss)

=
&
jm'= Its

~
e—'r~o'~pm= Jrs&,

the introduction of a complete set of O(2, 1) states gives

d' &'e'(t') =P d „ t'( —$z')
VV

XE"'"(i j')*d"'0)E"'(Zj )d..'(k~),

where E denotes the overlap function from O(3) to
O(2, 1) base vectors and the integral over f stands for
the sum over the discrete and principal series of O(2, 1).
E can be regarded as the expectation value of e & ~o3

and equals d;„,&e (-,'im)
Consider the contribution of a single Toiler pole to

the amplitude

&i 't'I T li ~&-»'b~(i s' a'(jo))4""'—'( )z

XE,"(gj )*d",'(z)E.'"(g,j)d.,'(s~) .
The detailed properties of the SO(3,1) ~SO(2,1) re-
duction formulas have been derived by Sciarrino and

~„(t)=a(j„t)—1—n,

where rs is the daughter number. The amplitude thereby
decomposes as a sum of Regge terms.

&i
't

I 2'lit &=b'»Uo' a')—
X Q d„, '( —ss')d, , " '(z)d, „'(ss)

rt vv

XPWp„'""*E„'""(a n 1,j)+—W—~Ej,
where 5";„jo" is the residue of K at the daughter pole
(n). It is evident that the residues of the daughters are
completely determined in terms of the residue of the
parent Toiler poles and the universal factors 8' and E.

An important place where physical consequences of
the scheme presented above might be looked for are
the zeros of the a,mplitude associated" with e jo

These occur at a(t) = v+1+n and—j'+1+n (for
js~& p). At those particular values of t the amplitude is

expected to vanish.
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"The asymptotic form of e,»&«(s) is as follows:

ei»' e(s) L(22'+1)(2j'+'1)3
r(j i.+1)r(j+j—~+1)r(j' 1 +1)r(j'+—zo+1)
r(j+p+1)r(j jo+1)r—(j'+u+1)r(j' jo+1)—

(—)"+"r( +f+1)r(—j o
—)

Xr(j p+1)r( y+1)r( +j,+1)


